ON TESTING A SET OF CORRELATION COEFFICIENTS FOR EQUALITY

By D. N. LawLEy
University of Edinburgh

0. Summary. The problem of testing a set of correlation coefficients for
equality is discussed. We first generalize a result of Anderson and then provide
a criterion of large-sample x* type.

1. The generalization of a result of Anderson. In his preceding paper Ander-
son [1] has discussed (see Section 5 and Appendix A) the hypothesis that the
p — 1 smallest latent roots of a correlation matrix of order p are all equal to
some unknown value A, which is equivalent to the hypothesis that the variates
are equally correlated with correlation coefficient p, where A = 1 — p. The set
of p variates is assumed to follow a multivariate normal distribution.

Let ri; (4,7 = 1, 2, -+, p) be the sample correlation coefficient between
the 7th and jth variates found from a random sample of size n + 1. Then, adopt-
ing Anderson’s procedure, we put yi; = (r:; — p)nt (5 % j). Taking ¢ < Js
we have a set of p(p — 1) variates which are asymptotically normally dis-
tributed such that

E(yi;) = N(1 + p)’,
E(yiya) = $\(2 4+ 3p) (G = k),
E(yijym) = 2\%" (no subscripts equal).

The results obtained by Anderson show that Bartlett’s criterion [2] for testing
the hypothesis is asymptotically equal to

(1.1)  (1/2{ 2 yi — (2/p) 2 yayae + [(p — 2)/0° (0 — DI yii)¥,

where the summations are over all pairs of unequal suffices.

For the case where p = 3 Anderson has proved that the above expression is
distributed asymptotically as (1 — A*/3)x3 , where x; denotes a x* variate with
r degrees of freedom. A knowledge of this result gave me the idea of generalizing
it for any value of p.

In the ensuing algebra it will be convenient to write

Y. = Zyik, o = Yi/(p — 1),

Y = Zyu ) 7 =2Y/{p(p — D},

1<J
Yap = Y — [(p — 1)/(p — 2)1(7: + §5) + [p/(p — 2)17.

Received June 26, 1961; revised April 26, 1962.
149

4 )
Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to Q%;%N
The Annals of Mathematical Statistics. RIN@IN

www.jstor.org



150 D. N. LAWLEY

It is easy to show that

; Yen = t; (ysi — 9)* — 2(p — 1)*/(p — 2)] Zk: (G — 9)"
Hence expression (1.1) may be put in the form

/22 (vis = ' = 2(p — 1Y/2] 22 (5 — 9)*)

(1.2) . . 2 .2
= /M X v + 2 — D/p(p — 2)] 2 (3 — 97}

We now construct new variates z,; (¢ ¥ j) given by
Ny = ays; + B(Y: + Y;) + 7Y,

where a (positive), 8 and v are chosen such that the z;; (for ¢ < j) are un-
correlated and such that each has unit variance. Define X, &, X, £ and z¢j
in the same way as Y, ¥, etc. A simple method of determining the values
of a, B and v is obtained by noting that (for p > 3)

M2 + Tao — Tz — Tu) = oYz + Yz — Y15 — You),

MXy — Xp) = {a+ (p— 2)81(Y: — Ty),

M = {a+2(p — 1)B + 3p(p — )1}Y.
By equating in each of these relations the variances of the two sides we find
that a = 1, {1 + (p — 2)8" = 2/{p — (p — 2)N},

1+2(p — DB+ 3p(p— 1)y =1/{1+ (p — 1)n}.
We have also yuy = My, (7: — §)° = N(@: — 2)*/{1 + (p — 2)8)" =
WN{p — (p — 2)N} (& — ). Hence expression (1.2) may be transformed into
(1.3) 2@y + {1 = [(p = 2/pM(p = Y/ (0 = 2] X (& — &)"

Now consider the identity

Z-; (zsj — &) = szxz(m + [(p — 1)*/(p — 2)] ; (& — %)%

The left hand side of this is distributed (asymptotically) as x* with
w(p—1) — 1 =%(p + 1)(p — 2) degrees of freedom. The second term on
the right hand side is distributed as x3 , where b = p — 1, since each of the
p variates T has variance 1/(p — 1) and the correlation coefficient between
any two of them is 1/(p — 1). It follows that the first term on the right hand
side is distributed, independently of the second, as x5, with @ = ip(p — 3).
Inspection of expression (1.3) shows that Bartlett’s criterion for p > 3 is
asymptotically of the form x2 + {1 — [(p — 2)/p]A\%x} .

2. A criterion of large-sample x? type. For testing the hypothesis that all
correlation coefficients are equal it would in practice be useful to have a criterion



TESTING EQUALITY OF CORRELATION 151

whose limiting distribution is of x* type. Such a criterion, with 2(p + 1) (p — 2)
degrees of freedom, is provided by the expression

> (w; — &)’

i<j
= (I/XZ)KZJ. Yen + @/MN)(p — 1Y/ (0 = 01 X (5 — 9)Y/lp — (p — 21N}
= /M2 (s = )" = w22@ — 9},
where u = (p — 1)*(1 — M) /{p — (p — 2)N}. If we write
i = ;m/(p —1) (#k), 7= 2; rii/{p(p — 1)},

this expression may be put into the form

(”/XZ){%; (rig — )" — MkZ(fk — ).
In practice the estimate 1 — 7 would have to be substituted for the unknown
parameter A. This substitution does not affect the limiting distribution.

On investigation the above statistic is found to be asymptotically equal to
—2 times the logarithm of the likelihood ratio criterion. That this is not true
of the criterion previously discussed accounts for its limiting distribution not
being of x* type. The exact likelihood ratio criterion is difficult to evaluate
and complicated in form.
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