ON A MODIFICATION OF CERTAIN RANK TESTS
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1. Introduction. This note is concerned with a modification of certain well-
known rank tests based on the theory of Chernoff-Savage [2]. Let X;, X2, -- -,
Xnand Yy, Y., ---, ¥, be two independent samples from populations with
continuous distribution functions F and G. Our interest is to test the hypothesis
Hy:F = @G. For the problem for location, we assume G(z) = F(x + 6) and
want to test Ho:0 = O against the alternative H;:6 > 0. On the other hand,
the problem for scale is to test Ho:0 = 1 against H»:0 > 1 under the restrictions
G(z) = F(x/6) and F(0) = %. There are well-known test statistics, Wilcoxon’s
U [4] for the location problem and Mood’s M [3] and Ansari-Bradley’s S [1] for
the scale problem. We shall modify these statistics to raise the asymptotic effi-
ciency of the corresponding tests.

2. Test statistics. We adopt the following statistics for & > 0,

(1) mU, = f:l(i/N)kz,-, ' N=m++n,
(2) mSy = Z:} (i/N)*Z; +’_§+1{(N +1—14)/NYZ:, p=[(NN+1),
(3) mMy, = f:le — (N + 1)/2N|"z;,

where Z; is 1(0) if the ¢th smallest among the combined sample is X(Y). We
may directly apply the theorem of Chernoff-Savage for U, and S; and show
their asymptotic normality with the mean u;(6) and the variance o3(9),

w(0) = [ : H(x)* dF (z), for Uy
(4) . .
= f_w H(z)* dF(z) + A {1 — H(z)}"dF(z), for Sy
and under the hypothesis Hy
) Nop = [(1 — \)/MIEY/ 2k + 1)(k + 1)% for Uy,
= [(1 — A)/AIK /45 2k + 1) (k + 1), for S,

where H(z) is the combined population distribution function and Ay = m/N.
Though the assumption (4) of their theorem (see [2]) is not satisfied for M},
we may similarly prove its asymptotic normality from the fact that the following
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relations hold
In(3) = o(NY),
JOH)| £ KIHE — H)]7H, for0 < H < 3,
SK[(H—-3H1 - fori <H<I,

fori = 0,1, 2 and some 8 > 0, whereJy(H) = |H —(N + 1)/2N|*and J(H) =
limy.oJ¥(H). Then we may get the following expression for M;,

(6) wo) = [ G-mrar+ [ @ - prar

and under H,
(7) Noi = [(1 — \y) /MK (26 + 1) (K + 1)%%

3. Asymptotic efficacy. Let the alternative be Hy:0y = ~v/N* for the location
problem and H,:0y = 1 + ~/N* for the scale problem, v > 0. Then it is easy
to check the regularity conditions for Pitman efficiency for ¥ > 0 from the
relations (4), (5), (6) and (7). We shall denote the efficacy of test by R’ that is
defined as [(ux(0))?/ot | Ho) and limy.., R?/N = E. We may compare the relative
asymptotic efficiency of tests by knowing the values of E. Thus we get
2

b

E=XX1-N(@k+ 1)k +1)° [f_:f[f*'l dF] for Uy,
= N1 — N4k + 1)(k + 1)2[—[_:x F* dF
(8) + foﬂ° (1 — F)* dF:IZ, for S, ,

= N1 = N+ DG+ [ [ oG - par
_ fo” of (F — 1)+ dF:r, for My,

where A = limy.My .
(a) Uy test. We may easily get the following formulas from (8) when the

underlying distribution is uniform and exponential,
(9) E(u) = M1 = N(2k + 1)(k + 1)*/K,
(10) E(e) = N1 — \)(2k + 1)/i,

where * in E(*) denotes the initial letter of the underlying distribution. Thus
the smaller £ > 0 we take, the larger value of E may be obtained. We have also
Table I in the normal case after some numerical integration. E* = E/\(1 — \)
and the value when & = 0 expresses lim;o E, etc. '

(b) Sy test. In this case, it is easily shown for the double exponential and uni-
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TABLE I

k 0 i 3 3 1 2 3 4

E*(n) 0.81 0.91 0.95 0.96 0.95 0.90 0.82 0.76

] TABLE 11
k 0 i 3 3 1 2
E*(n) 1.93 1.76 1.55 1.37 1.22 0.81
- TABLE III
k 0 1 2 3 4 5 6
E*(e) 0.10 0.75 0.87 0.91 0.926 0.925 0.92
E*(n) 0.56 1.22 1.52 1.77 1.84 1.85 1.83
form distributions that
(11) E(u) = M1 — \)(2k + 1)/K
(12) E(e) = M1 — N (2k + 1)/(k + 1)

In the normal case, we get Table II.
(e¢) My test. We may get the expression in the uniform case

(13) E(u) = M1 — \)(2k + 1)

and also Table III for the double exponential and normal distributions.
In conclusion, it is said that we may constitute the tests with larger efficacy
than the existing tests by choosing some suitable value of k.
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