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1. Summary and introduction. The problem of finding unbiased ratio estima-
tors of the population total of some character with the help of an auxiliary char-
acter has drawn much attention in recent years. Some references to this are given
at the end. Under commonly adopted sampling schemes Hartley and Ross (1954),
Goodman and Hartley (1958), Mickey (1959) and others derived certain un-
biased ratio type estimators of the population total, while Lahiri (1951), Midzuno
(1952), Des Raj (1954), Nanjamma, Murthy, and Sethi (1959) and others gave
modifications of certain sampling schemes under which the ratio estimators of
current type were unbiased. The first group of authors was primarily concerned
with getting new types of unbiased ratio estimators under common sampling
schemes. However, the second group was concerned with introducing little
modifications in certain sampling schemes so that the usual ratio estimators of
these sampling schemes become unbiased under the modified sampling schemes.
Certain extensions in the latter direction are given in this paper. No comparison
concerning the relative merits and demerits of the two methods of getting
unbiased ratio type estimators is attempted here.

Nanjamma, Murthy, and Sethi (1959) have given a general procedure of
unbiased estimation of certain type of parameters such as population total and
variance etc., and have shown how a given sampling scheme can be modified to
make ratio estimators of such parameters unbiased. The modification can be
applied to most of the sampling schemes commonly met in practice. In this
paper it is shown that if in these modified sampling schemes a sufficient statistic
is available [as is usually the case in with replacement sampling schemes, reference

-Basu (1958) and Pathak (1962(a), (b))] and if the ratio estimator does not
depend on the sufficient statistic, it can be uniformly improved by Rao-Blackwell
theorem. This result has been used to derive ratio estimators better than the
ratio estimators given by Nanjamma, Murthy and Sethi. It is shown that in
these modified sampling schemes the improved ratio estimator is the ratio of
improved estimators of the numerator to the denominator derived under the
original sampling scheme (without modification). Application of this result is
given to some commonly used sampling schemes.

2. Statement of the problem. We consider the general procedure of estimation
given by Nanjamma, Murthy and Sethi (1959). Let & denote a population of
finite number of units (e.g., a population of N units w; ,uz, - -+, uy) and 4
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UNBIASED RATIO ESTIMATORS 223

the class of sets a whose elements are in . Consider the problem of estimating
the population parameter

(1) F=2 fla)

acd
under a given sampling scheme, where f(a) is some real-valued characteristic of
the set a. The sampling scheme under consideration assigns probability P(w)
to a sample w(D_uen P(w) = 1, w £ Q) sample units of w being the elements of A.
An unbiased estimator of the population parameter F is given by

(2) P = 3 i(e)(s, a)/P(w)

provided each set « is contained in at least one » and > *¢(w, ) = 1 where
the summation ) * is taken over all samples w which contain «. This is so
because under these conditions '

B = 3 S f(@p(e,0) = Zf(@) Z*é(e, )} = F.

It is to be noted that ultimate sampling units are the set o’s.
If T is a sufficient statistic and if /' does not depend on T, then an estimator

better than 7 is given by ,
(3) Fr=EF|T| = sz:TpP(“’)ﬁ; P(w)

where the summation is taken over samples giving rise to the observed T'. For
any convex loss function #7 has smaller risk than F.

The modification of the above sampling scheme which gives an unbiased
estimator of the ratio

(4) R = ;Mf(a)/‘;‘ 9(a) = F/G

[where g(a) (> 0) is the value of the auxiliary variate related to f(«) and is
assumed to be known for all « ¢ A] is as follows:

(i) Select a set a with probabilities proportional to g(«).

(ii) Select the remaining sets by the original sampling scheme (without

modification).
In this modified sampling scheme, the probability of selecting a sample w is

given by
(5) P(0) = T g(@)P(o] @)/ T g()

where P(w | @) is the conditional probability of selecting the sample w given that
the set « was selected in the first draw.
Under this modification Nanjamma, Murthy and Sethi (1959) showed that

(6) R= g_‘;f(a)P(w | a)/Z_; g()P(w]| @)

is an unbiased estimator of the ratio R = F/QG.
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Now if T is a sufficient statistic, we have the following theorem.
TrEOREM 1. For any convex loss function, an estimator uniformly better than R
18 gwen by

(7 Rr=ER|T) = Fr/Gr

where Py and Gy are obtained from (3) on putting ¢(w | a) = P(w | a) in (2).
Proor. Obviously

PR 2 RP'(w) X {2 f@)P(w]a)}
r = Tl = wDT . — 9DT asw
1 > P X2 {2 g9(a)Plw]|a)}

2 (2 J(@P(e]a)/P@)}PW)/ 2 Pl@) 5

8 — wDT _Ir
® 2. {2 9(a)P(w]a)/P(w)}P(w)/ mz:;TP(w) Gr

) [Z f@)P(w | @) ]
Fr=E T

P(w)
and the conditional expectation is taken under the original sampling scheme and
G has a similar meaning. Hence the theorem is proved.

The theorem shows that the improved ratio estimator is the ratio of the
improved estimators of the numerator to the denominator derived under the
original sampling scheme (without modification). We now apply this theorem
to a simple numerical example for clarity and to some of the sampling schemes
considered by Nanjamma, Murthy and Sethi (1959) and derive more efficient
unbiased ratio estimators.

where

3. Application to some sampling schemes. Let Y be a characteristic asso-
ciated with the population under study and W be an auxiliary characteristic.
It is assumed that the value of the W characteristic of every population unit is
known in advance and is greater than zero. We give below unbiased ratio estima-
tors of the ratio of the population total of ¥ and W characteristics. Unbiased
ratio estimators of population total of Y-characteristic can be obtained by
multiplying these estimators by the population total of W-characteristic.

An example. For illustration, let us consider the simplest case of simple
random sampling (with replacement). In this sampling scheme a well-known
estimator of the population mean is the average of n sample units and another
estimator which has smaller variance than this estimator is the average of dis-
tinct sample units (Basu, 1958). This follows from the fact that the set of distinct
units is a sufficient statistic and that the conditional expectation of the average
of n sample units given the set of distinct units is-the average of distinet units.

Now consider the modification of this sampling scheme which makes the ratio
of the sample average of the characteristic under study to the sample average of
the auxiliary characteristic an unbiased estimator of the corresponding ratio of
the population totals of these characteristics. The modification consists in
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selecting the first sample unit with probability proportional to the size of the
auxiliary characteristic (with replacement) and then the remaining (n — 1)
sampling units by equal probability. Since under the original sampling scheme
the conditional expectation of the average of n sample units given the set of
distinct units is the average of the distinct sample units, it follows as a direct
consequence of the above theorem that an estimator of the population ratio
which has smaller variance than the ratio of the averages of n sample units of
two characteristic is given by the ratio of the averages of the distinct sample
units. The number of distinct units in a sample is always less than or equal to n.

To render the exposition clear, consider the following artificial population of

five units.

J Y; W;
1 63 37
2 121 87 Si= (N —-1)1Y (YV;— 7)2
3 201 163 = 139522
4 254 208 8o =W =11 (W, — W)
5 367 329 = 12804.2

Total Y = 1006 W =824 :

This population is a random sample of size 5 selected from 196 United States
cities (Mickey, 1959); ¥, denotes the number of inhabitants in these cities in
1930 and W ; the number of inhabitants in 1920. It is assumed that the number of
inhabitants in different cities in 1920 is known in advance. If a random sample of
size n = 3 is drawn by simple random sampling (with replacement), then the
variance of the average number of inhabitants in 1930 in three selected cities
(including duplicates if some city is included more than once) is given by (4/15)
S, = 3720.58667, and the variance of the average number of inhabitants in 1930
in the distinct cities selected in the sample is given by [(1* + 2° + 3° 4 4%)/5%-
S2 = 3348.528. The latter estimator is a uniformly better estimator than the
former. The usual ratio estimator, ratio of the sample averages of ¥ and W
characteristics, of the ratio of the total number of inhabitants in 5 cities in 1930
to the total number of inhabitants in 1920 is a biased estimator. In the modified
sampling scheme one unit is selected first (with replacement) with probabilities
proportional to the number of inhabitants in 1920 and then the remaining two
sample units are drawn by equal probability (with replacement ). In this sampling
scheme the ratio of the average number of inhabitants in 1930 to the number of
inhabitants in 1920 in three sampled cities is unbiased for the ratio of the number
of inhabitants in five cities in 1930 and 1920. The variance of this estimator is
0.005223. However, if one takes the ratio of the average number of inhabitants
in 1930 and 1920 in the distinct cities included in the sample, then by Theorem 1
this is a better estimator of the ratio of the average number of inhabitants in 1930
and 1920 in five cities. The variance of this estimator is equal to .004833. The
relative gain in precision by using the better estimator is roughly about 7% .
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Sampling with unequal probabilities. Consider a population of N units and an
unequal probability selection method; let P; be the probability of selection of
the jth population unit (D P; = 1). Unless otherwise stated, summation over j
runs from 1 to N and over ¢ from 1 to ». In sampling with unequal probabilities
a sample of size n is drawn with replacement from the population according to
the above probabilities. The modification of this sampling scheme which provides
an unbiased ratio estimator is as follows:

(1) Draw one unit from the population with ppw and replace it; ppw is an
abbreviation for “probabilities proportional to W.”

(2) Draw the remaining (» — 1) sample units from the whole population in
the usual manner, i.e. with unequal probabilities with replacement, P; being the
probability of selection associated with the jth population unit.

Consider a sample drawn by the above modified sampling scheme and arrange
the sample units in ascending order of their unit-indices and record the observed
sample as

9) S =[(zw, ), 5 (X6, Aw)]

where z¢y = Y@ , W , P@ , U] is the ith order statistic {yw) , W) , Py , U
are its Y-variate value, W-variate value, probability of selection and unit index
respectively} and A, is the number of times ;) is included in the sample. It is
to be noted here that if the 7th sample unit is the jth population unit, its unit in-
dex is j.

The probability of getting such a particular sample S is given by

14
i)
n! J1 25

) P 1 =
(10) P(8) = =~ —- W (n ! ; A w(i)/P(i))

where W = D W, is the population total of W-characteristic.
In this sampling scheme an unbiased estimator of the ratio

(11) R=2 Y,/ W;=Y/W
is given by
(12) R = (07 2 Moy /Pw)/ (07 20 Mowen /Do)

To get an estimator better than R, we record the “order-statistic”
(13) T=1[zw,ze, 2l

T is a sufficient statistic. The author (1962 (b)) has shown that in the original
sampling scheme

(14) En 2 Aoy (Wow/po) | T = 22 coye
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where
[(py + -+ + p(v))‘n_l
— 2 i (pay + pey + - F Do) - (=15’
[(pay + -+ + D))"
—2alpey + 1o+ o F Do)+ - (=1 P(n]

the summations ) ; and ) ; stand for all combinations of p’s and all com-

Ciy =

binations of p’s containing p¢ (chosen out of pay , Py, -+, Pw) respectively.
It, therefore, follows from Theorem 1 that under the modified sampling scheme
(15) R, = 3 coyw/ 2 comwn

is uniformly better than R.
In simple random sampling (with replacement) when P; = N, (j = 1,
--N), R= (D Noyw/ 2 M\ows) and the improved ratio estimator

R, = (X yo/ 22 we)- A A
For estimating the variance of R or of R, , we require an unbiased estimator
of R*. Nanjamma, Murthy and Sethi (1959) gave the following estimator of R

2 _ ; Ao — Diyea/pe) + i#;:_l Ao Man{Yo Yan /P Pan't
(n = DW (Ao we/po}) .

It can now be proved in a manner similar to the above [Pathak 1962(b)] that
an estimator uniformly better than +* is given by

(16) =

v v
2
2 Cen Yo+ 2 Chin Yol
_ =1 i1/ =1

17) o
W(Z € W)

where

pw + -+ + )" 2
cin = — i o + -+ F Po) ™+ - (=17l

1, [(pa) + PP + p(v))n 1
=22 (o + -+ pe-)" + - (=17 X pll]

and

(o + -+ + po)™ ) |
Ciin = — >3 pw + - F o) T+ o (=1 pey + pan)™

[(pwy + -+ + p»)”
—2alpo + -+ pe-d)" + - (=17 3 pll

the summations >, and D have been defined in (14) and the summation
>~ stands for all combinations of p’s containing p; and p -
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In simple random sampling (with replacement) 72 can be expressed in a
simple form as given below.

e L {% Syl + <1 _ cy(z(;) 1)) 83}

(18) — (1
w <; E w(i))
where ss=(—1)"1 > (Yo — v yw)? fr>1
=0 otherwise
and

&(n) =" — (1) =14 - (=17 ( z 1)-

An unbiased ratio estimator of V(R,) is, therefore, given by
(19) W(R,) = (R,)’ — 5.

The estimators derived above are quite tedious to compute in practice unless
the sample size is small. Better estimators that are easy to compute in practice,
but less efficient than R, and 75 can be derived on the above lines by using another
sufficient statistic considered by the author (1962(b)) in a paper on sampling
with unequal probabilities.

Applications to stratified sampling with unequal probabilities (with replace-
ment) and multi-stage sampling schemes are given below. Reader may refer to
the papers by the author (1963) and by Nanjamma, Murthy and Sethi (1959)
for details.

Stratified sampling. Here we consider the modification of stratified sampling
with unequal probabilities (with replacement).

Let K be the number of strata, N, and 7 be the number of units in the popula-
tion and the sample respectively for the hth stratum (A =1, --- | K). Let Ps;
be the probability of selection associated with the jth unit of the Ath stratum
(¥ Pyj=1,h=1,---,K) and its W and Y characteristic values being
Wij and Y,; respectively.

In stratified sampling with unequal probabilities, 7, units are drawn indepen-
dently from the hth stratum with unequal probabilities (h = 1, --- , K). The
modification of this scheme which provides an unbiased ratio estimator is as
follows:

(1) Draw one unit, say the jth unit from the Ath stratum, from the whole
population with ppw and replace it.

(2) Draw the remaining (ns — 1) units from the hth stratum and = units
from A'th stratum (A’ £ h = 1,2, --- , K) in the usual way, ie. by stratified
sampling with unequal probabilities.

Under this sampling scheme an unbiased estimator of the ratio

(20) R= 33 Vu/3 3 Wy

h=1 j=1 =1 j=
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is given by

. K L Vi K 1 Vi
(21) k= <h=21 (N ; Mt)y(m’)/p(ho) / (:Lj,ln; Zl A(hi)?/(hi)/l’(hi))
where

Vh Vh
-1 -1
N Zl NaoYaio/Dai and El NiyWni)/ P eas
= =

are unbiased estimators of the population totals of ¥ and W characteristics of
the hth stratum respectively under the usual stratified sampling with unequal
probabilities and are essentially of the same form as 7™ A»¥ /P given in
(12).

We state without going into details that an estimator better than R is obtained
by replacing

vh
-1
n ?_:1 XY ai/ Pk
and
1 v,
o, hil AW hir/ Pewiy

by Y71 canyms and D7y cahiwas respectively, where ¢ has similar meaning
as c(; defined in (14).

Two-stage sampling. In conclusion, we consider the modification of two-stage
sampling scheme where the first-stage units are drawn with unequal probabilities
(with replacement) and the second-stage units are drawn by simple random
sampling (without replacement). Similar procedure can be followed for other
multi-stage sampling schemes.

Consider a population of N first-stage units. Suppose that the jth first-stage
unit, X;, consists of M ; second-stage units. Let Y ;s and W ;, be the values of ¥
and W characteristics of the hth second-stage unit of X;(h =1, --- , M;).
Let P; be the probability of selection of the jth first-stage unit (> P; = 1)
and call

(22) Zp=M;Yp/Pjand Vy = M;W/P;

the z-value and the v-value respectively of the hth second-stage unit of X ;.

In the usual two-stage sampling (unequal probabilities for first-stage and
simple random sampling for second-stage) a sample of # first-stage units is drawn
from the above population according to above probabilities and if the jth first-
stage population unit is included A; times in the sample, A; independent sub-
samples of m; units each are selected therefrom by simple random sampling.

The modification of this scheme is as follows:

(1) Draw one second-stage unit from the whole population of second-stage
units with ppw, say X, , and then select (m; — 1) second stage units from the
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remaining (M; — 1) second-stage units of the jth first-stage unit by simple
random sampling. This can also be achieved in a different manner by first
selecting a first-stage unit with probabilities proportional to the total W char-
acteristic of first-stage units and then selecting a second-stage unit with ppw
from the selected first-stage unit.

(2) Draw the remaining (n — 1) first-stage sample units and their subsamples
in the usual manner (without modification).

In this modified sampling scheme, and unbiased estimator of the ratio

N M; N M

(23) R=3 2 Yu/> > Wa
=1 h=1 j=1 h=1

is given by

(24) R=n""Dz/n) #

i=1 =1

where Z; and 9; are averages of the z-values and the v-values of the second-
stage sample units selected from the sth first-stage sample unit.
In this sampling scheme a sufficient statistic is given by

%k .
(25) T* =[{zw , Ao 5%@ 5 = Tapl t =1, -+, 7]
where zqa) , - -+ , Ty are v distinet first-stage units observed in the sample, A,
is the number of times z(;) is repeated and Zqy , - - , () are v distinet

second-stage sample units of z; .
The author (1963) has proved that under the original sampling scheme

(26) E[n_lz 5,‘ | T*] = n_lzl: )\(i)f;’y(”
=1 T=

where Z,;, is the average of the z-values of »; distinet second-stage

units T@1), "y .’I)(,‘y“))(’l: = 1, ety V).
Therefore, it follows as a consequence of Theorem 1 that an estimator uni-

formly better than R is given by
(27) R, = Zl: M)évm/i; AoBoiy

where #,;, has a meaning similar to 2, as defined in (26).
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