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A NOTE ON BALANCED INCOMPLETE BLOCK DESIGNS!

By Henry B. Mann
University of Wisconsin

The notation and terminology of [2] will be used in this paper.

Many ingenious methods for the construction of balanced incomplete block
designs have been devised but little attention has been given to conditions under
which the blocks of such a design are all distinct. The reason for this is probably
that repetition of a block does not affect the usefulness of an experimental de-
sign. Repetition of some blocks in a design while others are not repeated is how-
ever an interesting combinatorial property and in some possible applications like
coding might even affect the practical use of the design. The special case with
parameters v, b, 7, k, A = 22 + 2,4z + 2,2¢ + 1, x + 1, ¢ was investigated by
E. T. Parker [3] and by Esther Seiden [4]. Parker also gave a non-trivial example
of a balanced incomplete block design with repetitions of some of the blocks.

We shall prove the following theorem.

THEOREM. Let D be a balanced incomplete block design with parameters v, b, r,
k, \. If s blocks of D are identical and if r > X then

(1) r/k =b/v = s.

The theorem implies the results of E. Parker and of Esther Seiden. Its proof is
an adaptation of R. A. Fisher’s proof for the special case s = 1.

Proor or THE THEOREM. Assume that the first s blocks By, By, ---, B, are
identical. Let a; be the number of elements common to the #th block 7 > s
and to B;. Then

Zai

2ai(a; — 1)

I

(r — s)k,
>al— 2 ai= (N — s)k(k — 1).

I

Hence
>al =K\ =)k + (r =Nz (r—s) /(b —s),
N=8)k 4+ (r=\) 2 (r = s)k/(b —3),
[(d—7)+ ( —lr—sk—(r—=Nk+ (r=N] 2 (r—s)%,
(r=8)l(b—r)k— (r—=Nk+ (r—=M]Z (b—r)(r—N)(k—1).
Replace bkby v and » — X by rk — Av then
(r=s8)((r=2p—(r—=Nk) 2 (b—r)(r—=N(kE-—1),
r—s=2b—r)v—k7N(k—1)=rk"(k—1).
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Hence
k™t = s q.e.d.

The estimate (1) for s is sharp. Equality holds in (1) if a symmetric balanced
incomplete block design is s times replicated.
For s=2 the inequality (1) has been established by Stanton and Sprott [5].

REFERENCES

[1] FisHER, R. A. (1940). An examination of the different possible solutions of a problem in
incomplete blocks. Ann. Eugenics 10 52-75.

[2] ManN, H. B. (1949). Analysis and design of experiments. Dover, New York.

[3] ParkEr, E. T. (1963). Remarks on balanced incomplete block designs. Proc. Amer.
Math. Soc. 14 729-30.

[4] SEmEN, EsTHER (1963). A supplement to Parker’s ‘“remarks on balanced incomplete
block designs”. Proc. Amer. Math. Soc. 14 731-32.

[5] StanTON, R. G. AND SproTT, D. A. (1964). Block intersections in balanced incomplete
block designs. Canad. Math. Bull. T 539-548.



