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THE DECISION PROCESS FOR MAXIMIZING THE
PROBABILITY OF OBTAINING THE RANDOM VARIABLE
NEAREST TO AN ARBITRARY REAL NUMBER!

By E. G. ENNs

University of Calgary

1. Introduction. Let x;, for i =1,2,---, N be N independent random variables
(rv’s) with a common continuous distribution H(x) = P{x; < x}, xe(— o0, o).
These N rv’s will be sampled sequentially beginning with x,. Exactly one rv is to be
chosen, hence on each presentation the rv sampled is either accepted or forever
rejected. Once an rv is accepted, the process ends, as this rv cannot later be rejected.
For an arbitrary real number re(— oo, 00), define the decision function D(N, r, x)
as the probability of accepting the first of these N independent rv’s if it has the
value x. The optimum decision function D*(N, r, x) will then be defined as that
decision function which maximizes the probability of obtaining the rv nearest to r.
It will also be assumed that if x, is rejected, the problem then becomes that of
finding the rv nearest r for the remaining (N —1) rv’s, irrespective of the value of x;.
The special cases when r = + o0 or — oo then correspond to finding the maximum
or minimum rv respectively.

Let the order statistics of the N independent rv’s be y,, i=1,2, -+, N, the
ordering being defined by [y;—r| < |yir1—r|,i=1,2,++, N=1. Also define Py(i)
as the probability of obtaining the ith order statistic when following the optimum
decision function on a sample of size N. It will be shown that Py(i) is independent
of the distribution H(x) and the real number r.

A special case of this problem, namely when r = oo, has previously been con-
sidered by Enns (1969). A somewhat similar problem has also been considered by
Karlin (1962). He considers a decision function which maximizes the expected
value of the rv chosen. The “optimized” expected value he obtains is, however, a
function of the distribution of the rv’s.

2. The optimum decision function. For simplicity, let Py(1) = Py. If the
decision D(N, r, x) is made when x; = x and the optimum decision function is
followed thereafter, then let Py(D) be the probability of obtaining y, in this case.
One can then write:

@.1)  Pyai(D) == DIN+1, r, x)(f(r, r—x))" dH(x)

+Py 20 (l=D(N+1, 7, ))(1=(f(r, r—x))") dH(x)
forN=1,2,--+,P, =1and
2.2) fr,u)=1+H(r—|u))—H@+u), r ue(—o0, o).
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The probabilistic interpretation is:

(2.3)  (f(r,r—x))" = P{x; = y, | x; = x and the sample size is N+1}.
Obviously then:

24 [ (f(rsr=—x))¥dH(x) = (N+1)" 1.
(2.1) can therefore be rewritten as:

2.5) Py41(D) = (14+Py) [2 DN +1, 1, ))[(f(r, r—x))" —(S(N))¥] dH(x)

+NPy/(N+1)
where

(2.6) S(N) = (Py/(1+Py))*"".

Maximizing (2.5) with respect to the decision function D, one obtains the
optimum decision function:

2.7 D*N+1,r,x)=1 if H(r+jr—x)—H(r—|r—x[) < 1-S(N)
=0 if H(@r+|r—x))—H@E—|r—x]) > 1-S(N)

for N=0, 1,2, - if one defines S(0) = 0.
Using the result (A.4) in the appendix, one can evaluate (2.5) when D = D*, By
definition Py(D*) = Py, hence one obtains:

(2.8)  Py,;=(1+Py[J(N, N+1, 1)—=(S(N))NJ(N, 1, 1)]+ NPy/(N +1)
= (1+NS(N)Py)/(N +1).

Surprisingly, this result is independent of both the distribution H(x) and the real
number r. Using (2.8) one can compute S(N), N=1,2,--, from which the
optimum decision function can be obtained. Table 1 presents a tabulation of the
optimum decision function for 1 £ N < 1000.

The asymptotic value of Py has previously been shown by Enns (1969) to equal
limy., o, Py = 0.4659.

3. The order statistic accepted. If the sample is of size N and the optimum
decision function (2.7) is followed, then the probability of accepting the order
statistic y; can be written as:

(3.1) Py(i) = |2, D*(N, r, X)P{x; = y;| x, = x} dH(x)
+Py_1(i=1) 2, (1=D*(N, r, x)) Y 4=} P{x; = yi| x, = x} dH(x)
+PN—1(i)jiow(1_D*(N’ r, x))ZkN=i+1P{x1 = yklxl = x} dH(x)
where

(G2 Plxy=y]x = x} = (THA=1( r=x) S r= )V
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Then using
jfwP{xl = yilxl =x}dH(x) = P{x; = y;} = 1N
and the result (A.4) in the appendix, (3.1) can be rewritten as:
(33) Py =J(N—-1,N,)—Py_,(i—-D[Di={ J(N—1, N, k)—(i—1)/N]
=Py (DX i+ 1 (N =1, N, k)= (N = )/N].
Let nJ(N, n,i) = 1—B(N, n, i) where B(N, n, i) has the binomial form:

(34 B(N, n, i) = Y326 ()(L—S(N))(S(N) )" .
Employing the identity:
(3.5) Yi_1B(N, n, k) =iB(N, n, i+1)—n(1—S(N))B(N, n—1, i),

(3.3) can be finally written as:
(3.6) NPy(i))=(1—-B(N—1,N, 1))
+Py_,(i— D[(i-1)B(N—1, N, i)— N(1L—S(N—1))
' ‘B(N—1,N—-1,i-1)]
+Py_()[NS(N—1)—iB(N—1, N, i)+ N(1-S(N—1))
‘B(N—1,N—1,i—-1)].

It is readily shown that ) \_; Py(i) = 1 and that Py(i) is monotonically decreasing
fori=1,2,---, N.

4. A moment of interest. If x is the value of the rv chosen when following the
optimum decision function on a sample of size N, then let:

4.1) Y(N, r,x)=H(r+|r—x))—H(r—|r—x|) 2 0.

Y(N, r, x) is therefore the probability that an arbitrary rv selected from the
distribution H(x) will be closer to the real number r than the rv x chosen by the
sequential decision process.

The expected value of y(N, r, x) is therefore:

(42) EW(N,r,x))=([2,D*N,r, x)y(N, r, x)dH(x)
+E(y(N—=1,r,x)) 2, (1—D*(N, r, x)) dH(x)
=J(N=1,2,)+Ep(N-1,r,x))[1-J(N-1,1, D]
=S(N—1E(y(N—1,r, x))+31-S(N-1))?

for N=2and E(y(1,r, x)) = 1.
This recursive relation is easily solved; however it is more informative in the
above form.
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APPENDIX

When following the optimum decision function, the following integral often
arises.

(A1) JWN,n, i) =D [ D¥*(N+ 1,1, x)(1—f(r,r—x)) "1 (f(r,r—x))' ' dH(x)
where
D*(N+1,r,x)=1 if f(r,r—x)z S(N)
=0 if f(r,r—x)<S(N)

and f(r, x) = f(r, —x) = 1+ H(r— |x|)— H(r+|x|) is a monotonically decreasing
function of x = 0. (A.1) can therefore be written as:

(A2)  JWN,n, D)= (GIDITA=f(r, r=x)) T (f(r, r=x))"" dH(x)
with a<r and f(r, ¥—a)=S(N). Thus
(A.3) J(N, n, i) = =(ZD fo “(L=f(r, w))'~1(f(r, w))" " df (r, w).
Successive integration by parts yields:
(A4) J(N, n, i)=J(N,n, i+ 1)+(";)(1 —S(N))(S(N) )"~/
= Y= @A = SN SN) )" /n.
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