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EXPONENTIAL DECAY OF ENTROPY IN THE RANDOM
TRANSPOSITION AND BERNOULLI-LAPLACE MODELS

BY FUQING GAO! AND JEREMY QUASTEL?
Hubei University and University of Toronto

We give bounds on the exponential decay rate of entropy in the random
transposition model and the Bernoulli-Laplace model which are independent
of the number of sites and the number of particles. This is then used to give a
bound on the time to stationarity in the total variation norm.

1. Introduction. This article concerns the decay of entropy and time to
stationarity in two models of continuous time interacting random walks: the
random transposition model and the Bernoulli-Laplace model.

Random transposition model. The state space S, is the permutation group
of n objects. The random transposition model is the Markov process uniquely
characterized by an initial distribution on S, and the Markov generator £, given
by

1 & y
(Lnf)(0) =~ Y Lf @)= fo)],

i,j=1

where f is a function on S, and (0/); = o}, (6"/); = 0; and (¢/)x = oy for
k # i or j. We can think of n distinct particles, numbered 1 through n, placed
in n distinct sites numbered 1 through n. S, is the set of configurations with o; the
number of the particle in site i. At rate one, a particle chooses uniformly from the
n sites and exchanges position with the particle at that site. The model is symmetric
and irreducible and has the uniform distribution u, (o) = % as unique stationary
distribution. The associated expectation will be denoted E,,.

Bernoulli-Laplace model. The Bernoulli-Laplace model has two parameters
n and r, 1 <r < n, the number of distinct sites and the number of identical
particles. A site can be occupied by at most one particle. So the state space, denoted
by C, , is the space of all subsets of the n sites with r elements. For n € C, ,,
denote by n; the number of particles at the site i. The Bernoulli-Laplace model is

Received April 2001; revised January 2003.
1Supported by National Natural Science Foundation of China Grant 19971025.

2Supported by the NSERC, Canada.
AMS 2000 subject classifications. 60B15, 60K35, 60J22.
Key words and phrases. Modified logarithmic Sobolev inequality, time to stationarity.

1591



1592 F. GAO AND J. QUASTEL

the Markov process with the state space C,, , and with the Markov generator .£,, ,
given by

1 < - 1 .
Lar N == 3 m(—g)PLF ) — fFol ==Y 1F G — fl,
= i
where f is a function on C, , and (n'/); = Njs (nij)j =n; and (n")x = ny for
k # i, j. Each particle, at rate one, picks a site with uniform probability, and jumps
there as long as it is unoccupied. The model is symmetric and irreducible and

has the uniform distribution (1) = ('r')_1 as unique stationary distribution. The
associated expectations will be denoted E;, ;.

Let /£ be an ergodic Markov process on a finite state space S symmetric with
respect to invariant measure u. Let P, = 'L denote the associated semigroup.

If v is the initial distribution then P;v — w. We are interested in the speed of

convergence. There are several choices of norm. Suppose that v < p and f = t[il_;i'

The V) norm is defined
VP (v, p) = Eullf — 11717

if f e LP(u) and 400 otherwise. The %V(l), the total variation norm, is most
common, but V? is used as well. The relative entropy is defined by

H(, n) =Ey[flog f]
if flog f € L'(1) and +o0o otherwise. If j is the invariant measure we will use

H(f) ot Hy(f) for H(f . ).
The time to stationarity, t(P) is defined by

(P :inf{t > 0:sup VP (P, ) < 6_1}'
%

Often the bound (! < t(® is used. The Dirichlet form is defined by
D(f,8) =—EulfLg], D(f)=D(f, ).
The logarithmic Sobolev constant « is defined by
a=sup{H(f)/DN/Ff): f=0; Eulf1=1}.

It is known [7] that cjo < 7@ < cra where ¢; = 0.5 and ¢y = 1 + %loglog %
where ©* = minycg u(x).

On the other hand, if one is interested in convergence of H (P;v, u), let f; =
d P;v/d . and note that

d
EH(fZ) = —D(f;,log f1).
The entropy contant S is defined by
B =sup{H(f)/D(f.log f): f =0; Ep[f]1=1}.
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Therefore,
HPw,p)y<e"PH©, p).

The entropy constant was obtained for Poisson measure in [3]. From the general
inequality,

(Vb —/a)’ < §(b—a)(ogh — loga),

valid for a,b > 0, we have D(/f) < %D(f, log f) and hence B8 < 4«. Since
H > VD it is easy to check that

1
W< ,3<1 + loglog —*)
u

The relative entropies and Dirichlet forms for the random transposition model
and Bernoulli—Laplace models are given respectively by

Hy(f) = Z f(o)log f (o),

UES,,
D,(f. 8 = Z Z[f(o'f)—f(a) [g(c™) — g(0)],
O'ESnl] 1
Hn,,<f>=@ > flog f(n),
r’ neCp,r
Dur(f8) =7 [f () — fFllg(n™”) — g)].

neC,, rl<i<j<n

Let o, and B, denote the logarithmic Sobolev constant and entropy constant of
the random transposition model on S,,, and «, , and B, , denote the logarithmic
Sobolev constant and entropy constant of the Bernoulli-Laplace model on C,, ;.
In [7] and [14] it is shown that there exists 0 < ¢ < oo such that for any n > 2,

¢! logn <oy, <clogn

andforanyr=1,...,n—1,

2

n 2 n?

clog

< < I .
rn—r) — Fnr = log?2 o8 r(n—r)

The upper bound on 7, @ for the random transposition, and t,’ ) for the Bernoulli—
Laplace models then read

nr—

2
réz)fC(logn)z, ?) < Clog (n )loglog<’:>.
rin—r



1594 F. GAO AND J. QUASTEL

Our purpose in this paper is to bound the entropy constants for the two models of
random walks. We obtain the bound which is independent of the numbers of sites
and the numbers of particles. The method used is the martingale method of [15].
The main results of this article are:

THEOREM 1 (Random transposition model). For anyn > 2,

1/2< B, < 1.
In particular, for any probability measure v, on S, forn > 2,
H (P, ) < e_tH(Vn» M),
and for some C < 00,
1',51) < (1 +loglogn!) ~logn.

THEOREM 2 (Bernoulli-Laplace model). For any n > 2 and any 1 <r <

n—1,
1< Bn,r=2.

In particular, for any probability measure vy, , on Cy, ,,forn >2and1 <r <n-—1,

H(Ptvn,r» ,Uvn,r) =< e_t/zH(Vn,ra Mn,r),

1',51,) =< 2(1 + loglog <’:)>

The main conclusion is that the commonly used bound (" < ¢ gives the
wrong order for the time to stationarity in the total variation sense in the random
transposition model and in the Bernoulli-Laplace model at high or low densities.

The upper bounds on 8, and B, i are proved in Sections 2 and 3, respectively.
The lower bounds are obtained from the general inequality [2],

B=1/2,

and for some C < 00,

where A is the Poincaré constant (= 1/spectral gap),

A =sup{ Var(f)/D(Vf)},

where Var(f) = E[(f — E[f])?]. The spectral gap can be computed for both
models [8, 9, 16]. In the random transposition model A,, = 1 and for the Bernoulli—
Laplace model A, , = 2.
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2. Random transposition model. To prove the upper bound for §,, using
martingale methods as in [14], we will derive an inequlity involving S, and B,,.
First of all we give an entropy inequality as follows.

LEMMA 1. Let pu be the uniform distribution on {1,2,...,n} and [ a
probability density function relative to . Then for all n > 2,

1 n
B () =75 > (fO) = f))(log f(y) —log f(x)).

x,y=1

PROOF. Set
n n
fxt, oo xy) = Z (x; —xj)(logx; —logx;) —2n in log x;,
i,j=1 i=1

where xi,...,x, > 0. The lemma is equivalent to f(x1,...,x,) > 0 for any
X1, ..., X, >0 with x; +- - -+ x,, = n. Since under the condition x| +---+x, =n,

n
f(xt, . xy)=—2n Zlogxi,
i=1
we need only prove that % Y7 logx; <0 foranyxq,...,x, >0 withx; +--- 4+

xn, = n, which is an obvious consequence of the concavity of the logarithm. [J

PROOF OF THEOREM 1. Let f be the probability density function relative to
the uniform distribution @, 1 on S,41. Let f; be the marginal probability density
function of o; and f(-|o;) be the conditional probability density function given o;.
Define

I jx(f)= En+1[ﬁ(ai)En+1[(f(Ujk|Ui) — f(oloy)
x (log f(c/¥|0;) — log f(Glai))\Gi]],

Li= Y Iijk

i 2k
= En+1[ > (f(@*) = f(0))(log f (075 —Ing(U))}
ki
bLi(f) = Enti1lfi(oi)log fi(oi)],

n+1

1
W= i), =12,
i=1

Then
Hy1(f) = Ent1[ fi(0) Eng1[ f Cloi) log f(-loi)loi]] + Lo
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Since the uniform distribution on S, 1, given oj, is the uniform distribution on S,,,
from the definition of 8, we have that

B
Hyp1(f) < jll,i + I,

thus

Pn
2.1 Hp1(f) = gyt
Note that
2.2) Li(f)=2(n—1)D(f log f).
Applying Lemma 1 to f;, we get

n+1

1
23 hih) =500 eyl Z (/i) = fi(x))(log fi(y) —log fi(x)).

Since fi(x) = E +1[f(0)|oi = x)] and the function: (a, b) — (a — b)(loga —
log b) is convex for a, b > 0, Jensen’s inequality implies (with E[-] = E, +1[-]),

(fi(y») — fix))(log fi(y) —log fi(x))
= (E[f(0)loi = y] — E[f(0)|oi = x])
x (log E[f(0)]oi = y] — log E[f (o)]o; = x1)
= (ELf(0™)|o; =x] — E[f(0)|o; = x])
x (log E[f(6™)|o; = x] — log E[ f ()]0} = x1)
<+ DE[(f(©™) = f(0))(log f(6*) —log f(0))]oi = x].
Combining (2.3) and (2.4) we have

2.4)

1 n+1
L; < mEn-&-l( Z (f(axy) - f(U))(Ing(ny) — log f(U))>-

x,y=1

Therefore,

(2.5) L < (n+1)D(f’ log f).

By the definition of the entropy constant S, 1, inequalities (2.1), (2.2) and (2.5)
now imply
(n—1)By 1

(2.6) Bui1 < T

The desired upper bound is from (2.6) by an induction on n > 2. The initial
check for n = 2 follows from the n = 2 case of Lemma 1 which gives 8, < 1/2.
Assuming that 8, <1, the last inequality yields

n—1 1

1 < 1.
Pt == =+ 07 < O
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3. Bernoulli-Laplace model.
LEMMA 2. Let uu, be the Bernoulli measure on {0,1}, 0 < p < 1. Then for
any probability density function f on {0, 1}, relative to the Bernoulli measure,
H,,(f)=1—-p)f0)log f(0) + pf(1)log f(1)

3.1)
< p(1=p)(f(0) = f(D)(log f(0) —log f(1)).

PrROOF. If (1 —p)x+ py=1,x >0,y >0, one can check easily that
f&x,y)=p0 = p)x —y)(logx —logy) — (I = p)xlogx — pylogy
=—({—-p)logx —plogy
> 0. U
PROOF OF THEOREM 2. We will prove Theorem 2 by induction. Let f be the
probability density function relative to the uniform distribution u, , on C, , and

denote by f; the marginal probability density function of o; and by f(-|n;) the
conditional probability density function of 1 given ;. Define

Ii(f)=Ent1.r |:fi i) En+1.r |:ﬁn,r—m S (F@* i) — fFln))

JokF

x (log f(n/*|n;) —log f (nn:))

J

= Enm[ > Bur—ni (f 075 = F()(log £ (n'*) — log f(n))},

ki
Li(f) = Eps1,0[ fi(mi) log fi(mi)],

n+1

1
W =g i), =12,
i=1

Simple calculation yields

(32)  Hyr1(f) = Ent1,[fi ) Enr L Clni) log f Clndnil] + Lo,

Since if 7; = 0 or 1, then the inner expectation is with respect to p, , or (pn r—1,
respectively, from the definition of 8, , and I; ; we have that

1
Hyq,.(f) < on L+ 5L,
n

and hence

1
(3.3) Hn+1,r(f)§2_11+127 2<r<n-1
n
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We have

Ii(f) = ﬂn,,Em,{ Y (f0* = ) (log f (") —log f(m)) |ni = 0}
J ki

+ IBn,r—l

x Enﬂ,r[ > (Fm*) = ) (log f (") —log f () i = 1}
jokEi

and so

n+1
(34) 11 lel_z r)ﬂnr+(r_1)/3nr 1) n+1,r(fa10gf)'
Now applying Lemma 2 with p = 7 to f;, we get

1_
rt 120 e 0) = £1(1))(log £:0) — log £(1)).

(3.5) Li(f) = W

Now

Ji(0) = Enqr, [f(Mni =0]=

Y Enpr A =) f@DIn =11,

B —Hjsﬁt

(a,b) — (a — b)(loga — logb) is convex for a, b > 0 so by Jensen’s inequality,
(fi (0) — fi(l))(logfi(()) —log fi(1))
ZEHH HAA=n)(F@7) = )

<
n—r+1

x (log f (') —log f () |mi = 1].
Summing over i and writing out the conditional expectation, we get

n+1
> (f:(0) — £ (D)(log f;(0) — log fi (1))
i=1

n+1

(.6 TR

Ens1 [ni(1 =) (f(7) — f())

x (log f(n") —log f (m))].
Combining (3.5) and (3.6) we have

2
3.7 L < ?Dn-i-l +(f,log f).
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By the definition of the entropy constant and (3.3), (3.4) and (3.7),

(n—r) r—1 2
(3-8) ﬁn—l—l = lgn,r + ,Bn,r—l + .
n n n—+1

Now we prove the upper bound by (3.7) and an induction on n > 2. The initial case
n=2,r =11is a consequence of Lemma 2. Suppose B j <2 forany 2 <k <n
and 2 < j <k — 1. Then:

(i) forany2 <r<n-—1,

1 n—r r—1 1

_ < 1;
2,3n+l,r_ n + " +l’l+1 <
(i1) forr =1orr =n, by Lemma 1 we have 8,411 < n%l <2. ]
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