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GAUSSIAN APPROXIMATION THEOREMS FOR URN MODELS
AND THEIR APPLICATIONS

BY Z. D. Bal,! FEIFANG HU! AND LI-XIN ZHANG?
National University of Singapore, University of Virginia and Zhejiang University

We consider weak and strong Gaussian approximations for a two-color
generalized Friedman’s urn model with homogeneous and nonhomogeneous
generating matrices. In particular, the functional central limit theorems and
the laws of iterated logarithm are obtained. As an application, we obtain the
asymptotic properties for the randomized-play-the-winner rule. Based on the
Gaussian approximations, we also get some variance estimators for the urn
model.

1. Introduction. Adaptive designs in clinical trials have received consider-
able attention in the literature. The goal of adaptive designs is to pursue higher
survival rates in a long run of clinical trials while not significantly affecting the ac-
curacy of the statistical inferences on all treatments involved in the trials. In these
designs, more patients are sequentially to be assigned to better treatments, based on
outcomes of previous treatments in clinical trials. A very important class of adap-
tive designs is based on the generalized Friedman’s urn (GFU) model [also called
the generalized Pélya urn (GPU) in the literature] which has been used in clinical
trials, bioassay and psychophysics. For more detailed references, the reader is re-
ferred to Flournoy and Rosenberger (1995), Rosenberger (1996), Rosenberger and
Grill (1997). Athreya and Karlin (1968) first considered the asymptotic properties
of the GFU model with homogeneous generating matrix. Smythe (1996) defined
the extended Pélya urn model (EPU) (a special class of GFU) and considered its
asymptotic normality. In applications, it is quite often that the generating matri-
ces are not homogeneous. Examples can be found in Coad (1991) and Hu and
Rosenberger (2000) as well as Bai, Hu and Shen (2002). For the nonhomogeneous
case, Bai and Hu (1999) establish strong consistency and asymptotic normality of
the GFU model. Statistical inference about adaptive designs is considered in Wei,
Smythe, Lin and Park (1990), Rosenberger and Sriram (1997) for the homoge-
neous case and Hu, Rosenberger and Zidek (2000) for the nonhomogeneous case.

In this paper, we consider a two-color GFU model with Wy white and W
black balls with Ty = Wy + W. Balls are drawn at random in succession, their
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color noticed and then replaced in the urn, together with new black and white

A; B;
c Di] as

follows: at stage i, if a white ball is drawn, it is returned to the urn with A; white
and B; black balls. Otherwise, when a black is drawn, it is returned with C; white
and D; black balls. Negative entries in R; are allowed and correspond to removals.
After n splits and generations, the numbers of white and black balls in the urn are
denoted by W,, and W, respectively, and T, = W,, + W, is the total number of
balls.

In a two-arm clinical trial, the white and black balls represent treatments 1
and 2, respectively. If a white ball is drawn at the ith stage, then the treatment 1 is
assigned to the ith patient. The rule R; is usually a function of £(i), a random
variable associated with the ith stage of the clinical trial, which may include
measurements on the ith patient and the outcome of the treatment at the ith stage.
The sequence of the expectations of the rules

H — EA; EB; _.|a b;
! EC; ED; “La di
are called generating matrices. The GFU model is called homogeneous if H; = H
for all i.
When R; = [¢ Z] is a deterministic matrix for all i, Gouet (1993) established

balls. Replacements are controlled by a sequence of rule matrices R; = [

the weak invariance principle for the urn process { W,,}. This leads us to show that
the urn process {W,} can be weakly and strongly approximated by a Gaussian
process for both the homogeneous and nonhomogeneous cases. As an application,
we establish the weak invariance principle and the law of the iterated logarithm for
{W,}. The technique used here is the Gaussian approximation of a process, which
is different from Gouet (1993) as well as others. Some results of Bai and Hu (1999,
2000), if reduced to the two-arm case, can also be obtained as special cases of the
results in the present paper.

The paper is organized as follows. In Section 2, we first describe the model
and some important assumptions. Then some main theorems are presented. The
proofs are given in Section 3. In Section 4, we apply the results to the randomized
play-the-winner rule [Wei (1979)] to get its asymptotic properties. The asymptotic
results in Section 2 depend on an unknown variance. Based on W,,, we obtain two
variance estimators of the GFU model by using the Gaussian approximation.

2. Main results.

2.1. Notation and assumptions. Suppose that there is a sequence of increasing
o-fields {#,} and that W,, A, and C, are three sequences of random variables
which are adapted to {¥,} and satisfy the following model:

(2-1) Wn=Wn—1+InAn+(1 _In)cn»
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where (A,, C,) is the adding rule at the stage n and [, is the result of the nth draw
with I, = 1 or 0 according to whether a white ball or a black is drawn. We assume
that for each n, (A,, Cp) is conditionally independent of I,, when given %;,,_; and
P(I, =1|F,_1) = W,_1/T,_1, where T, = W,, + W, is the total number of all
balls in the urn at stage n. Write

E(A,|Fu—1) = ap, E(Cy|Fn-1) =cp,

where a, and ¢, are assumed to be nonrandom. The model is called homogeneous
ifa; =a and ¢; = c for all i.
We need the following assumptions.

ASSUMPTION 2.1. T, =ns + B, where B > 0 is the number of the balls in
the initial urn and s is the number of balls added to the urn at each stage. Without
loss of generality, we assume =1 and s = 1.

In some cases, the number of balls added to the urn at each stage is random.
Thus, 7,, may be a random variable and Assumption 2.1 may not be satisfied. In
such cases, we shall assume that 7}, is not far away from ns + 8. And thus in those
cases, we shall make an assumption on the distance of 7, from ns + g instead of
Assumption 2.1. For example, we may assume that T = ns + 8 + o(y/n) in L,
when we consider the L;-approximations.

ASSUMPTION 2.2. a, — a and ¢, — ¢ as n — 00. Denote p, = a, — ¢y,
p=a—cand u=c/(1 —p). Assume p <1/2.
ASSUMPTION 2.3. Forsome C > 0and 0 < e < 1, the rule (A,, C,) satisfies
E|A,|>T¢ < C < o0, E|C,|**¢ < 00 foralln
and also
Var(A,|F,-1) > V, a.s., Var(Cp|F—1) > V. a.s.,
where V, and V. are nonrandom nonnegative numbers.

ASSUMPTION 2.4. |a, —al|+|c, —c| = 0((loglogn)_1) and |Var(A,|F,-1)
— V| + |Var(C, | Fn—1) — V| = o((loglogn)~!) a.s.

ASSUMPTION 2.5.  For some 0 <& <1, |a, —a| + |c, — c| = o((logn)~17¢)
and |Var(A,|Fn—1) — Va| + [Var(Cy | Fo1) — Ve| = o((logn) ™' 7%) a.s.

ASSUMPTION 2.6. |a, —a| + |cp —c| = O(m~1?), |Var(A,| Fn_1) — Va| +
|Var(C,| Fn—1) —V.|=O0mn~"?) a.s. and

ElA,[*<C<oo, E|C,[*<C<oco  foralln.
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2.2. Main results. Denote

22 oy=uVet+A—wWVe+p’ul—p),  o=ou/V1-2p,
eo=1and

n—1 n
€k
(2.3) en = P+t T2 %k
k=0 + k=1
foralln <1.
The following are the first two approximations related to the law of the iterated
logarithm and the invariance principle.

THEOREM 2.1. Ifp<1/2and T, =n+ 1+ o((n loglogn)l/z) a.s., then
under Assumptions 2.2, 2.3, there exists a probability space on which the sequence
{W,} and a standard Brownian motion W (-) are so defined that

(2.4) W, — e, — G, =o((nloglogn)'’?) a.s.
Also, if we further assume T, =n + 1 + o((nloglogn)'/?) in L1, then
(2.5) W,—EW,—G,=o0((n loglogn)l/z) a.s.,
where
tdW(so?
2.6) G,:tp/ dWGai) oy
0 sP
and
. D P 1-2py.
2.7) {Gi; =0} ={or"W( ); >0}

In addition, if

n

(2.8) > @ — @+ (e — o = w}=o(vn),
k=1

then

(2.9) W, —nu — G, =o((nloglogn)'/?) a.s.

THEOREM 2.2. Under Assumptions 2.2 and2.3,if p <1/2and T, =n+1+
o(y/n) in Ly, then

(2.10) nklaX|Wk—ek — Gyl =0(\/ﬁ) in Ly
<n
and
2.1D) rl?ax|Wk—EWk—Gk|=o(«/ﬁ) in L.
<n

Furthermore, if condition (2.8) is also satisfied, then
(2.12) Il?alek—ku—le =o(v/n) in L.
<n
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From Theorems 2.1 and 2.2, it is easily seen that

COROLLARY 2.1. Assume p < 1/2, and T, =n + 1 + o(y/n) in Ly, then
under Assumptions 2.2, 2.3,

(2.13) n 2 (Wi — EWpnp)) = ot? W (1 729);

ifT,=n+14o0((nloglog n)'/?) a.s.and in Ly, then under Assumptions 2.2,2.3,
W, — EW,

(2.14) lim sup L " —6 as.

n—oo +/2nloglogn

Furthermore, if condition (2.8) is also satisfied, then EW,, can be placed by ny.

REMARK. (2.13) was first established by Gouet (1993) in the case of
A, =a and C, = ¢ for all n. Result (2.14) is new. For the random and non-
homogeneous Pélya’s urn, Bai and Hu (1999) showed that

(2.15) 12w, —EW,) 2 N, o)
under the condition
>, lay —al| + |cx — ¢
(2.16) > 2 e
k=1 k

Also, the result of Bai and Hu (2000) implies that

nV2W, = np) B N, o),

but the following condition is needed:

= lax —al + |cx — |
2.17) <00

Obviously, condition (2.17) is stronger than (2.8). But, Bai and Hu (1999, 2000)
studied the multicolor urn models.

Assumptions 2.2 and 2.3 used in Theorems 2.1 and 2.2 are very weak and
standard, but the rates of the approximations obtained are slow. The next three
theorems give faster rates for strong approximations.

THEOREM 2.3. If p < 1/2 T, =n+ 1 + o(y/n) a.s., then under Assump-
tions 2.2,2.3 and 2.4,

(2.18) Wy —en — Gn=o0(v/n) a.s.
And if also T, =n + 1+ o(y/n) in Ly, then
(2.19) W, —EW, —G,=o0(v/n) a.s.

Furthermore, if (2.8) holds, then
(2.20) Wy —np — G, =o0(v/n) a.s.
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THEOREM 2.4. Ifp<1/2and T, =n+1+ o(nl/z(logn)_l/z_g) a.s., then
under Assumptions 2.2,2.3 and 2.5,

W, —e, — G, = o(nl/z(logn)_1/2_8/3) a.s.
andifalsoT, =n+1+ o(nl/z(logn)_l/z_g) in Ly, then

w, —EW, — G, = o(nl/z(logn)_1/2_€/3) a.s.

THEOREM 2.5. If p < 1/2, then under Assumptions 2.1, 2.2 and 2.6 we have
Wy —en—Gp=0m?)  as5.Y0<8<(1/2—p)A(1/4)
and
Wy —EW, —G,=0n'?%)  as.Y0<8<(1/2—p)A(1/4),
where a A b =min(a, b).
It is known that the best convergence rate of Skorokhod embedding is
O(n'/*(logn)'/?(loglogn)!'/#). Theorem 2.5 gives an approximation close to this

rate. In the remainder of this section, we give a strong approximation in the case
of p=1/2.

THEOREM 2.6. Suppose p=1/2and T, =n+ 1+ o(nl/z(logn)l/z_g) a.s.
Then under Assumptions 2.2, 2.3, 2.5 and (2.16) there exists a § > 0 such that
(2.21) W, —en — Gp=o(n'*(ogn)'*7%) a.s.

Also if Ty =n+ 1+ on'?(logn)'/>=¢) in L, then

W, —EW, — G, = o(n'?(logm)'?7%)  as.,

where
-~ t 2
(2.22) G, = tl/Z/ M’ >0
1 51/2
and
(2.23) [Giit >0} 2 {oyt" P W(logt); t > 0}.

Furthermore, if condition (2.17) is satisfied, then

W, —nu — G, =o(n'*(ogn)!/*>7%) a.s.

The following corollary comes from Theorem 2.6 immediately.
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COROLLARY 2.2. Under the conditions in Theorem 2.6, we have
(n" logn) ' (Wi,ry — EWjpry) = o W (1),

and

W, —EW,
lim sup =oy a.s.
n— 00 \/2n (logn)(logloglogn)

Furthermore, if condition (2.17) is satisfied, then EW[,:; and EW), can be replaced
by n' ;v and n, respectively.

3. Proofs. Recalling (2.1), write

n n
Wo=Wo+ Y (Ax—Cli+ )Y Ci
k=1 k=1

=Wo+ > {(Ax — CO Ik — E[(Ar — C) Il Fim11 + (Ci — )}
k=1

(3.1
n—1 n
Wi
+ Z P17~ + Z Ck
k=0 ko =1
n—1 n
k+1-— Tk>
= W M ’
o+ n+k§0/0k+1 +Z/0k+1 Tk( K1 ch
where

,,.—ZAMk Z (Ax = C) Ik — E[(Ag — C) Ik | Fi—11 + (Cx — 1)}
k=1

is a martingale with
E[(AM)?|Fo1]
2

:E[((A" -Gl +Cp — Cn)2|37n—1] - <(an — ) ‘])‘fn_l)
n—1

=E[(Ay — Co)? Iy + 2(Ay — Co)(Cr — c) I + (Cp — ¢2)? | Fi ]

Wn—l 2
B <(an B Cn) Tn—l )

_ Wi-1

E[(An - Cn)2 +2(A, — Cp)(Cp, — Cn)l:?n—l] + Var(Cy | F,—1)

n—1

- ((an —e) V;:_‘ll)

2
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W, _
— 1Var<An|5fn_1>+(1—

n—1

W, W,
(32  +pi2 1(1— n 1)
n—1 Tn—l

= uVar(A,|Fy-1) + (1 — ) Var(Co | F,-1) + pppa(l — )
Wi—1
+ O( —,u)
Tn—l

Wi—1
Va4 Vel = )+ P2l = 1) +0(1) + 0( L —u)

n—1

”‘I)Var<cn|5fn_1>

n—1

W, —
:of,,—i—o(l)-i—O(Tn ! —,u) a.s.

n—1
under Assumptions 2.2 and 2.3.
By the Skorokhod embedding theorem [cf. Hall and Heyde (1980)], there exists
an ¥,-adapted sequence of nonnegative random variables {r,} and a standard
Brownian motion W, such that

(3.3) Elt|F_11=E[(AM)?*|F-11,  El|t,|'™? < CE|AM,|***

(g oere ]

Without loss of generality, we write

(3.4) Mn=W<Zti), n=12....

i=1
On the other hand, from (2.3) and (3.1), it follows that

and

[}S]

{Mp; n=1,2,...}.

k+1

k+1—Tk)
k+1 '

n—1 —
—ex
(3.5) Wy —en=Wo+ M, + E pk-i—l + E Pk+1—7 T (
k=0

If Assumption 2.1 is satisfied, that is, T = k + 1, then (3.5) becomes

n—1
Wi — ek
(3.6) Wy —en =Wo+ M, + Z Pk+1
=0 k+1

So it is natural that W,, may be approximated by a Gaussian process, and what we
need to show is how W, — ¢, can be approximated by a related Gaussian process
when M,, can.

Before proving the theorems, we need some lemmas first. The first two are on
the convergence rates of a real sequence of type (3.6).
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LEMMA 3.1. Let p, and p, be two sequences of real numbers. Define {q,} by

n—1
qx
qi=p1 and Gy=py+ Y pc-

k=1 k

Then
n
3.7) Gn =) _ PkTn.k:
k=1

where rp, , =1 and

n—1 .
k=2 ] (1+&>, k=1,2,..n—1,n=1,2,....
k . i

i=k+1

Here we define ]_[f:kﬂ(-) = 1. Furthermore, if py — p, then for ¥ ¢ > 0, there is
a constant C > 0 such that

Ikl < Ck~N(n/k)PTe, k=1,2,....n,n=1,2,....

And if
o0

(3.8) > ok = pl/k < oo,
k=1

then

Ikl < Ck~Nn/ k)P, k=1,2,....n,n=1,2,....

PROOF. Whenn =1, we have g1 = p;1 =r1,1p1. Thus (3.7) is true for n = 1.
By induction, we have

-1

n—1 k n n—1 n
Pk Pk
Qn=pn+2?zpjrkj:pnrn,n+ PjZ;rk,j:ZPjrn,j,
k=1 " j=1 j=1

=l k=j j=1
where the last step follows from
n—1 . n—1 k—1 )
Z%rk,j:p—.J(l'i‘ Z % l_[ <1+&)>:rn,j~
k=) J k=j+1 " i=j+1 !

The first part of the conclusion is proved. The second part is obvious since

n—1 n—

1 n—1
Pi 0i Pi
log||<1+7l> E:log<1+l—,l>=§:7l+0(l)
i=k =k i=k

i=

=Y 2+y 2L 1o, O
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LEMMA 3.2. Let p,, p, and q, be defined as in Lemma 3.1. If p, — p
and p, = o(mP188,) [or O(nP1%5,)] where 8 > 0 and {5,} is a nondecreasing
sequence of positive numbers, then

gn = 0(n”7°8,) [corresp. g, = O(np+38n)].

If (3.8) holds and p,, = 0(n”8,) [corresp. = O (n”$,)] where §, is a sequence of
positive numbers, then

qn = o(n'o i: 8k/k) (corresp. gn=0 (n'o i (Sk/k>).

k=1 k=1

By Lemma 3.1, the proof is easy.
The definition of e, seems complicated. But, the following two lemmas tell us
that it can be replaced by EW,, in most cases, or by nu in some cases.

LEMMA 3.3. (a) Suppose that Assumptions 2.1 and 2.2 are satisfied. If p <
1/2, then

EW, —e,=0n'/*%  Vv0<§<(1/2—p)Al/2.
If p =1/2 and (3.8) holds, then
EW, —e, = o(nl/z).
(b) Suppose p < 1/2, Assumption2.2 is true and T, = n+1+o((nloglog n)1/2)
in L. Then
EW, —e, =0((n loglogn)l/z).
(c) Suppose p < 1/2, Assumption2.2 and T, = n + 1 + o(y/n) in Ly. Then
EW, —e, =o(y/n).

(d) Suppose Assumption2.2 and T, =n + 1+ o(nl/z(log n)~12=¢)y in L, for
some e > 0.If p < 1/2, then

EW, —e, = o(nl/z(logn)_l/z_g).
If p =1/2 and (3.8) holds, then
EW, — e, =o(n'*(logn)'/>7).

PROOF. We give the proof of (a) only. By (3.5),

n—1 EW, — ¢, n—1 W

EWi — e 1/2-8
EW,—en= pt1 +0() =) pry1————— +on'*7).
=0 k+1 =0 k+1
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By Lemma 3.2, it follows that if p < 1/2, then
[EW,, — eq| = 0(n'/?7%)
sincee =:1/2—86 — p > 0.If p=1/2 and (3.8) holds, then
n
|EWn—en|=o(n1/22k_l_l/2) =0(n1/2). ]
k=1

LEMMA 3.4. Under Assumption 2.2, we have

€n
— — .
n
Furthermore, if (2.8) holds and p < 1/2, then
en —np=o(/n)
and if p = 1/2 and condition (2.17) is satisfied, then
en —np=0(y/n).
PROOF. By (2.3),
—Gk+Dhu &
(3.9) en—npu= me 1 T ll@—ant -l - w).
k=1

The first two conclusions follow from Lemma 3.2 easily by taking p, = o(n?*!1=7)
and p, = o(nPt1/2=p), respectively. Now, assume p = 1/2 and (2.17). Take
b, =n'/?s,, where

Yi—illak —a)ypu+ (e — o)1 — )}

O =
N

Then, by the second part of Lemma 3.2,
n
en — N = 0( 1/225k/k>

=0

, {(ai —a)u+(c;i —c)(1 — )}
1/22 1 k3/2 )

k=i

=0

0( 1/22<|a —a|+|c,—c|>2k 3/2)
(g

I/ZZlaz al +lc;i — C|> O(ﬁ) 0



1160 Z.D.BAL F. HU AND L.-X. ZHANG

Define

(3.10) Go=0, Gn_W(nGM)+,0 -

k=1

where 22:1(-)A= 0. The next two lemmas tell us how G, is close to G,, or 6,,,
where G, and G, are defined in (2.6) and (2.22), respectively.

LEMMA 3.5. Ifp <1/2,wehaveforall0<§<1/2— p,

(3.11) G, —Gp=0n'?% a.s.

and

(3.12) ”max IGi — Gyl H —o(n'/?7%).
k<n 2

PROOF. By the Taylor expansion,

n dW(so? 1
Gn_Gn—1=np/ M_{_(
n—1 sP

:np/n dW(soy) . Gn-1  plp=1
n—1

P
1) Gn—l - Gn—l

(14 &-1)""2Gy_1,

5P L R Y P

where &,_1 € [0, 1] is a real number. It follows that

n—1 n 2 n—1 )
G ko aw 1 1+ &0)°
Gn=p) 7"+§ kp/k1 () | Plo )§ d+807 ;.
k=1 =1 -

2
sP 2 ] k
Then,
—Gu=p 2_: "_G"+Z f — — —)dW(soi)
— k—1 \sP M
p(o—1) "3 (14 &)P2
3.13 G
(3.13) + = /; 2 k
$Ge=Gk  §~,  plo=D R (L+8&)7
ST DL SF > G,
k=1 k k=1 2 k=1 k

where {Zy; k= 1,2,...} is a sequence of independent normal variables with
EZ;,=0and

k
EZ,% = af,lkz'o/

b1 2d < Ck?F ! <Ck™?
k—1<___) = k2p+2 — '

sP kP
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It follows that }}_, Zx = O(l) in Ly, and ) }_, Zx = O(1) a.s. by the three-
series theorem. Also

<00 a.ss.andin Lj.

n—1 =) n—1
p(p—1) 3 (1+ &) Gl < lo(p — 1) 3 |Gl

2 ki = 2
2 k=1 k 2 ok
So,
n—1 ral
— Gr — Gy
Gi—Gp=py ———+0(1)
k=1 k
(3.14)
n—1 Val
G,—G
=p e + 0(n1/2—5) a.s.and in L.

Hence, from Lemma 3.2 it follows that
Gpn—Gn=0n"??)  as.andinL,V0<8§<1/2—p.

The assertion (3.11) is proved. Finally,

VG — Gyl i 1p(p — D] "X |Gyl
male _G|<||ZT+I,}}§§ZZ’<+ 2 Zkz.
k=1 = k=1
It follows that
IGk — Gkl
Hmale <| |ZT+ $3§|§Zk i
1p(p — DI "X 11Gll2
+ >
2 | k
n—1
<|p|20(k1/2 H+o+ Y ok =0m*).
k=1 k=1
The conclusion (3.12) follows. [
LEMMA 3.6. If p=1/2, we have
6,,—6,,:0(111/2) a.s.
PROOF. Similarly to (3.13),
p(p—1)" (L +E)P72 L
Gy —Gn—pz —I—W(GM)—I—ZZ—I— =z Ok

k=2 k=1
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So, just as in (3.14), we have
n—1 5 Vol
~ = Gr—G
Go—Gu=p S LK L o2 as.VO<8<1/2.
k=1 k
Applying the second part of Lemma 3.2, we conclude that

@n—5n=0<n1/22k_1_8> =o(v/n) as. O
k=1

Now we are in position to prove the main theorems.

PROOF OF THEOREM 2.1. We first show the two processes are equal in law.

Since EG, =0 and for ¢t > s,

K dW 2 2

EG,G, = tpspE(/ M)
0 xP

s 2
=tPsP OTM dx = o%tPsPs =20 = E(otpW(II_ZP))(JS"W(SI_Z'O)).
0 x-P
This shows that the two Gaussian processes have the same mean and covariance
functions, which implies (2.7).

Note that (2.5) follows from (2.4) and Lemma 3.3(b) whereas (2.9) follows
from (2.4) and Lemma 3.4. To complete the proof of Theorem 2.1, it suffices to
prove (2.4). To this end, we shall first show how M, can be approximated by
W(nof,,). Let 7, be defined as in (3.3) and (3.4) through the Skorohod embedding
theorem. Note that

E|AM, >t
[rod [rod 2
= E|(An - Cn)In - E[(An - Cn)InU"n—l] + (Cn - E[Cn|fn—1])| i
< C(E|A[*T* +E|C,|*™) < € < o0,

where C is a generic notation for positive constants; that is, it may take different
values at different appearances.
It then follows that E|z,|'T¢/2 < C < oo. Hence,

00 1+¢/2
> E
n=1

< 00.
So, by the law of large numbers for martingales [cf. Theorem 20.11 of Davidson
(1994)],

Tn
nl—¢/3

n

(B.15) > 1w — Y E(AM)*Fimil =Y ( — E[u|Fioi]) =o' =) ass.
k=1 k=1 k=1
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Obviously, by (3.2),
E[(AM,)?|F_11=0(1) as.
Thus,

Z 7w =0(n) a.s.

k=1
Then by (3.4) and the law of iterated logarithm of a Brownian motion,
M, = O((nloglogn)'/?) a.s.
which, together with (3.5) and Lemma 3.2, implies
(3.16) W, —e, = 0((n loglogn)l/z) a.s.
By (3.2) and (3.16) and Lemma 3.4, it follows that

Wy €n— [
E[(AMn)2|}~n_1]:U§4+O(1)+0( n—-1_ én 1)+0< n l—u)
Th— Ty Th-1
=<71%,,+0(1) a.s.
So,

n
(3.17) Z T = naj%,l +o(n) as.
k=1
Thus by the properties of a Brownian motion [cf. Theorem 1.2.1 of Csorgd and
Révész (1981)], we get the following approximation of M,;:

(3.18) M, = W(Z rk> =W (noy) +o((nloglogn)'/?) as.
k=1

Recalling the definition of G, in (3.10) and noticing (3.11), the proof of (2.4)
reduces to showing that

(3.19) W, — e, — G, =o((nloglogn)'/?) as.
Note that
'G
G, = W(naM) +p Z k
k=1 k
=W
(noM)+ka+1 pzk(k+1)

(3.20)

n—1 Gk
= Wnoj) + Z P

+p2k(k+1) +Z(p pk+1)
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Note that by (3.11) and (2.7),
G, = O((nloglogn)'/?) a.s.
It follows that

n—1

Gy
G, = W(nojy) + Z,Ok+1k 1
(3.21) + Z o) + Z( )0((kloglogk)1/2)
‘ P ‘k+1 P Phet k+1 ‘
n—1
_ 2 G_ 1/2
= W(noy;) + Z ,0k+1k I +o((nloglogn)'/*) a.s.
k=0 +
By (3.5), (3.18), (3.21) and
n—1 _ n—1 1/2
k+1-—T, kloglogk
we conclude that
o _ — Gk 1/2
Wy —en—Gp= Z :Ok-‘rl k + 1 0((” loglogn) ) a.s.

Hence by Lemma 3.2, we have proved (3.19). U

PROOF OF THEOREM 2.2. Noticing that (2.11) and (2.12) are consequences
of (2.10) and application of Lemmas 3.3 and 3.4, we need only to show (2.10).
Define v, =) }_; t — naf,[. Then by (3.17),

(3.22) v, =o0(n) a.s.
First, we show that

(3.23) max | My — W(koi) =o(v/n)  inL,.
<n
Note that (3.22) implies that max<, |vk|/n — O in probability, and then
E max |My — W(ko*]%,,)l2
k<n

— Emax | My — W (ko3 21{ < }
glg;(l k (ko) f]?;l;(|vk|_8n

+ Emax |M; — W(kaf,l)|21{max|vk| > an}
k<n k<n

<E sup sup |W(t+s)— W(t)l2

0<t<n(l+o},)0=s=en
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+ 2E max |Mk|21{max [ve| > en}
k<n k<n

+ 2E max |W(koj%,1)|21{max [ve| > en}
k<n k<n

<nE sup sup |W(t+s)— W(t)|2

0<t<l+o} 0<s=e

+2(H malek|H HmaX|W(kUM)|H )
2+e 24¢

(2+e)/e
X (P(max|vk| > 811))
k<n

(24¢)/¢
<nE sup sup |W(t+s)— W |> + Cn(P(Tax [vi| > 8n>>
<n

0<t<l+o} 0=s<e

=o0(n) asn— oo andthen e — 0.

The assertion (3.23) is proved. Now, let G, be defined through (3.10). By
Lemma 3.5, to prove (2.10), it is enough to show that

(3.24) nklaX|Wk —ex — Gyl =o(v/n) in L.
<n
By (3.5) and (3.20), we have
— 5 n-l Wi —ex — Gy
Wp—e,—G,=Wo+ M, — W(l’lO’M) + Z,Ok-HT

k=0

(3.25) +p Z

Z(p pkm

k(k+1)
k+1—Tk>
+Zp"“ Tk( k+1 )

By (3.12) and (2.7), we know that |G|l = O(y/n). It follows that

n—1 n—1

Gy
pzk(k+1)+2(0 ,Ok—H) )
n—1
IGkll2 IGkll2
=lp |Zk(k+1)jLZI Pl
= oWk 0(Vk)
flplka(kHﬁle Pl Sy =o(v/n),
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which, together with (3.23) and

n-l We(k+1—T;
Pkl \ ————

Ik +1 =Tyl
2 oeng (T Z|p+| =o(v/n),

k+1

2
implies

Wi — ex — Gy

1 +o(v/n)  inLs.

Wy, —ey — n—Zpk—H

Thus by Lemma 3.2,
(3.26) W, — e, — Gp =o0(x/n) in Lj.
Finally, by (3.25) we have

max | Wy — ex — G| < |Wol +max|Mk - W(koM)|

k<n
+HX; ka+1lw + I/OIHX;1 k(l}izill)
+kZ(:)|,0 ,0k+1|k+1 +Z|Pk+ I%_i__lm

Thus, by (3.12), (3.23) and (3.26), it follows that

‘kSn k‘ek‘@'Hf” +Z|p"“| k(-l—l e 'rik?lfﬁ))
S o= pen <f>+2| k+1|‘;€(‘[1)— o)

k=0
The assertion (3.24) is proved. [

PROOF OF THEOREM 2.3. It is enough to show (2.19). First we show that
(3.27) M, — Wnol) =o(J/n) as.
By Assumption 2.4,

Y {(ar — @) + (ck — o)(1 — w)} = o(n(loglogn)~").
k=1

It follows by Lemma 3.2 and (3.9) that

& =o((loglogn)™).
n
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And then by (3.2) and (3.16),
E[(AM,)*|Fu—1]= pVar(A,| F—1) + (1 — ) Var(Cy| Fu1) + ppa(l — p)

W, _ _ _
+0< n l_en 1>+0<€n 1_M>
T.-1 n n

= o7 +o((loglogn)™) as.,

which, together with (3.15), implies
n

Y w=nojy +o(nloglogn)™") as.

k=1
Then by Theorem 1.2.1 of Csorgd and Révész (1981) again,

n
M, = W(Z rk> = W(naf,,) + 0((n(10glogn)_l)l/z(loglogn)l/z)
k=1
=Wnoy) +o(vn) as.,

from which (3.27) follows. Next, by (3.20),

. 5 n—1 Ek
G, =W
=Wy + T
el -1 12
o(1) _1, O((kloglogk)'/=)
3.28 —_— loglogk
(3.28) +pk§k+1+k§)0((0g0g) ) P
n—1 Ek
=W(naj%,1)+2,0k+1 +o(v/n) as.
b k+1

Hence by (3.5), (3.27), (3.28) and

n—1 n—1

Wi k+1—Tk)_ Vi

kg(:),okH T ( 1 _0<Z =o(v/n) as.,
we conclude that

n-l Wi —ex — G

Wn—en—gnzzpkﬂ 1 +0(\/ﬁ) a.s.
k=0 +

By Lemma 3.2, it follows that
Wy—en—Gp=o0(/n) as.

The rest of the proof is similar to that of Theorem 2.1. [J
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The proofs of Theorems 2.4 and 2.5 are similar to that of Theorem 2.3, and the
details are omitted.

PROOF OF THEOREM 2.6. Assertion (2.23) can be easily verified by showing
that the two processes have identical covariance functions. Also, by Lemmas 3.3
and 3.4, to prove the theorem, it is enough to show (2.21). Following the lines of
the proof of Theorem 2.3, one can show that

M, = W(nof,,) + o(nl/Z(logn)_1/2_8/3) a.s.
Also, similar to (3.28),

G, =Wnoi) + Z Ple1 7

i "Zl (logh)~1~*) O((kloglogk)'/?
— k = k+1
n—1 Ek
= W(nof,,) + Z ,Ok+1k I +0(n1/2(logn)_1_€/2) a.s.
k=0 +

Hence

= Wi — e — Gy 1/2 —1/2—¢/3
W, —e, — G, = Z Pkt1————— +o(n /“(logn) ) as.
k+1
By the second part of Lemma 3.2, it follows that

n
W, —e, — G, = o(1)n'/? 2:,’c_l(logk)_l/z_‘g/3 = o(nl/z(logn)l/2_8/3) a.s.
k=1

Finally, by Lemma 3.6,

The proof is complete. [
4. Some applications.

4.1. Asymptotic properties of the randomized-play-the-winner rule. The ran-
domized-play-the-winner (RPW) rule was introduced by Wei and Durham (1978)
and it can be formulated as a GFU model [Wei (1979)] as follows: Assume there
are two treatments (say, T1 and T2), with dichotomous response (success and
failure). For the ith patient, if a white ball is drawn, the patient is assigned to
the treatment T1, and otherwise, the patient is assigned to the treatment T2. The
ball is then replaced in the urn and the patient response is observed. A success
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on treatment T1 or a failure on treatment T2 generates a white ball to the urn;
a success on treatment T2 or a failure on treatment T1 generates a black ball to the
urn.

Let p1 = P(success|T1), pr» = P(success|T2),qi=1—prandgo=1— p,. It
is easy to see that

. I (success|T1) 1 — I (success|T1) g
R= [1 — I (success|T2) I (success|T2) and H= g p2l’

where I is an indicator function. From the results of Section 2, we have the
following corollaries.

COROLLARY 4.1.  Ifq1 +q> > 1/2, then:
()

n
n—l/z(Wn _ ) — N(0,02) in distribution
q1+q2

and further, we have

(ii)

, Wy —qan/(q1 +q2)
1m sup =0 a.s.,

n—>00 +/2nloglogn

where o2 = q192/1(2(q1 +¢q2) — D) (q1 + 612)2]-

It is easy to see that 7, = n + f and Assumptions 2.2 and 2.3 hold. From
Corollary 2.1, we can obtain both (i) and (ii). The result (i) has been studied
in Smythe and Rosenberger (1995) for the homogeneous case and Bai and Hu
(1999) for the nonhomogeneous generating matrices. The result (ii) is new. When
q1 + g2 = 1/2, the following similar results are true.

COROLLARY 4.2.  Ifq\ +q2 =1/2, then:
()

qan
a1 +q2

(n logn)_1/2<Wn — ) — N(O, o*%v) in distribution

and further, we have
(i)
. Wn — qon/(q1 + 92)
im sup =
n—oo «/2n(logn)(logloglogn)

a.s.,

where a%, =q192/(q1 + QZ)Z-
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4.2. Variance estimation. From Corollary 3.1, we know that under Assump-
tions 2.1, 2.2, 2.3 and condition (2.8),

Wy —np o
—_— N(Q@,1),
el 2N O

where o is defined as in (2.2). The result (4.1) gives us the limit distribution of
W, /n which is an estimator of . But (4.1) is difficult to apply since the value
of o is unknown. So it is important to find a consistent estimate of o from the
sample {W,,}.
Inspired by Shao (1994), we define two estimators as follows:
R 1 &1L W W, e 1 /W Wy\?
(4.2) O1l,n Z Z —_— — and Gz,ﬂ = @ l_Zl <T — 7) .

~ logn P

@.1

1 n

The following two theorems establish the weak and strong consistency of the
estimators, respectively.

THEOREM 4.1. Suppose p < 1/2. Under Assumptions 2.2, 2.3, (2.8) and that
T, =n+1+o0(y/n) in Ly, we have

~ 2 ~
4.3) O1pn— 4 —0 and (722n — o’ in L.
T ,

THEOREM 4.2. Suppose p < 1/2. Under Assumptions 2.2,2.3, 2.4, (2.8) and
that T, =n+ 1+ o0(y/n) as.,

4.4 Gin— . —0c and G} — o’ a.s.
s 2,n

T

The proofs of Theorems 4.1 and 4.2 are based on the Gaussian approximations
and the following lemma.

LEMMA 4.1. Suppose p < 1/2. Let {Gy; t > 0} be as in (2.6), and let

1 |G 5 1 L G?
4.5 Vi, = —— — d V& = — i
(45) b logn ; B 2n " Jogn ; i2
Then

2 ) 5 .
4.6) Vin— ;a, Vin— 0" as.as well as in L.

PROOF. Obviously,
2 2 2

4.7) EVip—,—0o and EV;, —o".

g
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Also, by (2.6), Cov(G; /i, Gj/\/7) = o2(i/j)/>P for all i < j. It follows that

Co (IGI |G I) o2 /)12

NG
and
G2 G2
Cov(T’, 7]) =204 /j)! 7.
Then
1 "1 |G| |G|
Va“vl’“:ao?nvi?rzw( )k 3 ()
i=1 i=1 j=i+1
(4.8)
n—1 n 12—
P
(logn)zzz 10 Slogn
i=1j=i
and
n—1 n
4.9 Var(VZ ) < =20 < —_
4.9) (Vi) < € e ">2,21,Z, L

The estimates (4.7)—(4.9) directly imply the L, convergence part of (4.6). By some
standard calculation, the three estimates also imply the a.s. convergence of (4.6)
[cf. Shao (1994)]. O

Now we start to prove the main theorems for the consistency of the variance
estimators.

PROOF OF THEOREM 4.1. Let V], and V; , be defined as in (4.5). Since

w, W, Gi _‘Wi—iu Wn—nu‘ G;
i n il j n i
<Wi—lM_Wn—n[L—&
- i n i
< Wi—i{L—Gi . Wn—nu,
i

we have

Wi—iu—G; nu

Z

1

Z

1

||61n_vln||2_ : .
logn i logn 2
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Also, if we define || - || to be the Euclidean norm in R”, and write X = (x1, ..., X,),

Wi_. Wn_ Gi
y=O1,....yp) and Z = (21, ..., 2,), Where x; = =—£ vy, = 228 7, = 2
i=1,...,n,then

1 1
00— Vopl=——5|Ix=yl—lz||| £ ——=lx—y—2z
B2 = Vaul = ozl =¥l =l = o s =y =l

I~z Iyl
= Qogm) 2 " Togm)1/2

So,

~ 1 1
162, — Vaull2 < W” [x — | ||2 + W” lyll ||2

1/2
_ 1 XH:E(Wi_iM_Gi>2 /
~ (logn)1/2\ i

i=1

(logn)1/2<z;< n >2>

From Theorem 2.2 it follows that

1/2

n

1 "1 1
~ - 1 1 — 1
||Ul,n - L1,n||2 = log n ;:1 iO( )+ log § 1 /[ =o(1)

and
1/2

N B 1 " 1 _
||02,n—V2,n||2—W<;O<IT>) (logn)l/z(z 0( )) =o(1).

Then, by Lemma 4.1 we have proved the theorem. [

1/2

By applying Theorem 2.3 instead of Theorem 2.2, the proof of Theorem 4.2 is
similar to that of Theorem 4.1.

Acknowledgments. Special thanks go to an anonymous referee for construc-
tive comments which led to a much improved version of the paper. Professor Hu
is also affiliated with Department of Statistics and Applied Probability, National
University of Singapore.
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