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ON THE STORAGE CAPACITY OF HOPFIELD
MODELS WITH CORRELATED PATTERNS

By MATTHIAS LOWE

Universitdt Bielefeld

We analyze the storage capacity of the Hopfield model with correlated
patterns (¢£;). We treat both the case of semantically and spatially corre-
lated patterns (i.e., the patterns are either correlated in v but independent
in i or vice versa). We show that the standard Hopfield model of neural
networks with N neurons can store N/(ylog N) or aN correlated patterns
(depending on which notion of storage is used), provided that the corre-
lation comes from a homogeneous Markov chain. This answers the open
question whether the standard Hopfield model can store any increasing
number of correlated patterns at all in the affirmative. While our bound
on the critical value for a decreases with large correlations, the critical y
behaves differently for the different types of correlations.

1. Introduction. The study of neural networks has been a major topic
of research in mathematics, physics and computer science during the past
15 years.

Basically a model of a neural network consists of a labeled and possibly ori-
ented graph G = (V, E) together with a set S with card(S) > 2 to describe the
set of neurons (by V), the synapses connecting these neurons (by E) and the
activity of each of the neurons (by a variable o; € S for i € V). Moreover, the in-
formation to be stored is encoded in so-called patterns &*, u = 1,..., M(N),
each of the &¢* itself being a sequence of ff €S,i=1,..., N. Finally, to make
the neural net capable of adapting to different sequences of patterns, we have
to introduce a set of variables oJ,;, ij € E called the synaptic efficacies and
describing the strength of interaction between the neurons at sites i and j.
It is commonly assumed that the variable J;; is measurable with respect to
the set {£/', ¢, w=1,..., M(N)} (so-called locality of the weights oJ;;). The
basic idea now behind this set-up is to define a Hamiltonian H y(o) on SV,
such that the Monte Carlo dynamics governed by this Hamiltonian eventually
converges to one of M(NN) states close to the original patterns.

One of the classical and best understood examples of a neural network is the
so-called Hopfield model [14]. Although originally introduced by Pastur and
Figotin [22] as a simplified model of a spin-glass, this model achieved much of
its interest by its reinterpretation as an auto-associative memory by Hopfield
and may therefore rightly be called the Hopfield model. Here the graph G is
the complete graph K, on N vertices, S = {—1, +1}, corresponding to the
fact that a neuron may be either switched “on” or “off” and the weights o/;;
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are given by “Hebb’s learning rule,” that is, the formula

1 M) "
Jij::N Z fifj-
pn=1

One of the most important advances due to [14] has been to understand that
this set-up corresponds to a Hamiltonian H 5 given by

(V) Hy(o) = _E'ZlJijUiajz_ﬁ'Zl 21 & &joio;.
1, J= L, Jj=1 pu=

Note that (1) may be rewritten in the very convenient form

(2) Hy(o)=-5 X (my(0))? = —§||mzv(0)||§,
pn=1

where ||my(c)||% is the /;-norm of the so-called overlap vector

N
m(0) = (s = (o D)

=1

Note that m (o) may be regarded as an index for how much a configuration
is correlated to one of the given patterns (large absolute values of a component
of m (o) corresponding to large correlations). Also observe that (2) makes it
plausible—at least for M := M(N) small enough—that the minima of Hy
are located close to the patterns &* (notice that this is trivially fulfilled, if the
patterns are orthogonal, that is, if m;(§*) =4, ,).

Indeed, much of the recent work on the Hopfield model can be summarized
under the aspect of making precise and mathematically verifying this last
statement. To this end, in most of the papers it has been assumed that the
&' are unbiased i.i.d. random variables, that is, that P(&' = +1) = P(&' =
—1) =} for all i and u independently of all the other &”.

Hopfield [14] had already discovered by computer simulations that in this
case there is a value «, > 0 such that if M(N) < «,N, almost all patterns are
memorized, whereas for M(N) > «,N the Hopfield model tends to “forget” all
of the patterns and therefore one may rightly speak about a storage capacity
of the Hopfield model. The numerical value of «, found by Hopfield was close
to 0.14. This finding with a similar value for ¢, has been supported by nonrig-
orous analytical computations (including the notorious replica-trick) by Amit,
Gutfreund and Sompolinsky in [2] and [3] (for the current state of the art con-
cerning the replica method, see [15]). The first rigorous results concerning the
storage capacity of the Hopfield model were by McEliece, Posner, Rodemich
and Venkatesh [18], showing that if one focuses on exact reproduction of the
patterns, the memory capacity of the Hopfield model is only in the order of
const.(N/log N) where the constant ranges between 1/2 and 1/6 and mainly
depends on whether one is interested in “almost sure” results or in results
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holding with “probability converging to one” (see the corresponding results in
Section 2; also see the survey paper [23]).

On the other hand, Newman [21] showed rigorously that, if small errors
are tolerated, the Hopfield model is able to successfully retrieve a number of
patterns M proportional to the number of neurons N, and his (lower) bound
on the constant «, was a, > 0.056. This bound recently has been improved
by Loukianova [16] to @, > 0.071 and by Talagrand [25, 26] to «, > 0.08 by
a refined use of Newman’s technique. But to verify Hopfield’s value for «,
rigorously and to give a good picture of what happens above this bound still
remains a major open problem and only very few results on this subject are
available (see [17] and [26]).

However, nowadays the Hopfield model is well understood in the regime
where the patterns are chosen independently and their number is “small”
compared to the number of neurons (also in the case of nonzero tempera-
tures). The corresponding analysis has been carried out in a series of papers
by Bovier and Gayrard, partially in collaboration with Picco [8, 9, 10, 5, 7].
Another milestone certainly has been set in a recent paper, [26], especially for
what concerns the validity of the so-called replica—symmetric solution in the
Hopfield model. For a comprehensive review over the rapid development in
this area during the last few years and a particularly nice proof of the validity
of the replica-symmetric solution, we refer the reader to [6]. In this context, of
course, a result due to Gentz [12] should be mentioned where a central limit
theorem for the overlap parameter in this model is proved.

Now in most realistic situations the patterns are not at all independent (see,
e.g, [19]). Indeed, there are at least two sensible ways to introduce correlations
among the patterns. One is to consider spatial correlation, that is, to choose
the patterns correlated in i but independent in w, which may be interesting
when, for example, thinking about the patterns as images to be stored. The
other way is to choose sequentially or semantically correlated patterns, which
means that the dependency now enters via u only. This situation might be
useful as a very simple model for patterns with some sort of causal relations,
as, for example, films (for a Hopfield model with deterministic sequences of
i.i.d. patterns, see [24]).

In both situations the picture is less clear than in the “i.i.d. case.” It seems
that the idea of encoding correlated patterns first was mentioned in [11] and
[1]. Some investigations based on heuristic arguments claim that correlations
among the patterns can only increase the storage capacity of the Hopfield
model [20, 27]. This may be supported by the fact that in terms of infor-
mation content a sequence of correlated patterns contains less information
than a sequence of uncorrelated ones. On the other hand—based on a signal-
noise-analysis for biased data—some other authors (see, e.g., [28]) argue that
the Hopfield model cannot store any increasing (in N) amount of correlated
patterns. The basic idea behind this argument is that in the presence of corre-
lations among the patterns the cross-talk terms between two patterns become
nonvanishing, and therefore the noise created by these cross-talk terms be-
comes large compared to the signal coming from a single pattern.
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In this paper we will show that both effects may occur depending on the
notion of storage and the type of dependencies we consider. In the case of
semantically correlated data (which in our case come from a Markov chain),
we will see that the numbers of patterns we can store such that all of them are
fixed points of the retrieval dynamics is an increasing function of the strength
of the correlation, while our bound on the storage capacity decreases in the
strength of the correlation, if we define it in the sense of [21].

The situation of spatially correlated patterns may be considered to be even
more interesting but definitely is also more challenging because the Hamilto-
nian for a fixed edge ij depends linearly on & f’; (more precisely it depends
on the sum of these variables), but for a fixed pattern w it is a quadratic form
in £ [see (1)]. We also will treat the case of spatially correlated patterns in
this paper, again provided that the correlations stem from a homogeneous
Markov chain (corresponding to one-dimensional images). We show that the
Hopfield model can store N/(ylog N) or even «,N spatially correlated pat-
terns (depending on the notion of storage capacity). Here the lower bounds on
the constants 1/y and «, are decreasing with an increasing strength of the
correlation.

This paper has three further sections. Section 2 contains the basic set-up,
including a definition of the two notions of storage capacity we use and a
description of the homogeneous Markov chains we have in mind. Moreover,
we state our main results. Section 3 will contain some auxiliary lemmata.
Section 4 is devoted to the proofs.

2. The set-up and the main results. In this section we will mainly
state our results on the storage capacity of the Hopfield model with correlated
patterns.

First, let us briefly explain the two different concepts we are dealing with.
The idea behind the first notion of storage capacity is that a possible retrieval
dynamics is a Monte Carlo dynamics at zero temperature working as follows:
Choose a site i at random. Flip the spin o;, if flipping lowers the energy (the
Hamiltonian) and let the spin o; be unchanged otherwise. On a more formal
level we define the gradient dynamics 7' on the energy landscape on {—1, +1}
induced by H p via

N

Ti: g; = Sgn< Z O-JJU>’
Jj=1
J#i

where sgn is the sign function. The map 7' is then defined by T'(o) := (T;(0;));.
We will call a configuration o = (0;);- stable if it is a fixed point of T', that is,

N
o; =sgn(ZajJij> foralli=1,..., N,

J=1
J#L
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which means that ¢ is a local minimum of the Hamiltonian. The storage
capacity in this concept is defined as the greatest number of patterns M :=
M(N) such that all the patterns £” are stable in the above sense almost surely
or with probability converging to one. [Here and in the following the notion
“almost surely” refers to the probability measure on the space of all sequences
of patterns (of infinite length) while in “probability converging to one” the
convergence is with N — oo.]

The other approach to storage capacity is due to [2] and has rigorously
been analyzed in [21]. It takes into consideration that we are possibly willing
to tolerate small errors in the restoration of the patterns. So we are satisfied if
the retrieval dynamics converges to a configuration which is not too far away
from the original patterns. Thus in this concept a pattern &” is called stable
if it is close to a local minimum of the Hamiltonian or, in other words, if it
is surrounded by a sufficiently high energy barrier. Technically speaking, we
will call & stable if there exist ¢ > 0 and é > 0 such that

3) inf Hy(c)> Hy(£)+eN.
ae8S;5(¢)

Here the set S5(£”) (over which the infimum is taken) is the Hamming sphere
of radius 6 N centered in &”. Again we will use the notion of storage capacity
for the maximal number M(N) of patterns such that (3) holds true for all &”
almost surely.

Before we can state our result, we have to describe the form of correlations
we are going to study. We will differentiate between spatial and semantical
correlations.

For the semantical correlations we will assume that the random variables
(&€)ien, pen are independent for different i and for fixed i form a Markov chain
in u with initial distribution

(4) P(¢t=xl,i=1,...,N)=2"" forall x} € {-1,1}
and transition probabilities
M Mgy Y - _
P(&; _xi|§j_xj, j=1...,N,v=1,...,u—1)
= P(¢f =1 =2 ) = Qe &),

6))

Similarly, for the case of spatial correlations we will assume that the ran-
dom variables (£}');cy. 4o are independent for different u and for fixed u form
a Markov chain in i with initial distribution

(6) P& =, n=1,...,M)=2"Y forall xf € {-1,1}
and transition probabilities
P(fg‘:xﬂf;:x;, j=1,...,i—-1, v=1,..., M)

= P(& = 271600 = xi1) = Q(xi_1, %))

(7
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In (5) and (7) @ denotes a symmetric 2 x 2 matrix with entries

1—
o= (.7 7).
- P p
where 0 < p < 1 (note that p = % is the case of independent patterns).

Let us also mention that for the spatial correlations we have used the no-
tation and set-up of a Markov chain to stress the similarity with the case of
semantically correlated patterns and since it is more convenient. However, let
us mention that this set-up is equivalent to that of a one-dimensional homoge-
neous Markov random field (see, e.g., [13], Chapter 3), which maybe somewhat
closer to the usual modeling of an image.

With these definitions, our results concerning the storage capacity for cor-
related patterns read as follows.

THEOREM 2.1. Assume the random patterns &* fulfill (4) and (5) and sup-
pose that M(N) = N/(ylog N).
Then the following assertions hold true.

@) If vy > 48p(1 — p)(p* + (1 — p)?),

M(N)
P(liminf(  T¢ = §“)) =1
n=1

N—oo

that is, the patterns are almost surely stable.
(i) If y > 32p(1 - p)(p* + (1 - p)?),

M(N)
(e -e)) -1
pn=1

with limy_ . Ry = 0; that is, all the patterns are stable with probability
converging to one.
(i) If y > 16 p(1 — p)(p? + (1 — p)?) for every fixed u =1, ..., M(N),

P(TeH =¢*)=1—- Ry
with limy_, . Ry = 0; that is, every fixed pattern is stable with probability

converging to one.

THEOREM 2.2. Assume the random patterns &* satisfy (6) and (7) and sup-
pose that M(N) = N/(ylog N).
Then the following assertions hold true.

@ If vy > 3(p* + (1 — p)*)/p(1 - p),

M(N)
P<liminf<  T¢ = §">) =1;
pn=1

N—oo

that is, the patterns are almost surely stable.
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(i) If y = 2(p* + (1 — p)*)/p(1 - p),

(e -e)) 1o

n=1

with limy_, Ry = 0; that is, all the patterns are stable with probability
converging to one.
(ii) If y > p? + (1 — p)?/p(1 — p) for every fixed w =1, ..., M(N),

P(Té& = ¢*)=1- Ry

with limy_, . Ry = 0; that is, every fixed pattern is stable with probability
converging to one.

Note that 1/y — oo as p — 0 or p — 1in the case of semantical correlations
(i.e., the storage capacity increases with large correlations) while 1/y — 0 as
p — 0 or p — 1 in the case of spatial correlations (implying a decrease of
the bound on the storage with large correlations). Also notice that for p = 1/2
(the case of independent patterns) the bounds coincide with the well-known
bounds for the Hopfield model with i.i.d. patterns (see [18], [23]).

Let us now turn to the second notion of storage capacity. We will see that
if small errors are tolerated, the Hopfield model indeed can store a number
of spatially correlated patterns M proportional to the number of neurons N.
The behavior of the critical value «, will depend on the strength and type of
the correlation and «, decreases with an increasing correlation (this basically
means that our bounds on «, behave in such a way).

THEOREM 2.3. Suppose that the random patterns fulfill (4) and (5). There
exists an a, := oS > 0 (depending on p) such that if M(N) < a.N, then
there are ¢ > 0 and 0 < 8 < 1/2 such that

M(N)
Pipint(11 N (Ha(@) = Hy(@)+ o)) =1,
N—oo
=1 geS;(r)

where Ss(&*) is the Hamming sphere of radius 8N centered in &”.

Similarly for the case of spatial correlations, we have the following theo-
rems.

THEOREM 2.4. Suppose that the random patterns fulfill (6) and (7). There
exists an a, := aSPA > 0 (depending on p) such that if M(N) < a,N, then there
are ¢ > 0and 0 < 8 < 1/2 such that

P(hmgf(Mr(ﬂV) N (Hy(o)= Hy(e)+oN))) =1

N=oo X\ =1 gesy(en)

where Ss(&*) is the Hamming sphere of radius 6N centered in &”.
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3. Preliminaries. This section contains a number of preparatory results

for the proofs contained in the final section. The first collects two purely ana-
Iytical statements.

LEMMA 3.1. (i) Forall 0 < p<1landall t € R,
(8) pexp(—2(1— p)t)+ (1 — p)exp(2pt) < cosh((1+ |2p — 1))¢).

(ii) Let x; e R,i=1,..., N with XN, x; =0 and YN, x? < 1. Then
N N
9) [TA-x)=1-3 2.
i=1 i=1

PROOF. Part (i) is a simple exercise. For (ii), note that K := {x € R":
YN %, =0XY, x? < 1} is a compact subset of R and therefore the function

N N
flx) =11 —x) + Y «f
i=1 i=1

assumes its minimum in some a € K. We have to show that f(a) > 1. Ifa =0
we are done.
If a # 0 then, since a € K, there are j # k with a; # a;. Define a’ by

a;, l#]aka
a;: aj+ak . .

5 i=J,k.

Note that a’ € K by convexity. Moreover,

=1

N ) 2 N
f(a’):( i_l_ll(l—ai))<1—aj—;ak> + > a?—i—%(afl—ak)Z

i£j, k i#j, k

N N N
= l_[(l_ai)+l( [1 (1_ai))(aj_ak)2+za?_ 1(%"%)2

i=1 4\ 5 i=1 2

i), k
1({ X 1
:f(a)+4< I1 (1_ai))(aj_ak)2_2(aj_ak)2-
i=1

i#j, k

Since f(a') > f(a),
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implying that
f(a) = 2(1-a;)(1-a;)+d’+a;
=1+(1—(aj+ak))221. O

Note that (ii) of Lemma 3.1 can and actually will be used for giving a lower
bound on the determinant of Id — A where A is some symmetric matrix with
trace 0.

Lemmas 3.2 and 3.3 show how to center quadratic forms of one or more
homogeneous Markov chains on {—1, +1}. These lemmas are given here to
make the proofs in the following section more transparent.

LEMMA 3.2. Assume that (Y;),cy is a homogeneous Markov chain on
{—1, +1} with transition matrix

]__
R:< q q)
1-qg ¢

starting in equilibrium;that is, P(Y; =+1)=P(Y, =-1) = % Let A = (a; ;)
be a symmetric N x N matrix with a; ; =0 forall i =1, ..., N Define
— Y, - (29 -1)Y,_4, ifi=>2,
(10) Yi — i ( q ) i—1 Lfl - '
Y., otherwise.
Then
N N o o
(11) Z ai’jyvl‘Yj = Z bi,j ZY] + 2 Z (2q — l)J_lai’j,
i, j=1 i, j=1 1<i<j<N
where
j—i-1N—j
(12) bij= 2 X (2a-D"ai ju
k=0 1=0
fori < j,b; j=0b;,;fori> jand finally b; ; =0 for all i.
PROOF. First, note that due to the symmetry a;, ; = a;,; and b; ; = b; ;
together with a; ; = b, ; = 0 for all i we only have to show that
(13) Z aL’JYLY] = Z bl,_]?l?] + Z (2q — 1)‘j7iai’j.
1<i<j<N 1<i<j<N 1<i<j<N

This will be done by induction. For N = 2 we have

Y ;Y Y, =a,,YY,= ‘11,2?1?2 +(29 —1)a, ,Y,Y,
1<i<j<N

=by 2Y 1Y+ (29 — Day, s

= X bi,j?i?j +(29 — D)ay ,.
l<i<j<N
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Now suppose (13) was already shown for N — 1. To prove it for N we calculate

> a Y)Y = Y e ;Y Y, + ) e nY, Yy
1<i<j<N 1<i<j<N-1 1<i<N
= Y ;Y + Y a yYiYy
1<i<j<N-1 1<i<N
(14) +2¢-1) Y a; N Yy 1+2g—1ay 1y
1<i<N-1
1 o
= ) aE’;Yin + Y b nY Yy
1<i<j<N-1 1<i<N

+ (29 - Day_1,n»
where we have set
) {ai,j, ifl<i<j<N-2,

a: .=
"I a; n.1+2g—-1)a; ,, fl<i<j=N-1

Applying the induction hypotheses to the first summand in (14) leads to
> avy;
l<i<j<N-1

j—i—-1N—j-1

Y Y Y (@¢-DHal, Y)Y,
1<i<j<N-1 k=0 =0

+ Y (2¢-17

1<i<j<N-1

joie1 N—j—2
> (Z Y (2 —D*a; 4

1<i<j<N-1 k=0 [=0

Jj—i—1 -
Y (2g - DY Yagp s+ (20— Dayes, N>)Yin
k=0

+ Y (29-17ay

1<i<j<N-2
+ Y (2q- 1)N7i71(ai,N—1 +(2g9 — 1)a; n)
1<i<N-1
= Y b ,Y.Y,+ Y (2¢-1)7q;
1<i<j<N-1 1<i<j<N-2

+ > (29— I)N_i_l(ai,NA +(29 — 1)a; y)
1<i<N-1
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such that together with the above calculations,

> e Y= Y b Y. Y+ Y (2¢-1)"a; ;. 0

1<i<j<N 1<i<j<N 1<i<j<N

LEMMA 3.3. Let (Y*),cn, and (Z"),cy, be independent and homogeneous
Markov chains on {—1, +1}, both with transition matrix

1—
R < q q)’
-9 ¢
starting in 1; that is, P(Y° = +1) = P(Z° = +1) = 1.

Similarly to (10) let Y" and Z" denote the centered versions of Y* and Z*;
that is,

(15) Y'=Y,-(2¢-1)Y,, ifp=1
and

(16) z'=Z,-(29-1)Z,, ifun=1
Then

k k k k-1
an Y Yrzt= ¥ a,,,Y 2"+ Y a, oY +Z")+ Y (2¢ - 1™,

pn=1 15 Mo=1 n=1 n=0
where

k—max{u;, po}

(18) a = > (2q — 1)2”+|M1—Mz|

K15 g
n=0

for pq, pg > 0, (11, ug) # (0, 0). Note that a,, , =a,, ,.-

PrROOF. Observe that

YHZE =Yr ZF 4+ (2 — 1)(YF ' Zr + YRZPTY) + (2 — 1)PYH T 2R

Hence
k kE k—p -
S YrZE =3 Y (29 - 1)*"YH ZK
pn=1 u=1n=0
k k—p - k—v—1
+ 3 Y (2 - 1N Y*IZE 4 YEZF) + Y (29 - 1)
w=1n=0 n=0

Centering also the variables in the second sum on the right-hand side above
gives

k k k k—v—1
Y YRZE= Y a, LYMZE+ Y a, o(YE+ZE)+ Y (2¢-1)*. O

pn=1 M1, Ho=1 pn=1 n=0
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Finally, we show how to compute the moment generating function of a sum
of random variables of the above type.

LEMMA 3.4. Assume that (Y;);,cy is a homogeneous Markov chain on
{—1, +1} with transition matrix

1_
R:( q q)
1-qg ¢

starting in equilibrium; that is, P(Y, =+1) = P(Y, = —1) = . Then for
t€[0,1]and q > 1/2 and every 1 < i < k there is a constant C such that

E(exp (—t Zk: YiYJ))

J#i

2g-1 k—i i—1 >
< exp| —t 2—(2qg-1)"—(29g-1)
< oxp(~tpr = [2- (2g - 1P - (2g - 1]
2k —1Dg(l—q)— (29 —1)[2— (29 — 1) —(2¢g — 1)1
XeXp<t2(k )q(1—q)— (29 -1)| (2q ) (2¢-1)"]
4(1-q)
+th3>.
PrROOF. By decomposing the exponential we obtain that
k
j=1
J#1
= Z P(Y{=y1)P(Yy=y5lY1=y1)-P(Y,=51Y,_1=i_1)
yj=-1,+1
xPYip1=yialYi=5) - PYp =yl Y1 = Yr-1)
k
X exp(—t > yiyj>
j=1
(19) J#i
=1 Y R(y1.ys)exp(—ty;) - R(y; 1. 1) exp(—ty; ;)
yji=—1,+1,
J#i

x R(1, y;11) exp(=tyi11) - B(Yp_1, ¥2) €xp(—ty})
+ % Y. R(y1,ys)exp(tyr) - R(y;_1, —1)exp(ty; 1)
y;=-—1,+1,
J#l

x R(=1, y;y1)exp(ty;11) - B(¥ir—1, ¥r) €xp(ty}).



1228 M. LOWE

Due to the symmetry of R and the Y, the two sums on the right-hand side
in (19) agree such that

E(exp(—t i Yin>>

J#l
= Y R(yi,y2)exp(—ty1) - R(y;_1,1)exp(—ty; 1)
yj=—1,+1,
J#1
x R(1, y;i1)exp(—ty;11) - R(¥i_1, Y1) exp(—ty})

= Y Iy, DHE(L, y),
y1=—11,
yri=—1,1

where

= ((1q—eqt>ef " _qQ))

o= (4 e )

Observe that (I1;)’ = I, implying that I1; and II; have the same eigenval-
ues, which are

and

(20) A1 = gcosh(t) + \/1 — 2q + g2 cosh®(t)

and

Ay = gosh(t) — /1 — 2q + g2 cosh*(t).

Now

B e = () (o) (o) (1)

By bringing I1; and Il into diagonal form we see that

(1)15(6) = ag getetd =i e —ni

as well as

i1y 1 k—i k—i
(O>HR (1>_ad—bc(a(d DA+ b(a —c)Ag
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with

a=/1-2q+q2cosh(t) — gsinh(t),  b=(1-q)e,

c=(1-q)e’?, d = gsinh(¢) — \/1 — 2q + g2 cosh?(¢).
Put

f(@)= od —be (a(d — b)A} + b(a — c)Ay)
for some n. Some calculations give that
f(0)=1,
20 —
FO) =51

ot gt~ 2D

£(0) = 2(n —1)q(1—q) — (2¢ — D[1 - (2¢ — 1)"]

(1-q)
f"(0) = &(n).
Thus by Taylor expansion for ¢ € [0, 1],

2qg—1 "
f(t)=1—tm[1—(2q—1)]

>

2 2(n —1)q(1 —q) — (2¢ — D[1 - (2¢ — 1)"]

4(1-q)p + A(nt?)
2g—1 N
< eXp(_t2(1—q)[1 - (29 -1)"]

2(n —1)g(1 —q) — (29 — 1)[1 - (2¢ — 1)"]

2 t%) ).
+1 41— g + O(nt°)
This implies the assertion of the lemma. O

4. Proofs.

The proofs of the first two theorems are quite similar, so we
will give the first in detail and only comment on the changes for the second.
PrOOF OF THEOREM 2.1.

Fix1 <v < M(N). Following the definition of the
dynamics T and the definition of stability introduced in Section 2 the pattern
& is stable if and only if

N N M(N)
& = Sgn< > f?c’u) = Sgn( > 535?5?)
j=1

j=1 p=1
J#i
foralli =1,..., N, or, in other words, if
N M(N)
Y)Y e =0
j=1 p=1

J#i
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for all i = 1,..., N (where we use the convention sgn(0) = 1, which does
not really influence our calculations since the probability that the above sum
equals zero vanishes for large V). Hence by bounding the probability of a union
of events by the sum of the corresponding probabilities and the exponential
Chebyshev—Markov inequality we get for all ¢ > 0,

N N M(N)
P(¢ is not stable) < ) P( Y Y EEEE < —N)

i=1 j=1 p=1
J#L  uFv
N v N M(N)
@1) <>et Eexp(—tz > f?f;f?f?)
i=1 j=1 p=1
J#L p#Fv
M(N) N
:NetN(Eexp<—t fif;f’fféf)) :
pn=1
e

Now putting Y, := &V Y, note that Y, is a Markov chain with transition
matrix

= (p;;((ll—_;;)z » f—((ll_—p;)2> =(.%, 7))

such that we can calculate

M(N) M(N)
EeXp(—t > 5{%55’1‘5’5) =Eexp(—t > YVY,L>

/.L=1 /_1,:1

uAv nFv

with the help of Lemma 3.4 (and £ = M). Thus there is a constant C such
that for all ¢ < 1,

M(N)
Eexp(—t > Y,,YM)

pn=1

nFV

< exp(~tprt = (2= (20~ DY - 20 - 1)
2(M -1)g(1-gq) - (2¢ - D[2—-(2g - )" — (2 - DH¥]
4(1-q)?

X exp <t2

+CMt3).
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Now as for each & > 0 we have that [2 — (2g — 1)Y — (2¢ — 1)’ 1] > 1 — ¢ if
N and therefore M is large enough. Thus,

2g-1 M- -1 )
exp| —t————[2—-(2qg - 1)" " —(2q — 1)
p(~t5s— g2~ 20— = (2~ 1)
_ _ _ _ _ _1\M—v _ _1\M-1
y exp<t2 2(M -1)q(1-q)— (29 -1)[2 (gq 1) (2g —1)"]
4(1-q)
+CMt3>
2qg -1 2 (M —1)q 3)
<exp| —t(1— +t + CM¢° ).
(0 g1+ 51 )
Hence we arrive at
P(3 v: ¢ is not stable)
< MNexp(—tN(l +(1- s)2q_1>+t2MNq + CMNt3),
21-9) 21-9)

where the last factor on the right-hand side does not contribute, if ¢ goes to
zero fast enough. Choosing t =1 — ¢(2q — 1)/2gM gives

_ —1))2
P(3 v: ¢ is not stable) < MN exp(—(1 #(29 —1))" N N )

c ).
8g(1—q) M U2

So if M = N/vylog N the last factor on the right-hand side can be bounded by
exp(const.((log N)2/N)), which is converging to one. Therefore

N? 2
P(3 v: & is not stable) < logiNN*(v(lfs(qul)) )/8a(1-a)(1 4 (1))
and the choice y > 24q(1 — q)/(1 — &(2q — 1))? = 48(p?>+(1-p)*) p(1-p)/(1—
£(2q—1))? leads to the converging series Y (1/N*log N) for a k > 1. Since this
is true for all £ > O this proves part (i) of the theorem by the Borel-Cantelli

lemma.
The choice of y > 16q(1 — q) = 32(p? + (1 — p)?)p(1 — p) yields

P(3 v: & is not stable) - 0

and therefore part (ii) of the theorem.
Part (iii) of the theorem follows by observing that for any fixed v,

P(¢” is not stable)

29 -1 9 MNgq 3
§Nexp( tN<1+(1 8)2(1_q)>+t2(1_q)+CMt

and then continuing just as above. O
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PROOF OF THEOREM 2.2. Again fix 1 < v < M(N). Just as in the proof of
Theorem 2.1 we use the exponential Chebyshev—Markov inequality together
with the independence of the patterns to obtain, for all £ > 0,

N N M-1
(22) P(¢&” is not stable) < Y exp(—tN) (E exp(—t 3 g}g}g?gf.» )

i=1 j=1
J#l

Putting Y; := §i1§? this time and again,
R:(pZJr(l—p)z 2p(1-p) ):( q 1—q>
2p(l-p) pP+Q-py?) \l1-q¢ q )

we can calculate the expectation in (22) with the help of Lemma 3.4 (with
k = N), such that there exists a constant C such that for all ¢ € [0, 1],

N
Eexp(—t > 535?5}53)

j=1
J#L
N
= Eexp(-t > Yin>
por
2g -1 y -
(23) < eXp<_t2(1—q)[2 —(2¢ -1V —(2¢ - 1) 1})
X EXp<t2 2(N—-1)q(1—q)—(2q —41()1[2__(1§22q —1)N-i _(2g - 1)N1]

+ CNt3>

2qg -1 o (N —1)q 3
§exp( t2(1_q)+t 21— q) +CN# ).

Since the right-hand side of (23) is independent of the choice of i, we obtain
P(3v: & is not stable)

(24) < MP(¢! is not stable)

2qg -1 9 q 3>
< — —
< NM exp( tN)exp( tM2(1—q) +1 NM2(1_q) +CNt° ).
Now the basic difference between the proofs of Theorems 2.1 and 2.2
(and the reason for the different qualitative behavior in q) occurs because
the ansatz M = N/ylog N implies that M = o(N) and therefore the term
exp(—tM(2q — 1/2(1 — q))) becomes negligible in the limit for large N. More
precisely, given ¢ > 0, we have that for all N large enough,

P(3v: & is not stable) < NM exp<—tN(1 +&)+ tZNMﬁ + CNt3>.
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Again the #3-term for our choice of ¢ does not contribute; namely, choosing
t=(14+¢&)((1—q)/qM) gives

P(3v: & is not stable) < MN exp(—12_qq(1 + 3)2]‘]\;)(1 +0(1))

(provided that M < N). So the choice of M = N/ylog N and y > 6q/1 —q =
3(p?+ (1 - p)?)/p(1 — p) again leads to a converging series and thus proves
part (i) of the theorem by the Borel-Cantelli lemma.

The choice of y > 4q/1 — q = 2(p? + (1 — p)?)/p(1 — p) yields

P(3 v: ¢ is not stable) — 0

and therefore part (ii) of the theorem. Part (iii) of the theorem follows simi-
larly. O

REMARK 4.1. The attentive reader may have noticed that in the above
proofs we only made use of the Markov property of our patterns in order
to estimate the moment generating function, or more precisely to obtain a
bound of the form

N M(N)
E(exp(—t oy §f§’}§§‘§'j>) < exp(const. MNt?)

Jj=1 p=1

J#L pFEv
for ¢t small enough, that is, that the moment generating function “looks
Gaussian” in a neighborhood of zero. This is, of course, not only true for
Markov chains (e.g., a similar bound might be shown for appropriate higher-
dimensional random fields) and indeed it is an easy exercise to prove a
corresponding theorem for sequences of patterns admitting a bound of the
above form. However, the reason that we stick to Markov chains here is
that we will need this assumption to prove Theorems 2.3 and 2.4 anyway.
Moreover, in the case of Markov chains one can easily detect the qualitative
behavior of the bound on the storage capacity.

We now give the proofs of the theorems treating the case of the second
notion of storage capacity.

PROOF OF THEOREM 2.3. Again the proof uses large deviation estimates.
These can be carried out by a centering of the variables (which already has
been prepared in Lemma 3.3) together with the idea of replacing the & by
appropriate Gaussian random variables, which is a standard idea in the frame-
work of the Hopfield model with independent patterns (see, e.g., [21] or [4]),
but in our case technically quite involved. Finally, the resulting generating
function of a quadratic form in Gaussian random variables has to be calcu-
lated.

Let us set

hy(0,8) = inf Hy().
o'eSs(o
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Then

(| "N (e, ) > Hy(e)+ ) )

v=1

M(N)
=P( U U HN(§3)—HN(§V)§8N>

v=1 J:|J|=6N

M(N)
< > Y P(Hn(&)—-Hy(¢) <eN),
J:|J[=5N v=1

where &’ denotes a configuration differing from ¢” exactly in the coordinates
J and for convenience we have chosen 8N to be an integer.

Estimating the probability on the right-hand side of the above inequality,
again with the help of the exponential Chebyshev—Markov inequality, we ob-
tain for a fixed 1 <v < M(N) and all ¢ > 0,

P(Hy(&)) — Hy(§") < &N)

1 M) N
(g X S (6.8, - e <o)

pu=1 i, j=1

1 M(N)
Pl X ¥ age =eN
n=1 ied, j¢J
i¢d, jed

9 M)
P(2Y ¥ aeee<on)

p=1 ied, j¢J

—P(§ T X e <@2-sa-on)

n#Evied, j¢J

<exp(—te N)E exp(—]ir > o> 5?53-5?5’;),
ptvied, jgd
where we have set ¢/ = —¢/2+ 6(1 — 6) and we are again left with estimating
the expectation of an exponential.
To this end we assume that &/ = 1 for all ¢ = 1,..., N (this can be done
without loss of generality since the initial situation is completely symmetric)
and apply Lemma 3.3. Thus,

M M -
Y Y T (T a8

ied, j¢J pu=v+1 ied, j¢d Ny, po=v+1

M _ M—v-1
EY a E ) Y <2p—1>2"),
n=0

pu=v+1
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where £ = ¢ + (2p — 1)§§“1 and

M-max{u;, uo}

(25) a“lal‘-z = Z (2p — 1)2n+“"1_ﬂv2‘
n=0
for wy, ug > v, (11, ug) # (v, v). Note thata, , =a, ..

For the summands with an index u < vin Y ;0 jes Y.z & & we observe

that the Markov chains (£}),_, and (&),-,.1, i = 1,..., N conditioned on £}
are independent. Applying the same transformation as above to the Markov
chains (£}),., (i =1,..., N) yields

ool 3, 575)

icd, j¢d p#tv
¢ M—-v-1 v—1
= eXp(—N > ( > @Cp-1)"+ 3 2p- 1)2”>)
ied, j¢J N n=0 n=0
¢ M . v—1 -
X Eexp(_N Z ( Z au,v(é? + SSL) + d/.L,V(gi:L + g?)
icd, jed \ p=v+1 p=1
M - v—1 -
+ Z a,U«p,U«z gi*l flJJL2 + Z d#lv:uzf?l 572>>’
M1, pg=v+1 1, g=1
where
v—1-min{r—u;, v—uy}
(26) d/-h,/-‘«z = Z (2p - 1)2n+|”1_“2|-

n=0
Using the independence of the initial part and the tail part of the Markov
chains mentioned above together with Holder’s inequality to split up the mo-
ment generating function of the linear part from the moment generating func-
tion of the genuine quadratic form, we obtain for all A > 1,

Eexp(—zf,z )y 5?5;5?5‘;)

n#Evied, jéd
M—-v-1 v—1
< exp(—tNB(l - 5)( S @2p-1)2+ Y (2p- 1)2">>

n=0 n=0

t A M - (A=1)/A

X EeXp T AT Y1 Z a/.L,V Z (ftk + f“;)

NA—-1 ° .~

pu=v+1 ied, ji¢d
(27) v—1

- (A=1)/A
Ni-1 a,, > (§§L+§7)>>

p=1 ied, jé¢d
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Now we estimate the factors on the right-hand side of (27). First of all note
that for M large enough (which is possible, since M is growing with N),

Mt 2n 2n 1
nXE) (2p_1) +n22)(2p_1) )— C/(l_(zp_l)Z)

for any C’ > 1.

To treat the other terms let us agree on the following notation: with Ef
(where I C {1,..., N} and I' C {1, ..., M}) we denote the integration with
respect to those random variables ¢ with i € I and p € I'. Especially, if we
drop the upper or lower indices we will usually mean the expectation with
respect to all the random variables occuring in the argument of the integral.
By the independence of the coordinate processes and the identical distribution
of the &, we obtain for the moment generating function of the linear part,

E<eXp<—Zi,/\f1 % Ay D (§§L+§'f')>>

pu=r+1 ied, j¢J

’ 5(1-8)N?
m
[ty 2 od))]
Moreover,

M
E(exp( Z a,, ,,f’f))
,LL v+1
AR 2\ | mM A oM
(s 5 ) 15 )

~1
— EV<[L<M—1<e p
A M-1 0
p —tm > aM,V§T)>

x <peXP( 2 A o (1= p)éi‘“)

X
— EV<;L§M—1 (ex

+(1-p) exp<2t

A
< EV<;L<M—1<eXp<_t Vé;l’«))
A—1 = V+1 @u.

A
x cosh (t
A—

—ay(1+12p — 1l

<EV</-L§M*1 exp g A le é‘_—l’v
= A—1 & Ty

u=v+1

2
X exp 1t2 A a3 (14 2p — 1))
2" \A—1) Mv ’
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where we have used |§i” ~11 =1, Lemma 3.1, part (i), and finally
cosh(x) < exp(x2/2).

Iterating these estimates gives

E(exp( Malaﬂ V§“)>

cen(2e( ) arie-1t 5 a)

p=v+1

< exp(;t2</\il>2(1 +12p - 1|)2(1 — (2; — 1)2)3)'

So altogether (using this estimate with /N instead of ¢) we arrive at

B(exp( -5 > @ +8))

,L p+1 ied, j¢d

=)
(1-(@2p-1)*)
Thus, applying the same techniques to the second linear term on the right-
hand side of (27), we obtain

ooty £ 5 )

fexp(lﬂa(l a)( A )2(1+|2p—1|>2

p=v+1 ied, j¢J
t A v—1 — (A=1)/A
E - a . .
. ( <exp( NA-1 Ea“,yiegw(fl " fj)>>>

<exp<t 8(1—6)( A )(1+|2P 1|)2(1_(2;_1)2)3)'

We will see that due to our final choice of ¢, this factor will have a negligible
contribution to the final estimate.

The moment generating function of the quadratic form is treated similarly,
using the independence of the ¢ for different i to replace them by Gaussian
random variables:

M o
E(exp(—]i[/\ > > am,ﬂzgﬁ“,ﬁ%))

ied, j¢d py, po=v+1

v ¢ M M-1 o
= EV<M1’M27M 1E% <exp(—N/\ Z Z Z al*hl’-zg?l 552)

ied, j¢d pp=r+1 pu;=v+1

___ M _
oot 5 7 5 )

ied, j¢d mo=v+1
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¢ M M-
— EV<M15M2§M—1E% <exp(—N/\ Z Z Z a,, Mz gl;z)

ied, j¢d pp=r+1 p;=v+1

N M P
angg}(exp(_;vAggw > o))

ied J¢d ue=r+1

M-
< EV<P“1;P«2§M*1EJ (exp(_N/\ Z Z Z a,,. Mzgm fﬁlz))

ied, j¢J po=r+1 u=r+1

<Hen(Gaaaszr-17(L L an, ) )

ied J¢d po=r+1

; M M-1 L
— EV<M1,M2§M_1E% (exp<_N)\ Z Z Z aMthgﬁ’vl 572)>

ied, j¢J po=v+1 p;=v+1

M
x [1E Mexp< M /\(1+ 2p—-1) > > apy u2§“2>

ied ied, J¢Ju2 v+1

t M S
— EV<I-’-1:I-"2§M*1E% <exp<_N/\ Z Z Z am,mg?l flf))

ied, j¢J ,LL2_V+1 py=r+1

xEZyexp< A1+12p—1|) > Z am, % M 52)’

ied, j¢J po=v+1

where z” are Gaussian random variables with expectation 0 and identity

covariance matrlx independent of the &', E, u denotes the expectation with
respect to z and finally E M denotes the expectatlon with respect to the
vector (2 )ie 7- Here we have used the well-known identity

1,y 1 1,
(28) exp(2x ) = «/7777/*00 exp(xy Ey )dy.

Interchanging the order of integration and using the above technique on every

¥, we are now able to consecutively replace all the variables ¢! by Gaussian
random variables z!" with expectation zero and identity covariance matrix.
This leads to

E(eXP<—t)\ > % a é“f‘”))
N M1, H2 91 J

ied, j¢d 1, po=v+1

M
< Ez<exp<]i])\(1 +12p-1)* X > a,, #Zzﬁ”z‘;z)>

ied, j¢d py, pp=v+1

E

z

exp(A(L+ 20— 17/001-0) % a0 ) )

w1, po=r+1

E

z

exp %(t)\(l +12p - 1)%/8(1 - 8)(z. Az))>,
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where (by normalizing) the (2#),_,,1, . » are now Gaussian random variables
with expectation 0 and identity covariance matrix, z denotes the vector of the
2! and E, is integration with respect to z. Finally A is an 2(M —v) x 2(M —v)-

matrix with entries
A 0 A
A =
(A 0 )

and the (M —v) x (M — v)-matrix A is given by

A=(A

M1, Mz) = (a,ul*Vs l’«z*V)’

Observe that the above integral only exists if ¢ is small enough [i.e., if Id —
tA(1+|2p —1])%2/8(1 — 8)A is positive definite] and in this case it equals the
inverse of the square root of the determinant of Id—¢A(1+[2p— 1))2,/8(1 - 8) 6)A
On the other hand, since trivially Id and A are simultaneously diagonalizable,

det(Id — tA(1 + |2p - 1),/ (3(1 - 5)A)
2(M—v)
= 1_[ Ok
k=1
2(M—v) o
= I1 (1-0a+2p- 112,/8(1 - 8)axy),

i=k

where the g, are the elgenvalues of Id —tA(1+ |2p 1))2,/8(1 - 8) 8)A and the
«ay, are the eigenvalues of A. Moreover note that A has a symmetric spectrum;
that is, if a;, is an eigenvalue of A then so is —a;,. Thus

det(Id — tA(1+ |2p - 1),/ (5(1 - 5)A)
= Aﬁy(l —*2A*(1+[2p — 1))*8(1 — 8)aj),
k=1

where the product is taken over all nonnegative eigenvalues.
Thus

t
Ez(exp(N/\(l +12p—1|)/8(1-8) > aﬂl’ﬂzz“lz’LZ))

1, po=r+1

M 1
1;[<\/1 222(1+|2p — 1|)43(1—5)0‘k>

1 M—v
= exp<—2 3 log(1—2A%(1+ |2p — 1))*8(1 - 3)a§)>,
k=1
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where we have assumed that ¢ is so small that the latter quantity is real
[e.g., 2A%(8(1— 8)/(1— (2p — LP)2)(4(L + [2p — 1)*/(1 - |2p — 1))?) < 1 suf-
fices as by Gershgorin’s theorem,
1 2
| < ,
Frel T 1-(2p-121-12p-1|

|ak| = |amax| = maxz |a
M2

where a,,,, denotes the maximal eigenvalue of Al
Thus, repeating the estimate for the moment generating function of the
second quadratic form,

P(Hy(&)) — Hy(¢") < &N)

< inf exp(—ts/N —tN5(1-9) C(i= (;p _ 1)2))

t*>t>0

1 M—v
X exp<—2 3 log(1—2A%(1+|2p — 1))*8(1 — 5)@)
k=1

X exp(—; > log(1—#2A%(1+|2p — 1))*8(1 — 5)&%))
k=1

1
1-@Cp- 1)2)3>’
where t* = ((1—(2p — 1)?)(1 —|2p — 1|)/2A(1 + |2p — 1))?)/1/8(1 — 5), the
a;’s are the positive eigenvalues of the matrix

and the v x v-matrix A is given by A = (AMM) = (G, uy)-
Finally, by Stirling’s formula (to bound the binomial coefficient), the ansatz
M = aN and the above estimate,

A
X exp<t28(1 - 8)m(1 +12p — 1))

B
Il

1

M(N)
> X P(Hy(&) - Hy(£) < eN)
J:|J|=8N v=1
N / .
- M(N)<5N) eXp<_t8 NN =26 —@p - 1)2))

X exp<_1 Mflog(l — 2221+ 2p — 1)*8(1 — S)a%))
2 k=1

§ eXp(_; " log(1— A%(1+ [2p — 1)'(1. - 5)&%))

A 1
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< aNt*ir%fOexp((—SlogS —(1-28)log(1—8))N)

, 1
X exp(—teN—tN8(1—8)C/(1_(2p_ 1)2)>

M
coxp(~ ¥ log(1 - 4%(1+ 120 - 1ta(1 - 5)a))
x exp( % Z og(1—-#A*(1+[2p —1))*8(1 - 5)%))
X eXP( 8(1— )7(1 +12p - 1|)2(1 _ (2;— 1)2)3)

and we have to find an admissible ¢ (i.e., 0 < ¢ < ¢*) and values of 6 and «
such that the above exponent becomes negative. To this end, first note that
for all admissible ¢,

exp<t28(1 8)( A )(1+|2p—1|)2( (;_1)2)3>

and therefore this term does not influence the convergence (as promised
above).

Moreover, if t2A2(8(1—8)/(1—-(2p—1)*)®)(4(1+|2p—1)D*/(1 - |2p—1|)?) <
3/4,

= o(1)

1
J1-222(1+ 2p — 1))t8(1 - 8)a)

< exp(t?A?8(1 - 8)(1+(2p — 1))*a})

as well as the same inequality for the &;,-terms. )
Hence, up to factors of order one } ;. j_sn 2, (1 P(Hy(&5) — Hy(&) <
&eN) can be bounded by

/ 1
exp<(—510g8— (1-8)log(1 =) N —t&'N —tNO(1 =) (5 — 1)2)>

1(1N7V M-1 M-1
xexp<—2 3 log(l—t2A2(1+|2p—1|)45(1—8)a2 Yoa, > aw))
k=1

p=v+1 pu=v+1

x exp(—1 > log(1—#2A%(1+|2p — 1))*8(1 — 8)&%))
k=1

< exp((—810g5 —(1-08)log(1—8))N —te'N

1
— tN§(1 — 5)0’(1 —(2p — 1)2)>

x exp(tz)\z(l +[2p — 1])*8(1 - 8)(QNZV012 + Z ai))

k=1 k=1
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if
fpe(-@p-1AA-|2p-1) [ 3
AM1+2p —1])? 8(1-29)
Now
aN— 9 1 aN—vaN—-v aN—vaN—-v
Z k=§ :7X22 Zal’«li’«z le’vl_z Z IL1M2
k=1 =1 po=1 m1=1 pp=1
and with the definition of @y, u, ONE therefore obtains
aN—v 2
o (aN-—v)(1+(2p—1)*)
oy = +2(1),
&S 2p- Dy M

where the £(1) refers to the N that will tend to infinity. As also Y ;_; &% =
v(1+2p-1)3)/(1 - (2p —1)?)?) + #(1), we obtain—again for ¢ < t**,

M(N)

>, X P(Hy(&) - Hy(¢) <eN)

J:|J|=8N v=1

< exp((—810g8 —(1-28)log(1—8))N —te'N

1
N0 1)

1 2 1)2
{a +<( = 1>)2>3>X” (-

Choosing ¢ very small, the exponent is minimized by a ¢ which is close to

1 1 (1-@2p-1)*?
n=— 1-(2p—1)* :
Fmin a2A2(1+|2p—1|)4<( @p-17+ /> 1+(2p—1)2
Observe that ¢;, < ¢* if

(29)

X eXp<t2/\2(1 +12p — 1D*8(1 — 8)aN

- (@2p-1+(1/C")A - (2p-1)%)
f)\(l +2p—1D2(1+(2p - 1)?)(1 - 2p - 1|)
On the other hand, inserting ¢,;, into the essential part of the exponent
and choosing ¢ sufficiently small gives (for the exponent)
(—8logd — (1 —06)log(l—8))N — tpine' N
1
C(1-(2p-1))

(80) a=/s(1-5

— tminINO(1 — 6)

1+(2p—1)?
(1-(@2p-1p)
< (=5log s — (1— 8)log(1— 8))N
(1-(2p-1)*)(A-(2p-1)*+(1/C))
A2(1+2p—1D*(1+(2p —1)%)

(31) + 2, A2(1+12p — 1))*8(1 — 8)aN

Y
—5(1-8
1501 —N
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with y < 1 and close to 1 (as ¢ becomes small). The right-hand side of this
inequality becomes negative when 8 and « are chosen appropriately. To check
whether this can be done in agreement with (30), we insert

2(1-(2p-1)*+(1/C")(A - (2p - 1)*)
VBA(L+(2p = 12(1+(2p - 1)?)(1 - 2p — 1)
into the right-hand side of (31) and obtain

(_ VBy(1—(2p — 1) +(1/C"))
21+ [2p — 1])2

a=/5(1-95)

(1-12p - 1)/5(1 - 8)
(32)

—8logé — (1 —8)log(1 — 8))N.

As it is quickly checked that for each positive constant C there is an interval
[0, r] (depending on C, of course) such that

C\/5(1-8) = ~8log 5 — (1 - 5)log(1 - 5)

for all 6 € [0, r], the above exponent becomes negative if we choose 6 small
enough and, for example, « as the right-hand side of (30). This completes the
proof of the theorem. O

REMARK 4.2. Observe that the bound on the moment generating function
in (31) depends on p mainly via the factor (1 — |2p — 1|) (the other terms
containing p are bounded from above and away from 0), which converges to
zero for p close to one or close to zero and therefore can only deteriorate the
bounds for 6 or a (allowing smaller «'s or §’s only) for large correlations. The
bound on the admissible « in (30) shows the interplay between « and §. As
1-2p-1)2/1—12p—-1|) - 1for p — 0 or p — 1, (30) seems to indicate
that one might formally choose « independent of p, but then (32) shows that
in this case § shrinks to 0 when the correlations become large and therefore
(as a ~ +/8) so does . Indeed, such a behavior can already be expected from
(29), when substituting ¢ by #(1 — (2p — 1)?) and noticing that the #2-term
then is still multiplied by a factor 1/(1 — (2p — 1)?), that is, the quadratic
term grows faster for p — 0, 1 than the linear term. This behavior of course
seems to be in contradiction to the result of Theorem 2.1. On the other hand,
this contradiction might well be a result of the different notions of storage
capacity. Indeed, although the calculations in the proof of Theorem 2.3 are
rather lengthy, there seems to be only one inequality (Lemma 3.1) where we
possibly could lose essential factors for the qualitative behavior of the storage
capacity with large correlations.

PROOF OF THEOREM 2.4. The central idea of the proof is the same as in the
proof of Theorem 2.3: a centering of the patterns as prepared in Lemma 3.2
and their replacement by appropriate Gaussian random variables. To be able
to evaluate the resulting integral we will make use of Lemma 3.1(ii).
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With the notation of the proof of Theorem 2.3, we first of all observe that

(| "N (.8 = Hy(e) + ) )

v=1
M(N)
< Y X P(Hy(&)-Hy(&)<eN).
J:|J|=6N v=1

Again let us keep v fixed in the sequel (without loss of generality we choose
v=1).
By the exponential Chebyshev—Markov inequality for any ¢ > 0,

P(Hy(£)) — Hy(¢') < &N)

t
§exp(—tg’N)E<exp<—NZ > f}fi‘ﬁf’f))
u#l (ied, jEd)
(33) (i¢gd, jed)

M-1
, t
= exp(—te N)E(exp(—N > filf}f?f?)) ’
(ied, jgd)
(igd, jed)

where we have set & = —¢ + 26(1 — §).

Our main goal is now to estimate the expectation on the right-hand side
of (33). To this end, note that the exponent is a quadratic form in Markovian
random variables as treated in Lemma 3.2. Indeed, putting

Y, = &8
and

1, ifi¢d,jed,
0, otherwise,

ai’j =

{1, ificd,j¢d,

(note that this especially implies that a; ; = 0) we obtain that

t t
Bexp( - filfl-f?éz)) — (exp(- g Tas %07, ) ).
( ( N(ieJ%J) Y NtZJ: o

(i¢d, jed)

Observe that Y; is a Markov chain on the set {—1, +1} (in i) with transition
matrix R given by

R:<pz+(1—p)2 2p(1-p) )=< q l—q)
2p(l-p) pP+1-p?) \l-q¢ ¢
(notice that ¢ > 1/2). Hence we are in the situation of Lemma 3.2. Therefore

t
E(exp(—zai,jYiYJ))
N I,
2t i ¢ S
= exp(—N Z (2q — 1) ai,])E(exp(—N ' bi7jYin>>5

1<i<j<N

(34)
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where the Y; and b, ; are defined as in (10) and (12), respectively. To estimate
the right- hand s1de of (34), observe that due to the symmetry of the a; ; we

have that 2", .n(2¢ — 1)/ 7a; ; = Y1 j-n(2q — 1)li- ’|aw and that

2g—1 2 )
2(2(1_q)> (1-(2q - 1)5N)(1 —(2q - 1)(1 B)N)

A

> (2¢-1)V e ;
1<i, j<N

N
<
=14

(35)

The upper bound in (35) is derived by simply setting all the aj, ;= = 1andisjust
to show that the term exp(—(2t/N)Y ;. j<n(2q9 — 1)’'"*a; ;) is at most of the
same order as the expectation on the right-hand side of (34) (which, for exam-
ple, may fail in the Hopfield model with biased patterns if the Hamiltonian is
not appropriately normalized; this would be a sign that the model is not chosen
correctly). The lower bound in (35) is because the number of a; ; that are equal
to one is independent of the choice of J such that 3", ;- N(2q — 1)li-q,;
becomes minimal for sets J which are maximally connected, for example
J ={1,...,8N}. Hence for N large enough

2t . t(2¢9-1 2
e 2q —1)/a; ; _t(2a=1 )
exp( N, P “”J)Sexp< N(2<1—q)>)

To estimate the expectation on the right-hand side of (34), we employ
Lemma 3.1(ii). First, let us agree on the following notation: with E; (where
I c{1,..., N}) we denote the integration with respect to those random vari-
ables Y, (resp. Y;) with i € I. With these notations we will be able to prove
that

(36) E(exp(—;j Z biJ-Yin)) = E(exp(zjvqt Z bi’jzizj>>7

1<i, j<N 1<i, j<N

where the z; are i.i.d. standard Gaussian random variables.
Indeed,

¢ _
E(exp(—Zbl’]Yle))
N i
2t N
= E(exp(— > b ;Y)Y ))
N 1<i<j<N ! !
2t ==
= E{l ..... N-1}| €XP N > b; ;Y;Y;

1<i<j<N-1

2tN 1

i=1
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1<i<j<N-1

¢ N-1 - ¢ N-1 -
X (qexp<—4(1 - Q)N Z bi,NYi> +(1-9q) eXP<4qN Z bi,NYi>>

i=1 i=1

2t == 4tq N1 =
< E{l ..... N-1} (exp(—N Z bl,JYle>> X COSh(N Z bi,NYi>
1<i<j<N-1 i=1
2t = =
<E;. . n-1(exp N Y b ;YY;

1<i<j<N-1
g2 [ N-1 N2
X eXp<2]v2< Xi bi,NYi) >,
where we have used the inequality (8).
Again using (28) yields

t .
E(exp(—N Zbl,]YlYJ))
L J
2t = 4qt N1 =
= E{1 ,,,,, N 1}<9XP<—N > bi,jYi>>EzN eXP<N > bi,NYiZN>,

l<i<j<N-1 i=1
where E, denotes integration with respect to the Gaussian random variable
zy. Note that we have replaced Y »; by z, and also observe that this replace-
ment was independent of all the other Y;, i # N and just relied on the fact
that Y 5 was appropriately centered such that part one of Lemma 3.1 could
be applied. Since this is true for all the Y;, too, the other replacements can be
carried out along the same lines just by rearranging the order of integration
appropriately, such that (36) indeed is true.
So we have arrived at

E(exp(—;’ > ai,jYin>>

1<i, j<N

t [ 2¢—1\2 2qt
B ek S E i b, .z.z. ).
<oy (a1 —g) JE(e(5 2 busmier))

Note that the expectation on the right-hand side of (37) is only defined if ¢ is
small enough, that is, if Id — (2¢t/N)B is a positive definite matrix (here B
is the quadratic form given by B = (b; j)1<;, j<n)- In this case

2qt )) 1
E b zz: )| = .
(eXp< N ZJ %25 ) ) = Jdet(Id — (2qt/N)B)

To estimate this determinant, denote by (8;);<;<x the (real) eigenvalues of B.
Then, on one hand, since Id and B are trivially simultaneously diagonalizable,

2qt . N 2qt
a1 228) < 1(1- 2%,

i=1

37)
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On the other hand ¥, B, = 0, since all the diagonal entries of B are zero.
Now let us assume that ¢ is so small that even

4t2q2 N 3
N2 Y i< 1

i=1

(38)

An immediate application of (9) yields that

N 2qt 4q2t2 N 9
H(l—NBi)Zl— N2 ;Bia

i=1
implying that
1 - 1
Vdet(Id —(2qt/N)B) ~ /1 _ (4q22/N?) ¥, p?

Since 1/4/1 — x < e” for 0 < x < 3/4, we obtain

1 4q2t2 N 2)
Jdet(Id — (2qt/N)B) Sexp< N2 ;Bi '

Finally, observe that due to the symmetry of B,
N N N
Y Bi=tr(B) =) > b
i=1 i=1j=1

Since

N
3 a; ;=28(1-8)N?,

2 J
i, j=1

we arrive at

N N j-i-1N—j

N N
X =20 > Y (2q-Dayy iy
i=1j=1 =1, =1 k=0 [=0

(39)

< 2(2(11_q)>23(1 — 8)N2.

So altogether for ¢ > 0 and N large enough,

P(HN('fel]) — Hy(é") < eN)
) tM [ 2g—1\?
(40) < exp(~teN) ex‘)<_N(2(1 - q)) )

X exp(8q2t2<2(11_q))26(1 — 8)M>.
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Now note that the above bound (40) is uniform in J with |J| = 6 N. Hence

by setting M = aN and estimating the term (Y,) by Stirling’s formula we
arrive at

M(N)
> Y P(Hy(&) - Hy(¢') <eN)
J:|J|=6N v=1

<aN info exp((—dlog 5 — (1 — 8)log(1 — 8))N)

[ 2

X exp(—t(s/N - a(;clz:;)z) - 8t2q2<2(11_q)>28(1 - 8)aN),

where ¢* is the maximum ¢ fulfilling (38) [e.g., choosing t* := (1 — q)?/4aq?®
and

(41) a>\/8(1—8)1—q
6 q

suffices, since then ¢* is admissible in the sense that (38) is fulfilled. Indeed,
together with (39) we obtain

arq? X, 41—t 1 2
NZ ;Bi = 2 6giaNz 41— g1 ~IN

_(-qPs(i-9) _3
N 8q2a? 4

Now the proof can be completed along the lines of the proof of Theorem 2.3. O

Finally, let us comment a little on the result of Theorem 2.4. Observe that
the bound on the moment generating function in (40) as well as the bound on
a in (41) depends on p in a way that implies that large correlations again lead
to smaller s (and &’s).

This might, of course, originate from the fact that due to the very crude
lower bound in (35), our bound on

P(Hy(&y) — Hy(€") < eN)

is independent of the special choice of J and just depends on its size. Indeed,
for most choices of J, the sum }",_; ;_n(2¢—1)V""la; ;is not of order constant
but of some order growing with N (maybe even of order N). However, to see
whether such a refined estimate really can change the qualitative behavior
in g (which in a way would be the only interesting change), that is, if the
above sum is of order N/(1 — q) [i.e., the order of the upper bound in (36)]
for “almost all” choices of J requires a large deviation analysis we have not
been able to do. On the other hand, in view of Theorems 2.2 and 2.3, one
may also conjecture that improving the estimates in this point may, of course,
increase the numerical value of the storage capacity, but would not change
the qualitative behavior in p.
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Moreover, the reader may have noticed that for the proofs of Theorem 2.3
and 2.4 we have invented techniques to be able to adapt the ideas of Newman
[21] to our situation rather than the recent improvements by Loukianova [16]
and Talagrand [26]. The reason is that, while establishing some extra difficul-
ties on the one side, these improvements are basically useful to give a better
numerical value for «a, on the other (but not its behavior in p). Since we think
that such a numerical constant would only be interesting if we could describe
the exact borderline between memory and loss of memory or at least if we
could give a bound for «, with a uniform error in p (and we cannot see how
to do that), we have tried to avoid these unnecessary complications.

Finally, let us mention that we assume that the storage abilities of the
Hopfield model are not limited to the case where the correlations come from a
Markov chain (at least the cases of exponentially decaying correlations or even
summable correlations should be tractable). Our method, however, seems to
be thus limited. The reader may notice that even for the (interesting) case of a
two-dimensional Markov random field (Ising model) the centered variables do
not depend only on the two-point correlations any longer, so that new methods
to treat the corresponding moment generating function have to be invented.

Acknowledgments. The author thanks the referee for some very thought-
ful remarks, which helped to improve some bounds on the storage capacities.
He also thanks Holger Knépfel for discussions on the analytical problems.
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