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ON THE AVERAGED DYNAMICS OF THE
RANDOM FIELD CURIE-WEISS MODEL

By Luiz RENATO FONTES, PIERRE MATHIEU AND PIERRE PIiCcCO
IME-USP, CMI and CPT-CNRS

We describe the averaged over the disordered dynamics for the random
field Curie—Weiss model. We consider both the magnetization and the full
spin dynamics. Our approach is based on spectral asymptotics and includes
results on the random fluctuations of eigenvalues and eigenvectors.

1. Introduction. In spite of its lack of physical significance, the
Curie-Weiss model [9], is considered a useful toy model for testing ideas in
statistical mechanics. In particular the rigorous formulation of the notion
of “metastability,” the so-called pathwise approach, was first introduced to
describe the time evolution of the magnetization of the Curie—Weiss model
in [8]. Metastability was later proved for various systems in statistical mecha-
nics and it became one of the most powerful tools to describe the evolution
toward equilibrium of a Markov process.

An important field of interest in physics during the last three decades is the
study of disordered systems. As a first step in understanding the phenomena
that could occur, mean field models are very important. There are many models
for disordered mean field. The simplest one, from the static point of view, is
the random field Curie—Weiss model [1, 2, 3, 5, 14, 15, 19, 20]. In some sense it
is the less disordered. One of the most complicated, and less understood from
a rigorous point of view is the Sherrington and Kirkpatrick (SK) model for
spin glass [21]. There is another model called the REM [6, 7] which is in some
sense the most disordered mean field model and is considered, however, as the
simplest spin glass mean field model. It is solvable and its static properties are
well known [9, 13, 17] from a rigorous point of view. We refer to [4] for a general
overview of the field. However the name “spin glass” comes from dynamical
properties of alloys that present very long relaxation times which have some
analogies with dymamics of glasses. The presence of many “metastable” states
is frequently invoked as being responsible for this behavior. Therefore it seems
important to clarify all the notions of metastable behaviors and convergence
to equilibrium in a simple disordered mean field system.

From a rigorous point of view, very little is known on the long-time behavior
of disordered mean field models. Even for the simplest model of spin glasses,
the REM, the dynamical results are rather surprising; see [11]. They are
very nice examples of finite Markov chains in random environment. The infi-
nite temperature case is the usual homogeneous random walk on the hyper-
cube {—1, +1}", which has been studied a lot and is a toy model for a finite
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Markov chain (see [18]). In our case the corresponding nondisordered model
is the usual Curie—Weiss model. (See [10] for the statics and [8] for the
dynamics.)

Let us recall some facts about the static of the random field Curie—Weiss
model. An important static property of the random field Curie—Weiss model,
say, at low temperature with a random magnetic field with zero mean and
small variance, is that, typically with respect to the Gibbs measure, asymp-
totically when the volume goes to infinity, the magnetization can take two
different values that do not depend on the sample of the random field. This
follows from the fact that the associated canonical free energy, which is noth-
ing but the large deviation functional for the empirical magnetization, has
two absolute quadratic minima that do not depend on the chosen sample of
the random magnetic field. The two corresponding minimizers, m; and m,,
depend only on the temperature and the variance of the magnetic fields. In
short, we say in this case that these values are “disorder independent.” The
fact that the canonical free energy has two quadratic minima suggests that
the measure induced on the magnetization by the Gibbs measure could be
asymptotically the convex mean of two Dirac measures concentrated on these
two values m; and m,. To study the relative weight of this convex mean,
corrections to the exponential behavior have to be found. These corrections
appear to be dependent on the disorder and therefore the relative weights in
the previous convex mean depend on the disorder. In fact the relative weights
converge, in law with respect to the disorder, to a dichotomous random vari-
able that takes values 0 or 1 with probability 1/2 ([3]; see also [2]). The almost
sure behavior with respect to the disorder is rather different: since we have
a genuine convergence in law, we get that all possible weights in the previ-
ous convex mean can be reached asymptotically by well-chosen subsequences
of volumes. That is, the cluster set of possible weights is just [0, 1] almost
surely. However, it is proved in [15] that the difference between the finite
volume Gibbs measure and a random convex mean of two approximate Dirac
measures converges almost surely to zero. This means that we were able to
find a very good almost sure approximation of the finite volume Gibbs mea-
sure, even if it does not converge almost surely. All that is related to chaotic
dependence in the volume of a disordered system, an important fact pointed
out by Newman and Stein in [4]. Other important static properties of this
model related to this chaotic size dependence are studied by Kiilske [14].

Now let us recall some facts about the dynamics of the random field Curie—
Weiss model. The first work was done for short time by Dai Pra and Den
Hollander [5]: they fixed the time and considered the infinite volume limit.
The long-time behavior, that is, when the time is allowed to diverge with
the volume, was considered in [15] and the present work completes that
study.

Note first that there are at least two dynamics to consider. The first one is
the single spin flip dynamics and the second one is the dynamics induced on
empirical magnetization by spin flip dynamics. This latter dynamics is natural
when the mean field models considered can be expressed as a function of the
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sample magnetization. For the usual Curie—Weiss model, it was this latter
dynamics that was considered by [8]. In the random field Curie—Weiss model
we are considering, the disorder comes from a magnetic field which is +1; the
induced dynamics is Markovian on a bidimensional magnetization. The first
component is the average of the spins on the disorder-dependent subset of
the space where the magnetic field is positive and the second component is
where the magnetic field is negative. To simplify, we will continue to call this
bidimensional quantity “magnetization.”

The second point is related to the fact that we consider disordered sys-
tems; therefore, all the quantities are random variables defined on the same
probability space as the random magnetic field. In particular, the semigroup
describing our dynamics is a semigroup-valued random variable. Since we are
interested in an asymptotic behavior when the volume and the time diverge,
the probabilistic sense of the limiting behaviors of these random variables
has to be precised. It is described in the physics literature in two different
ways. The terms used come from metallurgy: “quenched” and “annealed.” The
first one, quenched, is when the sample of the disorder is fixed and the study
is done for almost all samples or in probability with respect to the sample.
The second one, annealed or averaged, is, roughly speaking, when an average
over the disorder is done somewhere. Since there are usually various places
where this average can be done, it could be equivalent or not to the quenched
description.

We consider first the dynamics induced on the magnetization. We will call
“process” the stochastic process defining our dynamics, which is considered
for a given realization of the random magnetic field. Therefore, the law of this
process is a disorder-dependent random variable. Note that we are considering
merely a family of processes indexed by the volume N but we continue calling
this family the “process.”

The first problem is to find a rough asymptotic for the time scale to reach
equilibrium. Since we are in a mean field situation with not too much disorder,
and the system is in a low temperature regime, roughly speaking, we can
expect that this time scale is of order e®*" where N is the volume of our
system, B the inverse temperature and the first problem is to find «. However,
we have to give a precise sense to “to be of the order of”; that is, the limit
N 71 oo has to be taken somewhere. Moreover, the probabilistic sense, with
respect to the disorder, in which we have convergence has to be specified. At
last, we can consider time scales that are dependent or not on the disorder.
As we will see immediately, the results could be completely different.

In [15], Theorems 2.4, and 2.5 we have exhibited a disorder-independent
quantity, denoted A7, such that on a time scale () = exp a8 N, the process,
starting not too far from one of the two possible magnetizations, say m, has
not enough time to reach equilibrium if « < A% . Here the equilibrium is the
Gibbs measure in the volume N. In fact, the process is, roughly speaking, near
mq most of the time. If « > A, we are already at equilibrium. This result
holds for almost all realizations of the disorder. That is, we have found a time
scale where the convergence to equilibrium is sharp. This is an example of



RANDOM CURIE-WEISS MODEL 1215

an almost sure behavior on a time scale which is independent of the disorder.
The fact that A7 is independent of the disorder comes from a strong law of
large number for the canonical free energy.

At this point the natural problem that comes to mind is to understand
what happens if we take a« = AZ. Here, sample-to-sample fluctuations of the
magnetic field start coming into play. We find (see Theorem 2.1) that the right
order of magnitude of the time to reach equilibrium is up to polynomial terms,
ty ~ exp(BNAZ — Ba|Sy|) where a is an explicit constant depending only on
the temperature and the variance of the magnetic field and Sy is the sum over
the volume of the magnetic fields. The result holds for almost all realizations
of the disorder. This is an almost sure result on a disorder-dependent time
scale. To conclude questions about convergence to equilibrium, we consider the
dynamics of the spins. In Theorem 2.1, we prove that the very same £ is the
right order of magnitude for the time to reach equilibrium for the dynamics of
the spins. This is a general fact that has not been pointed out before. There is
an analog result in the standard Curie—Weiss model that can be easily proved
by using our method.

One can expect to have metastable phenomena related to the question
of convergence to equilibrium, since there we have two possible typical val-
ues for the magnetization. A metastable phenomenon is a dynamical effect,
where a system stays a very long time in a given state which is not the equi-
librium state; see [8]. There are various ways to study it. One is to consider
the one-dimensional marginal of our two processes, one corresponding to the
dynamics of the spins and one on the magnetization. The results for the mag-
netizations have been given in [15] (See Theorem 2.6 there). In this work we
consider the dynamics of the spins. In Theorem 2.2, we show that on a well-
chosen disorder-dependent time scale, the one-dimensional marginals of each
of the two processes converge, almost surely with respect to the realizations
of the magnetic fields, to the marginals of a Markov measure-valued jump
process. This process stays a random time with an exponential distribution on
a Bernoulli measure with a mean corresponding to the minima nearest from
the starting point and then jumps to the equilibrium.

Another fact related to metastability is the exponentiality of the exit time
of some domain for the stochastic process describing the dynamics. In [15], we
get exponentiality of some exit times, for almost all realizations of the random
magnetic fields by normalizing the exit time by a disorder-dependent quantity.
However, choosing a disorder-independent time scale that normalizes the exit
time by something which does not depend on the disorder but with the right
order of magnitude, we do not get almost sure convergence with respect to
the disorder nor do we get an exponential random variable. What we were
able to do (see Theorem 2.3) is that averaging the law of the process with
respect to the disorder, we find the correct normalization for the exit time
to get convergence; the limiting distribution shifts from an exponential to a
lognormal one. This is to our knowledge a new fact in the study of the dynamics
of disordered systems. We call this average over the disorder of the law of the
process “averaged dynamics.”
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With the concept of averaging the law of the process, we can come back to
the problem of convergence to equilibrium for the averaged dynamics. Since
we have already convergence to equilibrium on the disorder-dependent time
scale 5 given above, it is natural to consider the disorder-independent time
scale ty(a) = exp(BNAZ + @/N) and the average of the one-dimensional
marginal of our process at that time. The result we get (see Theorem 2.4)
for the dynamics of the spins and for the dynamics on the magnetization is,
roughly speaking, the following: if @ is positive, we get convergence, when
N % oo, to the limit of the average, with respect to the disorder, of the Gibbs
measure which is a symmetric (1/2, 1/2) convex mean of two measures. It is
not really a surprise; we could have expected such a result, at least when
& = oo from the result above with the time scale ¢y(a) = exp(aeBfN) when
a > A7 . What is really interesting is that if @ is negative, we get convergence
to a convex mean of the same two measures; however if we start, say, near mq,
the weight of the measure that charges m; is bigger than 1/2. The excess of
mass on that weight is related to the limiting Gaussian asymptotic behavior
of the magnetic field. That is, we have exhibited precisely a time scale where a
dynamical fluctuation induced by the disorder appears. Namely, when @ > 0,
we do not see this dynamical fluctuation; when @ < 0 we are able to see it. To
our knowledge, this fact has not been mentioned before.

To understand these dynamical fluctuations and to be able to isolate them
from the disorder-dependent fluctuations of the static mentioned at the begin-
ning, we make a spectral decomposition of the semigroup as in [15]. However,
a more precise analysis of the eigenvalues and eigenvectors is needed here.

The paper is organized as follows: in Section 2, we define our model and give
the main results. In Section 3, we give results on the statics of the random field
Curie—Weiss model. In Section 4, we give results on the spectral properties of
the semigroup. In Section 5, we prove the main results.

2. The model and main results. Let & = (A;);.y be a sequence of inde-
pendent symmetric Bernoulli random variables defined on some probability
space, say (0, o7, ). That is, Q[h; = 1] = Q[h; = —1] = 1/2, for any i. Let us
denote Sy = Zf\; 1 h;. Let B > 0 be the inverse temperature and 6 > 0. Most
of the quantities that we are going to define depend on the realization of A.
Usually we shall drop this dependence in the computations. In the sequel, we
denote by C a constant which depends on 8 and 6 only. Its value may change
from line to line. N is an integer that depends also on 8 and 6 only. Its value
may change from line to line. In particular C and N, do not depend on A.

Let .y = {-1,+1}". Given o € ./y and A, let us define the random
Hamiltonian,

N{1d \* ¥
(2.1) Hy(o)=HYy(o)= -~ (— 3 a'i) — 0 h;o;.
2 Ni:l =1
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We denote by uy = u”; the Gibbs measure on ./ defined by

exp(—BH n())

un(o) = Z—N,
where
(2.2) ZN = Z?\’ = Z e_BHN(U—)
ogeSy

is a normalizing constant.
For any o € .y, let my(0) = (1/N)XY, o; be the empirical mean or
magnetization. We also define

1

h,
mi@) =mi (=5 T &
ish;=+1
and
_ h,— 1
my(o)=my (o)=— o;
N i;hi=—1

and my(o) = (mi (o), my(c)). Note that my (o) = mi(o) + my(o).

Here my clearly takes its values in [—1, +1]2. We denote by .#) the image
of Ay by my.Calling N* = N»* =#{i:h,=+1}and N~ = N~ =#{i: h; =
—1}, we have

N° N N

Nt N*t+2 N+ N~ N-+2 N-
(2.3) y//N=(—— )X<‘W’ TT)

The point is that the Hamiltonian can be written in terms of m y:
24)  Hy(0) = —N(A(ml(0) + my(0))? + 0(mf(c) — my())).

With a little abuse of notation, we shall also denote by H j; the function defined
on .#y by

(2.5) Hy(m)=-N(3(m*+m )+ 6(m* —m")).

Since we are also interested in the behavior of the magnetization under the
law py, let £y = f{\‘, be the image of uy by my. £y is a probability measure
on .#y. We have, for m = (m*, m™) € .#y,

exp(—BN Iy (m)

2. =

(2.6) “n(m) Zx ,
where

(2.7) Zy= Z}zﬁ/ =Y o BN Iy (m)

medy
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is a normalizing constant and

1
Fyn(m) = F(m) = —E(m+ +m7)?—g(m* —m")
3% (g ) (e o)
——1o . _
BN v mt i\ +m- %
satisfies

(2.9) e_BN(rf\N(m) = Z e_:BHN(U—)‘

oymy(o)=m

(2.8)

As a consequence of the strong law of large numbers, 7, converges @-almost
surely, as N 1 +o00, to the function

(2100 F(m)=—3(m*+m )2 —6(m* —m~)+ $(1(2m+) +1(2m™)),

which is called the canonical free energy in statistical physics. Here, for x €
[-1,+1], I(x) = (1+x)/2 log(1+x)/2+ (1 —x)/2 log(1 —x)/2, and for |x| > 1,
I(x) = 0 is the entropy of Bernoulli random variables.

The function .7 is symmetric with respect to the diagonal. It has three
critical points when B > cosh?(86). They can be found as follows. Let m, be
the unique positive solution of the equation

(2.11) m, = L[tanh(Bm, + BO) + tanh(Bm, — B6)].
Then the critical points of .7 are
m, = (3 tanh(B6), —3 tanh(B9)),
(2.12) m, = (} tanh(Bm, + B6), 3 tanh(Bm, — B6)),
mgy = (4 tanh(—Bm, + p6), —3 tanh(Bm, + B6)).

It is not difficult to check that m is a saddle point and m; and my are two
minima. We define the activation energy as Ay = 7 (my)—F (m;) = F(my)—
9(m2)

Let us define

™ = #yn{m* + m~ > 0},

_ 3
T?:;/Nm{er-Fm > _N}’

3
aTYN = .4y N {02m++m_ > _N}
These are discrete approximations of the basin of attraction of m, its closure
and its boundary. Tév and T;\’ are defined analogously. Also let
TY = #yn{m* +m™ =0}

We consider two dynamics, the first one on the spins o, the second one on
the magnetization my. Given N € N and 1 < i < N, let T* be the map
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from ./ to ./ defined by T'(0); = o, for j # i, T'(0); = —0;. Consider the
following operator acting on real-valued functions ¢ on .y,

Lyd(o)=Li¢(o)

(2.13) 1N ' |
N (H(T(0)) — ¢(0)) o~ (B/2H (T (0)~Hy(o)]

i=1

L y is the infinitesimal generator of a continuous time Markov process which
we denote by o) (¢) = O'(hN)(t). We denote by P, the law of the Markov process
o(n)(-) when o()(0) = o and by E,, the expectation with respect to P,. It is
easy to check that wy is the unique invariant probability measure for op. It
is also reversible; that is, Ly is symmetric in L2(Ay, uy).

Now let my(¢) = my(o(n)(¢)), be the induced dynamics on the magnetiza-
tion. It turns out that m y is also a Markov process with invariant probability
measure &y. Let £y = j{,‘ be its infinitesimal generator. According to formula
(2.24) of [15] we have

214) Ayd(m)= 3 [$0R) = d(m)} Sy (7, m)e~ B2 m-Hx(m],

med N
m~m

where m ~ m means that m and m are neighbors in .#y and A4y (1, m) is
some correction factor which is between 2/ N and 1. Call PN = P:L’ N = et“v the
associated semigroup. We shall use the notation P,, = P" to denote the law
of the process my when my(0) = m and E,, to denote the expectation w.r.t.
P,,. We emphasize that when # is kept fixed, the measure P,, is Markovian.

The first result is a @-almost sure precise asymptotic, on a disorder-
dependent scale, of the time to reach equilibrium with a bound on the errors.
It is stated for the two previous dynamics.

THEOREM 2.1. There exist deterministic constants N, K and K’ such that,
for any N > N, for almost all realizations of h, for any function ¢ defined
on ./ and bounded by 1, for any o € Sy, if we let ty = NX exp(BNAF —
Ba|Sy|), where

cosh(Bm, + B6)
cosh(Bm, — BH)

(2.15) a=a(B,0)= % log

and m, is the unique positive solution of (2.11) then, on the set |Sy| < 2 x
VNlog N, we have

(2.16) |E,[d(0n)(tn)] = Pn($)] < exp(~N¥).

In particular, for any function  defined on .#y and bounded by 1, for any
m c VlN’

2.17) B [d(my(tn))] = £n ()] < exp(~NT).

The proof can be found in Section 5.



1220 L. R. FONTES, P. MATHIEU AND P. PICCO

REMARK. This result is a sharper version of Theorem 2.5 in [15], where a
similar result was proved for a disorder-independent time scale ¢ (a) = e*¥
with a > A% without an explicit bound on the errors.

It was also proved in Theorem 2.4 in [15] that for « < A7,

(2.18) 11\}& |E L [p(my(ty())] = ¢(mq)] =0

Q-almost surely, if, roughly speaking, 7 (m) < % (m,) and m € T.

From Theorem 2.1, we see that on subsequences N, such that g|Sy | >
Klog N,, a time of order exp(BNAY) is more than sufficient to reach equi-
librium. That is, the disorder helps to reach equilibrium.

The second result is a @-almost sure one. It describes the metastable behav-
ior of the system. To state it we need some definitions. For a given realization
of h, let pl (resp. u%) be the probability measure on ./, under which the
variables (o;, i € N) are independent Bernoulli random variables and o; has
mean tanh(Bm, + B6h;) [resp. tanh(—Bm, + BOA;)]. Note that ul and w2
depend on the realization of A. Let

eBaSN

o =
N eBaSN + e*ﬁaSN

with ¢ = a(B, 0) given by (2.15). The pair (ay,1 — ay) is a finite volume
approximation of the weights in the convex decomposition of the measure &y
into two Dirac measures concentrated on m; and m,. See [15], Lemma 4.1 and
also Proposition 3.1 in the next Section. Let us denote by Af’ the spectral gap of
the infinitesimal generator £y, defined in (2.14), on Ly(.#y, 45 ). We prove in
Lemma 4.5 that it coincides with the spectral gap of the infinitesimal generator
of the dynamics of the spins, that is L, defined in (2.13), on Ly(-# s tiy)-

THEOREM 2.2. For almost all realizations of h, for all sequences o ¢ f{v

with limsup 7 (my (o)) < F(m,), we have, for all t > 0, for any continuous
function ¢ defined on ./,

E_n I:(i)(O'N(t/A{V)):I
—(e7tul(d) + (1 — e ) (ayul(d) + (1 — ay)u(¢))) — 0.

(2.19)

The proof can be found in Section 5.

Now we consider the law of averaged dynamics, that is, the law of m 5 aver-
aged over the realizations of 4. For a given m = my € .#y, let us define the
measure P,, = P? x @. [,, is the expectation with respect to P,,. By defini-
tion, if ® is a measurable function on the paths space, E,,[®] = [ P2 [®]Q(dh).
Under P,,, my is not a Markov process anymore. In a similar way, for a given
o = o(y) € -/ we define the measure P, = P! x @ and E, is the expectation
with respect to P,,.

To state the next result, let 7y = inf{t > 0: my(t) € ITY} be the hitting
time of 9T,
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THEOREM 2.3. Let .4 be a normalized Gaussian random variable. Let
a be the constant defined in (2.15). For all sequences mY e Tiv with
limsup 7 (m") < F(my), and for all a € R, we have

(2.20) P,.~[N"*(log 7y — BNAF) > @] — P[Ba.t = a).
The proof can be found in Section 5.

REMARK. Note that it is a result on a disorder-independent scale. We recall
that A7 does not depend on the realizaton of A. Let us recall that in [15], we

have proved that, @-almost surely, Af[’ K; n converges in law to an exponential
random variable. Here Af” K is the first eigenvalue of minus the infinitesimal
generator of the process m y killed at time 7,. Note that Aiv’ K depends on the
realization of 4. The result of Theorem 2.3 is that for the averaged dynamics
this hitting time converges to a log normal. This difference comes from the
disorder-dependent fluctuations of Aiv’ K; it is a dynamical fluctuation induced
by the disorder.

The last result is a long-time asymptotic for the averaged dynamics. We
consider here a disorder-independent time scale.

THEOREM 2.4. Let .4 be a normalized Gaussian random variable. Let
a be the constant defined in (2.15). For all sequences mYN ¢ T{V with
limsup.Z (m") < F(mg) and for all a € R, for any continuous function ¢
on [—1, +1]2, we have
@91) Epu [ ¢(ma (PN VM) | > (4 4 P[0 = Bat’ = al)d(my)
+ (3 — P[0 = Bat” = a])p(my).

Moreover, let %' (resp. %4?) denote the law of independent Bernoulli variables
of mean m, (resp. —m,), the unique positive solution of (2.11). Then, for all
sequences o € T{v with limsup 7 (my (o)) < F(my), for all a € R, and for
any continuous function ¢ on /., we have

022 [d) <U(N><eww+am>>} — (3 + P[0 = Bat > o)) B (o)
+ (3= P[0 = Bat’ = a]) B*(d).

REMARK. It is the disorder-dependent fluctuation of the spectral gap of ./
(resp. L) that is responsible for this behavior. Here also, it is a dynamical
fluctuation induced by the disorder. Note that taking the average of the Gibbs
measure with respect to @, we get

(2.23) ]lvlgo Q<N ($)] = 38(my) + 5d(my),

which is the same as the right-hand side of (2.21) when a > 0. When o < 0,
with the extreme case o« = —oo, the averaged process stays more near m, but



1222 L. R. FONTES, P. MATHIEU AND P. PICCO

may make the transition to m,. As we have already said in the introduction
this phenomena seems new, at least to us.

3. Static results. In this section we collect all the results for the static of
the random field Curie—Weiss model that we need for proving the theorems.
There are precise asymptotics on the behavior of the logarithm of partition
functions restrained on various domains. This is done with an explicit bound
on the errors. We also study some property of the landscape of the graph of
I, defined in (2.8).

Recalling (2.3), let

T = . #yn{m* +m~ > 0},

_N 3
T, = #yN{m" > ——
1 N {m +m = N}’

3
ﬁTiV=v//Nﬂ{Ozm++mz—N}

=N
and define Tév and T, analogously.
Let &) = j]}f,’ ' be the restriction of £y to TY, that is,

VA —N
SL(m) = Z—inN(m)]l<m e T, )
N
Z}V — Z e BNIn(m)

=N
meT,

(3.1

Define ffj analogously and

(3.2) 2% = Y e PN,
=N
meT,
Define also
(3.3) Z}V = Z e BNIn(m)
medTy

Clearly, as N tends to 400, under #y, the magnetization m, gets close to
one of the two values m; or m,. The asymptotic support of the law of my is
therefore deterministic. We have the following proposition.

PROPOSITION 3.1 (Static asymptotics). Define

cosh(Bm, + B6)
cosh(Bm, — BO)

(3.4) a=a(B,0)= % log
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Then, for N > N, on the set |Sy| < 2/Nlog N, we have

(3.5) |1og Zy + BNF(m,) — BalSy|| < Clog N,
(3.6) ‘log ZY + BN (m;) — BaSy| < Clog N,
(3.7) )1og 2k + BNF(my)| < Clog N

for some positive constant C.
Besides, for Q-almost all realizations of h, for any continuous function ¢
defined on [—1, +1]?, we have

(3.8) In(P) — (ayp(my) + (1 — ay)p(my)) — 0,
where

BaSy
(3.9) ay = a}I(,v = ¢

eBaSy 4 e—BaSy’

Equation (3.8) is actually proved in [16], Lemma 4.1.

Note that Q[|Sy| = 2,/ N log N] < 2exp(—2log N). Therefore, the Borel-
Cantelli lemma implies that the difference &y —(ay$,, +(1—ay)s,,,) weakly
converges to 0 for almost all realizations of A.

PROOF OF PROPOSITION 3.1. The proof is inspired by the arguments of [5].
Let us first note that, by symmetry and because the spins are exchangeable, we
may assume without loss of generality that Sy > 0 and that A, = +1, for i =
1,....,(N+Sy)/2and h; = —1fori = (N+Sy)/24+1,..., N.Let M = [N/2],
where [-] denotes the integer part. We introduce a different parametrization
of the magnetization: for a configuration o € ./, define

1 M

’ﬁ}Lv(‘T) = N g;,
i=1

- 1 X

mN(U') = N O'i.
i=M+1

We use the notation my(o) = (my(o), my(co)), and we denote by Z\, the

image of ./ by the application m . V/Zv is therefore a deterministic subset of
[-1/2,1/2]2. We have m (o) = my(o)+my(c). Let D ={i > M+1: h; = 1}.
Note that the cardinality of D satisfies |D| = (N + Sy)/2— M < (1+ Sy)/2.
The Hamiltonian H y can be expressed in these new coordinates as

Hy(0) = ~ 5 (A (o))’ — No(i(0) ~ () ~20 3 o,
ieD
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and
1 s
Zy = Z ]l{mN(U)z_g/N}e BHy (o)
geSyN
that is,
Z}\f = Z 1{?&2—3/N}#{0'; mN(O') = m}eﬁN((lﬂ)ﬁlerB(;ﬁ*-,m—))
(3.10) medy
| ZU;mN(O'):I’ﬁ 2P0 Yiep 0i

#{o;my(o) =m}

In this last expression, the only term that depends on 4 is the set D.
Let Iy(m) = —im? —0(m* —m~) — BLN log #{0; (o) = m} and note that

(3.11) lﬁN(mN)—f(ﬁl)l = C<10]gVN + ”mN‘m“)

for any m¥ € .My, m € [-1/2,1/2]2.

The minimum of % in the set m > 0 is achieved at only point: m;. Since we
have assumed that |Sy| < 2,/Nlog N, we have | Y, ;| < /N log N. Taking
into account the estimate (3.11), one deduces that there exists a small enough
ball, B, centered at point m; such that, if we define

e2B0%icp 0

Fru() iy (@)=
71 _ — Gy (i) o3y (o)=m
vE oL e #{o; my(0) = m}

>

rhe/Z\mB

then, for some deterministic constant C depending on the choice of B, we
have log Z}v < log Zzlv < log Z}v — log(1 — e~ ). It is therefore enough to
prove Proposition 3.1 for VA 1, instead of Z}.

For v € R, define the probability measure

f(o)er =

N
e’ YisM41 0

(3.12) E,[f]= Loe/y
ZO’G/N

Note that

Z e”zf\;Mﬂ o — 9N COSh(V)NiM'
geSyN
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For any choice of v, and vy, Z} can be rewritten as

- N-M

Zh= Y e AN (SR T Ny
.= cosh v;

me.#yNB

E, [eZBOZieD o]
2

g (o)=r]

X
(5.13) E, [ (o)=m]
' N-M
_ oy BN (ST Ny
B cosh v,
mesy
. ((cosh(r; +206) Pl (vy, 6)(77)
cosh vy W(vy,0)(~)’
where

E, [6239 Yien oi | rh;,(zr):ﬁz—]

V(v 0)(m~) = E,[e2B0%ip o]

Let a = Sy /(N—M). We now choose for v; and v, the solutions of the equations

tanh(v;) =2m~,
atanh(vy + 2B6) + (1 — @) tanh(vy) = 2m .

(3.14)

Since we are only interested in estimates for m € B, and since |a| < 2x
J/log N/N, then v; and v, are uniformly bounded as S and 72 vary. Besides,
we deduce from (3.14) that

a(tanh(v; +286) — tanh(v;))

o l-a
+(vg —v + < C(vy — 1)
(2 1)(coshz(vl +286) coshZ(vl))l (2 = 71)
Therefore,
(v — 1) — a cosh?(v; )(tanh(v,) — tanh(v; + 2B0))| < ClOg N
and
N (g — ) + (N — M) log 222
2 & cosh vy
h h
+1D|log cosh(vy +2B6)\ ﬂlo cosh(v; +236) <Clog N
cosh vy 2 cosh v,
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and

log Z}V —log >
(3.15) e.dynB

<Clog N

o BN Ty (COSh(v1 +2B0)\ S/ W (vy, 0)(772")
cosh, W(vy, 0)(7)

It now only remains to estimate W. This can be done through a local central
limit theorem just as in [5]. Repeating the arguments of Proposition 3.2 of [5],
we get that

W(v, 6)(m~)

1 /%dke_ikNW cosh(286 + v + ik)\ P! ( cosh(v + ik)\ V17!
27 Jo cosh(286 + v) cosh(v) '

From this last expression, following the estimates (3.36) to (3.44) in [5], one
deduces that C/+/N < ¥(v, )(77~) < 1 provided that 2/~ = atanh(v+2560)+
(1 — a)tanh(v). The constant C is chosen deterministic and independent of
m € B. Therefore,

(3.16) |log Zy —log Y

me.dyNB

~ Sy/2
e_IBNyN(ﬁ'L)<COSh(V1 + 2B0)> v S Clog N

cosh v,

From the estimate (3.11), it is easy to deduce that one can replace 7y by %
in this expression, that is,

~ ~ Sy/2
(8.17) |logZY, —log Y e—;aM?@)(M) < Clog N.
e dnB cosh v,
Let us denote by »; the solution of (3.14) for the value m~ = mj] = %tanh

(Bm, — B6) that is v; = Bm, — B6. By standard Laplace arguments, we deduce
from (3.16) that

_ S h(vt +2
log Z}, + BNF (m,) — SN 1og SBUL+ 280 _ g0 .

3.18
( ) 2 cosh ]

Equation (3.6) is proved with

0 1 lo cosh(Bm, + B6)

2B ° cosh(Bm, — B0)

By symmetry, we also have

|log Z%, + BNF (m,) + BaSy| < Clog N

Since Zy = Z + Z%, we clearly have Z§, v Z% < Zy < 2(Z5 v Z%). 1t
yields (3.5).
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Let us prove (3.7). As before we can assume that S, > 0. As in the proof of
(3.18), one gets that

cosh(v] +236)

. <ClogN,
cosh v}

(3.19) log 2} + BN (m,) — STN lo

where v} is now the solution of the equation tanh(v]) = 2mg. From (2.12), we
therefore have v] = —6 and cosh(v] + 280) = cosh(v7). This entails (3.7). O

Let us conclude this section by the following corollary.

LEMMA 3.2. On the set |Sy| < 2/Nlog N, we have

| | 1
(3.20) inf Fy(m) — F(my) + s o < cle N
meTVN | N
. a log N
(321) nf Fi(m) 5 m) + Syl < C5T,
(3.22) inf JN(m) — 7 (my)| < CIOg N
medT 1

PROOF. The number of points in .#y being bounded by (N + 1)2, we have

BN inf,_px Fy(m) ~BNinf,, v F(m)

<ZL < (N +1)%
Combining this inequality with (3.6) yields (3.21). The proof of (3.20) and (3.22)
is identical. O

We now derive some a priori estimates on the landscape of the graph of 7y
that will be used in the proof of Theorem 4.3. Let A be a subset of .#y. By
definition, a path, y in A is a sequence (xg, X1, ..., X;) of points belonging to
A such that x; and x;,; are neighbors and x; # x; for i # j. The length of a
path is therefore always bounded by N2.

Since m; is an absolute minimum of .% and m,, is the unique saddle point,
we know that there exists a continuous function y: [0, 1] — [-1/2, 1/2]? s.t.
v(0) = my, y(1) = m, and the function ¢ — F(y(%)) is increasmg We further
assume that the curve y([0, 1]) lies in | — 1/2, 1/2[2. Let m%’ (resp. m{’) be
a point in .#y s.t. the distance |[mY — m,| (resp. |[mY — my|) is minimal.
There exists a path in TY, say, yI¥ = (o, ..., x;), such that x, = m¥, x;, =
m} and the distance between x; and the curve ([0, 1]) is less than +/2/N.
Furthermore, we have the following lemma.

LEMMA 3.3. For N > N, on the set |Sy| < 2,/Nlog N, we have

log N

(3.23) sup Iy(x) < F(my)+C N

eyl
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PROOF. Let K be a compact subset of | —1/2, 1/2[? that contains the paths

y¥ for all N > N, and all realizations of ~. Here m, is a critical point of 7
Therefore,

(3.24) |7 (m) — F(my)| < Cllm — m 2.

Using Taylor expansions and the Stirling formula, one immediately gets that,
forme #yNK,

(325 |Fn(m)— F(m)— %10 Ez + m*;i_ - j;s_]\ly < CloijN.
2 2

Let A > 0. Let x € y. First assume that |x — m,| < A,/log N/N. Since
mg = —my, (3.25) implies that

[T (x) = F ()] = Cllx = moll 7~

1
<C(1+A)—2= OgN

on the set |Sy| < 2,/ Nlog N.
Then, from (3.24), we deduce that

In(x) = F(mo) + In(x) = F(x) + T (%) - ”(mo)

Jlog N\’
VN

< F(my) +C(1 + A) 8N +c<

< F(mo) +C(2 + )N

Assume now that ||x —m,|| > A,/log N/N. Using (3.25) and the fact that since
m, is nondegenerate, there exists a constant C’ > 0 such that

In(x) = F(mg) + In(x) = F(x) + F(x) = F(mo)

log N log N ,
<9(Mo)+Cllx—mo|I\/ +C0— = C'[lx — my|?
log N log N
F(mg) + [|x — ml|(C — AC)\/ +C0—
< F(meg) + clOgN

provided that we choose A > C/C’. O
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4. Spectral estimates. We will need some estimates of the eigenvalues of
#y and Ly defined in (2.13) and (2.14). Since the operator _#y is symmetric in

Lo(#y, £y), we can consider its spectral decomposition: let (AN = A?’N),-:O.“
denote the eigenvalues of —_#y in increasing order, with A(Z)V = 0. Let ll’lN =
l//?’N be the corresponding eigenvectors. We have lpév = 1. We assume that the

z,//fv form an orthonormal basis of Ly(.#y, £y). We can now express the law
of my at time ¢ on this basis:

(4.1) E,[¢(my(t)] = X o (m)Sx(dir e .

Similarly, let JI\I,{ be the generator of the process m y killed at time 7. In other
=N
words, £ is the restriction of .y to functions ¢ € Lo(T; , £5) with ¢(m) =0
=N
for m € 9TY. Then — /& is a symmetric operator on Ly(T; , £4). We denote

by LY its eigenvalues and d)f\’ the corresponding normalized eigenfunctions.
We then have

(4.2) P,lry > t] =Y oN(m) gk (pN)e 1.

13

From [15] we have the following.

PROPOSITION 4.1 (Estimates of eigenvalues). For almost all realizations of
h,

1

N

1

N

log LY — —BAZ,
(4.3)
log AY - —BAT.

Estimating the eigenvalues AY and LY, one checks that only the first terms
really contribute in (4.1) and (4.2). The next result is a consequence of the
computation of [15], part 3.

PROPOSITION 4.2 (Spectral approximation). There exists a deterministic
constant K such that, for t > 0, if we define T' = t exp(— K+ Nlog N)— K log N,

then, for any realization of h and any N > N, s.t. |Sy| < 2\/N10g N, for any
m e TV, we have

(4.4) Polry > t] - oY (m) g (o)) Y <.

<e

Moreover, for any continuous function ¢ bounded by 1, and for m € .#y, we
have

45 |Enlo(mu()] = (£3(8) + Y (m) gy (op7)e ")

< e_T.

Our next result is a precise estimate, @-almost surely and in law of the
fluctuations of the spectral gap of .4y and the first eigenvalue of j]é{ .
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THEOREM 4.3. Let a be the constant defined in (3.4). For any N > N,, for
almost all realizations of h, on the set |Sy| < 2,/Nlog N, we have

(4.6) |log LY + BNAF + BaSy| < Clog N
and
4.7 |log AY + BNAF — Ba|Syl|| < Clog N.

As a consequence, if A4 is a normalized Gaussian random variable, then the
following convergences hold in law w.r.t. Q:

(4.8) N'2(log LY + BNAF) — —Ba.t,
(4.9) N%(log AY + BNAF) — Ba|AV|.

Let us recall some of the estimates proved in [15] that we shall need in the
sequel. These are rough bounds on the exponential scale.

Let us choose N > N, and a realization of & s.t. |Sy| < 2/Nlog N. Using
Stirling’s formula as in [15], part 4, it is not difficult to see that, for any
m e [-1, +1)%,

log N

VN '

It is proved in [15] that, for any i, the following convergences hold almost
surely:

(4.10) |F(m) — F(m)| < C

1

N log LfV — —C;,

1o

1
N log ALN — —c;
where ¢; = BAY and ¢; = 0 for i > 2. Taking into account (4.10), it is imme-
diate to prove that in fact
|log LY + N¢;| < Cv/Nlog N,
(4.11)
|logAfv + N¢;| < CvNlog N.

At last we have some estimates of ¢2':

(4.12) 1- Gy (pY) <e ™
and, for any given compact set A s.t. sup,.4 7 (x) < F(m,), we have
(4.13) sup }1 — d){v(m)‘ <e OV,

meANTY

where C’ is a deterministic constant that depends on A. Then (4.12) and (4.13)
can be proved as in [15], part 3.3, with the help of (4.10).
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PROOF OF PROPOSITION 4.2. We first prove (4.5). For any continuous func-
tion ¢ bounded by 1, we have

AN ELo(my ()] - [£x(e) + v () n (s )e M) 2)

(4.14)
< e*Aévt\/jN((bZ) < eftAéV.

Since, for any m € .#y, |7y(m)| < C, we have, for any function ¢, ¢(m)? <
e®N 2y (4?). From (4.11), we deduce that

(4.15) AY > 7 CVNIoeN,
Therefore (4.14) implies that

B, [6(m(0)] ~ (<n(8) + 01 m)s () )|

—C+v/Nlog N _
e T,

(4.16)
< NCe—te

taking the constant K = C in Proposition 4.2. The proof of (4.4) is identical:
one has to consider the spectral decomposition of the process m” killed at
time 7, [see (2.18)]. O

PROOF OF THEOREM 4.3. Equations (4.8) and (4.9) clearly follow from (4.6)
and (4.7).

Following [15], let us introduce the following Dirichlet forms: for any func-
tion ¢ defined on .#), we denote by & the Dirichlet form of the operator £y
with respect to £y ; that is,

En(d) = —In(P[AnD])-
According to (2.25) in [15], &y can also be written

D)= 57— X ()~ b(m))?
(4.17) M~

y ( T, m))l/ ? BN D[Ty ()47 (m)]

where ./17;\, is a correction factor bounded from below by 2/ N and bounded from
above by 1. Similarly let &y be the Dirichlet form of the process m® killed
when reaching 9T%: the domain of &}; is the set of functions ¢ defined on T
vanishing on ¢7'¥, and we have

(D) = — I3 (Sl Ln()])
@18)  _ 15 (40m) = p(m))2 (T (i, m)) 2e BN A7),

- 1
2ZN WLI;IET{V

m~m
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The upper bound for L{V : Liv . This is given by the variational principle

En()
Zh(42)

(4.19) LY =inf

where the inf is taken on the domain of &. Choosing as a trial function
$p(m) = I(m e TV) in (4.19), the only nonzero terms in (4.18) come from
neighboring points (m, m) such that m € Tf’ and m € &T{V . For such points
we have 3/N > m > —3/N. Therefore,

N2 i T
5]%7(‘15) < _1€—BN1anN(m),
N

where the inf Fy(m) is computed for points m € .#y s.t. 3/N > m > —3/N.
From (3.22), we know that

. log N
f % > 7 -C .
mLIQT;v n(m) > 7 (my) N

(The same holds true for 4T%'.) Therefore,

1 N? —BNF(mg) ATC
ZN

Using (3.6), we get that

&L($) < NCPNT (m)-pasSy o=BN 7 (mo)

(4.20)
— NCe—BNAF—BaSy

We also have j]%](‘fﬂ) =1- Z}V/Z}v > 1/2 provided that N, is chosen big
enough (See Proposition 3.1.)
Therefore,

LlN < NCe—BNASF—BaSN'

The lower bound for L{V . By definition of the eigenfunction ¢>iv , we have

LY = &y (41).
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Let vV = (x¢, ..., x;) be the path defined before Lemma 3.3. We have

2

2
’d’{v(m{v)i = i —¢iv(xi+1)

2 ~ 1/2
<> |q§f’(xi) - ¢iv(xi+1)l (An(x;, %i41))
i
4.21) w e~ (BN/2)[Ty(xi)+Tn(xi41)]
% Z(%V(xz’ xi+1))_1/ze(BN/2)[7N(xi)+7N(xi+1)]

i

<2Z3 &% (o7 \/ N 2PN s T
NP1
< NCLiVeBNF(mO)7BN7(m1)+ﬁaSN’

where we have used the results of Lemma 3.3 and Proposition 3.1. It only
remains to note that, choosing N, large enough, we have q’)l (m1 ) > 1/2.
This follows from (4.13). The upper bound for A{V : Af’ . This is given by the
variational principle

En(¢)
Inl(d — Zn($))?]
Choosing as a trial function ¢(m) = \/Z /Z51(m e TY) - \/Z
I(m € TY) then we get £y(¢) =0 and
Zy+Z%
Zy

(4.22) AY =inf

In(d?) = —24y(TyNTY)

11 2 _ 2
S Zyn—aNtZN—2N 4 _ N
> A >1-e N,

according to Proposition 3.1.
Using (4.17), we get that

— 5\ 2
1 2 o _ S
Sl < Zl ( \/ gév N \/ ;f’) NC BN 200 rt s () 5]
N N

~nNe_ %y ~(BN/2)inf , oy Ty (m)+ind, oy Fyy(m)]
Z1 22 '
Proposition 3.1 and Lemma 3.2 entail
A{\’ < NCe—BNA.7+Ba\SN|_

The lower bound for AY. To be able to use the same strategy to bound A%
as we did for LY, we need some estimates on the eigenfunction % . This is
the content of the next lemma: we choose for L//{V the normalized eigenfunction
corresponding to AY such that £( L #N) > 0. This last condition uniquely
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determines Y. (When N is big enough, AY has multiplicity 1 as follows from
our estimates of AY and AY.)

LEMMA 4.4. On the set |Sy| < 2/ Nlog N, we have

(4.23) L og ‘Lp{’(m{\f) 12| ¢
N ZL | =
and
1 ZL
(4.24) Nloglz//f’(mév)—i-\/z—%: <-C.

This lemma will be proved later. We continue the proof of Theorem 4.3. Let
yY be the path defined in Lemma 3.3. Define similarly a path yY in T} from
my to my’ such that sup,..x Fy(x) < F(mg)+Clog N/N. Let vV be the path
from mY to mY obtained by gluing together yY and ', say, vV = (xg, ..., x3).
Therefore we have
log N

N

(4.25) sup y(x) < F(my)+C
N

xey

As in (4.21), we have

W) ()|

| |2
i > ul(x) - ‘l’iv(xiJrl)i

i
N N 2, ~ 1/2 BN )+ )]
= Z‘ 1 (xz) - lpl (xi+1)’ (JVN(JCL-, xiﬂ)) e AR N(Xit1
i
(4.26) N i
x Z ('/I/N(xi’ xi+1)> eBN/2)[ Ty (x:)+ T (xi1)]
i
N :
= 2ZNJ’N(¢]_N)\/§N2€'BNSUP%&N In(x)
< NCANBNT (mo)=BNF (m:)+BalSy|
= NCAN BNAT +BalSy]

From Lemma 4.4 and Proposition 3.1, we have

2
2 (Zy)? \/Z}VZ?V
N N N N N —2CN
¢1(m1)_¢1(m2)‘ zZ}vZ%v<1_—ZN e

> N—Ce2Ba|SN\ .
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This entails

Ai\f > NfcefﬁNAFJrBa\SN\ .

PROOF OF LEMMA 4.4. The proof makes use of Proposition 4.2 and the fact
that d)f’ convergesto 1. Let 0 <@ < o' < A% and t = exp(¢/BN). Define T as
in Proposition 4.2. Clearly T > e**N for N big enough. Using (4.5) with the
function ¢p(m) = 1(m € TY), we get that

427)  |P[m" (@) € TV = Sn(TY) = o7 (m)Zy(Loyyi)e MY <"

<e

In particular,

N
1

Y (m) Sy (Lpyd) = (e T+ P, [m¥(e) e TY] - 4(TY))

Taking into account that 7' > e“*¥ o/ < AZ and the estimates (4.11) for A{V
and Proposition 3.1, we obtain

Z2
g1 (m) gy (Levg’) < Z—z(l +e ).

In particular, integrating over T%,

V2475
(4.28) In(Lpxypl) < —y — (14 e V)
N
and
Z2
(4.29) v (m)En(Lpyiy) = 2251 +e”),
N

From (4.27), we also get that, for m € T{V,
N _
Ym)on(Lyod) = M= e T+ P, [mV (1) € TV] - oy(T7))
>—e T+ P,[ry > t]— Zy(TY)
> —2e7" + Y (m) L (¢ )e T — oy (TY)
= 27T+ oY (m)Lh (N )e 1 — 1+ Ly (TY),



1236 L. R. FONTES, P. MATHIEU AND P. PICCO

where we used (2.20). In particular,
4.50) Y Iy(Lpygpl) = —2¢77
+ 7 (m) Sy (d1)e 1 — 1+ oy(TY)

and, integrating over T' {V ,
In(Lpy i} )?

In(Lpydy)

> %N(TN)< —2¢ T 4
' Sn(TY)

(4.31) S (dNye 1 — 1+ 5(TY ))

B A N _
_ fN(TiV)( 2T s (et +fN<TéV>).

Using (4.11) and (4.13), we deduce from (4.30) that

Z2
(4.32) w1 (mi) Iy (L) = 7251 — e ).
N
Using (4.11) and (4.12), we deduce from (4.31) that
Z2
In(Lpy gl )? = fN(T{V)Z—N(l —e ).
N

Since it follows from Proposition 3.1 that

Ziv - Ziv > Z_}v(l _ e Ny,
Zyn Zy

N

Zy

One can now solve equations (4.28), (4.29), (4.32) and (4.33) to conclude the
proof of (4.23). The proof for (4.24) is identical. O

In(T7) =

we get

(4.33) In(Lpvyp?) = (1—e M),

We consider now the spectral decomposition of Ly in Lo(Sy, uy). Let us
call (/\lN ), i =0, 1... the eigenvalues of —L y in increasing order, with A} = 0.
Our result is the lemma.

LEMMA 4.5. There exists an integer N,, s.t. @ a.s., on the set |Sy| <
2\/Nlog N; for N > N,, we have

(4.34) AV = AN,
Therefore,
(4.35) |log AY + BNAZ — Ba|Sy|| < Clog N
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for some deterministic constant C. Besides

(4.36) AY > e CVNIg N,

PROOF. Due to Theorem 4.3, (4.35) is indeed a consequence of (4.34). Let
ey denote the Dirichlet form of the operator Ly in Lo(Sy, iy ), that is,

en(¢) = —un(d[Lyd])
- 3 (P(0) — p(&))2e” BAHENOFHN @)

geSN

a~a

(4.37)

"~ 2NKy ,
where & ~ o means that for some i, & = T?(o). We then have

59 @ - (@)

Let #y denote the set of functions of o € .y that depend on the magnetization
my only. Let %y denote the orthogonal complement of J#y in Lo( Ay, wn)-
Therefore v € %Yy iff, for any value m € .#y, we have puy(v1l(my =m)) =0.
Because the Hamiltonian H » only depends on the magnetization m p, we also
have that v € ¥y iff

(4.39) S (o) =0

osmy(o)=m

for all m € #y.

Note that #y; is left invariant by L 5. By symmetry %7, is also left invariant
by L. Therefore if ¢ = u + v, with u € # and v € #), we have ey(¢d) =
en(u) + en(v). Therefore,

en(®)
(6 — an ()]
_ en(u) +en(v)
(4-40) = werens anl(a — un O]+ (o)
> i i en(u) - en(v)
i e )

The reverse inequality is trivially true. Besides,

AN = inf

A= (@ — e (@)]

Therefore we have

441 AV = inf( AV inf eN—(”))

(440 ¥ =ine (A1 2

Let us now compute the last term in (4.41). For i # j, let T%/(o) be defined
by T"/(o), = o3, for k # i,j, T"/(o); = o; and T"/(0); = o0;. Let

J
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At ={ist.h; =1} and A~ = {is.t. h; = —1}. Consider the operator
1 . 1 .
AT > (T o)=d(o)+ = > (T 0o)—d(o).

Ay p(o) = _
i, jeA+ |A~| i, jeA-

oy is symmetric w.r.t. the uniform measure restricted to the set {ms.t.
mp(0) = m}. oy is the sum of two operators acting on different coordi-
nates. Under the dynamics induced by .7y, the coordinates in A* (resp. A7)
perform a simple exclusion process. The spectral gap of each of the two terms
defining &7 is known to be bounded from below by 1/2, whatever the value
of m; see [12]. Therefore we have the Poincaré inequality [Remember that

ZU;mN(U):m U(U) = O]

1 1 o
> o)=Y = 2 ((T" o) —v(o))?
osmy(o)=m 4 osmy(o)=m |A | i,JeAT
ar=1p) (v(Ti’J‘a>—v<a>>2>
(4.42) bIeA”
<2 LS (TTie) - u(o)?
— 4 osmy(o)=m |A+| i,JeAT
+i_ 3 (W(T'T a) - v(a))?],
A7 ica-

where we used for the last equality the fact that if 7%/ # o then TH/o =
TiT/o.

Writing (v(T' T/ o) — v(0))? < 2(v(T' T’ o) — v(T/ 0))? + 2(v(T/ o) — v(0))?,
we deduce from (4.42) that

P CIEIEDY (Z(v(TiU)—v(U))2+Z(U(Titf)—v(tf))2)

osmy(o)=m osmy(o)=mNicA+t icA-

<2 > (v(&)—v((r))z.

o,GeSN

a~o

(4.43)

Taking the sum over all possible values of m, we get that

I-LN(U2) =< Ki Z (U(&) — v(a-))2e—BHN(U)

0,0/ N

a~a

(4.44) < Kieﬁwﬂ) T (0(5) — v(0))2e~BDHN@)+HN ()
N

o,0e/N

a~a

= 4NeP"* Ve (v),
where we have used |H y(0) — Hy(0)| <260+ 2.
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Choose now N, big enough so that AY < 4N~'e=#(+1) For any N > N,
we then have AY = AV,

We have now completed the proof of the first part of the lemma. For the
second part, we start with the min—max characterization of )Lév ,

e
AY — sup in N(¢2) .
f.g Gun(dh)=uxn(62)=0 uy(H?)

Let us choose f =1 and g = w}v omy, where l,[iiv is the eigenfunction corre-
sponding to the eigenvalue A{V for the magnetization process. Then
ey(u+v
AN > inf inf ZV(—+)2
veHy uey iy (w)=py (upkomy)=0 LN (¥ + V)?)

(4.45) > inf( inf e ¢ en(®) )

wetspy (W=py (wikomy)=0 iy (U?) very py(v?)

= inf <Aév; inf eN—(vz))
very wy(v?)

Combining this inequality with (4.44) and (4.11) leads to the second asser-
tion of the lemma. O

5. Proof of Theorems.
PRrROOF OF THEOREM 2.1. From (4.35) we get that, on the set | /| <

2,/Nlog N,
(5.1) ,\iV > N-Co BNAT+pal /|

if N is large enough. Here C is some deterministic constant.
For any function ¢ bounded by 1, we have

V(B o) = un()P) < e () < e

Moreover, for any function ¢ and any o € #y, since (1/N)H y < C, we have
|y(0)| < exp(CN)\/p (2). Therefore,

(5.2) |E,[$(on(®)] — uy()| < eNe M.

Replacing ¢ by ¢, as defined in Theorem 2.1, and using (5.1), we conclude the
proof of (2.16).

The proof of (2.17) is similar: for any continuous function ¢ bounded by 1,
we have

(5.3) \/fN(|E-[¢(mN(tN)] — In(d)2) < e MV gy(¢?) < e

Since, for any m € .#y, |7y(m)| < C, we have, for any function ¢, ¢(m)? <
e®N 2y (). From Theorem 4.3, we deduce that

Ai\’ > e—BNA9+Ba\/N|N—C,
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hence
ANty = NE-C,
Therefore (5.3) implies that

|E[d(my(ty)] — Sn(d) < e V.
(2.17) follows by choosing K > C. O

PROOF OF THEOREM 2.2. The proof is quite similar to the proof of
Theorem 2.6 in [15], so we only sketch it. First note that it follows from Lemma
(4.5) and (4.11) that, for N large enough, AY # AY. Therefore, since AY = AN
is of multiplicity one, the corresponding eigenvector is llff’ omy. (Remember
that w{v is the eigenvector corresponding to A{V in the spectral decomposition

of the magnetization process.) Since )\é\’ > exp(—C+/ N log N), using the same
argument as in the proof of Theorem 2.1, we get that

(5.4) Eer[d)(a-(N)(t/A{V))] ~ un($) + e_tl/fiv(mN(C’N))MN((4’{V omy)®).

Writing ux(¢|my) for the conditional expectation given mp and denoting by
&y the law of my, the last term in (5.4) can be rewritten

(5.5) un(d) + e Yl (my(o™) Iy (Y1 pn(blmy)).

To compute the expression (5.5), note that we only have to evaluate functions
of the magnetization. The same arguments as in the proof of Theorem 2.6 in
[15] then lead to

P (my(eN) Iy () y(dlmy))
(5.6) ~ Iy(un(dlmy)) — In(un(dlmy))
= uy(d) — py(9),

where we use the notation M}v for the Gibbs measure up conditioned to the
set Ty = {0 € Sy s.t. my(o) > 0}. Similarly u2 denotes the measure puy

conditioned to the set T%, ={o e Sy st. my(o) <0}
Using the expression (5.6) in (5.4), we get that

Eox[¢(on)(t/ATN] ~ pn($) + e (uy($) — un(d)).

To conclude the proof, we use the fact that, on a set of full @ probability, p,}v
weakly converges to ul, u% weakly converges to u2 and wy — (aypl, +(1—
ay)u? ) weakly converges to 0. (See [14].) O

We now turn to the proof of Theorem (2.3).

PROOF OF (2.20). Let a € R and ¢y = exp(BNAZ + a+/N). We write
P,~[N~Y2(logry — BNAF) > a] = P,,x[Ty > ty]
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_LN
= Ppslry = ty] = 61 (m™) 2} (@] )e Mt
N N
+ (VM) (@) — 1)eHty 4 e Hty,

Therefore
Pv[7y = ty] = Puv[ry = ty:|Sy| = 2¢/Nlog N1

+ Q[]1|SN|S2W(PmN[TN >ty]
6.0 - oY) (@)e )]
+ Q[ﬂ|sN|sz¢m(¢iv (m™N) gy (oY) — 1)e—L1”tN]

N
+ Q[HISN|§2m67L1 tN].
In (5.7), the first term converges to 0 since Q[|Sy| > 2/Nlog N] < 2/N?2.
By Proposition 4.2, the second term is bounded by exp(—7) with T' = ¢y x
exp(—K~/Nlog N) — Klog N — +o0. Therefore the second term also tends
to 0. From (4.12) and (4.13), it follows that the third term is bounded by
exp(—CN) and therefore goes to 0. Thus

Pov[7y = tn] = Q[]}'\SN\SZ«/NlogNeiL{VtN] — 0.

For any ¢ > 0, write

N
ltN]

Q[]}‘\SNE%/NlogNeiL

_IN
5.8 = Q[]l|sN|52./NlogNe iy ]laﬁfﬁaSsteW]

_LN
+ Q[]l|sN|52‘ /NlogNE N ]lam—ﬁasst\/W]
_LN
+ Q[H|SN|§24/NlogNe i H‘*SWSGW*BGSNS%S\/N]'

Note that, from Theorem 4.3, on the set where |Sy| < 2,/Nlog N and av/N —
BaSy < —e&v'N hold, we have |exp(—LYty) — 1| < NCexp(—sv/N) — 0.
Therefore the first term in (5.8) is close to Q[|Sy| < 2/ Nlog N; av/N —
BaSy < —ev/NJ. On the set where |Sy| < 2,/Nlog N and av/N — BaSy >
eV N hold, we have LYty > N-Cexp(sv/N) — +oc. Therefore the second

term in (5.8) converges to 0. The third term in (5.8) is bounded by Q[—s«/ﬁ <
av/N — BaSy < +&v/NJ. So far we have proved that

lim sup |[P>mN[TN > tn]— Q[ISy| < 2/ Nlog N;av'N — BaSy < —evN]
< limsup Q[—&v' N < a/N — BaSy < +&VN].

The central limit theorem for Sy entails that

(5.9) limsup leN[TN > ty]— Q[Bat = a+ e]) < Qla—e<Bat <a+el.
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Since (5.9) holds for any ¢ > 0, we also have
Pov[ty = ty] > Q[BaAt = a]. O
Now we prove Theorem 2.4.
PRrROOF OF (2.21). Let 0 < &/ < A7 and define s = exp(Ba’N) and

S = sexp(—K+/Nlog N) — Klog N,

where K is the constant in Proposition 4.2. Then S tends to +oco and, from
(4.11), on the set |Sy| < 2,/Nlog N, we have

A{VS < NCe(a’fAF)BNvLC«/N log N - 0.

¢ being bounded by 1, we deduce from Proposition 4.2 that, on the set |Sy| <
2/Nlog N, we have, for N > N,,

(5.10) | (m™) oy ($9?)| < C.
Proceeding as in the proof of (2.20) and using (5.10), it is easy to see that
limsup |E,,x[¢(my(¢y))]
— Qs jco/mioam (Z($) + ¥ (mM) Zy($y e v)]| = 0.
Therefore, using Theorem 4.3 and (5.10), we have
lim sup [E,,v[$(my (ty))]
= QL oo /mioaw (En(d) + i (m™) Ly (dv))
X ]lﬁa\SNI-Fa\/NS—sm)]I
< Climsup Q[-&v'N < Ba|Sy|+ avN < e/ N].
From [15], formula (5.25), we know that, for almost all realization of £,
T (mM) Ly (e ) + £n(¢) — d(my) — 0.
Using (5.10) and the bounded convergence lemma, from (5.12) we deduce that
limsup |E,,v[¢(my(tn))]
(5.13) = Q[“n () + ((m1) = £y (8)) Lyajs, ravi=—evn]|
< Climsup Q[—&v'N < Ba|Sy| + av'N < eV/N]J.
Let Ay be the set Ba|Sy|+ av/N < —e+/N. From Proposition 3.1, we have
Q[fN(@]lAN] — ¢(my)Qay ]lAN] — ¢(my)Q(1 — aN)]lAN] — 0.
By symmetry,

(5.11)

(5.12)

Qlay JlAN] =Q(1- aN)]lAN] = %Q[AN]-
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Therefore,

QIEN(D) L goisy 1 ravF<—evi] — 3(d(my)
+d(m3))Q[BalSy| + av'N < —eV/N] — 0.

The central limit theorem for Sy entails that

lim sup |E,,v[d(my(ty))]
(5.14) = (5(d(m1) + d(m3)) + 3(d(my) — $(m3))Q[Bal./ | < —a — &)
< Q[-e—a<palt| < —a+el]

Since (5.14) is true for all £ > 0, we have

E.v[d(my(tn))]
— 3(d(my) + d(my)) + 3(d(mq) — b(my))Q[BalA | < —a]. O

PROOF OF (2.22). The proof is similar to (2.21). Using Lemma (4.5) and
(5.6) one gets that

E, v [¢ (O.(N)(eBNAy-&-a«/N))]

(5.15) ~ Q[uy(¢) + exp(—ePNAT+VNANY (L ($) — ()]
~ Q[un(d) + Lgyis, jravm=o(in (D) — uy(4))]

In view of Proposition 3, part 4 of [14], one can replace w in (5.15) by aN,u}v +
(1-«a N),u%v. Separating the expectation into two pieces according to S > N4
(then ay ~ 1) or Sy < —NV* (then ay ~ 0), we get that
Y [¢(U(N)(93NA'¢+QJN))]
(5.16) ~ Q[Ls,-omn ()] + Q[ Ls,oni(d)]
+ Q[]lOzﬂaSNZa«/ﬁ(/J“}V(qb) - :U“%V(d)))]

Using the results of [14], we can replace ,u}v (resp. p,%v) by ul (resp. u2) and
we get

~ Q[Lg, 2omi(P)]+ Q[ Ls, <onl($)]

(5.17) L )
+ Q[ ]lOzBaSNzam(/‘Loo((rb) - /'Loo(qf’))]

Now note that, without loss of generality, we can assume that ¢ depends only
on a finite number of coordinates of o, say, ¢ is a function of o4, ..., ;. Then
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ul (¢) is a function of A4, ..., h; only. Therefore,

QlLg,-oro(P)] ~ QSN = 0]Q[uy(d)].

One can use the same argument for the other terms in (5.17), and the central
limit theorem for Sy, to get that

E,v [d(0 (P VA7 +VNY)]

(5.18) 3QIul ()] + 3 QL2 ()]

+ Q[0 > Bat > a]Q[(ul(¢) — nZ ()]

It remains to note that Q[ul (¢)] = #'($) and Q[u2 (b)] = %2(¢) to conclude
the proof of (2.22). O
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