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The mean value of symmetric square L-functions

Olga Balkanova and Dmitry Frolenkov

We study the first moment of symmetric-square L-functions at the critical point in the weight aspect.
Asymptotics with the best known error term O (k~!/2) were obtained independently by Fomenko in 2003
and by Sun in 2013. We prove that there is an extra main term of size k~!/2 in the asymptotic formula
and show that the remainder term decays exponentially in k. The twisted first moment was evaluated
asymptotically by Ng with the error bounded by /k~!/27¢. We improve the error bound to [%/6+<=1/2+¢

unconditionally and to /!/2+<k~1/2 ynder the Lindelof hypothesis for quadratic Dirichlet L-functions.
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1. Introduction

Asymptotic behavior of high moments of L-functions within different families can be predicted using
random matrix theory [Conrey et al. 2005] or multiple Dirichlet series [Diaconu et al. 2003]. However,
obtaining asymptotic formulas with sharp error bounds is a hard problem even in the case of small
moments.

One of the most challenging families is symmetric square L-functions in weight aspect. Gelbart and
Jacquet [1978] proved that these are L-function attached to GL(3) cusp forms.

Despite numerous efforts, even an upper bound for the second moment of symmetric square L-functions
remains an open problem. See [Khan 2010, Conjecture 1.2].
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The first moment has been studied intensively during the last decades. See [Fomenko 2003; Khan
2007; Kohnen and Sengupta 2002; Lau 2002; Ng 2016; 2017; Sun 2013]. Nevertheless, even the best
known asymptotic error estimates do not appear to be sharp.

The present paper aims to optimize error bounds in existing asymptotic formulas. With this goal, we
prove an exact formula for the twisted first moment of symmetric square L-functions, and apply the
Liouville-Green method (also called WKB approximation) to estimate remainder terms. This technique,
originating from the theory of approximation of second-order differential equations, is quite unusual for
analytic number theory, yet very effective. See, for example, [Balkanova and Frolenkov 2016; Zavorotny
1989].

2. Main results

Let S5, (1) denote the space of holomorphic cusp forms of weight 2k > 2 with respect to the full modular
group. Denote by Hy; the normalized Hecke basis for Sy (1). Every f € Hy; has a Fourier expansion of

the form
fl)= Z Ay (n)n*=12 expminz), 2-1)
n>1
Ar(l) =1 (2-2)

For s > 1 the associated symmetric square L-function is given by

2\ Ap(n?)
Lisym® f.5) = ¢(25) » |~ (2-3)
e
n=1
Let I'(s) be the Gamma function and define
Loo(s) := n—“/zr(ﬂ)r(ﬂw)r(f +k>. (2-4)
2 2 2
Shimura [1975] showed that the completed L-function
A(sym® f, ) := Loo(s) L(sym” f, s)
is entire and satisfies the functional equation
AGym® f,5) = A(sym® f, 1 —s). (2-5)
Consider
h
Mi(,s):= Y dp(PL(sym® f.5). (2-6)

feHy

The superscript 4 in the formula above indicates that the expression in the sum is multiplied by the
harmonic weight I'(2k — 1)/((4m)*~1(f, f)1), where (f, )1 is the Petersson inner product on the space
of level 1 holomorphic modular forms.
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Denote by y the Euler constant and by v (s) the logarithmic derivative of the Gamma function. Let
2Fi(a, b, c; x) be the Gauss hypergeometric function and

_hyp
<I>k(x):=F(k 4)T(4 k)zFl(k—}t,f—‘—k,%;x), (2-7)
r'(3)
(k=T 1
Wy (x):=x* (k=3) (k+4)2F1(k—jT,k+§,2k;x). (2-8)

' (2k)
We prove the following exact formula for the twisted first moment.

Theorem 2.1. For anyl > 1 one has

(i 1) =L(—zlogz—3log2n+%+3y+w<k—}1)+w(k+}t))

) 2\/7
V2 (—DFT(k—3) N1 | 2
T I (k+ ;)3_4,2(5) v 1;21 "%”2—‘”2(5)%(47)
1 1 4%
+ NG r;y L2_ap (E)«/ﬁq’k(?)» (2-9)
where
£(25) o= 1
2465) =S ;;( 1925:zq 1). (2-10)

r?=n (mod 4q)

A similar formula, where the last two summands are expressed in terms of the Legendre function of
the first kind, was established by a different method by Zagier [1977, Theorem 1]. Zagier’s formula was
applied by Kohnen and Sengupta [2002] to prove an upper bound for M, ( 1, %), by Fomenko [2003]
to obtain an asymptotic formula for M, (1, %) and by Luo [2012] to estimate the second moment of
L(sym2 £ %) over short intervals.

The proof of Theorem 2.1 is quite simple and makes use of Petersson’s trace formula and the functional
equation for the Lerch zeta function.

172

When [ = 1, exact formula (2-9) allows one to isolate the second main term of size k~'/“ in the

asymptotic formula so that the remainder term decays exponentially.
Corollary 2.2. For some ¢ > 0 one has

M1<1, %) =%(%—3log2n+3y+w<k—%>+w<k+é—i>)+ \/E;—nk ;EZ;gL(% x_4)

+ CDk(l>L(l, X_3) + 0(L exp(—ck)), @-11)

4 2 vk
where L(% X D) is a Dirichlet L-function for the primitive quadratic character of conductor D and
1 22 /1 . w(2k—1) 1
cD"(Z) T3 ot 3 (1 + 0(%))' @-12)



38 Olga Balkanova and Dmitry Frolenkov

Remark. After posting the first version of this paper to the arXiv, the authors have been informed by
Shenhui Liu that he has independently obtained an asymptotic formula similar to (2-11) by using an
approximate functional equation. See [Liu 2017].

Corollary 2.2 improves the series of previously known results with the following error bounds:
o k0008 [Lau 2002]

« k~'/20 [Khan 2007]

e k~1/2 [Fomenko 2003; Sun 2013].

Corollary 2.3. Foranye > 0, [ > 1, one has

;) 2J( 2logl— 3logzn+2+4y+w(1)+w(k——)+w(k+i))+0<155;) (2-13)

Assuming the Lindelof hypothesis for quadratic Dirichlet L-functions, the error term above can be replaced
by I9) (ll/2+ekfl/2)'

This improves the error bound k~!/2*€ proved by Ng (see [Ng 2016, Theorem 2.1.1] and [Ng 2017]).

M, (1

3. Notation and tools

Let e(x) = exp(2wix). For v € C let
1\V
nm= Y (—1) . (3-1)
nino=n

The classical Kloosterman sum is defined by

*
S(n,m;c)= Z e(w>, aa® =1 (modc).
a (mod c) ¢

(a,c)=1
Lemma 3.1 (Weil’s bound [1948]). One has

1S(m, n; ¢)| < t0(c)y/(m, n, c)/e. (3-2)
Let J,(x) be the Bessel function of the first kind.

Lemma 3.2 (Petersson’s trace formula [1932]). For 2k > 12 and integral [, n > 1, one has

Z Af(l)kf(n)—81n+2n12kz S(l 1, C)J _ <M) (3-3)
S eHy ¢
The Lerch zeta function h)
en
CHOERY ity (3-4)

n+a>0
was introduced by Lipschitz [1857] and was named after Lerch, who proved in 1887 the functional
equation. The special case ¢ (a, 0, s) is called the Hurwitz zeta function.
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Lemma 3.3 [Lerch 1887]. One has

t(a, 0,s)=(F2(1)153( ( );(0 a1 — s)+ie<—%)§(0, —oz,l—s)). (3-5)

4. Some properties of %, (s)

The main references for this section are [Bykovskii 1994; Soundararajan and Young 2013; Zagier 1977].
Function (2-10) can be written as follows

£(25) o Pg(n) o Ag(n)
Zu(s) = = , 4-1
O=%6 ; ¢ ; g @b
where
pg(n):=#{x (mod 2¢) : x> =n (mod 4¢)}, (4-2)
A= D 1(g2)pg (). (4-3)
i q2q3=q

For a fixed n, both p,(n) and A, (n) are multiplicative functions of g. Furthermore, for n =2, 3 (mod 4)
the function p, (n) is identically zero. Therefore, ., (s) does not vanish only for n = 0,1 (mod 4). If
n = 0 then

L) =¢2s—1). (4-4)
Otherwise, for n = DI? with D fundamental discriminant we have
Z(s) =12 (5)Ls, xp), (4-5)

where L(s, xp) is a Dirichlet L-function for primitive quadratic character xp and

TP (s) = l; xpn=Y \j_) Ty_12(bn). (4-6)

The completed L-function

i = (5) r(S Loy g ) @-7)

satisfies the functional equation

L) =ZLF(1—s). (4-8)

Lemma 4.1. One has

Z

AER > S ‘f)e<nc) ((2)fn2—4zz(s>. 4-9)

¢ (mod g)
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Proof. Consider

Si= 3 S@.ipe(nf)= YN (M)

¢ (mod q) ¢ (mod g) a (mod q)
(a,q)=1

where aa® =1 (mod ¢g). Making the change of variables ¢ = cja*, we have

. Z Z e(C%a*—i-lza*—i-ncla*)

a (mod g) ¢; (mod gq) q
(a,9)=1

= Z S0, ¢t + 1> +ncy; q) = Z Z u(d)b

¢ (mod q) ¢ (modg) bd=q
blc2+124ne
q
Do w@b ) dou@b
bd=q ¢ (mod q) bd=q ¢ (mod b)
2412 +nc=0 (mod b) 241> 4+ne=0 (mod b)

The condition ¢? 41> +nc = 0 (mod b) is equivalent to (2¢ +n)? + 41> —n*> =0 (mod 4b). Hence

S=qy pd Y 1=gqY pdpsn-4?).

bd=q ¢ (mod 2b) bd=q
c2=n2—4]* (mod 4b)

Consequently,

Z

Q

s
¢ (mod q) 1 q bd=q

Q

C Y SC (T Y=Y Y o 4

pp(n* — 41%) i n(q)
bS qs
1 q=1

b
1 n?—41%)  Zp_y4p(s
0¥ Z e q° - n;é;)( . -
Lemma 4.2. Assume that d # 0. For any € > 0, one has
Zy(3) < a'lore. (4-10)
If the Lindelof hypothesis for Dirichlet L-functions is true, then
Zi(5) < d°. (4-11)

Proof. For d = DI?, where D is the fundamental discriminant, one has

Zu(3) =1," (D)L(3 xp)
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by equation (4-5). It follows from equality (4-6) that

1 l 1/1))¢
TZ(D)<§) & Z 0\513) Z(/ 1)

L=l Ll

By [Conrey and Iwaniec 2000, Corollary 1.5] for any € > O one has

This implies the required bounds for the function .%; (%)

5. Exact formula

3

Lemma 5.1. For Ns > 5 one has

B §(2s) Q2m)*i%* T (k —s5/2) s n
M, s) = A Tty L)+ Q) ;Fofnz_w(ﬂl(?),
where
1 r(k—1+1
I(x);:—,/ MF(I—s—w)sin<ns+w)xwdw
270 Jay T(k+ 5 — 3w)

withl =2k < A <1—9s.
Proof. By the Petersson trace formula

00 1 h
Mi(ls)=c@9) Y — 3 hp@®isn)

n=1 fEHQk
z( s) % 1 o 5%, n% q) In
¢ (2s) — — 14 —).
qX—; q nX_; n® ( q )

The change of order of summation above is justified by the absolute convergence for s > 3
follows from the standard estimates

S%, n?; q) < ¢"* e, n%, ¢)V?* forany € >0

(ln)Zkfl /
= , qg>In
q

(ln)—1/2 /
— s < In.
p q

Next, we use the Mellin—Barnes representation for the Bessel function

and

J2k71(477%1) <

I (k

41

(5-1)

(5-2)

Wthh

N T DUR SR R w
My, S)—M-i-Z 2"4(2)2:— — 2+2w)ZS(l’n’q)(%) dw,

i J T(k43 —qw) 5 ™
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where 1 — 2k < A < 0. To guarantee the absolute convergence of the integral over w and the sums over
g, n we require that

max(1 —2k, 1 —9Ms) < A < —1,

which is true for Ns > % Consider

S(?, n? 1q) _ SW% % q)
Z nw+s Z Z W Z S(lz ¢ q)Z(C+nq)w+s

n=1 ¢ (mod g) n=c (mod q) ¢ (mod q)
S(1?%, c?
Z qw-i-s
¢ (mod q)

Note that for all ¢, the Lerch zeta function has a simple pole at w = 1 — s with residue one. The next step
is to apply functional equation (3-5) for the Lerch zeta function which is only possible when 3(s +w) < 0.

Accordingly, we move the w-contour to the left up to A| := —s — €, crossing a simple pole at w =1 — .
Therefore,
£2s) o T(k—35) & S *1q) (g \- 2%
Mills) = =+ 2w e 3030 Y e C 2T (2s)Z——
s (k+ z5) o=l ¢ (moda) 2q 2rl
T(k—3+5w w S, ¢
o Pt ay 5 SESD(C o g an
(A)) F(k+§—§w) Y2 ¢ (mod g) q

Using the functional equation (3-5), we obtain

Y sa@? q)g( 0; s+w>

¢ (mod gq)
w

=227 TIr(1 —s — w) sin(n%) Z S(?, % q){(O, g; 1—s— w).

¢ (mod q)

Substituting this into M (/, s) and opening the Lerch zeta function, one has

c(2s)  (m)si% S(%, c2; q)
Mi(l5) = "= + et 2 Z 2
q lc(modq)

+ Q)i 2k;<2s)2

Z 2 SE e )1(T):

¢ (mod q)

where I (x) is defined by equation (5-2). Finally, computing the sums over ¢ and ¢ using formula (4-9),
we prove the lemma. (Il

Lemma 5.2. Ifx > 2, then

2=k s\ qDk—=38)T(k+ 35— 3s) s 1 s 4
I(X) = WCOS(T)X F(2k) X 2 Fy (k— 5, k+ 5 - 5, 2k, ;) (5-3)
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Proof. Moving the contour of integration in (5-2) to the left, we cross simple poles at w =1 — 2k — 27,
j=0,1,2,.... Therefore,

I(x)=2(— l)kcos( ) - ZkZ 1 F(ik(z—k::i;?]) 4

By the duplication formula we have

92k—1—s+2j
FQ@+j—%Q)=——;i——F&+j—%QF&+j+%l—%g.

This yields

= 2o () e L) ()

22k (—1)k Fk—lsrk+l—ls 1 4
_ 27D cos<ﬂ>x1_2k (k—3s)T(k+35—35 )zFl(k—s _s 2k;—). 0

~° k ~ )
25/ 2 I (2k) 2 + 2 2 x2
Lemma 5.3. One has
2(~ 1) T(k—1s)M (k41— Ls
12)= ()cm@m)( f)( 2 f%ﬁ—g. (5-4)
2Sﬁ F(k'f‘zs)r(k—z'i‘is)
Proof. Letting x =2 in (5-3) and applying [Olver et al. 2010, Equation 15.4.20], we find
Tk (s — 1
2Fi(k— s k+3—1s,2k1) = ﬁ) ( 3)1 ,
T(k+3s)T(k— 5+ 55)
The assertion follows. O
Lemma 54. Ifx <2, then
— Dk Tk —1s)0(1—k—1s
1) =" )smbngx“f( 250 Z)ﬂa@—%&l—k—gaaiﬁ) (5-5)

I

Proof. Moving the contour of integration in (5-2) to the right we cross simple poles at w =1 —s + j,
j=0,1,2,.... Accordingly,

Note that
) ( 1+j> <71j) 0, Jj is odd,
sinft —— ) =cos|—=— ) =
2 (=™, j=2m.
Thus

— F(k_%s"‘m) 1-s+2
I — —1n" s+2m
D=2 Gyt ey
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In order to express I (x) in terms of the Gauss hypergeometric function we apply the duplication formula,
obtaining

@2m)! =T (2(m+3)) = —=2""T (m+ ) T(m + 1).

1
N

Furthermore, by Euler’s reflection formula

F(k—i—ls— ) il
: (—Dk=msin (Jrs)T(1—k — s +m)’
Finally,
(=DF . on 1 T(k—1s+m) x2\m
I(x)= NG sm(%ns)xl YZ;)%WF(I—k—%s+m)(Z)
m=
k T(k—3s)D(1—k—1s
(\/;_) sm(zns)xlﬂ ZS)F((l) ) Fl(k ,l—k—%s,%; %xz). O
2

Next, we substitute equations (5-3), (5-4), (5-5) into expression (5-1), proving the exact formula for
the shifted first moment.

Theorem 5.5. Foranyl > 1 and 2 — 2k < Ns < 2k — 1, one has
2 2 S'Zkl" k_l
05) @y ( ?s) L a2(6)
s 21 F(k+§s)
@ryre@s—1 o T(k—35)T(k+35—35) |
2 1 (s — 1
RV e oo T e e LA k)
)r(1

M, s) =

Q2mr)* sin(lns F(k - %s F( —k— %s)
s AL Lo an(s)
VSR ")
s s 1 /n\2
onfk-gi-ko5 5 (5))
2% 75 cos(37s) T(k—3s)T(k+3—1s)
= ngl Zre-ap(S) T (2k)

0 s ae s (2)). s

Note that in equation (5-6) only the first and the third summands have poles at s = E‘ Computing the
limit as s — % we find that these poles cancel each other. This allows us to prove the exact formula for

the first moment of symmetric square L-functions at the critical point given by Theorem 2.1.

6. Liouville-Green approximation of special functions

The aim of this section is to approximate the functions ®;(x) and W, (x) appearing in exact formula
(2-9). Both of these special functions can be expressed in terms of the Gauss hypergeometric function,
whose asymptotic approximation has been a subject of intensive research during the last century. The
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works of Watson [1948], Jones [2001] and Farid Khwaja and Olde Daalhuis [2014; 2017] are the most
relevant in our case. However, application of these results to approximation of ®;(x) and W, (x) is not
straightforward and involves certain technical difficulties due to either the region of validity of asymptotic
expansion or the lack of asymptotic error estimates.

Therefore, we choose to follow the approach of [Olver 1974] and [Boyd and Dunster 1986]. Accordingly,
we apply the Liouville-Green approximation directly to the functions ®;(x) and Wy (x). It turns out that
these special functions have similar behavior to the ones occurring in the exact formula for the second
moment of cusp form L-functions. See [Balkanova and Frolenkov 2016, Theorem 4.2].

Properties of ®;. Consider the function ®;(x) for 0 <x < 1.

Lemma 6.1. One has
Op(x) = - (F(2k— 1,3 =2k, 1, 31 = VX)) +2 F1(2k— 1,3 =2k, 1; 31 + VX)), (6-D)

Proof. Applying the quadratic transformation given by [Olver et al. 2010, Equation 15.8.27] we obtain

240 == YrG - +r(E =K
X (2F1(2k — 1,3 =2k, 1; 1 = V) +2F1 (2k = 1,3 — 2k, 15 L (1 + VX))).
Note that I'(3) = /7. Euler’s reflection formula yields
D= )P E+ )G -R)rE -8 =227
The assertion follows. O

Making the change of variables

m:=2k— 1, keN, (6-2)
y=3(1-+vx), O0<y<3, (6-3)

one has
Or(x) =—nmQFi(m, 1 —m, 1, y)+2F1(m,1 —m, 1; 1 —y)). (6-4)

At the point y =0, the function » F| (m, 1 —m, 1; y) is recessive and the function o Fy(m, 1 —m, 1; 1 —y)
is dominant. Therefore, further transformations are required to apply the Liouville-Green method to the
second function. In particular, we show that , Fj(m, 1 —m, 1; 1 — y) has a similar shape to ¢ (x) studied
in [Balkanova and Frolenkov 2016]. Note that the parameter m is now half-integral.

Lemma 6.2. Let m :=2k — 1, k € N. Then

2F1m, 1 —m, 11 =y) = (=logy +2¢ (1) = 2¢(m)) x 2 F1(m, 1 —m, 1, y)

1(8 .8 50 ;)| a= -
+;(%+%4-2%)2171(”’17’0’y>|;,iiﬁn' 6-3)

c=1
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Proof. By [Beitman and Erdelyi 1953, Equation 33, p. 107] we have

(1) (—2u)

I'l—m—u)'(m —u)
T'(1)T(2u) -

T(—m+w)(m+u)

Fiim4u,l—m4u, ;1 —y)y=rF m+u,1—m+u,1+2u;y)

+oFim—u,1—m—u,1—2u;y)

Computing the limit as u — 0, we prove the assertion. U

Lemma 6.3. For m =2k — %, k € N one has

zFl(m,l—m,l;%)z—mF(k+i), (6-6)
4
d 4(=1)FT(k+1)
RO 1=m 10)| = T F(k—:—{)' (6-7)

Proof. On the one hand, by equation (6-1) we have
2Fi(m, 1 —m, 1; 1) = — L@ (0).

On the other hand, equation (2-7) yields

Fk=PrG-F _

@ (0) =

The last two equalities imply (6-6).
As a consequence of [Olver et al. 2010, Equation 15.8.25] we obtain

r)

X
L(Gm+3)r (1= 5m)

1
+ (1 —2x) (%mg‘r_é)_ %m)ZFl (Em + %, 1— %m, %; (1— 2x)2)-
Then equality (6-7) follows by differentiating the last expression in x and setting x = % (]
Lemma 6.4. The functions
2Fiim,1—m,1;y) and Fi(m,1—m,1;1—y)
are solutions of differential equation
YA =) F"(y) + (1 =2y)F'(y) +m(m — 1)F(y) = 0. (6-8)

Proof. This follows from the differential equation for hypergeometric functions. U
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Approximation of ®j. In order to find a Liouville-Green approximation for ®;(y), we use formula (6-4)
and study separately each of the hypergeometric functions , Fy(m, 1 —m, 1; y) and , Fy(m, 1 —m, 1; 1 —y).
As shown in Lemma 6.4, these functions are solutions of differential equation (6-8) that was already
approximated in [Balkanova and Frolenkov 2016, Section 5.2]. So our problem reduces to computation
of the Liouville-Green constants Cy and C; in the approximation of ; Fy(m, 1 —m, 1; 1 —y).

For the reader’s convenience, we briefly recall the required results of [Balkanova and Frolenkov 2016,
Section 5.2]. It follows from Lemma 6.4 that the functions

Gi(y)=2F1(m,1—m, 1; y)/y(l—y), (6-9)
Gor(y):=2F1(m, 1 —m, 1; 1 —y){/y(1 =) (6-10)
are solutions of the differential equation
G"(») =W f()+g(GH). (6-11)
where
1
w:=2k—1, =— , 6-12
VAGY. Sa—y) (6-12)
1 1
=— + . 6-13
SW=" ey iy (13
Making the change of variables
G(y) (y—yH'*
ZO=—2 ey = (6-14)
a(y) 2(arcsin /y)!/
£:=4 arcsin’ |/, (6-15)
we transform equation (6-11) into the following shape
&z w1 yE)
4+ —=4+=2z=0, 6-16
d§2+[4g+4§2+ £ ] ( )
with
V(€)= : : (6-17)
" 16sin? JE 168
Removing the summand with 1 (§)/& in equation (6-16), we have
d’7 u? 1
—+4+|—+-—=|Z=0. 6-18
dg? + [45 + 452] ( )
The solutions of (6-18) are defined by
Ze =\/ECou /%), (6-19)

where C; is either J or Y Bessel function of index i.
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Then according to [Olver 1974, Chapter 12] solutions of original differential equation (6-16) can be
found in the form

— A(n; — B(n;
ze®) = VeCuy® Y A E e ey B (6-20)
n=0 n=0

In order to determine coefficients A(n; &), B(n; §) we use differential equations (see [Gradshteyn and
Ryzhik 2007, Equation 8.491(3)]) for functions

W(&) 1= VECo(u/E), V() :=EC (uy/€) (6-21)
and substitute (6-20) in equation (6-16). This yields
>, C, D,
Wy (5)2 o) <o, (6-22)
n=0
where v (E) B(n: &)
o
C,(&):=A" A — 2274 —B - —
):=A"(n; s>+s (n:8) = =2 Am:§) = B'(ni §) = —

1
D, (&):=B"(n—1; $)+$B( n—1; S)—@B( 1;§)+EA/(H;S).

Letting C,,(§) = D,(§) =0, we find the required recurrence relations

&
A(n;€)=—£EB'(n—1;¢&) +/ Y(x)B(n—1;x)dx + Ay, (6-23)
0
&
VEB(: &) = f L A )+ A s x) — Y () A ) dx (6:24)
0 VX

for some real constants of integration A,,.
Assume that A(0; £) = 1. Then

1 1
B(0; &) = —%Gm@ - ﬁ> (6-25)
oo 1(1 cotE 1 1 1)
A(lv@—g(g— e —Zsin2ﬁ>—ﬁ(cotﬁ—ﬁ> o (6-26)

Furthermore, solutions (6-20) can be approximated by finite series using [Olver 1974, Theorem 4.1,
p. 444] or [Boyd and Dunster 1986, Theorem 1].

Theorem 6.5. Let &) = ‘—llnz. For each value of u and each nonnegative integer N, equation (6-16) has
solutions Zy (&), Zj(&) which are infinitely differentiable in & on interval (0, &), and are given by

N A : N-—1 B :
Zy (&) = VEVou/E) Y % - %Yl W&y $ +eav11 (U, §), (6-27)
n=0 n=0

N A : N—1 B :
AGENIIINGDY % - %h NG % +ean 1,20, 6), (6-28)
n=0 n=0
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where

Y
ent1,1(u,§) K VE 2015?_1\/_”\/ (6-29)

VE [JouvE) min (VVE, 1)

eny12, §) L AN (6-30)
and coefficients (Ay(n; &), By(n; §)), (Ay(n; &), By(n; £)) are defined by (6-23)—(6-24).

The functions £!/4(sin \/€)!/>G, (sin® J&/2) and Z; (&) are recessive solutions of equation (6-16) as
& — 0. Therefore, there is ¢ such that

£V4(sin /E)'2G (sin® \J€/2) = coZ; (£). (6-31)

The value of the constant ¢ is determined by computing the limit of the left- and right-hand sides of
equation (6-31) as £ — 0. On the one hand,

Shn%)zFl (k,1—k, 1;sin® \/£/2) = 1. (6-32)
On the other hand,
N A )
Z)E)=VEY T+ 0E) as 0. (6-33)
n=0

Choosing A j(n; &) such that A;(0; 0) =1 and A (n; 0) =0 for n > 1 we find that ¢y = 1.
To sum up, we have proved the following lemma:

Lemma 6.6. Let & = i’ For & € (0, &), one has

£V4(sin /£)2G, (sm2 ?) =Z,(&), (6-34)
where Z j (&) is given by (6-28).
This concludes the summary of results of [Balkanova and Frolenkov 2016, Section 5.2]. Our final goal
is to compute Cy = Cy(u) and C; = C;(u) such that
&' (sin /€)' 2 G (sin® 3v/§) = Cy Zy (€) + €1 Z (§). (6-35)
Note that there exist ¢q, ¢2 such that

Zy () = (c1G1(sin® /€ ) + c2Ga (sin® $1/€)) x £'/4(sin /&)"/?
:c121(5)+§1/4(sin\/§) C2G2(31n21 £). (6-36)

The last two equalities imply

1
Cy=—. C,=-2L (6-37)
c lo)
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Lemma 6.7. One has

L(k+7) Zy(&) F(k—3) . Zy (%)
— (=12 4 _1)k 4 /4(2/ _ )’ 6-38
cr=(=1) ﬁr(k_%) ekl N_F(H%)s ()~ (6-38)
T(k+1) Zy &) I(k— l) | Zy (&)
26, = (=)o —— — (=D ( (52) - ) (6-39)
rk-3) &" v )\ 46
Proof. To determine coefficients cy, c, we consider the pair of equations
Z 1
Zren =8 @Gi(3) et 7 =" + Ar(adi() vaci()
2
Note that
G1(}) = Ga(d) and () =G5 (3).
Therefore,
Zy(§2) / / Zy(£2)
(c1+cz>Gl(%)=;—/f, (c1 — )G (3) = s”“(ZY@z)— 2&2 )
The assertion follows by Lemma 6.3. O
Lemma 6.8. Foré&, = }an, one has
(=DM 1 1 1
Zye) = = (”ﬁ(“‘ﬁ)w(ﬁ))’ (6-40)
- =DM a1 204 g o) 6l
e = (4 Tt o()) (6-41)

Proof. Applying [Boyd and Dunster 1986, Theorem 1] with N = 1 we obtain

0
€3,1(u; &) =0 and ge;](u; §)|g:g2 =0.
Therefore,

Ay(1, By (0,
Zvie) = VBB (14 ) gy iy PO

and
1 Ay(1; AL (1; 1
Zyte) = VEt ) (5 [1+ 2]+ S i)

wp A L L,
—SzYl(M\/gz)<2—&[1+ > ]+2&”BY(0,52>+;BY<0,52>).

By means of the Hankel asymptotic expansion (see [Olver et al. 2010, Equation 10.17.1, 10.17.4] and
[Gradshteyn and Ryzhik 2007, Equation 8.451(1,7,8)]) we evaluate
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1Hk+1 0 0
VEaYouE) = —YO((Zk—l) ) D (Z(_ )i 220 a2;(0) +Z( l)j a2j+1(0) >
j

Vau \“= (ru/2)* mu/2)%+!
7Dy a2 D) e aai(D) )
EY1(uy/E) = H<Z( D rura ]X:(j)( Y i )
where
1
aj(v) = F(U+]"i.'2)l
21T (v—Jj+3)
This yields

_1\k+1 ‘
Zy (&) = (=D (1 + a1(0) _ az(0) n 0(u_3)) (1 n AY(IZ, 52))

V2u Tu/2 (mu/2)? u
(=D e a(D) 3\ Br(0,£)
"2V (1 xu2 Gur TOw )> T
Simplifying the expression above, one has
kL
Zy(g) = dl;_u (1 + (2010 + ZBr(0.£) + -5 (4r(1, &) — 500 — a1 () By O, sz)))
+0w 3.

Using formulas (6-25) and (6-26), we find

1

a®=—3 2a0+IBy0.6)=0, Ay(1,&)—5a0) —a()By0,&) =k - 1.

_1
%

This gives equation (6-40).
Similarly, we obtain

260 = e () -]
en Bk () - )

1674
Hankel’s expansion for Bessel functions yields the following asymptotics:

jal(l)) 1(273al<0> (2M+8 1)—%:2(1))

72 1674

(_1)k+1

1 7
o [“5*(@

Zy (&) =

1 7 )»1+— 1 8 _
+;(—F02(0)—01(1)< 2 8 _ 167[4)'1‘?@3(1))"‘0(” 3):|

Finally, substituting
a0)=—3. ai()=3, a(l)=—1x.
we prove equation (6-41). ([l
Corollary 6.9. One has
CY:1+0<%), c,:o(—). (6-42)
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Proof. By Lemma 6.8

Zy(&) —

_1yk+1 2 1
T )

b4 2mu

It follows from [Olver et al. 2010, Equation 5.11.13] that
T(k+1)
(k—7g)

Then Lemma 6.7 gives

F(k - ) — k24 o).

=k'"?2- L7124 0k=3%) and
4 T'(k+7)

NI ENE

ca=0Gk", c=1+0k™.
Equations (6-37) yield the assertion. ]

As a consequence of equation (6-35), Lemma 6.6, Theorem 6.5 and Corollary 6.9, we obtain the main
result.

Theorem 6.10. Letu =2k —1, & = ‘—1‘712. Then for & € (0, &) one has

-7
Do V) = e e 206+ Cr Zr )+ i Zs©)) (6-43)

where Zy, Z j are given by (6-27), (6-28) and
Cy=1+ 0(%), Cy= o(k—lz). (6-44)

Corollary 6.11. We have

ou(y) = —23;21715\/2]1__1 sin 72D (140(1)).

Approximation of ¥;. Next, we find a Liouville—Green approximation for the function W;. With this

goal, we follow the arguments of [Balkanova and Frolenkov 2016, Section 5.3] with minor changes. In
particular, the differential equation for W, (x) is slightly different, and, therefore, one must recompute
various functions and constants appearing in the Liouville-Green approximation. We provide all details
here to make the presentation self-contained.

Consider the function

y(x) =1 —xWr(x). (6-45)
Letu :=k—%and

1 o 3
20-xn 9T T T ier(—n)

Lemma 6.12. The function y = y(x) is a solution of equation

fx):=

(6-46)

Y (@) = @ f (x) + g(x))y(x) =0. (6-47)
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Proof. Using the differential equation for the hypergeometric function, we find that y = y(x) satisfies the
following differential equation

L 1=Q2k—1)? 1 2 - (2k—1)?
=0.
Y ( . taa—ortTama—n )
The assertion follows. O
Making the change
y(x) (x2 — x4
Z(x):=——, ox):= 6-48
0 a(x) () 2(artanh /1 — x)1/2 (6-43)
and the substitution
€ :=4artanh® V1 — x, (6-49)
we transform equation (6-47) to the type
d*z w1 @)
— —— 4t ———-1Z=0, 6-50
d52+( T ) (20
where
GE i(l—;) (6-51)
16\ &  4sinh® /E/2

is an analytic function as £ — 0.
In order to find a Liouville-Green approximation to equation (6-50), we remove the term with ¢ (£)/&
in (6-50). The resulting equation

" u? 1
z +<—E+E)Z=O (6-52)
has I and K Bessel functions as solutions (see [Olver et al. 2010, Equation 10.13.2]), namely
Z1 = VLo /), (6-53)
where
Ly(x) = {I‘;Sf) (6-54)
VK, (x).

This suggests that solutions of the original differential equation (6-50) can be written in the form (see
[Olver 1974, Equation 2.09, Chapter 12])

A &) & o B(n; £)
Z1 = ELou /%) ;} o T L) 22:0 o (6-55)
Lemma 6.13. The coefficients A(n; &) and B(n; &) are given by
. 1o : . | . dx
VEBG: ©) = —VEA &)+ [ (vAGi 0 =34 0i0) 4L, (6-56)

3
A(n; &) =—§B'(n—1; ) +/ Y (x)B(n—1;x)dx + Ay (6-57)
0
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for some real constants of integration .

Proof. By [Olver et al. 2010, Equations 10.13.2, 10.13.5, 10.36, 10.29.2, 10.29.3] the functions

W(€) = VELouy/E), V(&) :=ELi(uy/8)

satisfy the relations

. u2 1 S u2 3 1 1
W+ W=0, V Sv+ V=0, V=—V+W, W=—W+-V.

4 452 48 452 26 2 28
Using this and substituting solution (6-55) into equation (6-50), we obtain that

Clrs) V(S)Z D(;§) _

2n+1
where /
Cone=Atmot : (’;’ o wf)A(n; &)+ B'(n; &)+ B(;g’é:),
D)= B'(n—1:6)+ (n;;g) - wf)B(n_l;swA (Z;@.

Setting C(n; £) = D(n; £) =0 we find the required recurrence relations.

Let A(0; &) = 1. Then

BO; &) = (Coil}gf g)
1 (4 cothy§/4 1 ) ( __)
A(l; &) = 32(5 NG >sinl VETA 53 coth/&/ + A1
Note that

hm VEB(0; §) = 4, glinoloA(l;é):ﬁJ””'

The variation of the function is given by

b
Vap(f(x)) I=f |(f ()| dx.

28

(6-58)

(6-59)

(6-60)

(6-61)

Lemma 6.14. The function Vi (/X B(1; x)) is bounded. For n > 1, the function Vg (/X B(n; x))

converges.

Proof. As a consequence of recurrence relation (6-56), we find
(WVxB(1;x)) =0(x""?) asx—0 and (VxB(l;x)) =0(x"?) asx— oo.

Thus Ve o0 (/X B(1; x)) is bounded. Note that

1ﬁ(s)(s) =0 (;)
|$|s+1
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The convergence of variation for n > 1 then follows by [Olver 1974, Exercise 4.2, p. 445]. ]

Using Lemma 6.14, we can truncate the infinite summation in (6-55) up to N summands with a
negligible error term. The value of N determines the quality of approximation: the error is smaller for
larger N.

Lemma 6.15. For each value of u and each nonnegative integer N, equation (6-50) has a solution Zg (&)
which is infinitely differentiable in & on interval (0, 00) and is given by

N A : N—1 B ,
CENINNI) SR CLUSLY ON2) el LN S (5

n=0

where

K
le2v 413, £)| < % X Voo (VEBK(N: ) exp( LV o (VEBR(0:6))).  (663)

In particular, for N = 1

Ko(uv§) . 1
63, §) K —\/E 03 Ve mm(\/g, —), (6-64)
u 3
As & — oo, the differential equation (6-50) has two recessive solutions, namely
1 . 10 1/4
ZE) =V | ——— h 6-65
) k(coshz N )(s sinh® /&) (6-65)
and Zg (&) given by (6-62). Thus there is Cx = Ck (1) such that
1 .2 1/4
V| —— sinh =CgZ . 6-66
k(coshzﬁ/2>(s VE) K Zk (€) (6-66)
The last step is to compute Cx = Ck (u).
Lemma 6.16. One has
Cx =2+0(k"). (6-67)

Proof. To determine Cg, we compute the limit of the left- and right-hand sides of equation (6-66) as
& — oo. This implies

(k= PT(k+3) 2%V (N @ ~ ba )
o= Tk 2[(2_20 b>’

T'(2k) — un u2n+l

n=0

n
where

an = lim A(n; £), b, = lim B(n; £)/£.
E—o00 E—o00
According to (6-60), we know that ap =1, a; = Lz + Ay, bg = %. Furthermore,

Fk—HrE+1) _ Ik (1 +0(l>) _ T (1+0(1))-

I'(2k) I'(2k) k k22k k
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The assertion follows. |
Finally, we obtain the main theorem.

Theorem 6.17. For & € (0, 00) the following equality holds

1 .2
Wy <—c0sh2 \/§/2> (5 sinh \/E)

where Zi (£) is defined by (6-62) and Cx =2+ O(k™").

V= cxzk @), (6-68)

7. Asymptotic formula

Corollaries 2.2 and 2.3 are derived from Theorem 2.1 by estimating the last two summands in exact
formula (2-9), as we now show.

Lemma 7.1. For any € > 0,

Er(k, 1) = \iﬁ 3 $n2_4,2(%)q>k($) < 15\/;; (7-1)

1<n<2l

Proof. Using the subconvexity bound (4-10) we obtain

By D) <<1761122[(21_n)1/6(21+n)1/6‘q,k(%)‘ < llij;s 1;21711/6)%((1_%)2)‘

Leté = 4(arcsin n/al )2, u =2k — 1. Then by Theorem 6.10 one has

n 2 VEYo(u/§) (arcsin«/n/4l)1/2
) 1—— y .
k<< Zl) ) < (arcsin /n /4T ) (n/ 1)1/4 < (n/)1/* 0(uy/%)

If I <« k2, one has u/€ > 1. Then the estimate for the Bessel function

1
YO(M\/%T) < m

yields
2
o ((1- %) )< —kl/Z(nl/z)w'

1/6+€ n1/6ll/4 15/6+e
\/Z kl/2nl/4 < ' 0
n<?2l

Consequently,

Ei(k,]) <

Vk

Corollary 7.2. If the Lindelof hypothesis for Dirichlet L-functions is true, then

[1/2+€

Jk

Ei(k, )«

forany € > 0. (7-2)
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Lemma 7.3. For some ¢ > 0,
1 1 ary e ck
Bk )=——S "z, 2(—)ﬁw (-) <« ——exp( <L), (7-3)
2 lﬁ};y n2—412\ 5 k 2 \/I; p i

Proof. 1t follows from the subconvexity bound (4-10) that

1 2 241/6 41
Ex(k, 1) < 7 Z(n — 4V /n ‘Ijk(ﬁ

n>2l
412 412
U — ) dx +17V3 | [ ———— )|.
"(x?)‘ r "(<2l+1>2>‘

< 1 foo X122 — 4216
20+1
Next, we make the change of variables x = 2/ cosh(%\/? ) and estimate E(k, /) using Theorem 6.17 with

l
N = 0. Consider the first summand

1 (> 412 o oz
Ey (k1) ==~ / 22— 4 o\ [ = ) dx < 15/6/ sinh VENTIZ@) de
’ L Jorg1 x2 % 2 £3/4
o0 5/61 K
< 15/6 sinh£ Mdé’
£ 2 51/4
where u = k — % and the limit of integration & is defined by
1
cosh @ =1+—.

2 21

Making the change of variables /&€ = t, one has

1
to = 4 arcsinh ——.

Jal

Since 1o > 1/ V1 and utr > uty > k/ V1> 1, we estimate the Bessel function as follows
exp(—ut)

Jut

Ko(ut) <

Finally,

. 1\3/0|Ko(ut)l IP/6 oo N\S/6
Esi(k,I) <<15/6/ smh—) RO« (smh—) e di
fo < 2 \/Z \/% 1o 2

15/6
<<—(

Vi

The second summand can be estimated similarly:

412 —-1/3 CK|ZI<(£,-:)|
lI"‘((2z+ 1)2> <! £1/4(sinh /&) 1/2
exp (—utop)

<P Zi @) < VR0 /8 < =

1 o0 5/12
f 13/% exp (—ut) dt + / exp (—ut +5¢/12) dt) < exp(—uto).
to 1 u\/%

Eyp(k,1):=171/3
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To sum up,

1 —ck
Exth, 1) < Ea, (k. ) Eaath. D) < s ﬁexp< 7 )

for some ¢ > 0. O
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