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On differential modules associated to
de Rham representations in the
imperfect residue field case

Shun Ohkubo

Let K be a complete discrete valuation field of mixed characteristic (0, p) with
possibly imperfect residue fields, and let G the absolute Galois group of K. In
the first part of this paper, we prove that Scholl’s generalization of fields of norms
over K is compatible with Abbes—Saito’s ramification theory. In the second
part, we construct a functor Ngg that associates a de Rham representation V to a
(¢, V)-module in the sense of Kedlaya. Finally, we prove a compatibility between
Kedlaya’s differential Swan conductor of Ngg (V') and the Swan conductor of V,
which generalizes Marmora’s formula.
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Introduction

Hodge theory relates the singular cohomology of complex projective manifolds X
to the spaces of harmonic forms on X. Its p-adic analogue, p-adic Hodge theory,
enables us to compare the p-adic €tale cohomology H/' (X 9, Q) of proper smooth
varieties X over the p-adic field @, with the de Rham cohomology of X. Precisely
speaking, the natural action of the absolute Galois group Gg, of Q, on the p-adic
étale cohomology can be recovered after tensoring both cohomologies with Bgg,
which is the ring of p-adic periods introduced by Jean-Marc Fontaine. If X has
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semistable reduction, then one can obtain a more precise comparison theorem
between the p-adic étale cohomology of X and the log-cristalline cohomology of
the special fiber of X. Thus, we have a satisfactory p-adic étale cohomology theory
on proper smooth varieties over Q.

A p-adic representation V of Gg, is a finite dimensional (2,-vector space with
a continuous linear G@p-action. Fontaine [1994] defined the notions of de Rham,
crystalline, and semistable representations, which form important subcategories of
the category of p-adic representations of Gg,. Then, he associated linear algebraic
objects such as filtered vector spaces with extra structures to objects in each category.
Fontaine’s classification is compatible with geometry in the following sense: for a
proper smooth variety X over Q,, the p-adic representation H/ (X 9, Qp) of Gq,
is only de Rham in general. However, if X has a semistable reduction (resp. good
reduction), then H{ (X@p, Q,) is semistable (resp. crystalline).

There also exists a more analytic description of general p-adic representations.
Let B@P be the fraction field of the p-adic completion of Z,[[¢]][1/¢]. We define
the action of T'g, := Ga,(u,~)/@, on Bo, by y () = (1 +1)*®& — 1, where x :
I'q, — Z,, is the cyclotomic character. We also define a Frobenius lift ¢ on Bg,
by ¢(t) = (1+1)? — 1. An étale (¢, I'g ,)-module over Bg, is a finite dimensional
Bq,-vector space M endowed with compatible actions of ¢ and I'g,such that the
Frobenius slopes of M are all zero. Using Fontaine—Wintenberger’s isomorphism

Ga, (<) = GF, @)

of Galois groups, Fontaine [1990] proved an equivalence between the category of
p-adic representations and the category of étale (¢, I'g,)-modules over Bg,. We
consider the overconvergent subring

B(Bp = { Zant" €Bq,; a,€Qp, |a,|p" — 0 for some p € (0, 1] and n — —oo}
neZ

of Bg,. Frédéric Cherbonnier and Pierre Colmez [1998] proved that the category

of étale (¢, I'g,)-modules over Bg, is equivalent to the category of étale (¢, I'g,)-

modules over BIJP' As a consequence of Cherbonnier—Colmez’ theorem, p-adic

analysis over the Robba ring

Raq, = U { Zant”; an € Qp, lay|p" — 0 forall p € (p’, 1] and n — :i:oo}

0'€(0,1)
comes into play. Actually, via the above equivalences, Laurent Berger [2002]
associated a p-adic differential equation Ngr (V') over Rq, to a de Rham represen-
tation V. By using this functor Ngr and the quasi-unipotence of p-adic differential
equations due to Yves André, Zoghman Mebkhout and Kiran Kedlaya, Berger
proved Fontaine’s p-adic local monodromy conjecture, which is a p-adic analogue
of Grothendieck’s /-adic monodromy theorem. We note that in the above theory,

neZ
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Gq, is usually replaced by G, where K is a complete valuation field of mixed
characteristic (0, p) with a perfect residue field.

Recently, based on earlier work of Gerd Faltings and Osamu Hyodo, Fabrizio
Andreatta and Olivier Brinon [2008] started to generalize Fontaine’s theory in the
relative situation: instead of complete discrete valuation rings with perfect residue
fields, they work over higher dimensional ground rings R such as the generic fiber of
the Tate algebra Z ,{T7, Tl_l, o Ty, Td_1 }. In this paper, we work in the most basic
case of Andreatta—Brinon’s setup. That is, our ground ring K is still a complete
valuation field, but it has a nonperfect residue field kg such that pd = kg : kf;] < 0.
Such a complete discrete valuation field arises as the completion of a ground ring
along the special fiber in Andreatta—Brinon’s setup.

Even in our situation, a generalization of Fontaine’s theory could be useful as
in the proof of Kato’s divisibility result [2004] in the Iwasawa main conjecture
for GL,. Using compatible systems of K, of affine modular curves Y (p" N) for
varying n, Kato defines (p-adic) Euler systems in Galois cohomology groups over
Q, whose coefficients are related to cusp forms. A key ingredient in this paper
is that Kato’s Euler systems are related with some products of Eisenstein series
via Bloch—Kato’s dual exponential map exp*. In the proof of this fact, p-adic
Hodge theory for “the field of g-expansions” KC plays an important role, where
K is the fraction field of the p-adic completion of Z p[gpN][[ql/ N ]][q_l]. Roughly
speaking, Tate’s universal elliptic curve together with its torsion points induces a
morphism Spec(K(¢pn, g?™")) = Y(p"N). Using a generalization of Fontaine’s
ring B4r over K, Kato defines a dual exponential map for Galois cohomology
groups over K(¢pn, g?™"), and proves its compatibility with exp*. Then, the image
of Kato’s Euler system under exp* is calculated by using Kato’s generalized explicit
reciprocity law for p-divisible groups over K(¢,n, g” .

To explain our results, we recall Anthony Scholl’s theory [2006] of field of
norms, which is a generalization of Fontaine—Wintenberger’s theorem when kg
is nonperfect. In the rest of the introduction we restrict ourselves for simplicity
to the “Kummer tower case”: we choose a lift {¢;}1<j<4 of a p-basis of kg and
define a tower & := {K,, },~0 of fields by K, := K (ppn, tlp_n, - tj_n) forn > 0,
and set K, := |, K,. Then, the Frobenius on Ok, ., /pOk,,, factors through
Ok,/pOk, — Ok,.,/pOk,.,, and the limit X}; :=1lim, Ok, /pOk, is a complete
valuation ring of characteristic p. Here, we denote the integer ring of a valuation
field F by Op. Let Xz be the fraction field of X;g. Then, Scholl proved that a
similar limit procedure gives an equivalence of categories FEt Ko = FEtxﬁ, where
FEt, denotes the category of finite étale algebras over A. In particular, we obtain
an isomorphism of Galois groups

T: GKoo = GXR-
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The Galois group of a complete valuation field F is canonically endowed with
nonlog and log ramification filtrations in the sense of [Abbes and Saito 2002]. By
using the ramification filtrations, one can define Artin and Swan conductors of
Galois representations, which are important arithmetic invariants. It is natural to
ask that Scholl’s isomorphism 7 is compatible with ramification theory. The first
goal of this paper is to answer this question in the following form:

Theorem 0.0.1 (Theorem 3.5.3). Let V be a p-adic representation of G g, where
the Gg-action of V factors through a finite quotient. Then, the Artin and Swan
conductors of V |k, are stationary and their limits coincide with the Artin and Swan
conductors of T*(V|k_.).

We briefly mention the idea of the proof in the Artin case. Note that in the
perfect residue field case, the result follows from the fact that the upper numbering
ramification filtration is a renumbering of the lower numbering one, and this latter
filtration is compatible with the field of norms construction; see [Marmora 2004,
Lemme 5.4]. However, in the imperfect residue field case, since Abbes—Saito’s
ramification filtration is not a renumbering of the lower numbering one, we proceed
as follows. Let L/K be a finite Galois extension. Let X¢ be an extension of X g
corresponding to the tower £ = {L, := LK, },~0 under Scholl’s equivalence. Then,
it suffices to prove that the nonlog ramification filtrations of G, /g, and Gx,/x
coincide with each other. Abbes—Saito’s nonlog ramification filtration of a finite
extension E/F of complete discrete valuation fields is described by a certain family
of rigid analytic spaces as}, /F for a € Q¢ attached to E/F. In terms of Abbes—
Saito’s setup, we only have to prove that the number of connected components of
asg(): /Xx and asj /K, are the same for sufficiently large n. An optimized proof of
this assertion is as follows: we construct a characteristic O lift R of X;, which is
realized as the ring of functions on the open unit ball over a complete valuation
ring. We can find a prime ideal p, of R such that R/p, is isomorphic to Ok, .
Then, we construct a lift ASY /x5 over Spec(R) of asy, /x> Whose generic fiber
at py, is isomorphic to asy, /k,- We may also regard AS%. /xg dsa family of rigid
spaces parametrized by Spec(R). What we actually prove is that in such a family
of rigid spaces over Spec(R), the number of the connected components of the fiber
varies “continuously”. This is done by Grobner basis arguments over complete
regular local rings, extending the method of Liang Xiao [2010]. The continuity
result implies our assertion since the point p,, € Spec(R) “converges” to the point
(p) € Spec(R).

Note that Shin Hattori reproved [2014] the above ramification compatibility of
Scholl’s isomorphism t by using Peter Scholze’s perfectoid spaces [2012], which
form a geometric interpretation of the Fontaine—Wintenberger theorem. We briefly
explain Hattori’s proof. Let C,, (resp. Ct;,) be the completion of the algebraic closure
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of K (resp. Xg). Scholze proved the tilting equivalence between certain adic
spaces (resp. perfectoid spaces) over C, and Ci,. Let C be a perfectoid field and Y
a subvariety of A.. A perfection of Y is the perfectoid space defined as the pull-
back of Y under the canonical projection LiI_nT’_'_)T.p Ar — AE, where Ty, ..., T,
denotes a coordinate of Ay.. Hattori proved that the tilting of the perfections of
(asin / Kﬂ)@p and (as§£ / Xﬁ)@» are isomorphic under the tilting equivalence. Since
the underlying topological spaces are homeomorphic under taking perfections and
the tilting equivalence, he obtained the ramification compatibility.

The second goal of this paper is to generalize Berger’s functor Ngr and prove
a ramification compatibility of Ngr which extends Theorem 0.0.1. Precisely, we
construct a functor from the category of de Rham representations to the category of
(¢, V)-modules over the Robba ring. Our target objects (¢, V)-modules are defined
by Kedlaya [2007] as generalizations of p-adic differential equations. Kedlaya also
defined the differential Swan conductor Swan" (M) for a (¢, V)-module M, which
is a generalization of the irregularity of p-adic differential equations. Then, we
prove the following de Rham version of Theorem 0.0.1:

Theorem 0.0.2 (Theorem 4.7.1). Let V be a de Rham representation of Gg. Then
we have
Swan" (Ngr(V)) = lim Swan(V|x,),
n—oo

where Swan on the right-hand side means Abbes—Saito’s Swan conductor. Moreover,
the sequence {Swan(V |k, )}n=0 is eventually stationary.

Both Theorems 0.0.1 and 0.0.2 are due to Adriano Marmora [2004] when
the residue field is perfect. Even when the residue field is perfect, our proof of
Theorem 0.0.2 is slightly different from Marmora’s proof since we use a dévissage
argument to reduce to the pure slope case. As is addressed in [Kedlaya 2007, §3.7],
it seems to be possible to define a ramification invariant of Ngg (V) in terms of
(¢, I'k)-modules so that one can compute Swan(V) instead of Swan(V |k, ). It is
also important to extend the construction of Nggr to the general relative case: one
may expect that a relative version of slope theory, described in [Kedlaya 2013] for
example, will be an important tool.

Structure of the paper

In Section 1, we gather various basic results used in this paper. These contain
some p-adic Hodge theory, Abbes—Saito’s ramification theory, Kedlaya’s theory of
overconvergent rings, and Scholl’s fields of norms. In Section 2, we prove some
ring theoretic properties of overconvergent rings by using Kedlaya’s slope theory. In
Section 3, we develop a Grobner basis argument over complete regular local rings
and overconvergent rings. We apply the Grobner basis argument to study families
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of rigid spaces, and use it to prove Theorem 0.0.1. In Section 4, we generalize
Berger’s gluing argument to construct a differential module Ngg (V) for de Rham
representations V. We also study the graded pieces of Ngr(V) with respect to
Kedlaya’s slope filtration to reduce Theorem 0.0.2 to Theorem 0.0.1 by dévissage.

Convention

Throughout this paper, let p be a prime number. All rings are assumed to be
commutative unless otherwise stated. For a ring R, denote by nozar(R) the set of
connected components of Spec(R) with respect to the Zariski topology. For a field
E, fix an algebraic closure, denoted by E2 or E, and a separable closure EP. Let
G r/E be the Galois group of a finite extension F/E, and let Gg be the absolute
Galois group of E. For a field k of characteristic p, let kP’ := k”"" be the perfect
closure in a fixed algebraic closure of k.

For a complete valuation field K, we let Ok be its integer ring, 7wk a uniformizer,
and kg the residue field. Let vg : K — ZU {00} be the discrete valuation satisfying
vg(mg) = 1. We let K" be the p-adic completion of the maximal unramified
extension of K and denote by /g the inertia subgroup of Gx. We assume that
K is of mixed characteristic (0, p) and that [k : kZ] = pd < o0 in the rest
of this paragraph. Let egx be the absolute ramification index. Let C, be the p-
adic completion of K¢ and let v, be the p-adic valuation of C,, normalized by
v,(p) = 1. We fix a system of p-power roots of unity {¢,},~0 in K% ie., {pisa
primitive p-th root of unity and ¢” ,, = ¢pn foralln € Nog. Let x : Gx — Z; be
the cyclotomic character defined by g(¢,n) = g“;f,l(g) for all n > 0. We denote the
fraction field of a Cohen ring of kg by K. Denote a lift of a p-basis of kg in Ok
by {t;}1<j<q. For a given {t;}1<;<4, we can choose an embedding Ky < K such
that {#;}1<;<q4 C Ok,, see [Ohkubo 2013, §1.1]. Unless otherwise stated, we always
choose {#;}1<j<4 and an embedding Ky < K in this way, and we fix sequences of

[77)1 . al . pfnfl p pfn
p-power roots {17 },>0,1<j<a Of {tj}1<j<a in K*%, ie., we have (1] )" =1]

for all n > 0. For such a sequence, we define KP' as the p-adic completion of
U, K ({tjl-7 -’ <) gd). This is a complete discrete valuation field with perfect residue
field k%, and we regard C,, as the p-adic completion of the algebraic closure of K Pf,

For a ring R, let W(R) be the Witt ring with coefficients in R. If R is of
characteristic p, then we denote the absolute Frobenius on R by ¢ and also denote
the ring homomorphism W(¢) : W(R) — W(R) by ¢. Let [x] € W(R) be the
Teichmiiller lift of x € R.

For an integer & > 0, define Q,» := W(F ,»)[1/p]. Let K be a complete discrete
valuation field, and F/Q),, a finite extension. A finite dimensional F'-vector space
V with continuous semilinear G g-action is called an F-representation of Gg. If
moreover F = Q,, then we call V a p-adic representation of Gg. We denote the
category of F-representations of G by Repr(Gg). We say that V is finite (resp.
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of finite geometric monodromy) if G (resp. Ix) acts on V via a finite quotient. We
denote the category of finite (resp. finite geometric monodromy) F-representations
of Gk by Rep'lfp(GK) (resp. Repf;g'(GK)).

For homomorphisms f, g : M — N of abelian groups, we denote by M/=¢ the
kernel of the map f —g. For x € R, let | x] :=inf{n € Z; n > x} be the least integer
greater than or equal to x. We let N = Z be the set of all natural numbers.

1. Preliminaries

In this section, we fix notation and recall basic results needed in this paper.

1.1. Fréchet spaces. We will define some basic terminology of topological vector
spaces. Although we will use both valuations and norms to consider topologies,
we will define our terminology in terms of valuations for simplicity. See [Kedlaya
2010] or [Schneider 2002] for details.

Notation 1.1.1. Let M be an abelian group. A valuation v of M is a map v :
M — RU {oo} such that v(x — y) > inf{v(x), v(y)} for all x, y € R and v(x) = 00
if and only if x = 0. Moreover, when M = R is a ring, v is multiplicative if
v(xy)=v(x)+v(y) forall x, y € R. Aring equipped with a multiplicative valuation
is called a valuation ring. If (R, v) is a valuation ring and (M, vyy) is an R-module
with valuation vy, then we say that vy, is an R-valuation if vy (Ax) = v(A) +vpr(x)
holds for all A € R and x € M.

Let (R, v) be a valuation ring and M a finite free R-module. For an R-basis
el,...,e, of M, we define the R-valuation vy, on M (compatible with v) associated
toer, ..., e, by vy (Y i, aie;) =inf; v(a;) for a; € R ([Kedlaya 2010, Definition
1.3.2]). The topology defined by vy, is independent of the choice of a basis of M
([Kedlaya 2010, Definition 1.3.3]). Hence, we do not refer to a basis to consider
vy and we just denote vy, by v unless otherwise stated.

For any valuation v on M, we define the associated nonarchimedean norm
|-]: M — Rby |x| :=a "™ for a fixed a € R.| (nonarchimedean means that
it satisfies the strong triangle inequality). Conversely, for any nonarchimedean
norm |- |, v(-) = —log,| - | is a valuation. We will apply various definitions made
for norms to valuations, and vice versa in this manner.

Notation 1.1.2. Let (K, v) be a complete valuation field. Let {w,},<; be a family
of K-valuations of a K-vector space V. Consider the topology 7 of V whose
neighborhoods at 0 are generated by {x € V; w,(x) > n} forall r € I and n € N.
We call T the topology of V defined by {w,},<; and denote the topological space
V with this topology by (V, {w,},<s), or simply by V. If T is equivalent to the
topology defined by {w,},¢;, for some countable subset Iy C I, we call T the
K -Fréchet topology defined by {w, },<;. For a K-vector space, it is well-known that
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a K-Fréchet topology is metrizable (and vice versa). Moreover, when V is complete,
we call V a K-Fréchet space. Note that V' is just a K-Banach space when #1p = 1.
Also, note that a topological K-vector space V is a K-Fréchet space if and only
if V is isomorphic to an inverse limit of K-Banach spaces whose transition maps
consist of bounded K -linear maps. More precisely, let V be a K -Fréchet space with
valuations wg > wy > ..., and V,, the completion of V with respect to w,,. Then
the canonical map V — lim, V,, is an isomorphism of K -Fréchet spaces. Also, note
that if V and W are K-Fréchet spaces, then Homg (V, W) is again a K-Fréchet
space with respect to the operator norm.

Let (R, {w,},er) be a K-Fréchet space for aring R. If {w,},<; are multiplicative,
then we call R a K-Fréchet algebra. For a finite free R-module M, we choose a basis
of M and let {w, y},e; be the R-valuations compatible with {w;},c;. Obviously,
(M, {wy m}rer) is a K-Fréchet space. Unless otherwise stated, we always endow a
finite free R-module with such a family of valuations.

In the rest of the paper, we omit the prefix “K” unless otherwise stated.

Recall that the category of Fréchet spaces is closed under quotients, completed
tensor products and direct sums and that the open mapping theorem holds.

1.2. Continuous derivations over K. In this subsection, we recall the continuous
Kéhler differentials ([Hyodo 1986, §4]). Let K be a complete discrete valuation
field of mixed characteristic (0, p) such that [k : kX 1= p? < oco.

Definition 1.2.1. Let Q}OK be the p-adic Hausdorff completion of Q}oK /z and put
Qp :=Q¢ [1/p]. Letd : K — Q) be the canonical derivation.

Recall that §}< is a finite K-vector space with basis {df;}1<j<4. Moreover,
if K is absolutely unramified, then QEQK is a finite free Og-module with basis
{dtj}1<j<a. Also, ﬁl is compatible with base change, i.e., L Qg ﬁk = QIL for any
finite extension L/K.

Notation 1.2.2. Let R be a topological ring and M a topological R-module. We
let Dereont(R, M) be the R-module of continuous derivations d : R — M.

One can prove the next lemma by dévissage and the universality of the usual
Kihler differentials.

Lemma 1.2.3. For an inductive limit M of K -Fréchet spaces, we have the canonical
isomorphism
d* : Homg (Q, M) = Dereon(K, M).

Definition 1.2.4. Let {9;}1<; <4 C Dercont(Ko, Ko) = Homg, (2} ,» Ko) be the dual
basis of {dt;}1<j<q4. We call {0;} the derivations associated to {t;}. We also denote
by d; the canonical extension of d; to 9; : K¥& — K22 Since 0j(t;) = 4;j, we may
denote 9; by 9/01;.
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1.3. Some Galois extensions. In this subsection, we will fix some notation of a
certain Kummer extension which will be studied later. See [Hyodo 1986, §1] for
details. In this subsection, let K be an absolutely unramified complete discrete
valuation field of mixed characteristic (0, p) with [k FE k[’%] = pd < 0o. We put

Ky=K@p.t] .....tf )Yforn>0, Koo:=|_JKu. Kuritn = K(¢pr)
n>0 n>0

geom arith ._ —~ _ ~

F Mg = Karitn/ K

GE /ﬁarith’
R/ Hg = Ggae /i, -
Then, we have isomorphisms

raith o 7> = pEeom o~ zd

which are compatible with the action of F%i‘h on ng’ ™. The isomorphisms are
defined as follows: an element a € Z corresponds to y, € F%“th such that y, ({pn) =
¢ ;,’n for all n. An element b = (b;) € Z‘f, corresponds to y, € ['8°™M for 1 < j <d
such that y;,(¢,n) = ¢p» for all n € N and y;,(tj.f”) = {ﬁ,{ t}f". By regarding
as a subgroup G - —n) of I'g, we obtain isomorphisms

arith
'
Koo/ U R (" !
n=@0,....na): Tg ETENu IE" = 7% x 79,
Since we have a canonical isomorphism
Zy Zyp ... Z,

d
Z;D(Zp

12

E GLd"rl (Zp)v
1

the group I'g can be regarded as a classical p-adic Lie group with Lie algebra
. N J Q, ... Q
g::Lle(Fg):@px@p: 0 Cg[d+l(@p)'

For an integer n > 0 and a finite extension L/ K, we put
Ly:=K,L, Leo:=KslL,
FL = GLoo/L’ HL = GEalg/Lw.

Then, I'z, is an open subgroup of I'g. Hence, there exists an open normal subgroup
of I'y, which is isomorphic to an open subgroup of (1 +2pZ,) x Z‘; by the map 7.
Also, we may identify the p-adic Lie algebra of I'; with g. Finally, we define
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closed subgroups of I'y,

FL,O = {)/EFL; nj(y):O fOI‘aHISJSd},
Fpj:={yelL; n(y)=1ni(y)=0forall 1 <i <d,i#j} forl <j<d.

1.4. Basic construction of Fontaine’s rings. In this subsection, we recall the def-
inition of rings of p-adic periods due to Fontaine, see [Ohkubo 2013, §3] for
details.

Let K be a complete discrete valuation field of mixed characteristic (0, p) with
[kg - kI’;] = pd <oo. Let Ft:= lim, Oc, / rOc,, where the transition maps are
given by the Frobenius. This is a complete valuation ring of characteristic p
whose (algebraically closed) fractional field is denoted by . We have a canonical
identification

E={x™)pen € Cl; xF)? =x™ forall n e N},

For x € C,, we denote by ¥ € F an element ¥ = (x™) such that x©@ = x. In
particular, we put & := (1, ¢, 2, ...), 1 1= (1), t}/”, ...) € ET. We define the
valuation vg of T by UE((X(n))) =, (x @), We put

At :=WE") cA:=w(b),
BY :=A™(1/pl cB:=A[l/p],
ni=[el—1, q:=n/p '(7)= Z [sl/p]i e At
0<i<p
and we define a surjective ring homomorphism

6:B"—C,

> Pl p'xl,
n>>—0o

which maps At to Oc,. Note that g is a generator of the kernel of 0|7+.
Let K be a closed subfield of C,, whose value group v, (K*) is discrete. We will
define rings

, +
Aint.c,/cs Bare, o Bare, /i

Let Ainf’@p sk be the universal p-adically formal pro-infinitesimal Ox-thickening of
Oc b More precisely, if Qq;p /O ®z AT — OG;p denotes the linear extension of 6,
then Ainr ¢,k 18 the (p, ker O, /x)-adic Hausdorff completion of Ox ®z A*. The
map 6Oc,/x extends to O, /x : Aint,c,/x — Oc,. Note that Ajpf ¢, /@, is canonically
identified with AT. Let BIR,C], /K be the ker 0c,/c-adic Hausdorff completion of
Ainf’@p /x[1/p] and Oq;p /K BdR,@p /K — C,, the canonical map induced by 9@,, /K-
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Let
wj=1t; — ;] € Ant.c,/Ko»

B ey, o (el =
=log([e]) := ) (="' =

n>1

+
€ B0, C BdR Cp/K

Finally, we define BdR,@p /K= BIR,C,, //c[l /t]. These constructions are functorial
with respect to C,, and K. In particular:

, , + +
Aint.c,/@, CAint.c,/k>  Bare,ja, CBare, oo Barc,a, CBarc,/k-

Therefore, any continuous K-algebra automorphism of C,, acts on these rings. We
also have the following explicit descriptions:

. ~ N+ + ~
A1nf,(13],/K0 =Auy, ..., uql, BdR C,/K = BdR Cp/([;[)p[[ul’ oo ugll

and [EBGIR C,/0, is a complete discrete valuation field with uniformizer ¢ and residue
field C,. Also, B dR.C,/K and Bqr c,/x are invariant after replacing K by a finite
extension. In partlcular these rings are endowed with canonical K?2-algebra
structures.

ForV e Rep@p(GK), we define Dgr (V) := (Bar.c,/k ®@1,V)GK, which is a finite
dimensional K -vector space with dimg Dgr (V) < dim@p V. When the dimensions
are equal, we call V de Rham and denote the category of de Rham representations
of Gk by Repr(Gk).

We endow lim, Aint.c,/kc[1/pl/(kerbc, /;c)k with the inverse limit topology,
equipping Ainf,(gp L1/ pl/(ker 9@[, /;C)k with the K-Banach space structure whose
unit disc is the image of Ainf’([:p ;- The identification of BdR,@p sk and
lim, Ainf’([jp /cl1/pl/ (ker 9@,, /;C)k gives B:R,a:p /K its canonical topology and it is a
KC-Fréchet algebra.

The ring B;’R’CP /K is endowed with a continuous B:R,Cp /0, -linear connection

geom ., p+ + ol
\ ‘Bar.c WK BdR,Cp/lc Qk L,

which is induced by the canonical derivation d : K — Q ,‘C More precisely, if we de-
note by {9;}1<<q the derivations of B;LR,CP/K given by VE©™ (x) =37 9;(x)® dt’,

then 9; is the unique BSLR,C,, /@p—linear extension of 9/9¢; : K — K. Thus, we can

regard the above connection as a connection associated to a “coordinate” ¢y, . .., #z
of K, hence we put the superscript “geom”. We denote the kernel of V&°™ by
BY+

dR.C, /K which coincides with the image of [EB(';R C,/Q," Therefore, we may identify

V+
By R.C,/K with BdRC /0,

We also define a subring @ng C,/Q, of BdR c,/Q, 3 follows: let Acis ¢, /@, be the
universal p-adically formal Z,, thlckemng of (’)@ »» 1.e., the p-adic Hausdorff comple-
tion of the PD-envelope of AJF with respect to the ideal ker fc ,/q,, compatible with
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the canonical PD-structure on the ideal (p). Since the construction is functorial, the
Frobenius ¢ : A+ — A+ acts on both Agris.C »/Q,p and Bms C,/0, = = Aris, C,/Q, [1/p].
We define [EBrlg C,/0, = (Nyen @ ([E’ch C,/0, ), which is the max1ma1 subring of

B;SC /0, that is stable under ¢. By construction, Brvl; C,/Q, is a subring of

+ ~ mV+
BdR,C,, /Q, = BdR,C,, /K

Finally, for simplicity, we denote

v+ + v o._
Bir = Bag, Cp/Qp> Bir = Bar.c,/0,, BdR = BdR Cp/K>
o BV+ . mV+
Bar := BdR’CP/K’ Brlg : Brlg Cp/Qp
when no confusion arises.

1.5. Ramification theory of Abbes—Saito. In this subsection, we review Abbes—
Saito’s ramification theory, see [Abbes and Saito 2002, 2003] for details.

Let K be a complete discrete valuation field with residue field of characteristic p.
Let L/K be a finite separable extension. Let Z ={zo, ..., z,} be a set of generators
of O as an Og-algebra. View Ok (Zy, ..., Z,) as a Tate algebra, and let Z; > z;
be the corresponding surjective Ok -algebra homomorphism from Ok (Zy, ..., Z,)
to O with kernel /7. For a € Q. , we define the nonlog Abbes—Saito space by

asf x , =D" V' (mg|™"f; fely)={xe D" [f)| < |mk|* Vf €z},

which is an affinoid subdomain of the (n + 1)-dimensional polydisc D" Let
geom
(asy k. z) be the geometric connected components of asj ;. i.e., the con-
nected components of as{ K.z XKk K alg with respect to the Zariski topology. We
define a Gg-set F4(L) := ngeom(asL/K 7) and let

b(L/K):=infla e R; #F*(L) =[L: K]} € Q.

be the nonlog ramification break. If L/K is Galois, then F“(L) can be identified
with a quotient of G k. Moreover, the system {F“(L)}, of Gg-sets defines a
filtration {G¢ /K}a€@>0 of Gk such that F4(L) = GL/K/G%/K as G g-sets.
There exists a log variation of this construction by considering the following
log structure. Let P C Z be a subset containing a uniformizer, and take a lift

8 €0k (Zy, ..., Zy)of eK/nvL(Z’ for each z; € P. For each pair (z;, z;) € P x P,
we take a lift h; ; € Ok (Zy, ..., Z,) of UL(Z’)/ @) Forae Q-¢, we define the
log Abbes—Saito space by
x|~ f
asi k. z.p=D""" i |74 (XY — ki)

|7TK |*Q*UL(Zi)UL(Zj)/€L/K (X:';L(Zi) _ XUL(Z])hl’])
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as an affinoid subdomain of D"*!. Here, f ranges over Iz and the indices z; and
(zi, zj) range over P and P x P respectively. As before, we define the G g-set
]—"f(‘)g(L) = ngeom(asi /k,z,p) and define the log ramification break by

biog(L/K) :=inf{a e R; # l‘:)g(L) =[L:K]} €Q.

A similar procedure as before defines the log ramification filtration {G] y K,log}ae@zo
of G L/K-

In this paper, we consider only the following simple Abbes—Saito spaces. With
the notation as above, let po, ..., p,, be a system of generators of the kernel of
the surjection Ok (X, ..., X;) = Or. Assume that zg is a uniformizer of L and
po = X;L/K — kg go for some gg € Ok (Xop, ..., Xp). In this case, we have a simple
log structure: we put P := {zp} and we choose gg as a lift of sz/ ¥ /mk. We also
choose 1 as 1 ;. Hence, Abbes—Saito spaces are given by

as§ .z =D"(|mk| ™ pj for 0 < j <m),

1 —a—1 - :
as(z/K,Zp = D"t (|mk| ¢ Do, k| apj forl1 <j<m).

Let F/Q, be a finite extension and V an F-representation of G with finite
local monodromy. We define Abbes—Saito’s Artin and Swan conductors by

A (V)= Y a-dimp (Ve Ok v G,

06@30

Swan®S(V):= Y a-dimp (Ve Crios y T

ae@zo

Note that the above construction does not depend on other choices, like Z and P.
Also, note that both the Artin and Swan conductors are additive and compatible with
unramified base change. When kg is perfect, the log (resp. nonlog) ramification
filtration is compatible with the usual upper numbering filtration (resp. shift by one).
Moreover, our Artin and Swan conductors coincide with the classical Artin and
Swan conductors when kg is perfect.

Theorem 1.5.1 (Hasse—Arf theorem, [Xiao 2012, Theorem 4.5.14]). Assume that
K is of mixed characteristic. Let F/Q),, be a finite extension and V € Repj;'g (Gg).
Then, we have Art(V) € Z if K is not absolutely unramified; we have Swan™S (V) € Z
if p#2, and Swan®S(V) e 2717 if p = 2.

Xiao gives more precise results in the equal characteristic case, as we will see in
Theorem 1.7.10.



1894 Shun Ohkubo

1.6. Overconvergent rings. In this subsection, we will recall basic definitions of
overconvergent rings associated to complete valuation fields of characteristic p,
following [Kedlaya 2004, §2-3] and [Kedlaya 2005, §2].

Construction 1.6.1 ([Kedlaya 2005, §2.1-2.2]). Let (£, v) be a complete valuation
field of characteristic p. Assume that either E is perfect or that v is a discrete
valuation. We will construct an overconvergent ring associated to E. We first
consider the case where E is perfect. Note that any element of W(E)[1/p] is
uniquely expressed as ) p*[xi] with x; € E. For n € Z, we define a “partial
valuation” on W (E)[1/p] by

vf”< > pk[xk]) = inf v(xy).

k>—00

For r € R..¢, we define
wy(x) = inf{rv="(x) +n},
n
W(E), :={x € W(E); w,(x) < oo}.

Then, W (E),[1/p]isasubring of W(E)[1/p] and w, is a multiplicative valuation of
W (E),[1/p]. Moreover, we have W (E), C W(E),  for r’ <r. We put Won(E) :=
ll“}r—m W(E )r :

Next, we consider the general case, i.e., we do not need to assume that E is perfect
in the following. Let I" be a Cohen ring of E with a Frobenius lift ¢. Then, we can
obtain a Frobenius-compatible embedding I' < W (EP!) — W (E®2), where E¥
is the completion of E¥2. By using this embedding, we can define v=" and w, on T".
Moreover, we define I', :=1"N W(Ealg)r and Leop :=1lim,_ (T, =N Wcon(falg).
We say that I" has enough r-units if the canonical map I', — E is surjective. We
say that I has enough units if " has enough r-units for some > 0. Note that if
E is perfect, then I' has enough r-units for any . In general, by [Kedlaya 2004,
Proposition 3.11], I" has enough r-units for all sufficiently small . In the following,
we fix rg such that I has enough r-units for all » < ry. Note that I', is a PID
for r < rp, and I'con is a Henselian local ring with maximal ideal (p), residue
field E and fraction field I'con[1/p] [Kedlaya 2005, Lemma 2.1.12]. We endow
I';[1/ p] with the Fréchet topology defined by the family of valuations {w;}o<s</-
Let I'y, - be the completion of I'.[1/p] with respect to the Fréchet topology and
Can.con 1= lim,_ ; Can,. We extend v=" and w, to v=", w, : Ty, — R and we
endow ['ap , (resp. I'an.con ) With the Fréchet topology defined by {w;}o<s<, (resp.
the inductive limit topology of Fréchet topologies). Note that ¢(I',) C I,/ ,; hence,
@ extends toamap ¢ : 'y , —> an r/p. In particular, I'con and Iy con are canonically
endowed with endomorphisms ¢. Also, note that I'y, , for all » < rp and hence,
I"an,con are Bézout integral domains [Kedlaya 2005, Theorem 2.9.6].
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In the rest of this subsection, we will see explicit descriptions of I',, together
with its finite étale extensions, by using rings of overconvergent power series ring.

Notation 1.6.2. Let O be a complete discrete valuation ring of mixed characteristic
(0, p). Let O{{S}} be the p-adic Hausdorff completion of O((S)) := OISTIS™ .
For r € Q- ¢, we define the ring of overconvergent power series over O as

OS) ™ :={f € O{{S}); f converges on 0 <v,(S) <r}, O(S) = U oS) ™.

r>0

Recall that (O((S))T, (rro)) is a Henselian discrete valuation ring [Matsuda 1995,
Proposition 2.2]. We also define the Robba ring R associated to o(S)* by

R:= {f:ZanS"; a, € Frac(0), f converges on 0 <v,(S) <r for some r >O}.

nez

Construction 1.6.3. We construct a realization of a finite étale extension of O((S))*
as an overconvergent power series ring. Let I" be a Cohen ring of a complete discrete
valuation field E of characteristic p. By fixing an isomorphism f : I' = O{{S}},
where O is a Cohen ring of kg, we identify I" and E with O{{S}} and kg ((S)). Let
I/ T be a finite étale extension, with I'" connected and F/E the corresponding
residue field extension. Then, I'" is again a Cohen ring of F. We identify F with
kr((T)) and fix a Cohen ring O’ of k. We claim that there exists an isomorphism
[T/ = O'{{T}} such that f modulo p is the identity, f'(O[S]) c O'[T] and
[/ O[ST— O'[T] is finite flat. We can write S = T¢*/£j in O with some i1 € (’);5.
We fix a lift u € O'[T]* of & with respect to the projection O'[[T] — OpF and let

" Z[So] — O'[IT]; So+—> T¢F/Eu be a ring homomorphism. Let s : Z[Sy] — O[S]
be the ring homomorphism sending Sy to S. By the formal smoothness of s (see
[Ohkubo 2013, §1A]), there exists a local ring homomorphism g : O[S] — O'[T]:

OS] Og Or
ST T~ =~ p T
Z15] C CoNT]

By the local criteria of flatness and Nakayama’s lemma, § is finite flat. By the
definition of s and s’, B induces a map B : O((S)) — O'((T)), and hence a map
,3 O{SYy — O'{{T}}. Since ,3 is finite étale with residue field extension F/E,
there exists a canonical isomorphism f’: " = O’{{T}}, which satisfies the desired
properties by the construction of 8.

The relation S = T/£y for u € O'[T]* gives f/(O(S)T") c O'(T))Tr/erE,
In the limit » — 0o, we obtain a flat morphism f’: O(S))" — O'((T))". Finally,
we prove the finiteness of f': O((S))" — O'((T))". We fix a basis w1, ..., wg of
O'[T] as an O[[S]-module. Then, we only have to prove that x € O'((T¢#/£))""
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can be written as ) ; w; »_, a; ,S" with ) a; ,5" € O((S))"r¢r/E . By the relation
Su~! = T°F/F again, any element x € @' ((T¢*/¥))™" can be written as Y ez anS"
with a, € O'[T]] such that |a,||p|¢F/E"" — 0 for n — —oo, where | - | is a norm of
O'[T] associated to the p-adic valuation. We write a, =) ; a, ;w;. Then, we have
|a,| = sup;|ay ;|, where | - | on the RHS is a norm of O[[S] associated to the p-adic
valuation. Hence, ), a,;S" belongs to O(S))"rer/E | which implies the assertion.

Lemma 1.6.4 [Kedlaya 2005, Lemma 2.3.5, Corollary 2.3.7]. Let I" be a Cohen
ring of a complete discrete valuation field E of characteristic pand ¢ : ' — I" a
Frobenius lift. By fixing an isomorphism f : ' = O{{S}}, we identify I" and E with
O{{S}} and kg ((S)). Assume that ¢(S) € O(S))'. Then, we have

T, =0(S)™, Teon=0(S)"

for all sufficiently small r > 0.

Moreover, let F/E be a finite separable extension, I''/ T the corresponding finite
étale extension and ¢ : I'" — T’ the corresponding Frobenius lift extending ¢. We
fix an isomorphism f':T' = O'{{T}} as in Construction 1.6.3. Then, f’ induces
isomorphisms

L, =o' ()M, T, =0 (T)!
for all sufficiently small r > 0.

Proof. Let ¢ be the Frobenius lift of O'{{T}} obtained by identifying O'{{T}} with "’
We only have to check that the assumption ¢(T) € O (T in [Kedlaya 2005,
Convention 2.3.1] is satisfied. This follows from the fact that ©’((T))" is integrally
closed in O'{{T'}}, which in turn is a consequence of Raynaud’s criteria of integral
closedness for Henselian pairs [Raynaud 1970, Théoreme 3(b), Chapitre XI]. [J

Finally, we define (pure) ¢-modules over overconvergent rings.

Definition 1.6.5 [Kedlaya 2005, Definition 4.6.1]. Let R be I'[1/p], Tconl1/p],
or I'an,con (Construction 1.6.1) and let o := goh for some i € N.j. A o-module
over R is a finite free R-module M endowed with a semilinear o-action such
that ]| ® 0 : M Q.o R — M is an isomorphism. Assume that E is algebraically
closed. Then, any o-module over I'[1/p] or I'ay con admits a Dieudonné—Manin
decomposition [Kedlaya 2005, Theorem 4.5.7] and we define the slope multiset of M
as the multiset of the p-adic valuations of the “eigenvalues”. For a o -module M over

LCeonl1/ pl, we define the slope multiset of M as the slope multiset of I' ®r .11/, M,
which coincides with that of 'y con ®r.(1/ p) M. For a general E, we define the
slope multiset after the base change I' — W (E alg) A o-module over R is pure of
slope s if the slope multiset consists of only s. If M is a o-module that is pure of
slope 0, then we call M étale.
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Let ¢ be a Frobenius lift of I" := O{{S}} with ¢(S) C O(S))". By Lemma 1.6.4,
we can view (’)((S))T[l/p] and R in Notation 1.6.2 as I'con[1/p] and I'yn con, and
we can give similar definitions for R = O((S))'[1/p] and R.

When R is one of the above rings, we denote the category of o-modules (resp.
étale o-modules, o-modules of pure slope s) over R by Mod (o) (resp. Mod%(a),
Mod}%(0)).

1.7. Differential Swan conductor. The aim of this subsection is to recall the defi-
nition of the differential Swan conductor. The following coordinate free definition
of the continuous Kihler differentials for overconvergent rings will be useful.

Definition 1.7.1. Let I" be an absolutely unramified complete discrete valuation
ring of mixed characteristic (0, p). For a subring R of I, we define Q}e as the
R-submodule of QIL generated by the image of R underd : ' — Q}

Lemma 1.7.2. Let T := O{{S}} and T := O((S))", where © is a Cohen ring of a
field k of characteristic p. Assume that [k : kP] = p? < oco. Then, QIE is the unique
I'"-submodule M of ﬁlr such that

(i) M is of finite type over T'".
(ii) The image of T'" underd : T — QIL is contained in M.
(iii) The canonical map I" @+ M — @Il- is an isomorphism.
Also, if o : T'— T is a Frobenius lift o(I'") C T, Qllwr is stable under ¢ : ?ZIL — ﬁlL

We omit the proof since it is elementary. Note that if {z;} C O is a lift of a
p-basis of k, then Q}T is a free of rank d + 1 with basis dS, dtq, ..., dt,.

Corollary 1.7.3. With the notation as in Lemma 1.6.4, the canonical isomorphism
I ®r QF = QL descends to a canonical isomorphism T, ®r., Qllam =ql, .

Notation 1.7.4. In the rest of this section, let the notation be as in Lemma 1.7.2.
We fix a Frobenius lift ¢ : I' — T satisfying ¢(I'") C I'". Let R be the Robba ring
associated to I'" and assume that ¢(R) C R. We put Q}z =R QOr+ Q},T. Note that
the canonical derivationd : I'" — QlF+ extendstod : R — Q%z

Definition 1.7.5. A V-module M over R is a finite free module over R together
with a connection V=V : M — M Qr Q;a such that the composition of Vj; with
the map M @z QL — M ®r N\ QL induced by V is the zero map. For i € N,
a (¢", V)-module M over R is a ¢"-module over R endowed with a V-module
structure commuting with the action of ¢. We call a (¢", V)-module pure (resp.
étale) if the underlying ¢"-module is pure (resp. étale). Similarly, we define étale
or pure (¢, V)-modules over I'" and I'. Denote by Mod} (¢", V) the category of
pure ((ph, V)-modules over R, where R is either I, FT[I/p] or R.
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Theorem 1.7.6 [Kedlaya 2007, Theorem 3.4.6]. For a (¢, V)-module M over R,
there exists a canonical slope filtration

0=Fil°(M) C--- CFil'(M) =
whose graded pieces are (¢, V)-modules of pure slope s; < --- < s;.

Construction 1.7.7 [Kedlaya 2007, Definition 3.3.4]. Let F'/Q, be a finite unrami-
fied extension and V € Rep Fg (GE). Let "' be the maximal unramified extension
of I'. We put QFT w

ri I/ I'" with FJr connected We consider the connection

V: Fl’ur ®OF V— Q[‘Tcur ®OF

= lim Q! r where the limit runs all the finite étale extensions

AQYyH—>dAR®Yy. *)
Since 5211, - ST @ QILT as G g-modules by Corollary 1.7.3, we obtain a
connection

V: D' (V) = Q. @rt DT(V),

where DT (V) := (T R0y V)CE is a finite dimensional I''[1/p]-module of rank
dimzV, by taking G g-invariants of (*). Thus, we obtain a rank preserving functor

D Reng (GE) = Modrif1/,1(V).
By extending scalars, we also obtain a rank preserving functor
D : Repy: 18(G ) — Modg (V).

Note that if V is endowed with a semilinear action of ¢" for h € N, then DT(V)

and D:l g(V) are also endowed with semilinear ¢”-actions.

Definition 1.7.8. For a V-module M over R, let Swan"(M) be the differential
Swan conductor of M as in [Kedlaya 2007, Definition 2.8.1].

Recall that the differential Swan conductor is defined in terms of the behavior
of the logarithmic radius of convergence [Xiao 2010, Definition 2.3.20], which
depends only on the Jordan—Hoélder factors of a given V-module by definition. In
particular, we have:

Lemma 1.7.9 (The additivity of the differential Swan conductor). Let 0 — M’ —
M — M"” — 0 be an exact sequence of V-modules over R. Then, we have
SwanY(M) = Swan"(M’) 4+ Swan"(M").

The following is Xiao’s Hasse—Arf Theorem in the characteristic p case.
Theorem 1.7.10 [Xiao 2010, Theorem 4.4.1, Corollary 4.4.3]. Let V be an F-
representation of G g of finite local monodromy. Then, we have

Swan*$ (V) = Swan" (D[, (V).

Moreover, these invariants are nonnegative integers.
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1.8. Scholl’s fields of norms. In this subsection, we recall some results of [Scholl
2006, §1.3], which are a generalization of Fontaine—Wintenberger’s fields of norms.
Throughout this subsection, let K be a complete discrete valuation field of mixed
characteristic (0, p) with [k : k%] = p¢ < occ.

Definition 1.8.1. Let K| C K, C. .. be finite extensions of K and put Koo = | K.
We say that a tower & := {K,},~0 is strictly deeply ramified if there exists ng > 0
and an element & € OKno such that 0 < v,(§) < 1, and such that the following
condition holds: for every n > ng, the extension K, /K, has degree p?*!, and

— (Ok,.,/£0k, )T of Ok, ,-modules.

Let 8 = {K,}s>0 be a strictly deeply ramified tower. For n > ng, we have
ex,,./k, = pand kg, =k;/”, and the Frobenius O, /£ Ok, ., — Ok, ., /€Ok, .,
induces a surjection f,: Ok, ., /§ Ok, ., — Ok, /§ Ok, . We also choose a uniformizer
ng, of K, with ”I?,m = g, mod £Ok,. Then, we define X := XT(&, &, ng) :=
lim . Ok,/§Ok,, with transition maps {f,}. Let pr,, : Xt — Ok, /£Ok, be the
n-th projection for n > ng. We put I1 := (7g, mod §Ok,) € XT. Let kg :=
LiLnnzno kg, where the transition maps are induced by f,’s. Since kg, , = k}</n P the
projections pr,, : kg — kg, are isomorphisms for all n > ny. Moreover, X* is a
complete discrete valuation ring of characteristic p, with uniformizer IT and residue
field kg. The construction does not depend on & or ng, and X is invariant after
changing {K,}, by {K,+m}. for some m. Hence, we may denote X (8, &, ng) by
X ;g and denote the fractional field of X ;; by X 4. Note thatif K,/ K is Galois for all n,

then X g and X g are canonically endowed with Gk, -actions by construction.

. . . 1
there exists a surjection QOK"+1 JOx,

Example 1.8.2 (Kummer tower case). Let K = K and {L,} be as in Section 1.3.
Then, {L,} is strictly deeply ramified [Ohkubo 2010, Example 6.2].

Let L /Ko be a finite extension. We choose a finite extension L/K such that
Lo = LK. Then, the tower £:={L, := LK, } depends only on L, up to shifting,
and is also strictly deeply ramified with respect to any &’ € K, with 0 < v,(§') <
v, (&) ([Scholl 2006, Theorem 1.3.3]). Note that if L, /K is Galois for all n, then
X Z and X are canonically endowed with G,k -actions by construction.

Theorem 1.8.3 [Scholl 2006, Theorem 1.3.4]. Let the notation be as above. Denote
the category of finite étale algebras over K, (resp. Xg) by FE”tKOo (resp. FEtXﬁ).
Then, the functor

X, : FE"tKoo — FEtXR
Loor— X Iy
is an equivalence of Galois categories. In particular, the corresponding fundamental
groups are isomorphic, i.e., Gk = Gx,. Moreover, the sequences {[L, : K,]},,

{er,/k,}n and {[ky, : ki, 1}, are stationary for sufficiently large n. Their limits are
equal to [X¢ : Xgl, exq/x, and [kx, :kx ]
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1.9. (¢, I'k)-modules. Throughout this subsection, let K be a complete discrete
valuation field of mixed characteristic (0, p). In this subsection, we will recall the
theory of (¢, I'x)-modules in the Kummer tower case [Andreatta 2006]. To avoid
complications, especially when verifying the assumption [Scholl 2006, (2.1.2)], we
will assume the following to work under the settings of [Andreatta 2006; Andreatta
and Brinon 2008; 2010].

Assumption 1.9.1 [Andreatta 2006, §1]. Let V be a complete discrete valuation
field of mixed characteristic (0, p) with perfect residue field. Let Ry be the p-adic
Hausdorff completion of V[T, ..., Ty][1/T;...T,] and Ra ring obtained from
Ry by iterating finitely many times the following operations:

(ét) The p-adic Hausdorff completion of an étale extension.

(loc) The p-adic Hausdorff completion of the localization with respect to a
multiplicative system.

(comp) The Hausdorff completion with respect to an ideal containing p.
We assume that there exists a finite flat morphism R — Ok, which sends T; tot;.

Note that R is an absolutely unramified complete discrete valuation ring. Denote
R by Og and Frac(ﬁ) by K. Let L / K be a finite extension. In the rest of this
subsection, we will use the notation from Sections 1.3 and 1.4. We also apply the
results of Section 1.8 to the Kummer tower {L,},0.

Notation 1.9.2 [Andreatta and Brinon 2008, §4.1]. We will denote
[EZr = Xif, E; .= Xg.
For any nonzero & € pOr_, we put

Ef == lim O, /60, Ty :=Frac(E}),
x>xP

where both rings are independent of the choice of £. We also put
K\Z = W(EZ), AL :=W(EL), BL:=AL[l/pl.

By definition, we have [EJLr C EZL and E; C EL, and EL can be viewed as a closed
subring of E. In particular, the rings &f, A, and B, can be viewed as subrings
of A+, A and B. Note that the completion of an algebraic closure of E; coincides
with E. Moreover, E is perfect and (EL, vg) is a perfect complete valuation field,
whose integer ring is Ezr By using the G g-actions on [ and A, we can write

B =@H™, E=Fn A =A%, B, =8"

see [Andreatta and Brinon 2008, Lemma 4.1].
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Lemma 1.9.3 (a special case of [Andreatta and Brinon 2008, Proposmon 4.42)).
We put AW(k )= Wkl C AT, where w =[] — 1 € AT Let L/K be a finite
extension. The weak topology of A [E is the product topology EN 1» Where [EL is
endowed with the valuation topology. Then, there exists a unique subring Ay of AL
such that:

(1) AL is complete for the weak topology.
(i) pALNAL = pA;.

(iii) One has an commutative diagram

Ap —= [

L

AL —EL
(iv) [e], [7;]1 € Ay forall j.
(v) There exists an Atv(k) -subalgebra A"r of Ap and ry € Q¢ such that:
(a) There exists a € N such that p/n® € AJ“ and AJ“/(p/rr“) = [E+
(b) Ifa, B € Nog are such that /B < prp/(p — 1), then A} C N{p JP};

here, A"r{p [P} denotes the p-adic Hausdorff completion ofAJr p* /P
(©) A is complete for the weak topology.

Moreover, by the uniqueness, Ay is stable under the actions of ¢ and Gk if
L/K is Galois.

Definition 1.9.4. Let A be the p-adic Hausdorff completion of | J, /& AL, which

is a subring of A that is stable under the actions of both G and ¢. We also put

By :=Ar[1/p] and B := A[1/p].

Remark 1.9.5. (i) As remarked in [Andreatta and Brinon 2008, §4.3], A; is the
unique finite étale A g-algebra corresponding to E; /Eg; in particular, Ay is a
Cohen ring of .

(ii) The action of T'g on A is determined by the action of 'z on 7, [#1], . . ., [#4],
since ¢ — 1,71, ..., I form a p-basis of Eg. Explicit descriptions are given by:
va(m)=(1+m)* =1, y(lf;]) =1[1;] foraez;,
wm =, y(i;]) =1 +m)P[i;] forb= (b)) € Z.

Definition 1.9.6. For i € N, an étale (goh, I';)-module M over B, is an étale (ph-
module over B; endowed with a semilinear continuous G g -action that commutes
with the action of goh. Denote by Mod%L ((ph, I'p) the category of étale (goh, I'p)-
modules over B, .
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For V € Repg p (GL) letD(V) = (B Qg o
V(M) := (B®s, M)¥"=".

V)Hr. For M € Modg (9", Tp), let

Theorem 1.9.7 ([ Andreatta 2006, Theorem 7.11] or [Andreatta and Brinon 2008,
Théoreme 4.34]). Let h € N.y.
equivalence of categories

Then, the functor D gives a rank preserving

D: Rep@ph(GL) — Mod§} (¢",T'1)
with quasi-inverse V.

1.10. Overconvergence of p-adic representations. In this subsection, we will re-
call the overconvergence of p-adic representations in [Andreatta and Brinon 2008].
We still keep the notations of Section 1.9 and Assumption 1.9.1.

Definition 1.10.1. We apply Construction 1.6.1 to ([E vgp) with I' = A and write

~

AT =T, AT :=Ten, B :=T,[1/p)l, B :=Teull/pl,

B =Ty, B

rig * , rig = lﬁan,con-

We define vf" and w, the same way. For a finite extension L/ K, we apply a similar
construction to the following (E, vg) with I' and we denote:

r E I, con Fr[l/p] Fcon[l/p] l_‘an r l_‘an,con
A E AR Af Bl B BY  Bf,
A, E. A" A} B Bz leg’ ; leg ;
AL B AT OAL B B, Bly, B,
By construction, we have Bf = U, Bfr, BT = U, B, @}r = @K NBHr, @TK =

U, BY . B =Bx NB" and B, =, BY". We endow B, B

rg etc. with
the Fréchet topologies defined by {w;}o<s<,-

We can describe Az by the ring of overconvergent power series.

Lemma 1.10.2 (cf. [Berger 2002, Proposition 1.4]). Let O be a Cohen ring of k.
Then, there exists an isomorphism Ag = O{{r }}, which induces an isomorphism
AT "= O((n))" for all sufficiently small r>0. Szmzlarly, there exists an isomorphism
AL = O'{{n'}}, which induces an isomorphism A' T2 O (') R | where O

is a Cohen ring of k, .

Proof. Fix any isomorphism Ag = O{{r}} (Remark 1.9.5(1)). Since ¢(7) =
[e]? —1=(14n)? —1€ Ofn}}', the assertion follows from Lemma 1.6.4. [
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Notation 1.10.3. The isomorphism in Lemma 1.10.2 enables us to apply the results
of Section 1.7. In particular, for any finite extension L/K, we have a canonical
continuous derivation

d:Bl,, — Qb .
& r1g L
with @l =B} , ® aj @, afree B/, , -module with basis dr, d[f], . .., dlia].

r1 L L 3 . .
Hence, we have a notion of (¢, V)-modules over Biig ;. and the associated differen-

tial Swan conductors.

Deﬁnition 1.10.4. Let i € N_y. An étale (¢", I'z)-module M over [EBE is an
étale ¢"-module over [E&T endowed with a continuous semilinear G g-action that
commutes with the ¢” actlon Denote by Modet (¢, T'1) the category of étale
(", I'1)-modules over B

For V e Rep@ph(GL), let

D™ (V) := (B" ®a, V)™, D (V) = U D" (V),

Dl (V) =Bl , @i DV (V), Di(V)= UIDIIg’(V)
r
/1=1

For M € ModﬁﬂjT (", Tp), let V(M) := (BF ®g; M)
L

Theorem 1.10.5 [Andreatta and Brinon 2008, Theorem 4.35]. Let h € N. . The
functor DY gives a rank preserving equivalence of categories

D' : Rep@ph (GL) — MOd?pr ((ph, I'r)
L

with quasi-inverse V. Moreover D' and V are compatible with D and V in
Theorem 1.9.7. Furthermore, D" (V) is free of rank dlm@ ,V over [EBT for all suffi-
ciently small r, and we have a canonical isomorphism B! ®B+ ;DT (V) = DY(V).

The functor [I])rTlg will be studied in Section 4.5.

2. Adequateness of overconvergent rings

In this section, we will prove the “adequateness”, which ensures that the elemen-
tary divisor theorem holds, for overconvergent rings defined in Section 1.6. The
adequateness of overconvergent rings seems to be well-known to the experts: at
least when the overconvergent ring is isomorphic the Robba ring, the adequateness
follows from Lazard’s results [1962] as in [Berger 2002, Proposition 4.12(5)]).
Since the author could not find an appropriate reference, we give a proof.

Definition 2.0.1 [Helmer 1943, §2]. An integral domain R is adequate if the fol-
lowing hold:

(1) R is a Bézout ring, that is, any finitely generated ideal of R is principal.
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(ii) For any a, b € R with a # 0, there exists a decomposition a = aja; such that
(a1, b) = R and (a3, b) # R for any nonunit factor as of a;.

Recall that if R is an adequate integral domain, then the elementary divisor
theorem holds for free R-modules, see [Helmer 1943, Theorem 3]. Precisely
speaking, let N C M be finite free R-modules of ranks n and m respectively. Then,
there exists a basis of ey, ..., e, (resp. f1, ..., fn) of M (resp. N) and nonzero
elements Aj | --- | A, € R such that f; = X;e; for 1 <i <n.

In the rest of this section, let the notation be as in Construction 1.6.1. We fix
ro > 0 such that I" has enough rp-units and let r € (0, rp) unless otherwise stated.
Recall that I'y, - is a Bézout integral domain.

Definition 2.0.2. We recall basic terminologies, see also [Kedlaya 2004, §3.5]. For
x € 'y, nonzero, we define the Newton polygon of x as the lower convex hull of
the set of points (v="(x), n), minus any segments of slope less than —r on the left
end and/or any segments of nonnegative slope on the right end of the polygon. We
define the slopes of x as the negatives of the slopes of the Newton polygon of x.
We also define the multiplicity of a slope s € (0, r] of x as the positive difference
in y-coordinates between the endpoints of the segment of the Newton polygon of
slope —s, or 0 if there is no such segment. If x has only one slope s, we say that x
is pure of slope s.

A slope factorization of a nonzero element x of 'y, , is a Fréchet-convergent
product x = [ [, _, ., x; for n either a positive integer or oo, where each x; is pure of
slope s; with s > ;2 > ... (cf. an explanation before [Kedlaya 2004, Lemma 3.26]).

Recall that the multiplicity is compatible with multiplication, i.e., the multiplicity
of a slope s of xy is the sum of its multiplicities as a slope of x and of y [Kedlaya
2004, Corollary 3.22]. Also, recall that x € 'y, » is a unit if and only if x has no
slopes [Kedlaya 2005, Corollary 2.5.12].

Lemma 2.0.3 [Kedlaya 2004, Lemma 3.26]. Every nonzero element of Iy, » has a
slope factorization.

For simplicity, we denote 'y, - by R in the rest of this subsection. The lemma
below is an immediate consequence of R being Bézout and the additivity of the
multiplicity of a slope.

Lemma 2.0.4. (i) Let x,y € R such that x is pure of slope s and let 7 be a
generator of (x, y). Then, z is also pure of slope s, with multiplicity less than
or equal to the multiplicity of slope s of x. In particular, if the multiplicity of
the slope s of y is equal to zero, then 7 is a unit and we have (x, y) = R.

(i1) Let x, y € R such that x is pure of slope s. Then, the decreasing sequence of
the ideals {(x, y")},eN is eventually stationary.
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Lemma 2.0.5 (the uniqueness of slope factorizations). Let x € R be a nonzero
element. Let x =], x; =[]; x/ be slope factorizations whose slopes are sy > s> > . . .
and s| > s > .... Let m; and m be the multiplicities of s; and s; for x; and x;.
Then, we have s; = s{ and x; = x{ u; for some u; € R*. In particular, we have
m; = mj.

Proof. We can easily reduce to the case i = 1. Since the multiplicity of the slope s
of [[;~; x/ is equal to zero, we have (x1, [[,., x/) = R by Lemma 2.0.4(i). Hence,
we have (x1, x) = (x1, x1 [[;o; xi) = (x1). By assumption, we have s; # s} except
for at most one j. Just as before, we have

/! /! / / / / / /! !/
G x)= (e, 55 [ o) =@ = (] [xi ) =0 = (G [ [ 6f) = ).
i#j i>1 i#]
ie., (x;) = (x;.). Hence, there exists u € R* such that x; = x;u. By the same
argument, x; = x;u’ for some / and u’" € R*. Since {s;} and {s;} are strictly
decreasing, we must have j =/ =1, which implies the assertion. (]

Lemma 2.0.6. The integral domain Iy, » is adequate. In particular, the elementary
divisor theorem holds over Iy, ;.

Proof. We only have to prove that condition (ii) in Definition 2.0.1 is satisfied. Let
a,b e R witha #0. If b =0, then it suffices to put a; = 1, ap = a. If b is a unit,
then it suffices to put a; = a, ap = 1. Therefore, we may assume that b is neither a
unit nor zero. Let b =[], b; be a slope factorization with slopes s; > s, > .. ..
By Lemma 2.0.4(ii), there exists z; € R such that (a, b!') = (z;) for all sufficiently
large n. By [Kedlaya 2004, Proposition 3.13], we may assume that z; admits a
semi-unit decomposition, meaning that z; is equal to a convergent sum of the form
1+ Zj<0 ui,jpj, where u; ; € R* U{0}. As in the proof of [Kedlaya 2004, Lemma
3.26], we can prove that {z; ...z;};~o converges. Next, we claim that there exists
u; € R such thata = z; ... z;u;. We proceed by induction on i. By definition, we
have a = zju; for some u;. Assume that we have defined u;. Since the multiplicity
of the slope s; 4 of z; is equal to zero for 1 < j <i, we have (z;, z;+1) = R for
1 <j <i. Hence, we have (z;+1) = (a, zi+1) = (21 - - - Zilti, Zi+1) = (Ui, Zi+1), Which
implies z; 41 | u;. Therefore, u; 11 := u;/z;+1 satisfies the condition. By this proof,
we can choose u; = u1/(z1...z;). We put a; ;= lim;_ oo u; = ul/]—[i>1 z; and
ay := [];-0 zi, which is a slope factorization of a,. We prove that the factorization
a = aja, satisfies the condition. We first prove (a;, b)) = R. By the uniqueness
of slope factorizations, we only have to prove (aj, b;) = R for all i. Fix i € N..
Then, for all sufficiently large n € N, we have

(i) = (a, b)) = (a, b)) = (a1a2, BT C (a1, b)) (az, bY)
C (a1, b)) (zi, b)) = (a1, bi)(zi).



1906 Shun Ohkubo

Since z; # 0, we have R C (ay, b;), which implies the assertion. Finally, we prove
(az, b) # R for any nonunit a3 € R dividing a,. By replacing a3 by any factor of a
slope factorization of a3, we may assume that a3 is pure. By the uniqueness of slope
factorizations, a3 divides z; for some i. Since z; | b} for sufficiently large n, we
also have a3 | b!. Hence, we have (a3, b;) # R, and in particular, (a3, b) # R. [

3. Variations of Grobner basis argument

In this section, we will systematically develop a basic theory of Grobner bases
over various rings. Our theory generalizes the basic theory of Grobner bases over
fields ([Cox et al. 1997], particularly, §2). As a first application, we will prove the
continuity of connected components of flat families of rigid analytic spaces over
annuli (Proposition 3.4.5(iii)). As a second application, we prove the ramification
compatibility of Scholl’s fields of norms (Theorem 3.5.3).

The idea to use a Grobner basis argument to study Abbes—Saito’s rigid spaces of
positive characteristic is in [Xiao 2010, §1]. Some results of this section, particularly
Sections 3.2 and 3.3, are already proved there, however we do not use Xiao’s results.
We will work under a slightly stronger assumption and deduce stronger results, with
much clearer and simpler proofs, than Xiao’s. Note that this section is independent
from the other parts of this paper, except Sections 1.5 and 1.8.

Notation 3.0.1. Throughout this section, we will use multi-index notation. We
write n = (ny,...,n) €N, |n|:=ny+---+n;and X2 = X1 ... X" for variables
X =(X1,..., X;). Wealso denote by X" the set of monic monomials {X" | n € N'}.

In this section, when we consider a topology on a ring, we will use a norm | - |
rather than a valuation.

3.1. Convergent power series. In this subsection, we consider rings of strictly
convergent power series over the ring of rigid analytic functions over annuli, which
play an analogous role to Tate algebra in the classical situation. We also gather
basic definitions and facts on these rings for the rest of this section.

Definition 3.1.1. Let R be aring. For f =3} a,X" € R[X] with a, € R, we call
each a, X" aterm of f. If f =a,X™ with a, € R, then we call f a monomial. If
a, =1, then f is called monic.

Definition 3.1.2 [Bosch et al. 1984, Section 1.4.1, Definition 1]. Let (R, |- |) be
a normed ring. We define a Gauss norm on R[X] by | a,X"| :=sup, |a,|. A
formal power series ), a, X" € R[X]| is strictly convergenf if |a,| — O as @ — 00.
We denote the ring of strictly convergent power series over R by R(X). The above
norm | - | can be uniquely extended to | - | : R(X) — R>¢. Note that if R is complete
with respect to | - |, then R(X) is also complete with respect to | - |, see [Bosch et al.
1984, Section 1.4.1, Proposition 3].
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We recall basic facts on rings of strictly convergent power series. Let R be a
complete normed ring, whose topology is equivalent to the a-adic topology for an
ideal a. Then, R(X) is canonically identified with the a-adic Hausdorff completion
of R[X]. We further assume that R is Noetherian. Then, R(X) is R-flat. Moreover,
for any ideal b of R, we have a canonical isomorphism

R(X) ®r (R/b) = (R/b)(X),

where the RHS means the a-adic Hausdorff completion of (R/b)[X].
For a complete discrete valuation ring O with F = Frac(O), we denote by O(X)
(resp. F{X)) the rings of convergent power series over O (resp. F).

Lemma 3.1.3. Assume that R is a complete normed Noetherian ring, whose topol-
ogy is equivalent to the a-adic topology for some ideal a of R. Let I C R(X) be an
ideal such that R(X)/I is R-flat. Then, I is also R-flat. Moreover, for any ideal
J CR,wehave INJ - R(X)=JI. Inparticular, if f € I is divisible by s € R in
R(X), then f/s € 1.

We omit the proof since it is an easy exercise in flatness.

Notation 3.1.4. In the rest of this subsection, we fix the notation as follows. Let O
be a Cohen ring of a field k of characteristic p and fix anorm | - | on O corresponding
to the p-adic valuation. We put

Rt :=O[S] C R :=0(S))
and for r € 0., we define a norm
[-1r: R— Rxo

> anS" > suplagllpl™,
n>»>—00 n

which is multiplicative by [Kedlaya 2010, Proposition 2.1.2]. Recall the definition

R™ = { > a,S" € OfSY: lapS"|, > 0asn — —oo}

nez

from Notation 1.6.2. Note that we may canonically identify R"" /pR"" with k((S)).
We can extend |- |, to |- |, : R"" — Rx>o by [Y_, anS"|, :=sup, |a,S"|,. We define
subrings of R™" by

Ry :=1{f €R™; Ifl, < 1),

Ry i=Ry" NR={feR; Ifl, <1}.

Note that for a,b € N with b > 0, |p“/Sb|r < 1 if and only if a/b > r. Also,
note that R/ = Rg’r[S_l] since |S|, < 1. We may regard R™" as the ring of rigid
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analytic functions on the annulus [p”, 1) whose values at the boundary |S| =1 are
bounded by 1.

Lemma 3.1.5. (i) The R"-algebra R;’r is finitely generated.

(ii) The topologies of Rg” defined by | - | and by the ideal (p, S) are equivalent.

(ii1) The rings Rg’r and R™" are complete with respect to | - |, and Rg’r is dense
in R}".

(iv) The rings Rg’r, R(Jg’r, and R are Noetherian integral domains.

Proof. Let a, b € N ¢ denote relatively prime integers such that r = a/b.

(1) It is straightforward to check that Rg’r is generated as an R™-algebra by
pltl/st for b’ €10, ..., b).

(i) For n € N, we have
sup{lxl;; x € (p, "RE"} < {inf(Ipl, 1S1)}"

and the RHS converges to 0 as n — oo. Hence, the (p, S)-adic topology of
Rg’r is finer than the topology defined by | - |. To prove that the topology of
Rg’r defined by | - |, is finer than the (p, S)-adic topology, it suffices to prove
that

{xe R Ixl <191} € (p. )R

for all n € N. Let x = Zmel a,, 8™ € LHS with a,, € O. Then, we have
la, S" ", < |p"| < 1. Hence, x = §" Zmel a,S" " e S§". Rg’r, which
implies the assertion.

(i) If f =) ,,a.5" € Rg’r with a, € O, then {Z a,,S”}meN C Ry"
converges to f, which implies the last assertion. Since Rg’r is an open subring
of R™", we only have to prove completeness of Rg’r. Let { fin}men C R(T)’r
be a sequence such that | f,,|, — 0 as m — oo. We only have to prove that
the limit ) _,, f;, exists in Rg’r with respect to | - |,. Write f,, = > a,(lm)S”
with a\™ € O. For n € Z, we have

| fim |
15”1,

n>—m

nez

lai™| < = 1P| fulrs

hence, ™| — 0 as m — oo. Moreover, a, := Y e al™ € O converges
to 0 as n — —oo. Hence, the formal Laurent series f := ) _,a,S" belongs
to O{{S}}. Since

|a,S"| < sup |al™S"|, < sup|fulr <1,
meN meN
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we have f € Rg’r. For m € N, we have
|f = (fot- -+ fadlr <suplanS" — (@ +---+a")S",
n

< supsup |a$"|, = supsup |a{’§"|, < sup|fil,
n I>m I>m n I>m

and the last term converges to 0 as m — oo, which implies f =", fu.
(iv) This follows from (i), (ii) and (iii). U

Definition 3.1.6. Let R™(X) be the (p, S)-adic Hausdorff completion of R*[X].
We also define Rg’r (X) and RT"(X) as the rings of strictly convergent power series
over Rg’r and R™" with respect to | - |,. We endow R;”(X) and R™"(X) with the
topology defined by the norm |- |,. By Lemma 3.1.5(iii), RS”(X) and RV (X)
are complete. By Lemma 3.1.5(i1), Rg’r()_( ) can be regarded as the (p, §)-adic
Hausdorff completion of RS”[)_(], hence, Rg”@) and R™"(X) = R(T)”(X)[S_l] are
Noetherian integral domains by Lemma 3.1.5(iv). Also, we may view R (X) as a
subring of Rg’r(}_().

The following lemma seems to be used implicitly in [Xiao 2010, §1].
Lemma 3.1.7. The canonical map R (X) — RV (X) is flat.

Proof (due to Liang Xiao). We may regard RS”(X ) as the (p, S)-adic Hausdorff
completion of RT(X) @+ Rg’r. Since Rg'r is dense in Rg’r by Lemma 3.1.5(iii),
Rg’r (X) can be viewed as the (p, S)-adic Hausdorff completion of R (X) @ g+ Rg’r,
which is Noetherian by Lemma 3.1.5(i). Hence, the canonical map

@: RY(X)®p+Ry"™ — R} (X)

is flat. Since RS”[S*I] = R and RS”(X)[S”] = R""(X), the canonical map
«[S~!] is also flat, which implies the assertion. O

Next, we consider prime ideals corresponding to good “points” of the open unit
disc Rt = O[S].

Definition 3.1.8. An Eisenstein polynomial in R™ is a polynomial in O[S] of the
form P(S) = S¢ + ae_18°" ' 4+ -+ 4+ ag with a; € O such that p | a; for all i
and p?{ay. We call p € Spec(R™) an Eisenstein prime ideal if p is generated by an
Eisenstein polynomial P(S). Then, we put deg (p) := e if e # 0 and deg (p) := o0
if e = 0. Note that we may regard « (p) := R/pR as a complete discrete valuation
field with integer ring R*/pR™*. We denote by 1, € Oy(p) the image of S, which is
a uniformizer of O, (. Note that deg(p) < oo if and only if the characteristic of
R/p is zero. For simplicity, we write « (p) and S instead of x ((p)) and 7, ((py)-
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Lemma 3.1.9. Let p and q be Eisenstein prime ideals of R™. If
inf (v ) (x mod p), v, (q)(x mod q)) < inf (degp, degq),

for x € R, then we have Ve (py (X mod p) = v, () (x mod q).

Proof. Let x € RT and i € N such that 0 <i < deg p. Then, we have the following
equivalences:

Ve(p(x mod p) =i &= x € (p, SH\ (p, S
= x e, SH\ (P, S <= v (x mod p) =1,

where the second equivalence follows from the fact (p, S') = (p, §'), and the other
equivalences follow from the definitions. By replacing q by p, we obtain similar
equivalences. As a result, v (x mod p) =i < ve(q)(x mod q) =i for x € RT
and i < inf(deg(p), deg(q)), which implies the assertion. [l

The ring R (X) can be considered as a family of Tate algebras:

Lemma 3.1.10. Let p be an Eisenstein prime ideal of R with e = deg(p). Let
r € Q- satisfy 1/e < r. Then, there exists a canonical isomorphism

R™(X)/pR™ (X) = k(p)(X).
In particular, pR™" # RT".

Proof. We will briefly recall a result in [Lazard 1962]. Let F' be a complete
discrete valuation field of mixed characteristic (0, p). Recall that L ¢[O0, r] is the
ring of Laurent series with variable S and coefficients in F', which converge in
the annulus |p|” < |S| < 1, see [Lazard 1962, §1.3]. For r’ € Q~¢, a polynomial
P € F[S] is said to be r’-extremal if all zeroes x of P in F2 satisfy v(x) = r/,
see [Lazard 1962, §2.7]. Let ¥’ < r be a positive rational number and P € F[S] an
r’-extremal polynomial. Then, for f € Lg[0, r], there exist a unique g € L¢[0, r]
and a unique polynomial Q € F[S] of degree less than deg P such that f = Pg+ Q,
which is a special case of [Lazard 1962, Lemme 2]. Note that if f € F[S] with
deg(f) < deg(P), then we have g =0 and Q = f by the uniqueness. In particular,
the canonical map § : F[S]/P - F[S] — LF¢[0,r]/P - L¢[0, r] is an isomorphism.

We prove the assertion. We can easily reduce to the case X = ¢. That is, we
only have to prove that the canonical map

R [pR™ — i (p)

is an isomorphism. The assertion is trivial when p = (p). Hence, we may assume
p # (p). Since p is invertible in k (p), p is also invertible in R™" /pR™". Hence,
we have R™" /pR™" = R™"[1/p]/pR7"[1/p]. Note that R™"[1/p] coincides, by
definition, with Lz[0, r] with F := Frac(O). Let P € O[S] be an Eisenstein
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polynomial which generates p. Then, P is 1/e-extremal by a property of Eisenstein
polynomials. Hence, the assertion follows from the isomorphisms

Lp[0,r]/pLFp[0,r] = F[S]1/P - F[S]
= (O[S1/P - OISDI1/pl = (RT/p)[1/p] = k().

Here, the first isomorphism is Lazard’s 8, with r’ = 1/e. O

3.2. Gribner basis argument over complete regular local rings. In this subsec-
tion, we will develop a basic theory of Grobner bases over complete regular local
rings R, which generalizing that over fields. This is done in [Xiao 2010, §1.1],
when R is a 1-dimensional complete regular local ring of characteristic p. We
assume knowledge of the classical theory of Grobner bases over fields; our basic
reference is [Cox et al. 1997].

Recall that the classical theory of Grobner bases on F[X] for a field F can be
regarded as a multi-variable version of the Euclidean division algorithm of the
1-variable polynomial ring F[X]. To obtain an appropriate division algorithm
in F[X], we need to fix a “monomial order” on F[X] in order to define a leading
term, which is the analogue of the naive degree function in the 1-variable case.
Hence, we should first define a notion of leading terms over the ring of convergent
power series.

Definition 3.2.1. A monomial order > on a commutative monoid (M, +) is an
well-order such that if ¢ > B, then e +y > 8+ y. When @ > 8 and o # B, we
write o > f.

In the following, we restrict to the case where M is isomorphic to N/. Moreover,
the reader may assume that > is a lexicographic order; the lexicographic order >ex
on N is defined by (ai, ..., a) >1ex (@}, ..., a) ifay =aj, ..., a;=a], aiz1 >a], .
A lexicographic order is a monomial order, see [Cox et al. 1997, §2.2, Proposition 4].

For convenience, we define a monoid MU{oco} by a+00 = oo for any o € M U{oo}.
We extend any monomial order > on M to M U {oo} by co > « forany o € M.

Construction 3.2.2. Let R be a complete regular local ring of Krull dimension d
with fixed regular system of parameters {si, ..., sq}. Weput R; :=R/(s1, ..., si)R,
which is also a regular local ring. We denote the image of s;41, ..., Sq in R; by
Sit1s--.,8q again and we regard these as a fixed regular system of parameters. Let
vy, : Ri = NU{oo} be the multiplicative valuation associated to the divisor s; =0. For
anonzero f € R and 0 <i <d, we define a nonzero f) € R; ingl)uctively as follows.
We put f© := £ and define fU*1 as the image of f(")/sivif(f  in Riy1, which is
nonzero by definition. We put vz (f) := (vs, (f©), v5, (fF V), ..., vy, (F97D)) eNd
and v (0) := co. Thus, we obtain a map vp : R — N9 U {oo}. We also apply this
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construction to each R;. Note that we have a formula

VR() = (05, (), vg, (fD)). (1)

Also, note that v is multiplicative, i.e., V5 (fg) = vr(f) + vz (g), which follows
by induction on d and by using the formula.

Let R(X) be the mg-adic Hausdorff completion of R[X]. We fix a monomial
order > on XV = N/, For any nonzero f =)  a,X" € R(X) with a, € R, we
define v, (f) :=inf,. vg(a,), Where > is the lexicographic order on N, and
ER(f) =inf.{n e N/ Vr(a,) =vg(f)}. We put @R(O) := 00. Note that when
f #0, we have a formula

deg  (f) =deg, (fV) =deg, (f) ="---=deg, (f), 2)

which follows from (1). Also, note that deg is multiplicative. Indeed, formula (2)
allows us to reduce to the case where R is a field; here deg is multiplicative by
[Cox et al. 1997, Chapter 2, Lemma 8]. Thus, we obtain a multlphcatlve map

v x deg : R(X) — (N x N U {oo},
where oo in the RHS denotes (00, 00). We endow N? x N/ with a total order > by
(a,n) > (@,n)ifa <jexa ora=a"andn > n’

and extend it to (N? x N/) U {oo} as in Definition 3.2.1. Note that this order is an
extension of the fixed order on N/ = {0} x ... {0} x N’. As in the classical notation,
we also define

LT(f) := 2P XL for £ 2£0, LT(0) :=0,

where s = (s1, ..., sq). Note that LT is also multiplicative by the multiplicativities
of v, and deg .. We also have the formula

LTg(f) =LTg,(f mod (sq, ..., s;)) mod (sq,...,s:), Vf € R(X). 3)

Indeed, if s; | f (=1 for some i, then both sides are zero. If s; 1f =1 for all i,
then the formula follows from (1) and (2). The map LTg takes values in the subset
sNXNU {0} of R(X). We identify sV XN U {0} with (N¢ x N/) U {oo} as a monoid
and consider the total order > on sNX™ U {0}.

When R is a field, the above definition coincides with the classical definition as
in [Cox et al. 1997, §2].

Remark 3.2.3. LT stands for “leading term” with respect to a given monomial
order in the classical case d = 0. To define an appropriate LT in the case d > 0, we
should consider a suitable order on the coefficient ring R, which is defined by using
an ordered regular system of parameters as above. Our definition is compatible with
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dévissage, namely, compatible with parameter-reducing maps R — R; — - - - — Rj.
This property enables us to reduce everything about Grobner bases to the classical
case by assuming a certain “flatness” as we will see below.

In the rest of this subsection, let the notation be as in Construction 3.2.2. In
particular, we fix a monomial order > on X N,

Definition 3.2.4. For [ an ideal of R(X), we denote by LTz (/) the ideal of R(X)
generated by {LTz(f); f € I}. Assume that R(X)/I is R-flat. We say that
fi, ..., fs € I form a Grobner basis if (LTg(f1), ..., LTr(fs)) =LTr(I). Note
that a Grobner basis always exists since R(X) is Noetherian.

Note that for monomials f, fi, ..., f; € R(X), we have f € (f1,..., f;) if and
only if f is divisible by some f;. Indeed, any term of g € (f1, ..., fs) is divisible
by some f;, which implies the necessity.

Notation 3.2.5. Let / be an ideal of R(X) such that R(X)/I is R-flat. We write
Ii:=1/(s1,...,s;)]. We may identify R(X) ® R; and I ® R; with R; (X) and [;,
respectively. Note that R; (X)/I; is R;-flat.

Lemma 3.2.6. Let I be an ideal of R{X) such that R(X)/I is R-flat. The following
are equivalent for f1, ..., fs € I:

1) fi,..., fs form a Grobner basis of 1.
(ii) The images of fi, ..., fs form a Grébner basis of I; C R;(X) for some i.
Moreover, when f1, ..., fs is a Grobner basis of 1, fi, ..., fs generate I.

Proof. We prove the first assertion by induction on d = dim R. When d = 0, there is
nothing to prove. Assume the assertion is true for dimension < d. By the induction
hypothesis, we only have to prove the equivalence between (i) and (ii) with i = 1.

We first prove (i) = (ii). Let f € I; be a nonzero element and f € [ a lift of
f. By assumption, we have LTr(f;) | LTg(f) for some j. Then, LTg, (f; mod s1)
divides LTk, (f) by formula (3).

We prove Eii} = (i). Let f € I be a nonzero element. By Lemma 3.1.3, we have
fO= f/s;)'yl / € 1. By assumption, we have LTg, (f; mod s1) | LTg, (f® mod s7)
for some j. Since LTk, (fD mod s1) # 0, s; does not divides fiie, v (f;)=0.
By formulas (1) and (2), LTg(f;) divides LTg(f?), and hence divides LTg(f),
which implies the assertion.

We prove the last assertion. By Nakayama’s lemma and (ii) with i = d, the
assertion is reduced to the case where R is a field. In this case, the assertion follows

from [Cox et al. 1997, §2.5, Corollary 6]. O
Remark 3.2.7. By Lemma 3.2.6, f1, ..., f; is a Grobner basis of [ if and only
if f1 mod mg, ..., fy mod mg is a Grobner basis of //mg/l. In particular, the

definition of Grobner basis does not depend on the choice of a regular system of
parameters {sy, ..., Sq}.
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We can generalize the classical division algorithm, which is a basic tool in many
Grdobner basis arguments.

Proposition 3.2.8 (division algorithm). Let I be an ideal of R(X) such that R(X)/1
is R-flat. Let fi,..., fs € I be a Grobner basis of 1. Then, for any nonzero
f € R(X), there exist a;, r € R(X) for all i such that

f= afi+r
I<i<s
with LTr(f) > LTgr(a; f;) if a; fi # 0, and any nonzero term of r is not divisible by
any )_(dgk(f" ). Moreover, such r is uniquely determined (but the a;’s are not), and
felifandonlyifr =0.

Proof. When d =0, i.e, R is a field, the assertion is well known (see [Cox et al.
1997, §2.6, Proposition 1] for example). We prove the first assertion by induction
on d =dim R. Assume that the assertion is true for dimension < d. We may assume
s11 fi for all i. Indeed, by Lemma 3.2.6, the set { f;; s;1 f;} forms a Grobner basis
of I. Moreover, any LT (f;) is divisible by some LTz (f;) with s; { f;. Therefore,
if we can write f = Zi:ﬁ’fﬁ a; fi + r with respect to {f;; s; 1 fi}, then we can
write f in the same way with respect to f, ..., fs. First, we construct g, € R(X)
by induction on n € N. For h € R(X), let h be its image in Rj(X). Put go := f.
Assume that g, has been defined. Put g, := g, /s, s (&) . By applying the induction
hypothesis to I} = (fl, .. fs) we have a; ,, r, € R1(X) with

g :Z&i,nfi +Fn,
i

such that no nonzero terms of r, are divisible by any X , and such that
LTg,(g,) > LTk, (a; ,,f,) if a;, nf, # 0. We choose lifts a; , and r, in R(X) of
a; » and r,, respectively, such that no nonzero terms of a; , and r, are divisible
by si. Then, we put g1 := g, — U” (g")(zi ainfi +rn). By construction, we
have vy, (gn+1) > vs,(gn), hence, {gng converges si-adically to zero. Moreover,
ai=y., sf” & aipandr:=y_, sU” g")r,, converge s-adically and we have f =
> ai fi+r. We will check that a; and r satisfy the condition. Since s; 1 f; and since
no nonzero term of r, is divisible by s, no nonzero term of r is divisible by X deg, (/)
for all i. We have vy, (f;) = 0 by assumption and vy, (a;) > v, (f) by definition. If
Vs, (a;) > v, (f), then we have v(f) <iex Vg(a; fi), hence, LTr(f) > LTr(a; fi).
If vy, (ai) = v, (f), then we have al.(o) = ag; 0 mod s1, hence, vx(f) < vgp(a; fi) by
formulas (1), (2) and the choice of a; o. In particular, LT (f) > LTr(a; f;). Thus,
we obtain the first assertion.

We prove the rest of the assertion. We first prove the uniqueness of r. Let
f =2 aifi+r=7)_afi+r' be expressions satisfying the conditions. Then, we

gR(f,
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have r —r’ € I, hence, LTg(r — r) € LTg(I). Therefore, r — r’ is divisible by
LTg(f;) for some i. Since no nonzero term of r — ' is divisible by any LTg( f;),
we must have r = r’. We prove the equivalence r = 0 < f € I. We only have
to prove the necessity. Since r € I, we have LTg(r) € LTg(I). Hence, LTg(r)
is divisible by LT g(f;) for some i. Since all nonzero terms of r are divisible by
)_(Ek(f"), we must have r = 0. O

Definition 3.2.9. We call the above expression f =) a; f;+r a standard expression
(of f) and call r the remainder of f (with respectto fi, ..., fs). Note that standard
expressions are additive and compatible with scalar multiplications, that is, if
f=>,aifi+rand g =), a]fi +r' are standard expressions, then f + g =
> i(ai+a)) fi+r+r'isalso a standard expression of f+g,and Af =), Aa; fi+Ar
is a standard expression of Af for A € R by formulas (1) and (2). The remainder of
f depends only on the class f mod I by Proposition 3.2.8 and the above additive
property. Therefore, we may call r the remainder of f mod /.

As in the classical case, we have the following.

Lemma 3.2.10. Let I be an ideal of R(X) such that R(X)/I is R-flat. Let
fi...., fs € I be a Grobner basis of 1. Let f € R(X) be a nonzero element.
Forr € R(X), the following are equivalent:

(1) r is the remainder of f.

(i1) f —r € I and no nonzero term of r is divisible by )_(dg(f") foralli.
Proof. Since the assertion (i) = (ii) is trivial, we prove the converse. By applying the

division algorithm to f —r, we have f —r =) a; f; such that LTg(f) = LTg(q; f;)
if a; f; # 0. This means exactly that r is the remainder of f. (]

Corollary 3.2.11. Let the notation be as in Lemma 3.2.10. We regard fi mod
S1s ..., fs mod sy as a Grobner basis of 1. For f € R(X) with s\t f, denote by r
and r’ the remainders of f and f mod sy, respectively. Then, we have r mod sy =7,

Finally, we give a concrete example of a Grobner basis, which will appear in
Section 3.5.

Proposition 3.2.12. Let I = (f1, ..., fs) C R(X) be an ideal. Assume that there
exists relatively prime monic monomlals Ti, ..., Ty and units uy, . .., us € R™ such
that LT (f;) = u; T; for 1 <i <s. Then, we have the following:

(1) R(X)/I is R-flat.
(i) fi1,..., fs is a Grobner basis of 1.
(i) f1,..., fs is a regular sequence in R(X).
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Proof. We may assume that LTg(f1), ..., LTr(f;) are relatively prime monic
monomials by replacing f; by f;/u;. We first note that in the case of d = 0, the
assertion is basic, since condition (i) is automatically satisfied. Condition (ii) directly
follows from [Cox et al. 1997, §2.9, Theorem 3 and Proposition 4]. Condition (iii)
follows from [Eisenbud 1995, Proposition 15.15] with F = S = R[X] and M =0,
h;= f;, where F\, S and M, h;’s are as in the reference. We prove the assertion by
induction on s. In the case of s = 1, we have only to prove condition (i). We proceed
by induction on d. By the local criteria of flatness and the induction hypothesis,
we only have to prove that the multiplication by s; on R(X)/I is injective. Let
f € R(X) such that s; f € I. Write s; f = f1h for some h € R(X). By taking vy,
we have s; | & since s1 1 f1. This implies fj | f, i.e., f € I. This finishes the case
s = 1. We assume that the assertion is true when the cardinality of f;’s is <s. We
proceed by induction on d. The case d = 0 can be done as above. Assume that the
assertion is true for dimension < d. For h € R(X), denote by & its image in R (X).
By assumption, s; 1 f; for all i, hence, we can apply the induction hypothesis to
f], R ﬂ el := (f_l, R fs) C R(X) by formula (3). Hence, R1(X)/I; is R;-flat,
f], R fs are a Grobner basis of 1, and f_], el fs is a regular sequence in Ry (X).
Condition (ii) follows from Lemma 3.2.6. Next, we check condition (i). By the
local criteria of flatness, we only have to prove that multiplication by s; on R(X)/I
is injective. It suffices to prove I N sy - R(X) C s11. Denote by C, and C, Koszul
complexes for {f1, ..., fs} and {f_l, e, fs} [Matsumura 1980, 18.D]. Then, we
have C; = C;/s,C; for i > 1 by definition, and C, is exact since fi, ..., f; is a
regular sequence. We also have a morphism of complexes C, — C,, whose first
few terms are

C, C I 0
[
-2, 0

Let f € I Nsy - R(X). Then, there exists a € C; such that di(a) = f. Since
dy(a) = 0 mod s, there exists b € C, with da(b) = a. Let b € C, be a lift of b.
Then, there exists a’ € Cy such that a — d,(b) = s1a’. Therefore, we have f =
di(a — dy(b)) = s1dy(a’) € s11. Thus, condition (i) is proved. Finally, we check
condition (iii). We only have to prove thatif f; f € (f1, ..., fi—1) forsome f € R(X)
and 1 <i <s, then we have f € (f1, ..., fi—1). Note that f1, ..., fi—1 is a Grobner
basis of (f1, ..., fi—1) by the induction hypothesis. Let f = Zlij<l- ajfj+rbea
standard expression of f with respect to f1, ..., fi—1. It suffices to prove that r = 0.
We suppose the contrary and deduce a contradiction. No nonzero term of r is
divisible by LT z(f;) for any 1 < j < i; in particular, we have LTz (f;) t LT(r).
By assumption, f; f = ﬁ(ZlSjQ. ajfj) + fir € (f1, ..., fi—1). We therefore have
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fir € (f1,..., fi—1). In particular, there exists 1 < j <i with LTg(f;) | LT(f;r).
Since LTg(f;) and LTg(f;) are relatively prime, we have LTz (f;) | LTg(r), which
is a contradiction. Thus, we obtain assertion (iii). ([l

A remarkable feature of the remainder is the compatibility with quotient norms:

Lemma 3.2.13. Let I be an ideal of R(X) such that R(X)/I is R-flat. Let
f1, ..., fs € I be a Grobner basis of I. Let | - | : R — Rxo be any nonarchimedean
norm satisfying |R| < 1 and \mg| < 1. We extend |-| to a norm on R(X) by
1>, an X™| := sup,la,| < oo. If we denote by |- |q : R(X)/I — Rxg the quotient
norm of | - |, then the remainder r of f € R(X) achieves the quotient norm of
fmod I, ie.,

7| = | £ mod I1q.

Proof. Let f =) 1, X" with 4, € R. Let X" = ) a,,fi +r, be a standard
expression of X™. Let a; := ), Anan; and r := ) A,r,, Which converge since
An — 0 as |n| — oo. Then, f= doaifi+ris a standard expression of f by
Lemma 3.2.10. We have |a; f;| < |a;| < sup,|A,a,,i| < sup,|r.| =|f]|. Hence, we
have |r| < |f]. Since the remainder depend§ only on the class f mod I, we have

| f mod Iq Z;IngJFgI > |r| = [f mod I,

which implies the assertion. (]

3.3. Grobner basis argument over annuli. In this subsection, we will give an
analogue of a Grobner basis argument over rings of overconvergent power series.
We use the notations of Section 3.1 and 3.2 and further use the following notation.

Notation 3.3.1. Let O, R™, and R be as in Notation 3.1.4. Fix {p, S} as a regular
system of parameters of R™. Let I C R™(X) be an ideal such that R (X)/I is
R*-flat. For r € Q-, we give R™" the topology defined by the norm | - |, and write

A:=RYX)/1, T :=1Qp+x) RV (X), A" :=A®rx) R™(X).

(When I =0, R""(X) is denoted by R(X )™ in this notation. However, we use this
notation for simplicity.) Since R (X) — R""(X) is flat (Lemma 3.1.7), we may
identify [T and A™" with I - R""(X) and R”(X)/IT”. Since R™ is an integral
domain, A and hence, A" are R*-torsion free by flatness.

Let |- |q: At — R>o be the quotient norm of | - |.. Note that A" is complete
with respect to | - | by [Bosch et al. 1984, Section 1.1.7, Proposition 3].
Lemma 3.3.2 (cf. [Xiao 2010, Lemma 1.1.22]). Let f1, ..., f; € I be a Grobner
basis of I. For f € R™" (X)), there exists a unique v € RV (X) such that f —ve I™"
and no nonzero term of ¢ is divisible by X@R(ﬁ). Moreover, we have ||, = | f |y gt
forr' e QN (0, r), and vt =0 if and only if f € I'""". We call t the remainder of f
(with respect to f1, ..., fs).
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Proof. We first construct t. Let f = Zﬂ)\ﬂxﬂ e RV (X) with An € R™". Let

Xﬁzzaﬁ,i.fi +rﬂ
i

be the standard expression of X™ in R™ (X) with respect to fi, ..., fs. Since An—0
as |n| — oo, the series

a; :=E AnGy i, t:=E Anfn
n n

converge in RT(X) with respect to the topology defined by | - |.. Then, we have

[t], < sup |)\'Qrﬂ|r/ < Ssup I)‘er/ =|flr. “)
n n

Obviously, no nonzero term of v is divisible by any X deg ()

Zi ai fi € AR

We prove the uniqueness of t. We suppose the contrary and deduce a contradiction.
Let ' € R (X) be an element such that f —t € I™" and such that no nonzero term
of v/ is divisible by any X%/}, We choose m € N such that § := $™ (t—v') belongs
to 1] := I ®g+(xy Ry (X). If we write § = p"§ such that 8' € R} (X) is not
divisible by p in RS” (X), then we have §' € IOJ” by Lemma 3.1.3. We may identify
Ig’r/plg’r with 1/pI by Lemma 3.1.10. We write §’ := 8’ mod plg’r el/pl.

We also write Rfr := R /pR™, which is a complete discrete valuation ring with
deg, 1 (fi mod p)

and we have f —t =

uniformizer S. Then, no nonzero term of &’ is divisible by X . Hence,
8 is the remainder of 0 with respect to f; mod p, ..., f; mod p in R{(X). By
Lemma 3.2.10, 8 =0, i.e., 8 € mod pI;™", contradicting p 18&'.

We prove f =17" < v=0.1If f € I, then O satisfies the required property for
the remainder, and hence t = 0 by uniqueness. If t =0, then f € I by definition.

We prove |t|» = | f mod I”|r/,qt. Let € IT". Since v satisfies the required
condition for the remainder of f + «, the remainder of f + « is equal to t by
uniqueness. In particular, the remainder depends only on the of class f mod 17",

Hence, the assertion follows from
|f mod [ |yq = inf [eals = [el = |f mod [™|yq,
ael’

where the first equality follows from (4) and the second inequality follows by
definition. ]

The following is an immediate consequence of the above lemma.

Lemma 3.3.3. Let fi, ..., f; be a Grébner basis of 1. Let f, g € R""(X) and let
t, v be their remainders with respect to f1, ..., fs. Then, we have the following:

(i) The remainder of f + g is equal to t+v'.
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(ii) The remainder v depends only on f mod I™". One may call the remainder
of f the remainder of f mod I

(iii) For A € R™", the remainder of Af is equal to Ax. Moreover, if f mod I is
divisible by A € R™", then v is also divisible by .

Corollary 3.3.4. Let a C R™" be a principal ideal. Then, we have (Mnen @ AT =0,

Proof. Fix a Grobner basis f1, ..., fy of I. Let f € (), @ - AT and let ¢ be the
remainder of f with respect to f1, ..., f;. By Lemma 3.3.3(iii) and the assumption,
we have v € (), @" =0. O

Remark 3.3.5. Using [Kedlaya 2005, Proposition 2.6.5], one can prove that RT"
is a principal ideal domain. We do not use this fact in this paper.

3.4. Continuity of connected components for families of affinoids. In this sub-
section, we will apply the previous results to prove a continuity of connected
components of fibers of families of affinoids.

Lemma 3.4.1. Let f : R — S be a morphism of Noetherian rings and let Idem(T)
denote the set of idempotents of a ring T. If the canonical map fy : ldem(R) —
Idem(S) is surjective and f7'({0}) = {0}, then f*: 3™ (S) — n&*(R) is bijective.

Proof. We first recall a basic fact on commutative algebras. For a ring A, finite parti-
tions of Spec(A) into nonempty open subspaces as a topological space correspond to
finite sets of nonzero idempotents ey, ..., e, of A suchthat) ;e; =1 and e;je; =0
for all i £ j. Precisely, ey, ..., e, correspond to Spec(Aej) U - - L Spec(Ae,) (for
details, see [Bourbaki 1998, Proposition 15, II, §4, no 3]).

Decompose Spec(R) into connected components and choose the corresponding
idempotents ey, ..., e, as above. Since the nonzero idempotents f(e;), ..., f(e,)
satisfy ), _,, f(e;) =1and f(e;) f(e;) =0fori # j, we obtain a finite partition
Spec(S) :_Sﬁec(S f(er))U---USpec(Sf(en)). Hence, we only have to prove that
Spec(Sf(e;)) is connected for all 1 <i <n. Let ¢’ € Idem(Sf (¢;)). By regarding
¢’ as an element of Idem(S), we obtain an x € Idem(R) such that ¢/ = f(x). Since
xe; € Idem(Re;) and Spec(Re;) is connected by definition, we either have xe; =0
or xe; = e;. Since we have ¢’ = ¢’ f(e;) = f(x)f(e;) = f(xe;), we either have
¢ =0ore = f(e;). Hence, Sf (e;) has only trivial idempotents, which implies the
assertion. U

Notation 3.4.2. In the remainder of this subsection, we let the notation be as in
Notation 3.3.1 and Definition 3.1.8, unless otherwise stated. For an Eisenstein
prime ideal p of R™, we fix a norm |- |, of the complete discrete valuation field
Kk (p) and write

Acp) = (A/pA)[ST.
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We identify R (X)/pR™ (X) with O, (X), and denote the Gauss norm on « (p)(X)
by |- |p. We also denote the quotient (resp. spectral) norm of |- |, on A/pA and
Ay by |- lp,qt (tesp. | - |y sp). For simplicity, we also write | f mod I/p[|p g (resp.
| f mod I/pl|pq0) bY | flp.qe (resp. | flp.q0) for f € k(p)(X).

For f =Y, a, X" € O()(X) with nonzero a, € Op), let G, € R™ be a lift
of a,. Then, f= >, @ X™ € RT(X) is called a minimal lift of f.

We may apply Construction 3.2.2 to R = O, and s1 = m, with the same
monomial order > for O[S]. Let fi, ..., f; be a Grébner basis of /. Then, the
images of f;’s in Rt /mg+[X] form a Grobner basis by Lemma 3.2.6. Hence,
the images of f;’s in Oy, (X) form a Grobner basis of I/pl by Lemma 3.2.6
again. In particular, if v is the remainder of f € R™(X) with respect to fi, ..., fs,
then the image of v in O,y (X) is the remainder of f mod p with respect to
fimodyp,..., fy mod p.

By using our Grobner basis argument, Lemma 3.1.9 can be converted into the
following form:

Lemma 3.4.3. Let ¢ € N and let p, q be Eisenstein prime ideals of R such that
c < inf (degp, deg q). Assume that for n € N, we have

|f" lp.qt = |7Tp|;|f|g,qtv V€ Acp-
Then, we have
| q.qe = |mqlgl flgqe Y € Ac-

Proof. We fix a Grobner basis fi, ..., f; of I. We may regard the f; mod p’s (resp.
fi mod q’s) as a Grobner basis of I/pl (resp. 1/ql). To prove the assertion, we
may assume that f € A/qA. Let v € Oy () (X) be the remainder of f. We have
[flg.q = Itlqg = |71q|’" for some m € N. To prove the assertion, we may assume
| fla.qe = Itlg = 1 by replacing f, by f/x", v/nl".

Let ¥ € R*T(X) be a minimal lift of t and let f € A denote the image of . Denote
by t, € RT(X) the remainder of f”. Then, we have

v, mod pl, = | /" mod ply g > |np|;|f mod pl;”qt

by Lemma 3.2.13 and by assumption. Since |t[q = I, the coefficient of some X™ in
t belongs to O ()" Therefore, the coefficient of X" in t, hence, in t mod p is a unit.
Therefore, we have

| f mod plp g = [t mod p|p, =1,

hence, |v, mod p|, > |7y |,. By applying Lemma 3.1.9 to the coefficient A of v, that
satisfies |A mod p|, > |7, |, we obtain [t, mod q[q > |7Tq|c Since t, mod q is the
remainder of f", we have | f"|q q = v, mod qlq > |7rq|c by Lemma 3.2.13, which
implies the assertion. (]
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The following lemma can be considered as an analogue of Hensel’s lemma.
Lemma 3.4.4 (cf. [Xiao 2010, Theorem 1.2.11]). Assume that there exists ¢ € R>g
such that

| - |p,sp > |7Tplc| : |p,qt on AK(P)'

Then, for all v € Q- N[1/degp, 1/2c), there exists a canonical bijection
n()Zar(AK(p)) — ngar(AT,r).

Proof. Replacing ¢ by [c|, we may assume ¢ € N. Denote by « the canonical
map Idem(A™") — Idem(A, ). By Lemma 3.4.1, we only have to prove that we
have o~ ({0}) = {0} and that « is surjective. Let e € Idem(A™") satisfy a(e) = 0.
Then, we have e € p- AT, Since e = ¢", we have e € (Maen P - AT =0 by
Corollary 3.3.4, which implies the first assertion. We will prove the surjectivity
of a. Let e € Idem(A,(p)). Since |e|psp=1> |np|g|e|p,qt by assumption, we have
e € T, “A/pA. Hence, we can choose ¢’ € A such that e = S7“¢’ mod p. Put
ho := S~ (e/* — §°¢/) € A[S™']. Since
% — 5% = (S%)* — S°- S = 5% (e2 — ) = 0 mod p,
we have ho € pS~2¢ - A. Since p C (p, S°)R™T, we obtain

holr.q < sup (S|, [pDIS| 7% = |p' 2"

We define sequences { f,,} and {&,} in A[S™] inductively as follows. Put fj:=S"¢’
and let /1 be as above. For n > 0, we put

fort = fot by =2hnfa, hagri= iy — fup € AIST'LL
Note that for n € N, we have

for1 ==FIC[H=3)  fur—1=—(H—D*Qf+1D),
hence, 11 = f2(fo — D> f? — 4h, — 3) = h2(4h, — 3). Then, we have

| < 1.

2
|hn—|—1 |r,qt =< |hn|r,qt Sup(|hn|r,qta 1)-

Therefore, by induction on n, we have |h,|, <1, hence, |, 41|, < |y |f. In particular,
we have |h,|, — 0 for n — 0o0. We also have

Sup(|fn+1|r,qt» 1) 5 Sup(|fn|r,qt’ |hn|r,qt’ |hn|r,qt|fn|r,qt, 1) = Sup(lfn|r,qt» 1)’

hence, sup (| fulr.qt, 1) < sup (| folr,qt, 1). Therefore, we have

|fn+l _fn|r,qt = |hn(1 _an)|r,qt = |hn|r,qt Sup(lfn|r,qt7 1) = |hn|r,qt sup (|f0|r,qta 1)
In particular, { f,,}, is a Cauchy sequence in AT with respect to | - | rqt- The element
f :=1lim,_,  f, satisfies f2 — f =1lim,_ o h, = 0 and is an idempotent of AT,
Since we have &, € p- A" by induction on n, f = fy=e mod p, i.e., a(f) =e. O
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Proposition 3.4.5 (Continuity of connected components). Let A, (,) be reduced.

(1) There exists ¢ € R>q such that

| . |(p),sp = |S|?p) | : |(p),qt
on Ay (p). We fix such c in the following.
(ii) Let n € Nx; and p an Eisenstein prime ideal of R™ with degp > nc. Then:

nc

Do = ply™ [ lpar 0n Ay
(iii) Let p be an Eisenstein prime ideal of R™ such that degp > 3c. Then, for
reQ-oN[l/degp, %c), there exists a canonical bijection
T (Apy) = TET(AT).
In particular, we have
#10(Acp) = #10(Ar(py) = #m " (AT).
Proof.

(i) By assumption, |- [(p),sp is equivalent to | - () q ON A, (p). Hence, there exists
A € R.g such that |- |sp > A| - |q. From [1|sp = [1|qc = 1, we deduce A < 1.
Hence, ¢ = logl S| A > 0 satisfies the condition.

(i) By (i), we have

|fn|(p),qt = |fn|(p),sp = |f|?p),sp = |S|?;) |f|?p),qt’ Vf € AK(p)'

From Lemma 3.4.3, we obtain

| p.at = 7l [l g VS € Ay
By using this inequality iteratively, we obtain

nc(ni —1)

i 2 i i o i
L™ lpage = [ [y e fIE =17l ™ 1 f g VS € Ac)-

. i 1/n' -1
Hence, forall f € Ay, we have | flp sp=infien | £ 1y/ch = 175" | flp.que

(iii)) When p = (p), the assertion follows from (i) and Lemma 3.4.4. We consider the
case p # (p). By applying Lemma 3.4.4 to the inequality in (ii) with n =3, we
obtain the assertion for r € @QN[1/degp, %c). For general r € QN[1/degp, %c),

the assertion is reduced to the previous case by taking Jrozar of the commutative
diagram
can. can.
Ax(p) AP Axp)
id l can. id

can. 1

Appy === AV Ty S A O
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Remark 3.4.6. In Theorem 1.2.11 of [Xiao 2010], Xiao proves #mo(Ax(p)) =
#Jrozar(AT”) under the slightly mild Hypothesis 1.1.10 on A by a similar idea. To
generalize Xiao’s result for Eisenstein prime ideals, it seems needed to assume that
A is flat over R.

To obtain a geometric version of this proposition, we need the following lifting
lemma.

Lemma 3.4.7. Let p be an Eisenstein prime ideal of R™ and L/« (p) a finite exten-
sion. Let O" be a Cohen ring of kp and put R’ := O'[T]. Then, there exists a finite
flat morphism o : Rt — R’ and an isomorphism R’ /pR’ = Oy of R™ /p-algebras.
Moreover, for any Eisenstein prime q of R™, qR’ is again an Eisenstein prime ideal
with degree ey ;i (p) deg(q).

Proof. We can define « similar to the definition of the homomorphism § in
Construction 1.6.3: we fix an O’-algebra structure on Oy, and let f : R" — O
be the local O’'-algebra homomorphism, which maps 7 to a uniformizer r;, of L.
Write m, = nzL/ “P i with u € O} . Since f is surjective by Nakayama’s lemma,
we can choose a lift u € (R")* of &. Since R* is p-adically formally smooth over
Z[S], we can define a morphism « : R™ — R’, which maps § to T¢./<®y, by the
lifting property.

We claim that pR’ is an Eisenstein prime. Let P be an Eisenstein polynomial of
O[S] that generates p. We have P = T9€®eL/c»y mod pR’ for some unit u € R’.
By the Weierstrass preparation theorem, there exists a distinguished polynomial
Q(T) of degree deg(p)er /i (p) and a unit U(T') € R’ such that P = Q(T)U(T). By
evaluating at 7 = 0, we see that Q(0) is equal to p times a unit of O’, which implies
the claim. In particular, R’/pR’ is a discrete valuation ring. Hence, the canonical
surjection R’/pR’ — Oy induced by f is an isomorphism. By Nakayama’s lemma
and the local criteria of flatness, « is finite flat. The second assertion also follows
from the Weierstrass preparation theorem. ([

The following is our main result of this subsection:

Proposition 3.4.8 (continuity of geometric connected components). Assume that
Ay (p) is geometrically reduced.

(1) If all connected components of A, (p) are geometrically connected, then all con-
nected components of Ay are also geometrically connected for all Eisenstein
prime ideals p of R™ with degp > 0.

(i) For all Eisenstein prime ideals p of Rt with degp > 0, we have

#70" (Ae) = #15 (Ac(p))-
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Proof.
(i) By assumption, there exists ¢ € R>q such that |- [, sp > |S|fp)| “l(p),qt ON

(i)

3.5.
tion,

A(p) ®i(p) K (p)¥2. We prove that all Eisenstein prime ideals p of R* with
deg(p) > 3c satisfy the condition. Let L/ (p) be a finite extension. Let R’ be as
in Lemma 3.4.7. Since R’ is finite flat over R™, we have RT(X)®p+ R’ = R'(X)
and I' :=1 ®p+xy R"(X) = I - R’(X). Hence, we can apply Proposition 3.4.5
toR"=R,I=1"and A=A":= AQg+ R = R'(X)/I'. Note that cey /() can
be taken as c¢ in Proposition 3.4.5(i). Therefore, Proposition 3.4.5(iii) yields

#nozaI(AK(p) Qp) L) = #ﬂozar(A:«(pR’)) = nozar(Ajc(p))
= #710" (Ac(p) = #15" (Aep)
where the third equality follows from the assumption. Therefore, we have
#75°" (Are(p)) = #70(Ay(p)), which implies the assertion.

Let L/k(p) be a finite extension such that all connected components of
Ay(p) Q(py L are geometrically connected. Let R’ be a lifting of Oy, as
in Lemma 3.4.7 and A’ as in the proof of (i). Part (i) and Proposition 3.4.5(iii)
give the assertion. U

Application: Ramification compatibility of fields of norms. In this subsec-
we prove Theorem 3.5.3, which is the ramification compatibility of Scholl’s

equivalence in Theorem 1.8.3, as an application of our Grobner basis argument.
We first construct a characteristic zero lift of the Abbes—Saito space in character-

istic

p.

Lemma 3.5.1. Let F/E be a finite extension of complete discrete valuation fields of
characteristic p. Assume that the residue field extension kr / kg is either trivial or

purely inseparable. For m € N, we put X := (Xo, ..., Xm) and Y := (Yo, ..., Yi).

@)

(ii)

[Xiao 2010, Notation 3.3.8] For some m € N, there exist a set of generators
{z0, ..., 2m} of OF as an Og-algebra, with zy a uniformizer of F, and a set
of generators {py, ..., pm} of the kernel of the Og-algebra homomorphism
Og(X) — OF defined by X j — z; such that

po=Xy"" +meno,
P :X{’ —¢&;+Xod;+mgn; forl<j<m,
where 5‘/, UFRS 0E<)_(>, gj € OE(X(), ceey Xj—l) and fj e N.

Let > be the lexicographic order on Og{X) defined by X,, > --- > Xo. We
view g as a regular system of parameters of Og and apply Construction 3.2.2.
Then, we have LTo,(p;) = XgeF/E foralln € N. Let l,n € N.g satisfy



(iii)
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p n > eF/E Then, for 1 < j < m, there exists 0;;, € Op(X) such that
LTOE(pj — p(gp n/e”bJOJ n) = qu’p for some unitu € 1 +ngOF.

(cf. [Xiao 2010, Example 1.3.4.]). Fix an isomorphism E = kg ((S)). Let O be
a Cohen ring of kg and let R := O| S]] with canonical projection R — Og.
Fix a lift P; € R(X) of pj forall j. Let o € N+l B € NmJrl Assume that

Bj/er/E]l > ﬁofor all 1 < j <m, and assume that there exlstsl € N.og such
that p' | Bj for all 1 < j <m. Then, the R-algebra

Agp=R(X.Y)/(SY; — PP 0< j <m).
is R-flat. Moreover, the fiber of Ay g at any Eisenstein prime p of R is an
affinoid variety, which gives rise to the following affinoid subdomain of D™\

Kk(p) *
D" (|7ry|~*i/Pi (P; mod p), 0 < j <m).

Proof.

(i) See [Xiao 2010, Construction 3.3.5] for details.

(ii) Since the coefficient of X,""'* in p{! is equal to 1, the first assertion follows from
pi =X, """ modng. For the second, we put 6}, := Xpn errelr! n/eF/EJSf"
Since

) ! . ) 1 ! ! .
Pl = Xf i —85-”1 + X" = Xj.’ i —|—p0p "/eF/EJQJI,, mod 7,
LP n/er/E] plnf; pn
wehaveLTkE(p Po 0j1nmod )= LTkE(Xj —€; mod 7g) =

(iii)

X fip'n , which implies the assertion.

The last assertion is trivial. We prove the first assertion. Let > be the lexico-
graphic order on Og (X, Y) defined by X,, > --- > Xo> Y, > --- > Yo. We
view {p, S} as aregular system of parameters of R and apply Construction 3.2.2.
For 1 < j <m, we choose a lift of 6;; 4./, and denote it by © ; for simplicity.
Then, the ideal (S*/Y; — P; ’, 0 < j <m) is generated by Q¢ := S*Yp — P’gO
and

Q;:=8YY; - Pfj —($*Yy — P()BO)POLﬂj/eF/EJ_'B()@j

for 1 < j < m. It follows from Proposition 3.2.12 that we only have to prove
that LT g /m; (—Q; mod mp) are relatlvely prime monic monomials. We have
LTR/m;(Qo mod mg) = —LTg/m, (pOO) =— eF/EﬁO . Since

LBj/er/E]

Q pj + 0 941’1 ﬂj/pl mod meg,

we have LTg /m, (Q; mod mg) =—X {’ b by (ii), which yields the assertion. [J
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In the rest of this subsection, let the notation be as in Definition 1.8.1.

Lemma 3.5.2. Fix an isomorphism X g = kg((I1)), let O be a Cohen ring of kg and
put R := O[IT].

(1) There exists a surjective local ring homomorphism ¢, : R — Ok, for all
sufficiently large n such that diagram

can.

+
R Xt

\¢,, |

Ok, —= Ok, [0k,

commutes, and ker (¢,,) is an Eisenstein prime ideal of R. We fix ¢, in the
following and put p, := ker (¢,,).

(ii) Let r € Qg and let Lo/ K~ be a finite extension and £ = {L,},~0 a corre-
sponding strictly deeply ramified tower. Assume that the residue field extension
of X¢/ Xg is either trivial or purely inseparable. Then, there exists a flat R-
algebra AS" (resp. AS ]Og) of the form R(X)/I for anideal I C R(X), whose
fibers at (p) and p,, are isomorphic to the Abbes—Saito spaces asly /X0 and
asy ik, e (resp-asy ,x o andasy g ) forall sufficiently large n.

(ii1) With the notation and assumption of (ii), we have for all sufficiently large n:
#F'(Xg) =#F (Ln), #F50(Xe) = #Foq(Ln).
Proof. Put E := Xg and F := Xpg.

(1) For all sufficiently large n, the projection pr, : O — Ok, /£ Ok, induces
an isomorphism &, : kg — kg, of the residue fields. Hence, we can choose
an embedding O — Ok, that lifts ®,. Let wg, be a uniformizer of Ok, ,
which is a lift of pr, (IT) € Ok, /£ Ok, . Since the O-algebra homomorphism
O[Il] — R; IT + II is formally étale, we have a map ¢, sending II to 7k, .
Since Ok, /O is totally ramified, the kernel of ¢, is generated by an Eisenstein
polynomial.

(ii) Fix &' € Og_ such that 0 < v,(§") < v,(§) and such that {L,},~ is strictly
deeply ramified with respect to §’. We denote the composite cano pr, : O —
Ok, /§Ok, — Ok, /§'Ok, by pr, again, and fix an expression r = a/b with
a,beNandb > 0. Also, ﬁxlENw1thp > er/g. Define o, alog,ﬂ ,B]l eN!
via ag 1= a, Aog,0 :=a+b, Bo = Piog,0 :=b, and o; = o, j; = ap’, ,8]
Biog,j = bp' for 1 < j < m. Then, we can apply Lemma 3.5.1 to the finite
extension F'/E. In the following, we use the notation as of that lemma. We will
prove that Ay B (resp. Aal ) satisfies the desired condition. We first consider
the nonlog case. By Lemma 3 5.1(iii), the fiber of Ay B at (p) is isomorphic to
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asy JE.Z° where Z = {zo, ..., zn}. Recall that we have a canonical surjection

. Or—Op, /§'0Oy, for all sufficiently large n. We choose a lift z(") €0, of
pr (zj) €0y, /§'OL,. Then, the z( )5 are generators of Oy, as an (QK -algebra
by Nakayama’s lemma and, by lemma Lemma 3.5.1(1), z§ )
of Op,,. We consider the surjection ¢, : Ok, (X) — Op,; X; — z;

alift p" € ker (¢,) of pr,(p;) € Ok, /&' O, [X]:

is a uniformizer
) and choose

le—)Zj
Og(X) Or
prn prn
Xj—>pr,(z;)
Ok, /&' Ok, [X] Or,/&'0L,
can. can.
go,,;Xjn—ﬂyL)
Ok, (X) OL,.

By Nakayama’s lemma, the p )°s are generators of ker (¢,). We may assume
vk, (§) > r by choosing n sufﬁ01ent1y large. Since ¢, (P;) = p( " mod (&), we
have |¢, (P;)(x)| < |mk, |" if and only if |p{" (x)| < |mk, | for any x € Ot
This implies that the fiber of AS” at p,, is 1s0m0rphlc to as; K Z 0 where
zZm = {z (()"), R m)}, which implies the assertion. In the log case, a similar
proof works if we choose n sufficiently large such that vk, (') >r + 1.

(iii) This follows from applying Proposition 3.4.8 to AS” and AS{Og (]

The following is the main theorem in this subsection. See [Hattori 2014, §6] for
an alternative proof.

Theorem 3.5.3. Let Lo,/ Koo be a finite separable extension and £ = {L,},~0 a
corresponding strictly deeply ramified tower. Then, the sequence {b(L,/K,)}n>0
(resp. {biog(Ln/Kn)}n=0) converges to b(X ¢/ X g) (resp. biog(X e/ X))

Proof. Since the nonlog and log ramification filtrations are invariant under base
change, so are the nonlog and log ramification breaks. Hence, we may assume
that the residue field extension of Xg¢/Xg is either trivial or purely inseparable
by replacing K and Ly by their maximal unramified extensions. We first prove
the nonlog case. Recall that we have [X¢ : Xg] = [L, : K,,] for all sufficiently
large n by Theorem 1.8.3. For r € Q- with b(X¢/Xg) <r, we have #F7" (L) =
#F'(Xe) = [L, : K,] for all sufficiently large n by Lemma 3.5.2. Hence, we
have limsup, b(L,/K,) <b(Xe/Xg). Forr € Q.o with b(X¢/Xg) > r, we have
#F" (L) =#F"(Xe) <[L, : K,] for all sufficiently large n by Lemma 3.5.2 and the
definition of 7". Hence, we have liminf, b(L,/K,) > b(X¢/Xg). Therefore, we
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have b(X¢/Xg) < liminf, b(L,/K,) < limsup, b(L,/K,) < b(Xg/Xg), which
implies the assertion. In the log case, the same argument with b and 7" replaced

by bjog and ]-"{Og works. O

The following representation version of Theorem 3.5.3 will be used in the proof
of Theorem 4.7.1.

Lemma 3.54. Let F/Q, be a finite extension and let V € Replfg(GKn) a finite
F-representation for some n. We identify Gx, with Gk, via the equivalence in
Theorem 1.8.3.

(1) Form=>n, let L,, (resp. L, X') be the finite Galois extension corresponding to
the kernel of the action of G, (resp. Gk, , Gx,)onV. Then, Lo, corresponds
to X' under the equivalence in Theorem 1.8.3 and {L,,}>n is a strictly deeply
ramified tower corresponding to L.

(i1) The sequences {ArtAS Vlik.) and {SwanAS Vlk,,) }mZn

m }m>,, are eventually
stationary and their limits are equal to Art*S (V| x;) and Swan®S (V| Xg)-

Proof.

(1) The first assertion is trivial. We prove the second assertion. Since G, NGk, =
Gy, forallm > n, we have L,, = L,K,,. Therefore, {L,,} is a strictly deeply
ramified tower corresponding to L :=J,, L,,. Hence, we only have to prove
that Loo = L. Let p : Gk, — GL(V) be a matrix presentation of V. By the
commutative diagram

inc. 4

1 Gr. Gk., GL(V)
£\CanA \jid
inc plGKm
| GL. Gk, GL(V),

where the horizontal sequences are exact, we obtain a canonical injection
G, — Gy, Therefore, we have L,, C L, hence, L C L. To prove the
converse, we only have to prove [ Lo : Kool <[L : Koo]. Since (KooNLy)/Kp
is finite, we have Ko N L, = K,, N L, for sufficiently large m. In particular,

[L: Kool =[LnKoo: Kool =[Lyp: Koo N Ly]
=[Ly:KuNLyl=[LyKy:Kp]=[Lw:Kpnl.
Then, the assertion follows from
[Loo : Kool =#p(Gk,) < #p(Gk,) = [Lm : Knl.

(i) By Maschke’s theorem, there exists an irreducible decomposition V|x, =
V* with V* € Re f(GX‘). We choose mg € N such that the canonical
A pF 8
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map Gk, — Gr,/k, is an isomorphism for all m > mg. Then, V* is
G, -stable for all m > mo. Moreover, V*|g € Replf;(G k,,) 1s irreducible.
For m > my, let L /K,, be the finite Galois extension corresponding to the
kernel of the action of Gk, on V*. By (i), £* = {L },y=m, is a strictly deeply
ramified tower and X ¢x corresponds to the kernel of the action of Gy, on V*.
By the irreducibility of the action of Gg,, (resp. Gx,) on V%, we have

At (VHk,) = b(L},/Ky) dimp(V),
At (V| x) = b(X g1/ X ) dimp (V)

for m > mg. We apply Theorem 3.5.3 to each £* to getlim, o Art(V|g,) =
Art(V|x,). Note that K, is not absolutely unramified for sufficiently large m.
Indeed, the definition of strictly deeply ramified implies that K,,;/K,, is
not unramified. By Theorem 1.5.1, the convergence of {Art(V|g,, )} implies
that {Art(V|g,,)} is eventually stationary, which implies the assertion for the
Artin conductor. The assertion for the Swan conductor follows from the same
argument by replacing Art and b by Swan and bjqg. ([

Remark 3.5.5 (a Hasse—Arf property). Let the notation be as in Lemma 3.5.4 and
let p =2. By Theorem 1.7.10 and Lemma 3.5.4(ii), Swan(V |k, ) is an integer for
all sufficiently large m (cf. Theorem 1.5.1).

4. Differential modules associated to de Rham representations

In this section, we first construct Ngg (V) as a (¢, ['x)-module for de Rham repre-
sentations V € Rep@p(G k), see Section 4.2. Then, we prove that Ngg (V) can be
endowed with a (¢, V)-module structure (Section 4.4). Then, we define Swan con-
ductors of de Rham representations (Section 4.6) and we prove that the differential
Swan conductor of Ngr (V) and Swan conductor of V are compatible (Section 4.7).

Throughout this section, let K be a complete discrete valuation field of mixed char-
acteristic (0, p). Except for Section 4.6, we assume that K satisfies Assumption 1.9.1,
and we use the notation of Section 1.3.

4.1. Calculation of horizontal sections. For perfect kx, Ngr(V) is constructed
by gluing a certain family of vector bundles over K, [[¢] for n > 0, see [Berger
2008b, Section II.1]. When kg is not perfect, K,,[[¢] should be replaced by the ring
of horizontal sections of K, [[u, t1, ..., t;] with respect to the connection V&°™,
which will be studied in this subsection.

Definition 4.1.1. (i) We have a canonical K,-algebra injection

K, lt,ui,...,uqsll — BIR
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since B(J{R is a complete local K #'2-algebra. The topology of K, [[t, u1, ..., ug]l
as a subring of [B(J{R (endowed with the canonical topology) is called the
canonical topology. Note that K, [[#, u1, ..., uq] is stable under the G g -action,
and that the G g-action factors through I'k.

(i) Let F be a complete valuation field. The Fréchet topology on

FlIiXy, ..., I =Mm FIXy, .0, X/ (X, e, X)™
m

is the inverse limit topology, where F[ X1, ..., X, 1/(X1, ..., X,)" is endowed
with a (unique) topological F-vector space structure. Note that F[ X1, ..., X, ]
is a Fréchet space, and that the (X1, ..., X;)-adic topology of F[[ X1, ..., X,
is finer than the Fréchet topology.

Lemma 4.1.2. The canonical topology of K,[t, u1, ..., ugll and the Fréchet topol-
ogy are equivalent. In particular, K, [t,uy, ..., uqll is a closed subring of BIR.

Proof. Put V,, . =K, [t,uy, ..., uql/(t,ui, ..., uqs)" andidentify K, [[t,uy, ..., uqll
with lim, V. If we endow V,,, with a (unique) topological K, -vector space struc-
ture, then the resulting inverse limit topology is the Fréchet topology. We have a
canonical injection V,,, — [EBIR J(t,uy, ..., ug)™. If we endow V,, with the subspace
topology as a subset of [EB(“;R J(t,uy, ..., ug)"™, which is endowed with the canonical
topology, then the resulting inverse limit topology is the canonical topology. Since
[B:{R /(t,uy,...,uqg)™ is K,-Banach space by definition, V,, endowed with this
topology is a topological K,-vector space. This implies the assertion. ([

Notation 4.1.3. The subring K[z, u1, ..., ug]V*" =0 =By VK, llt, u1, ..., ugl
of ng is denoted by K, [[t, uy, ..., uq]lY for n € N. We call the subspace topology
of K,[it,ui, ..., uqllY as a subring of B:{R (endowed with the canonical topology)
the canonical topology. Note that K, [[¢, uy, ..., ugllV is a closed subring of ng
since the connection V&M : B, — Bl ®x QL is continuous and By is closed
ol

in Bg.

Lemma 4.1.4. The ring K,[[t, u1, ..., uqll" is a complete discrete valuation ring
with residue field K, and uniformizer t.

Proof. We define a map

f:Kn[t,ul,...,ud]—> Kullt, up, ..., uqll
(_1)n1+~~+nd " - "
X = Z l'—nd‘ul‘...uddal'o---oadf’(x).

It is easy to check that this is an abstract ring homomorphism such that Im(f) C
Kullt,ui, ..., uqlY, f(x)=tf(x)forall x € K,[t,uy,...,uqland f(u;)=0 for
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all j. In particular, f is (¢, uy, ..., ug)-adically continuous. Passing to the comple-
tion, we obtain a ring homomorphism f: K, [¢, uy, ..., usl — K,lt, uy, ..., ugllV.
Since f isidentity on K, [[¢, uy, ..., uqllV, fis surjective and f induces a surjection

foKaltl = Kollt, ur, oy ugll/ s .o ug) = Kallt, un, . ugll,

where the first isomorphism is induced by the inclusion K, [[t] C K, [[t, u1, ..., ugll.
Since f(r) =t is nonzero, f is an isomorphism, which implies the assertion. [
Lemma 4.1.5. The t-adic topology on K,[[t, ui, ..., ugll is finer than the canoni-
cal topology.

Proof. Denote K, [[t, ui, ..., uq]" by R and identify R with lim R/:™R. If we
endow R/t™R with the discrete topology, then the resulting inverse limit topol-
ogy is the r-adic topology. By Lemma 4.1.4 and dévissage, the canonical map
R/t"R — K,lt,uy,...,uql/(t,uy,...,ug)™ is injective. If we endow R/t R
with the subspace topology as a subset of K,,[t, uy, ..., uql/(t, uy, ..., ug)", en-
dowed with a (unique) topological K,-vector space structure, then the resulting
inverse limit topology is the canonical topology. Since the discrete topology is the
finest topology, we obtain the assertion. U

The map f defined in the proof of Lemma 4.1.4 is continuous when K = K:

Lemma 4.1.6. Let ¢ : Og — O be the unique Frobenius lift, characterized
by ¢(tj) = tf forall 1 < j <d. Then, the map f : Enﬂt,ul,...,ud]] —
Kullt, ut, ..., ugl¥ defined in the proof of Lemma 4.1.4 is continuous with respect
to the Fréchet topologies.

Proof. By the definition of f, we only have to prove the following claim: for all
meNand 1 <j <d, we have

"(Og) C m! Og.

) ~ ~ ~
W 0z —> : —
e first note since d : O QO,; and ¢, QO,; QO,; commute, we have

8jogpi=pitjl.7i_1(pioaj (5)
foralli e Nand 1 < j <d. We prove the claim. Fix m and choose i € N such

that v, (m!) <i. Since k = kII%I [1, ..., 1], we have O = ¢ (OR)[t1, . .., ta] by
Nakayama’s lemma. By Leibniz’s rule, we have

. m , _ .
MMMy = Y <m )aj“)(q)' O AT g (6)
0<mo<m 0
for . € Og and ay,...,as € N. We have Byo(wi(k)) € p'Og C m!Og, unless
mo = 0, by (5), and 8;." (t;.lj) € m! Og. Hence, the RHS of (6) belongs to m! O,
which implies the claim. (]
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4.2. Construction of Ngr. In this subsection, we construct Ngg (V) as a (¢, 'k)-
module for de Rham representations V. The idea is similar to [Berger 2008b, §11],
i.e., gluing a compatible family of vector bundles over K,,[[¢, uy, ..., ugq]lY to obtain
vector bundles over B:i’gr.
Notation 4.2.1. Forn e N, put r(n) :== 1/p"'(p — 1). For r € Q-, let n(r) € N
be the smallest integer n with r > r(n).

For each K, we fix ry such that Ax has enough ry-units (Construction 1.6.1)
and A" = O/ (")) ""/*x/% for all r € @~ N (0, ro) (Lemma 1.10.2), where O’ is
a Cohen ring of kg, . In the rest of this section, let r € Q. , and when we consider
Ay, B;(’r and B:i’gr’ x> we tacitly assume r € Q-9 N (0, r) unless otherwise stated.
Moreover, for V € Rep@p(G k), we further choose ro sufficiently small (dependent
on V though) such that D" (V) admits a [B}(’r—basis for all r € (0, r9). Note that

A;(’r, [E’B;(’r are PID’s and that Bji’gr x 1s a Bézout integral domain.

Definition 4.2.2. Letr >0andneN withn>n(r). Forx =3, . p*[xx] € B,
the sequence {Zkg N Pk [x,‘;7 ]} Nz Converges in [B(YRJr . Moreover, if we put

.ot v+
tn.BT’—>BdR

x> ) P
k>»>—o00
then ¢, is a continuous ring homomorphism (see the proof of [Andreatta and Brinon
2010, Lemme 7.2] for details). Since ng is Fréchet complete, ¢, extends to a
continuous ring homomorphism
=1, \Y

e B — By
We also denote by ¢, the restriction of ¢, to @lgr x Or B]Ti’gr k- Unless otherwise
stated, we also denote by ¢, the composite of ¢, and the inclusion ng C [B:{R.

Lemma 4.2.3. Forx € Bji’gr x> we have

T

xe (B;{)X & x e (B )% x has no slopes & x € (@K’r)X Sxe (@:i’grk)x.

rig, K
Proof. Note that the slopes of x as an element of B;’gr’ x Or @;’gr’ x are the same by
definition (see Section 2). Therefore, the assertion follows from [Kedlaya 2005,

Corollary 2.5.12]. O

Lemma 4.2.4. For B = B%’r, Bl’gr’K, @I{’r, @E’gr’K, we have

ker(@ot,: B—C,) =¢" ' (q)B

forn = n(r).



Differential modules associated to de Rham representations 1933

Proof. Note that since Ex and E x gt are isomorphic, the associated analytic rings
[legr x and BTg ot Are isomorphic. Hence, in the case of B = Bng K>
follows from [Berger 2008b, Proposition 4.8]. By regarding C,, as the completion of
an algebraic closure of KP! and applying [Berger 2008b, Remarque 2.14], we have

ker(@ o, : B — Cp) = " 1(q)BT". Since (B )Hx = @}r and (p"*l(q) cBh,

the claim

we obtain the assertion for B = BT ". We will prove the assertion for B = Bn o k- Let
xeker(Bouy,: legr x — Cp). Since Bjig’ x 1s a Bézout integral domain, we have

Let y € B

g,k Such that " (g) = yy'.

(x, 9" (9)) = (v) for some y € B! .

Since y e ker (0 o1, : BL , — C,) =¢"" 1(q)Brlg x» We have y = ¢"1(q)y” for

rig, K

some y” € B:" ., hence, y'y” = 1. By Lemma 4.2.3, y’ is a unit in B’ .. Hence,

rig, K> rig, K *

for any x e ker (B oy, : B’

we have x € ¢"~ 1(q)B rig, K

g, K — C,), which implies
the assertion. For B = B;( , a similar proof works since B}(’r is a PID, hence, a

Bézout integral domain. ([

Lemma 4.2.5. The image of Bng
n > n(r). In particular, v, induces a morphism t, : Blg X
forn = n(r).

x under t, is contained in K ([t,uy, ..., uq] for
% Kn[[t’ul""’ud]]v

Proof. Since B[ ek C B-"" we may assume r = r(n). By [Andreatta and

rig, K °
Brinon 2010, Lemme 8.5], there exists a subring Ag (1 (p—1)pr-1y Of A such that
AT .r(n) = Ag.(1,(p-)p- 7™ 1. The inclusion Ln(B Y C Kulit, uy, ..., uqll is
proved in Proposition 8.6 of the same paper. Since K,[[r, ui, ..., uy]l is closed
in B;{R, we obtain the assertion. (]

Lemma 4.2.6. For h € N and n > n(r), the morphism

.mTr vV .h v
prhoLn.BngK—>K[[t Ui, ..., uqgll” /" Kullt,uy, ..., uqll

is surjective.

Proof. Since t € Bng

A; C Azr be as in [Andreatta and Brinon 2008, Proposition 4.42]. By the proof of
[Andreatta and Brinon 2010, Lemme 8.2], 6, : A; — Ok, is surjective after taking
the reduction modulo some power of p. Since A} is Noetherian and (p/7¢, p)-
adically Hausdorff complete, A;g is p-adically Hausdorff complete, which implies
the surjectivity of 6, : A;g — Ok, by Nakayama’s lemma. U

x we may assume & =1 by Lemma 4.1.4. Put 6, := 60 o¢,. Let

Lemma 4.2.7. The image of [Bng g under v, is dense in K,[[t,uy, ..., uglly with
respect to the canonical topology for n > n(r).

Proof. By Lemma 4.1.5, the assertion follows from Lemma 4.2.6. (]
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Lemma 4.2.8 ([Kedlaya 2005, Corollary 2.8.5, Definition 2.9.5], see also [Berger
20084, Proposition 1.1.1]). For B =8}, B}, B} . B} ¢
M of a finite free B-module, the following are equivalent:

(1) M is finite free.
(i) M is closed.
(iii) M is finitely generated.

Lemma 4.2.9. Let B be either [B%1 " or Br{lng

which divides (t") for some h € N then I is generated by an element of the
form Hn>n(r) (gon—l (Q)/P)jn with jn <h.

Proof. Note that we have a slope factorization t = 7 [, (¢"~ Y(q)/p) in [Bng Q,

(see the proof of [Berger 2008b, Proposition I. 2.2]). For n < n(r), ¢"~'(q)/p
is a unit in Bng Q, and for n > n(r), ¢"~'(¢)/p generates a prime ideal of B by
Lemma 4.2.4. Hence, the assertion follows from the uniqueness of slope factoriza-

tions, see Lemma 2.0.5. O

and a B-submodule

If 1 is a principal ideal of B

Lemma 4.2.10 (The existence of a partition of unity). Let n € N and r > 0 satisfy
n > n(r). For w € N.g, there exists t, ., € Bng x Such that v,(t, ) = 1 mod

YKLt uy, ... ug]ly and tn(tyw) € tKpllt, uy, ..., uglv ifm#nand m >
n(r).
Proof. Since leg@ C BngK and Q, ()] C Kyullt, ui, ..., uqlly, we may

assume K = Q,. The assertion then follows from [Berger 2008b, Lemma 1.2.1]. []

Lemma 4.2.11. Let B be either Br'lgr or leg K Forn>n(r), write i, : B := Blgr

Bv+ in the first case and i, : B := Bnng — B, := K,lit,uy, ..., uglly in
the second case. Let D be a 9-module over B of rank d' and DV and D(z) two

B-submodules of rank d’ stable by ¢ on D[1/t] = B[1/t1®pg D such that
i) DW[1/t]=D?[1/t] = D[1/1];

(ii) B, ®,,.B DM =B, ®,,.B D® foralln > n(r).

Then, we have DY = D@,

Proof. Since DV + D@ is finite free by Lemma 4.2.8 and satisfies the same
condition as D®, we may assume that D) ¢ D® by replacing D@ by DV + D@,
Then, the proof of [Berger 2008b, Proposition 1.3.4] works by using the ingredients
Lemma 2.0.6 and Lemma 4.2.9 instead of [Berger 2008b, Proposition 1.2.2]. [

Proposition 4.2.12 (cf. [Berger 2008b, Théoréme I1.1.2]). Let V € Repr (G K) be
a de Rham representation with negative Hodge—Tate weights. Let B be either B
or [Br'lg k- Let By and v, : B — By, be as in Lemma 4.2.11. In the first case, let D,
(Bl @k Dar(V)V""=0, and let D, := (K, [lt, uy, . .., uql ®k IDdR(V))ng:O in
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the second case. Put D := @:i’gr ®a, V in the first case and D := DY (V) in the
second case. Then, the following holds.

®

(ii)

rig

There exists h € N such that

tth ®Ln,B D C Dn C Bn ®z,,,B D

foralln > n(r).

Leti, : D — B, ®,, p D be given by x — 1 ® x and put
N :={x e D; 1,(x) € D, foralln > n(r)}.

Then, N is a finite free B-submodule of D, whose rank is equal to dimg, V.

Moreover, there exists a canonical isomorphism

By, ®l,,,BN_> D,

foralln > n(r).

Proof.

®

(i)

Since the inclusion B, C B:{R is faithfully flat by Lemma 4.1.4, we only have
to prove the assertion after tensoring [E’E:{R over B,. We have the following
isomorphisms:

Bjg ®5,B: ®,,.8 D =B ®, g B™ @grr DV
=B ®, 5B ®a,V =B ®q,V,
where D 1= BT ®q, V in the first case and D™ := D" (V) in the second

case. Since B, ®p, Dy C Bjy ®q, V by assumption and Bj ®p, D,[1/1] =
[B%(J{R ®xk Dar(V)[1/t] = Bar ®a,V, there exists & € N such that

"Bl ®a,V C Biy ®s5, Dy C Bz ®q,V,

which implies the assertion.

Since A is a closed B-submodule of D containing t" D, N is free of rank
dimg,V by Lemma 4.2.8. To prove the second assertion, we only have to
prove that the canonical map B, ®,, g N — D,/tD, is surjective for all
n > n(r) since B, is a t-adically complete discrete valuation ring. Fix n and
let x € D,. Note that pr;, o1, : B— B/ "B, is surjective. Indeed, when

B = [B;’gr & this follows from Lemma 4.2.6. When B = @Ii’gr, it is reduced to
the case h =0, and pr; o, =6 o, : Bji’gr — C,, is surjective since BT C BrTi};-

Hence, there exists y € D such that ¢,(y) —x € "B, Q.. D €tD,. We put
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7: =ty p+1y € D, where t,, 11 is as in Lemma 4.2.10. By the property of £, ,,
we have

n(z) —x = (ln(ln,h—H) - l)tn(y)+ln(y) —x€tD,

and for m # n,
tn(2) €t"™'B,®, gD CtD,.

These imply z € \; hence, we obtain the assertion. U

Definition 4.2.13. In the context of Proposition 4.2.12, we denote N by legr V)
in the first case and by Nggr (V) in the second case. For a de Rham representa-
tion V with arbitrary Hodge-Tate weights, we put legr (V) = legr (V(=n))(n)
and Ngr (V) := Ngr (V(—n))(n) for sufficiently large n € N. These defini-
tions are independent of the choice of n. We also put Nng(V) =U, leg’ V)
and Ngr (V) := |, Ngr (V). We note that for 0 < s < r, the canonical map
legs k ®gtr Narr (V) = Nar.o(V) is an 1som0rphlsm by Lemma 4.2.11 and
Pr0p051t10n 4 2.12. So, the canonical morphism [B%ng 1% ®B“ Nar,- (V) = Ngr(V)
is an isomorphism, and in particular, Nggr (V) is a finite free [B%Jr rig, K -module of rank
dlm@ V. Since the map ¢ : I]])Ilg(V) — IDr'lgr/p(V) induces a map ¢ : Ngr (V) —
NdR, ,/p(V) by the formula LnH o@ =t,, Ngr(V) is stable under the (¢, I'g)-action
of IDng(V) Slmllarly, N (V) is free of rank dimg,V and is stable under the
((p, G k)-action of B ®@ V. Thus, we obtain a (¢, G g)-module i (V) over

rig
ng and a (p, ['k)- module Ngr (V) over Bng K-

4.3. Differential action of a p-adic Lie group. In this subsection, we recall basic
facts on the differential action of a certain p-adic Lie group. Throughout this
subsection, let G be a p-adic Lie group, which is isomorphic to an open subgroup
of (1+2pZ,) x Z;ﬂ via a continuous group homomorphism 7 : G < Z7 Zf}.
Denote n(y) = (no(y), ..., na(y)) € Z; X Z‘[‘; fory e G. For1 < j <d,let
Go:={y €G; nj(y)=_0forall j >0},
Gj={r €G: no(y) =1, 7i(y) = 0 for all positive i # j}.

Notation 4.3.1. Let (R, v) be a Q,-Banach algebra and M a finite free R-module
endowed with an R-valuation v. Assume that G acts on R and M such that:

(i) The G-action on R is Q,-linear and the action of G on M is R-semilinear.
(i) We have voy(x) =v(x) forallx € R and y € G.
(iii) There exists an open subgroup G, <, G such that
v((y = Dx) = v(x) +v(p)
forall y € G, and x € R.
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(iv) For any x € M, there exists an open subgroup G, <, G, such that

v((y — Dx) =z v(x) +v(p)
for all y € G,.

Construction 4.3.2. Let the notation be as in Notation 4.3.1. We extend the con-
struction of the differential operator Vy in [Berger 2002, §5.1] to this setting. By
assumption, there exists an open subgroup Gy <, G, such that

v((y — Dx) > v(x) +v(p)

forall x e M and y € Gy. Hence, we can apply Berger’s argument to the 1-parameter
subgroup yZ» for y € Gy. Thus, we can define a continuous @ p-linear map

log(y) : M - M

x> log(n) () i= Y (-1 X0,

n>1
for y € Gy;. Moreover, the operators

Io X

Vo(x) := o8 g, Y € Gu N Go,
log(no(y))
lo X

Vi(x) = log(y)(x) fory € Gy NG;

nj(y)

for 1 < j <d are independent of the choice of y.
Assume that N satisfies the conditions of Notation 4.3.1. Then, M Q@ g N satisfies
the conditions of Notation 4.3.1, and we have

log(y ® y) =log(y) ®idy +idy ®@log(y) fory e Gy NGy

in Endg (M ®g N). With (M, N) = (R, R) or (M, R), V;: R — R is a continuous
derivation and V; : M — M is a continuous derivation, compatible with V; : R — R,
that is, V;(Ax) = V;(M)x +AV;(x) for L€ Rand x € M.

Lemma 4.3.3. Let the notation be as in Construction 4.3.2. In Endg, (M), we have

V; ifi=0,1<j<d,

Vi,V' = - V',V,‘ =
Vi, Vil ==LV, vil {0 ifl<i,j<d.

Proof. Since G; and G; are commutative for 1 <7, j < d, the assertion in the
second case is trivial. We prove the other case. Fix x € M. We regard G as
a subgroup of GL441(Z,) as in Section 1.3. For sufficiently small ug, u; € Z,
put yo :=1+4+uoE10€ GoNGyu, yj :=1+u;E|; € Gi NGy, where E ; is the
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(1, j + 1)-th elementary matrix in M,11(Z,). Then, the assertion is equivalent to
the equality

log(yo) o log(y;)(x) —log(y;) o log(yo) (x) = log(1 +uo) log(y;)x.
In the group ring Q,[G], we have

_1)n—1 n—1 n—1
Z %ugqulyjz Z ( 1) (u()E ) Z ( 1) (MjElj)n

1<i<n 1<i<n 1<i<n

_1\n—1 n—1
— Z (G 1’2 (u;E; ;)" Z = 1) (uoEr1)".

1<i<n 1<i<n

After applying both sides to x, the LHS converges to log(1 + ug) log(y;)(x) and
the RHS converges to log(yp) o log(y;)(x) —log(y;) olog(yo)(x), which implies
the assertion. O

In the following, we will use the Fréchet version of Construction 4.3.2.

Construction 4.3.4. Let (R, {w,}) be a Fréchet algebra and M a finite free R-
module endowed with R-valuations {w,}. Assume that G acts on R and M and
assume that the G-actions on (I/?\,, w,) and (1\7,, w,) satisfy the conditions of
Notation 4.3.1 for all », where k\, and 1\//?, are the completions of R and M with
respect to w,. By applying Construction 4.3.2 to each R, and M, and passing to
the limits, we obtain continuous derivations V; : R — R and V; : M — M for
0 < j <d, which are compatible with V; : R — R, that satisfy

[Vo,Vj1=V; forl<j<d, [V;V;1=0 forl<i,j<d.

Thus, the actions of Vy, ...V, give rise to a differential action of the Lie algebra

Lie(G) = Q, x Q9.

4.4. Differential action and differential conductor of Ngr. In Section 4.2, we
constructed Ngr (V) for de Rham representations V as a (¢, I'x)-module. The aim
of this subsection is to endow Nggr (V') with the structure of (¢, V)-module in the
sense of Definition 1.7.5 by using the results in Section 4.3. As a consequence, we
can define the differential Swan conductor of Ngg (V') (Definition 4.4.9). Throughout
this subsection, let V denote a p-adic representation of Gg.

Lemma 4.4.1. There exists an open normal subgroup I'y, <, I'x and rx > 0 such
that for all 0 < r <rg, there exists ¢, > 0 such that

w (1= y)x) = w,(x)+¢,, VxeBY VyeTl%.

Proof. We may assume x € A}’r. Recall that the ring A%?OK is a subring of &;(r
containing A}r(’r for m € N by [Andreatta and Brinon 2008, page 82]. Hence, we
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only have to prove a similar assertion for AS:OK' Then, the assertion follows
from [Andreatta and Brinon 2008, Proposition 4.22] if we define I'} as the closed
subgroup of 'k topologically generated by {yjp m; 0 < j < dj} for sufficiently
large m. (]

By shrinking I'%, if necessary, we may assume that I'}; is an open subgroup of
(1+2pZ,) x Z‘Il, as in Section 1.3. In the rest of this paper, we assume that r( in
Notation 4.2.1 is sufficiently small such that ro <rg.

Lemma 4.4.2. For x € B"" and ¢ > 0, there exists an open subgroup Uy . <, G
such that

wr((g—1Dx)>c forallgeUs,.

Proof. We may assume that x is of the form [x] with x € E. Indeed, if we
write x = ) > — 00 pk [xr] with x; € E, then, by definition, there exists N such that
w, (p*[xi]) > ¢ for all k > N. We choose U, such that w,((g — 1)(p*[xx])) > ¢
forall kK < N and all g € U, .. Then, U, . satisfies the condition.

Let x = [x] with x € . Since the action of G Kk on Fis continuous, there exists
Uy.c <o Gk such that vz((g — 1)x) > pllc/r (> 0) for all g € U, .. We prove that
U, . satisfies the desired condition. We can write

(¢ = DIEI =g — DEI+ Y prlxil

k>1

for some x; € F. Since
[x ]([(g 1)x] 1)=(g(i),—x1”,—x§2,...),

x,f ‘ /X can be written as the value of a polynomial, with coefficients in Z with
zero constant term, at (g — 1)x/x. Indeed, let S,, € Z[Xo, ..., Xm, Y0, .-, Y]
for m € N be a family of polynomials defining the addition on the ring of Witt
vectors, see [Bourbaki 2006, n°3, §1, IX]. Then, S,, is homogeneous of degree

m=i

p™, where deg(X;) = deg(Y;) = p'. Since So = Xo+Ypand) o, p'S] =

]
Yocicm P XD Y 0cicm P'YS form > 1, the coefficients of both X[, Y7 €

Sy are equal to zero, which implies the assertion. Hence, for n € N, we have
v (g = DLED = inf {ur((g — ). vg(xw}
> inf { (g —1 1 } = L —1
> Inf vE((g — Dx), vE((g )X) v[E((g )X).

Note that v~ "((g = DIx]) = oo forn € z ~0. Hence, we have w,((g — D[X]) =
1nfn€N(rU~ ((g — D[x]) +n) >inf (r- m vg((g — 1)X), |c]) = ¢, which implies
the assertlon O
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Lemma 4.4.3. Let {e;} be a [Bj(’r—basis of DV (V). We endow I]])Ii’gr(V) with valu-
ations {ws}o<s<r that are compatible with the {wg}o<s<r associated to {e;}. Then,

the actions of 'Y, on Bng x and IDr'lgr (V) satisfy the conditions of Notation 4.3.1.

Proof. Conditions (i) and (ii) follow from the definition. Condition (iii) follows
from the formula y? — 1 = Zl<l<p( )(¥ — )" and Lemma 4.4.1. To prove
condition (iv), we may assume x € D" (V). We choose a lattice 7 of V stable
under the Gg-action. Let { f;} be a basis of T and endow B ®q, V with the
valuations {w}}o<s<,, compatible with the {w;}o<s<,, associated to the BT -basis
{1® f;}. By the canonical isomorphism B ®BT DY (V)y=Bhr ®q, V following
from Theorem 1.10.5, we regard {1 ®e¢;} as a [EBT "_basis of B" "®aq, V. Then, wy is
equivalent to w; therefore, we only have to prove that for any x € [E’BT "®q, V and
O<s<r, there exists an open subgroup G% . <, Gk such that wi((g — Dx) >
w; (x) +wi(p) for all g € G , .. We may assume that x is of the form A ® v for
A eB" and v e T. Since the actlon of Gk on T is continuous, there exists an open
subgroup U <, G such that U acts trivially on T/pT. We apply Lemma 4.4.2
after regarding A € B, and get that there exists an open subgroup U’ <, Gk such
that wy((g — 1A) > ws(k)+ws(p) for all g € U'. If we put G sx = UNU’, then
the assertion follows from

E-DHA®@=Eg-DHM)®gw)+A1®(g— . O

Definition 4.4.4. By Lemma 4.4.3, we can apply Construction 4.3.4 to G = Ik,
R= BTgr x and M = I]])Jr r(V) Thus, we obtain continuous differentials operators
V; on [Dng (V) for 0 < j < d. The operator V; induces a continuous differential
operator on [[Dr (V), which is denoted by V; again. Since the actions of I'x and ¢

commute, V; commutes with ¢ by definition.

Until otherwise stated, let V = Q, and regard [I])rlg (Q)) as Bng k- Then, V; can
be regarded as a continuous derivation on Bji g” - In the following, we will describe
this derivation explicitly.

Construction 4.4.5. As in [Andreatta and Brinon 2010, Propostion 4.3], the action

of 'k on K, [[t, uy, ..., us] induces K,-linear differentials
~ lo
. 108(0) — (147 )_
log(no(v0))
~ 1 .0
V= g _ —t[fj]— forl<j<d
;i () du j

for all sufficiently small yy € 'k o and y; € 'k ;. Note that these are continuous
with respect to the canonical topology. Since the action of I'x commutes with
Vveeom by definition, V; acts on K, [[1, uy, ..., uglV.
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We assume K = K until otherwise stated. By the isomorphism A}r{’r =O(m)t,
we have derivations
ad
dp:=—, 01 == ——, ..., Oy := —,
o T B T
on A;@r (see Section 1.7), which are continuous with respect to the Fréchet topol-
ogy defined by {w;}o<s<. By passing to the completion, we obtain continuous

. . T,r T,r
derivations 9; Bng ¥ [E{%rlg K

T T
a derivation 0; Bng P Bng K e,
dense subring of K,[[t, u1, .. ., uglly viat,. Hence, we can extend any continuous
derivation 0 on [B%Zi’; g toa continuous derivation on K,[[t, uy, ..., ug]Y, which is

denoted by ¢,(9). Note that we have a formula

1 (8) (1 (x)) = 1, (8(x)) for x € Bng K- )

Lemma 4.4.6. For n > n(r), we have

for 0 < j < d. The derivation d; also extends to

By Lemma 4.2.7, we may regard B’ x asa

(1 +71)80) =Vo, 1,([7;18)) =V, for1<j<d.

Proof. Let 1 < j <d and put 8 := 1,(t (1 +7)dp) — Vp and §; := 1,,(t[1;18;) — V;
Let f: K,ulit, ui, ..., ugll— Kulit,ui, ..., ugll" bethe map defined in the proof of
Lemma 4.1.4, which is continuous by Lemma 4.1.6. Since f induces a surjection on
the residue fields by definition, f(K,[t]) is a dense subring of K,[[t, u1, ..., ugll¥
by Lemmas 4.1.4 and 4.1.5. Hence, we only have to prove that §p o f(K,[t]) =
8j0 f (Kalt]) =0. We view 8oo f|k,, 8;0 Ik, € Deteon(Kn, Kullt, u1, ..., uall¥),
which is isomorphic to Homg, (Q}(n, Kullt,up, ..., uglly) by Lemma 1.2.3. Since
ﬁ}(n =K, Qxk Q}( has a K,-basis {dt;; 1 <i <d} and since we have f(¢) =t and
f(t;) = [#;] by definition, we only have to prove 8y(t) = 3j(t)=0and So([t;]) =
8;([;]) =0forall 1 <i <d. By using formula (7), we get

a(t(1+1)80) (1) =1 = Vo(t),  ta(t(1+7)0)[7:] =0,
Ln(t[fj]aj)(t):():%j(t), L (t[519))[5] = 8;jtl1;]

forall 1 <i <d. Since (8/8uj)[fi] = —(0/0uj)u; = —4;; forall 1 <i <d, we
obtain the assertion. O

For the rest of this section, we drop the assumptions K = KandV =0 pe

Corollary 4.4.7. The derivation

1
d': rlg K~ QB;&K
\Y d V; d t
x> o<x)t(1+ jdm + D Vitdiij]
I<j<d
coincides with the canonical derivation d : leg x> Q[IB;T

rig, K
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Proof. Since the canonical map B P [EBrl o K is finite étale by [Kedlaya 2005,
Proposition 2.4.10], we can reduce to the case K = K. Let the notation be as in
Lemma 4.4.6. Obviously, V; extends to Vi ; by passing to the completion. Since ¢,
is injective, we have

Vo=1t(14+m)d, V;=t[t;]9; forl<j<d.
as derivations of leg K
Lemma 4.4.8. Let V € Repr(Gk).

by Lemma 4.4.6, which implies the assertion. U

(i) We have V;(Ngr(V)) C tNgr(V) for all 0 < j < d. We put V} = 1/1V;,
which is a continuous differential operator on Ngr (V).

(ii) Forall0 <i, j <d, we have
[V, V/]=0
(iii) Forall0 <i, j <d, we have
V}O(p:p(poV}
Proof.

(i) By Tate twist, we may assume that the Hodge—Tate weights of V are sufficiently
small. Let the notation be as in Construction 4.4.5 and Proposition 4.2.12
(with B = Bjig,K)‘ By viewing tNgr (V) and tDgr (V) as Ngr (V (1)) and
Dgr(V (1)), respectively, we only have to prove that ¢,(V;(x)) € tD, for
all n > n(r) and x € Ngg (V). For sufficiently small y; € I'x ;, we have
tp o log(y;)(x) = log(y;)(tn(x)) and ¢, (x) € D, C B, @k Dar(V). Since
Ik acts trivially on Dgr(V), log(y;) acts on B, @k Dgr(V) as log(y;) ® 1.
Since log(y;)(By) C t B, (see Construction 4.4.5), we have ¢, o log(y;)(x) €
(B, @k Dar(V(1)))V¥""=0 =¢D,,, which implies the assertion.

(i1) This follows from a straightforward calculation using Lemma 4.3.3, Vy(¢) =t,
and V; (1) =V;() =0.

(iii) Since V; commutes with ¢, we have tV} op=Vjop=¢poV;=9¢()po V} =

ptgooV;.. By dividing by ¢, we obtain the assertion since Ngr (V) is torsion free.

O

Definition 4.4.9. Let the notation be as in Lemma 4.4.8. For V € Repr (G k), put

VN (V) = Nar(V) ®B e
rig, K

x> Vo) @ p—dm + > Vi ®dlijl,
I<j<d
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which defines a V-structure on Ngr(V) by Corollary 4.4.7. Furthermore, this
V-structure is compatible with the ¢-structure on Nggr (V) by Lemma 4.4.8(iii)
and ¢((1 + 7)~'dn) = p(1 + 7)~'dn and ¢(d[i;]) = pd[i;]. Thus, Ngr(V)
is endowed with a (¢, V)-module structure and we obtain the differential Swan
conductor Swan" (Ngr (V) of Ngr (V). The slope filtration of Ngr (V) as a (¢, V)-
module (Theorem 1.7.6) is I" ¢ -stable by the commutativity of the I"x - and g-actions,
and the uniqueness of the slope filtration ([Kedlaya 2007, Theorem 6.4.1]).

4.5. Comparison of pure objects. In this subsection, we will study “pure” objects
in various categories.

Notation 4.5.1. Let G be a topological group and R a topological ring on which G
acts. Let ¢ : R — R be a continuous ring homomorphism that commutes with the
action of G. A (¢, G)-module over R is a finite free R-module with continuous
and semilinear action of G and a semilinear endomorphism ¢, both of which are
commutative. We denote the category of (¢, G)-modules over R by Modg (¢, G).
The morphisms in Modg (¢, G) consist of R-linear maps commuting with ¢ and G.

Definition 4.5.2 [Berger 2008a, Definition 3.2.1]. Let 2 > 1 and a € Z be relatively
prime. Let Rep, ,(G k) be the category with objects V,, , € Rep@ p (Gk), endowed
with a semlhnear Frobenius action ¢ : V,, , = V,j that commutes with the G K-
action such that ¢” = p“. The morphisms of this category are Q pr-linear maps that
commute with (¢, Gx)-actions. Whenh=1anda=0,Rep, ,(Gg)= Rep@p (Gg).

Lets:=a/h € Q. We denote by Dy the Q ,-vector space P, _, ., Q,e; endowed
with a trivial G g-action and with @-actions via ¢(e;) :=e; 4 if i ;S h and ¢(ep) :=
p“er. Then, Q@ ®q, Dis) belongs to Rep,, ;, (G k).

Definition 4.5.3. For s € Q, we define

Modg, (¢, Gx). Mody. (¢.Tx). Modg,(p. G).  Mody, (9. T'x)

nK

to be the full subcategories of ModBr (¢, Gg), MOdBT ((p, k), Mod (9, Gg)
and Mods (go, 'k ), whose objects are pure of slope s as @-modules.

Lemma 4.5.4. (i) For anyr > 0, there exists a canonical injection

V+ 1"
Brlg Brlg ’
which is (¢, G g)-equivariant. In the following, we regard @Z; as a subring
ofB:]gr and we endow Brvl;’
valuations {w; },-o.

(i1) For h € N.g,

with a Fréchet topology induced by the family of

(Bzg*)w =1 _ (leg*)‘ﬂ =l = Q.
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Proof. By definition, BV+ and [EBT > depend only on C,, and not on K. By regarding
C, as the p-adic completlon of the algebraic closure of KP', we can reduce to
the perfect residue field case. Assertion (i) follows from [Berger 2002, Exemple
2.8(2), Definition 2.16]. Assertion (ii) for BY+ is due to Colmez, see [Ohkubo 2013,

rig
Lemma 6.2], and (ii) for Bjigr is a consequence of [Berger 2002, Proposition 3.2]. [J

Definition 4.5.5. For s € Q, an object M € Modx By (¢, G) is said to be pure of

slope s if M is isomorphic to ([EBrvl; ®a, D)™ as a @-module for some m € N.

Denote by Mod%y, (¢, G) the category of (¢, Gg)-modules over [EBrl , which are
pure of slope s.Brig :

Lemma 4.5.6. Let the notation be as in Notation 1.6.2 and Definition 1.7.5. For
s € Q, the forgetful functor

Mody, (¢, V) — Mod}, (¢).
is fully faithful.

Proof. We consider the following commutative diagram

ay
Modr, (¢, V) —— Modry;  ,1(¢)

ﬁlT Tyl

s *2 s
Modrpiy (¢, V) —— Modpyy, 1(9)

B2 l l 2)
a3

Mod, (¢, V) Modx, (¢)

where «, is a forgetful functor, and 8, and y, are base change functors. We first note
that y; (resp. y») is fully faithful (resp. an equivalence) by [Kedlaya 2005, Theorem
6.3.3(a)] (resp. [Kedlaya 2005, Theorem 6.3.3(b)]). Let M, N € Modéﬁ[l/p] (¢, V)
and let M, N be the base changes of M, N via the canonical map I'"[1/p]— I'[1/p].
Then, we have

HomMOd;‘T[I/p]((p’v) (M, N) = HomFT[l/p] (M, N)(/?:],VZO
= Homr[l/p] (M, ﬁ)@:l,V:O’

where the first equality follows by definition and the second equality follows
because y; is fully faithful. Therefore, 8; is fully faithful. For the same reason,
since y; is fully faithful, so is B,. Note that «; is an equivalence in the étale case,
i.e., s =0 ([Kedlaya 2007, Proposition 3.2.8]). Let M, N € Mody. iy p1 (@5 V). Since
Homryi/,1(M, N) = MY ®r(1/p) N can be regarded as an étale (¢, V)-module over
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I'[1/p], where MY denotes the dual of M, we have
Homyoay,, 0.9y (M, N) = Homryi ) (M, N)?=1V=0 = Hompyy,,) (M, N)¢=!

= HomMod‘}“/m (@) (M, N),

where the first and third equalities follow from the definition and the second
equality follows since «; is fully faithful in the étale case. Therefore, o is an
equivalence. Since ¢, 1 and y; are fully faithful, so is ;. Since a, > and y»
are fully faithful, so is «3. (]

Lemma 4.5.7. Let s € Q and let h € N>, a € Z be relatively prime with s = a/ h.

(1) There exist equivalences of categories
DYy :Rep, ,(Gx)— Mody (9. Gx): Van > BYe ®a, Van,

Dl Rep, ,(Gx)— Mod%, (9, Gx); Van = B, ®a, Vs

rig* rig
Djigi Rep, ,(Gg)— MOde;i K(SD, L) Vant—> Bzg,,{ ®p; (B7 ®a,, Vo),
D:Rep, ,(Gx)— Mods (. Gx)i Vau > B ®a , Van,
D*:Rep,, (G )= Mody, (9. Tx); - Vo= (B @q, Vo).
More precisely, quasi-inverses of fl)rvi; , f[vD;fig and D' are givenby M — M o'=p",
(i) We denote by a; for 1 <i <5 the following canonical morphisms of rings:

"
rig, K

T a3 ot % mV+
Brig Brig Brig ’

where the left square is commutative. Then, the o;’s induce the following base
change functors o}:

Ol*
Mody, (. Tx) —> Mody,; (¢, T'x)
K

rig, K

* *
(02

Mod, (¢. Gk) —= Mod, (¢, Gx) < — Modie. (¢, G,

Tig Tig

where the left square is commutative. Moreover, the functors «}’s are compati-

ble with the functor defined in (i) , i.e., ai“ oD' =D

e etc. In particular, the

al’s are equivalences.
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Proof.

(i) We prove the assertion for Iﬁ)rvig"Ir .LetD:= lﬁ)rvi; and let V be, as before, the
functor in the other direction. Let V € Rep, ,(Gk). Then, there exists a
functorial morphism V — V o D(V), which is bijective by Lemma 4.5.4(ii).
Hence, we have a natural equivalence VoD ~id. For M € M0d~v+ (¢, Gg), we
get a functorial morphism Do V(M) — M that is bijective by the isomorphism

= ([Ei%rvlg ®a, Dis))™ of p-modules and Lemma 4.5.4(ii). Hence, we have a
natural equlvalence DoV ~id

The assertions for ﬁT tig and D' follow similarly: instead of using the
isomorphism M = (Brvlg ®a, Dis))™, we use Kedlaya’s Dieudonné-Manin
decomposition theorems over IB rig and B, see Propositions 4.5.3 and 4.5.10
and Definition 4.6.1; Theorem 6.3.3(b) of [Kedlaya 2005], respectively. These
assert that any object M in Mod[BT (¢) or Mod + (@) 1s isomorphic to a direct
sum of Bng ®q, Djs) or of B ®@ ¥ Dy respectlvely

We next prove the assertion for ID)T For M € Mod® B (o, Tg), let V(M) :=
([B%1 ®BT M )‘/’ =r". We will check that V gives a qua51 -inverse of D. Let

wh € Repa h(GK) By forgetting the action of ¢ on V,; and applying
Theorem 1.10.5to V =V, 5, we get a canonical bijection B Qpi DT( Van) =
B ®a, Va.n. Since this map is @- equlvarlant we have canomcal isomor-
phlsms VoD (Vo) = (BH'=! ®g i Van = Vap by Lemma 4.5.4(ii). Thus,
we obtain a natural equivalence V o oDt ~ id. We prove DT oV ~id. Let
M e Mod* B, (o, k). From [Kedlaya 2005, Proposmon 6.3.5], we obtain
the ex1stence of an A -lattice N of M such that p~¢¢" maps some basis
of N to another basis of N. Let M’ denote M with the ¢"-action given by
x > p~%p"(x) and with the same I'g-action as M. By the existence of the
above lattice N, we have M’ € ModgT (goh, "k ). Since we have G g -equivariant
isomorphisms V(M) = (B ®g; M5 =r" = B ®g;, M"'=! = V(M) the
assertion follows from the étale case (Theorem 1.10.5).

Finally, we prove the assertion for [D;rig. By the base change equivalence

: Mod! r((ﬂ) — Mod; (9,

r1g K

see [Kedlaya 2005, Theorem 6.3.3(b)], we also have the base change equiva-
lence af : ModBT (0, Tg) > ModY (¢, I'k). Hence, the assertion follows
from the D-casé. Brex

(i1) To check that the o}’s are well-defined, we have only to prove that pure objects
are preserved by base change. For o) and a3, this follows from [Kedlaya 2005,
Theorem 6.3.3(b)]. For a, a4, this follows from the definitions: M € MOdBT (@)
and Mod T ((p) are pure if B ®p t M and [EB ®BT M respectively, are pure
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by [Kedlaya 2005, Definitions 4.6.1 and 6.3.1] . For «s, it follows from
[Kedlaya 2005, Proposition 4.5.10 and Definition 4.6.1].

The commutativity of the diagram is trivial. The compatibility follows from
the definition. O

4.6. Swan conductor for de Rham representations. In this subsection, we define
Swan conductors of de Rham representations. In this subsection, Assumption 1.9.1
is not necessary since we do not use the results of [Andreatta and Brinon 2008].

We first recall the canonical slope filtration associated to a Dieudonné—Manin
decomposition.

Definition 4.6.1 [Colmez 2008b, Remarque 3.3]. A ¢-module M over [EBVJr is a
finite free [EBng+ -module together with a semilinear ¢-action. A ¢-module M over
[BZ; admits a Dieudonné—Manin decomposition if there exists an isomorphism
M= @1<l<m Bng ®a, Dis;) of p-modules over [EB with 51 <--- <s, € Q.
We define the slope multlset of M as the multiset of cardlnahty rank(M), consisting
of the s;, together with its multiplicity dimg, D). Let s; < --- < s/, be the
distinct elements in the slope multiset of M. Then, we define FllO (M) :=0 and
Flll (M) := 1D, 5 <s! ng " ®q, Djs,)) for 1 <i <r'. Note that the filtration

and the slope multiset are independent of the choice of f above.

Definition 4.6.2. Let V € Repyr(Gk). First, we assume that the Hodge—Tate
weights of V are negative. By assumption, we have Dgr(V) = ([EBdR ®a,V V)OK. As
in [Ohkubo 2013, Proposition 5.3], we define

NZ;(V) ={xe BXQ ®a,V: (x) € Bl ®x Dar(V)Y"" =0 forall n € Z},

where ¢, : Brvl; ®a,V — BdR ®q, V is defined by x ® v = ¢ 7" (x) ® v. Since
Nv+(V) admits a Dieudonné—Manin decomposition due to Colmez ([Ohkubo
2013 Proposition 6.2]), Nng (V) is endowed with a canonical slope filtration
Fil*( erl; (V)) of p-modules by Definition 4.6.1. Let s; < - - - < s, be the distinct
elements in the slope multiset of erl; (V). Write s; = a;/ h; witha; € Z, h; € N
relatively prime. By the uniqueness of slope filtrations, Fil' is G k-stable and the

graded piece gr' (erngr (V)) lies in Mod: BY (¢, Gg). Hence, by Lemma 4.5.7, there

exists a unique V; € Rep,, ;. (Gk), up to isomorphism, such that gr’ (erl; vyH=
[E’Ber ®@ Vi It is proved in Step 1 of the proof of the main theorem of [Ohkubo
2013] that the inertia /g acts on V; via a finite quotient, i.e., V; € Rep . (Gk) (in

the reference, Fil' and V; are denoted by M; and W;). Hence, we can deﬁne

Swan(V) := Z SwanAS(V,-).

i
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In the general Hodge—Tate weights case, we define NV+(V) = NZ; (V(—n))(n) and
Swan(V) := Swan(V (—n)) for sufficiently large n. The definition is independent

of the choice of n since the above construction is compatible with Tate twist.

Remark 4.6.3. As in [Colmez 2008a], we should consider an appropriate contribu-
tion of “monodromy action” to define the Artin conductor. To avoid complication,
we do not define Artin conductors for de Rham representations in this paper.

The lemma below easily follows from Hilbert 90.
Lemma 4.6.4. Let V € Repyr(Gk).

(1) If L is the p-adic completion of an unramified extension of K, then we have
Swan(V|z) = Swan(V).

(i1) Assume V € Repqu(GK). Then, we have Swan(V) = Swan®S (V).

Though the following result will not be used in the proof of the main theorem,
we remark that when kg is perfect, our definition is compatible with the classical
definition.

Lemma 4.6.5 (Compatibility of usual Swan conductor in the perfect residue field
case). Assume that ki is perfect. Then, we have Swan(V) = Swan(Dps(V)) (see
[Colmez 2008a, §0.4] for the definition of Dys).

Proof. Let the notation be as in Definition 4.6.2. By Tate twist, we may assume that
all Hodge—Tate weights of V' are negative. By Swan(Dps(V)) = Swan(Dps (V| gur))
and Lemma 4.6.4(i), we may assume that kg is algebraically closed by replacing
K by KY. Since B R @k Dar(V) is a lattice of BdR ®q, V, we may identify
NV+(V) [1/¢] with BZ; ®q, VI[1/t]. By the p-adic monodromy theorem, there
ex1sts a finite Galois extension L/K such that Dy 1 (V) = (B ®aq, V)OL has
dimension dimg, V. Moreover, we may assume that G, acts trivially on each V;. Put

D; := (B ®Bv+ Fll’ (Nng (V)))Cr. This forms an increasing filtration of Dy 1 (V).

Then, we have canonical morphisms
Di/Dis1 = (Bu®gy-gr' (NE (V) = (Ba®q , V) ZW(k)[1/p]®q , Vr.

where the first injection is an isomorphism by counting dimensions. By the
additivity of Swan conductors, we have Swan(Dps(V)) = Swan(Dy, (V) =
Y i Swan(D;/Dj11) = Y_; Swan(V;) = Swan(V). O

4.7. Main theorem. The aim of this subsection is to prove the following theorem,
which generalizes Marmora’s formula in Remark 4.7.2:

Main Theorem 4.7.1. Let V be a de Rham representation of Gg. Then, the
sequence {Swan(V |k, )}n>o0 is eventually stationary and we have

Swan" (Ngr(V)) = lim Swan(V g, ).
n
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Remark 4.7.2. When kg is perfect, we explain that our formula coincides with the
following formula from [Marmora 2004, Théoréme 1.1]:

Irr(Ngr (V) = lim Swan(Dps(Vx,,))-

Here, the LHS means the irregularity of Ngr (V) regarded as a p-adic differential
equation. By Lemma 4.6.5, the RHS is equal to the RHS in Main Theorem 4.7.1.
Therefore, we only have to prove Irr(D) = SwanV(D) for a (¢, V)-module D
over the Robba ring. Since D is endowed with a slope filtration and since both
irregularity and the differential Swan conductor are additive, we may assume that
D is étale by dévissage. Let V be the corresponding p-adic representation of finite
local monodromy. Then, the differential Swan conductor Swan" (D) coincides
with the usual Swan conductor of V ([Kedlaya 2007, Proposition 3.5.5]). On the
other hand, Irr(D) coincides with the usual Swan conductor of V ([Tsuzuki 1998,
Theorem 7.2.2]), which implies the assertion.

We will deduce Theorem 4.7.1 from Lemma 3.5.4(ii) by dévissage. In the
following, we use the notation as in Definition 4.6.2.

Lemma 4.7.3. Let V be a de Rham representation of G g with nonpositive Hodge—
Tate weights.

(1) The (¢, Gg)-modules

V+(V)

~ T ~
B, ®Bfi . Nar(V), By, ®BZ§ Nrig

coincide with each other in B/, ®aq, V. Moreover, the two filtrations induced

rig
by the slope filtrations of Ngr (V') and erlgr (V) also coincide with each other.

(i1) Let the notation be as in Construction 1.7.7. Then, there exists a canonical

isomorphism

&' Nar (V) = D, (Vi)

as (¢, V)-modules over Bng K-
Proof. (1) We prove the first assertion. By Lemma 4.2.11 (with B = B é) we only
have to prove that D) := B:lg’ ®B" Ngr.-(V), D@ := [legr ®@vg+ rlng(V) and

= [EBT g ®@p V satisfy the condltlons in the lemma. We have Ngr (V)[1/t] =
[D)Jr r(V)[l/t ] by definition and

Bl B DT (V) = B @gir B @pi DM (V)

=B s B ®q,V =Bl ®q,V.

As we have NV+(V) [1/t] = Bv+[1/t] ®a,V by definition, we obtain a canonical

isomorphism Bng@)BwNZ; WM 1 /1= leg’ [1/11®q,V, which implies condition (i).
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By Proposition 4.2.12(ii), we have a canonical isomorphism [BdR®L B NdR F(V)=
BdR ®xDgr (V). On the other hand, we have canonical 1somorph1sms

Bl ®gv Ny (V) =B @ (Bl 85 Dir (V)™= = B ®x Dar(V),

where the first isomorphism follows from [Ohkubo 2013, Proposition 5.3(ii)] and
the second isomorphism follows from [Ohkubo 2013, Proposition 5.4]. Since the
canonical map B~ — dR is faithfully flat, condition (ii) is verified. The second
assertion follows from the uniqueness of the slope filtration [Kedlaya 2005, Theorem
6.4.1].

(i) By (1), there exists canonical isomorphisms

Bl ®g; &' Nar(V)) = B, @ o' Ni (V) =]

rig ®@ph,- Vi

as (¢, Gk )-modules. By Lemma 4.5.7, we obtain a canonical isomorphism between
gr' (Ngr(V)) and I]])l:g(v,) as (¢, 'k)-modules. Since V; is of finite local mon-
odromy, s0 is V;|g, . So, dimyy DTV, I, ) = dimg i V;; in particular, the canonical
injection DT, lEx) — ([B%T ®@ V,)HK is an 1somorph1sm Therefore, we have
canonical isomorphisms Dr1g ] |[E K) = I]])Jr (V ) =gr '(Ngr(V)) as (pure) ¢-modules

over Blg x> hence, the assertion follows from Lemma 4.5.6. O

Remark 4.7.4. One can prove that there exist canonical isomorphisms
= ~ Ff v i
Brig ®Bllg,1{ Nar(V) = Brig ®@Z+ erg_(v) = erg(v)
Lemma 4.7.5. We have
Swan” (Nar(V)) = > Swan™S (V).
1<i<r

Proof. We have

Swan” (Nar(V)) = ) Swan” (gr' (Nar(V)))

1<i<r
= Y Swan"(Df (Vilg)) = Y Swan*S(Vilg,),
1<i<r 1<i<r

where the first equality follows from the additivity of the differential Swan conductor
(Lemma 1.7.9), the second one follows from Lemma 4.7.3(ii), and the third one
follows from Xiao’s comparison theorem (Theorem 1.7.10). (]

Proof of Main Theorem 4.7.1. By Lemma 4.7.5 and the definition of the Swan con-
ductor (Definition 4.6.2), we only have to prove Swan”$ WVileg) = Swan®® WVilk,)
for all sufficiently large n. This follows from Lemma 3.5.4(ii). (]
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Appendix: list of notation

The following is a list of notation in order defined.

1.2:
1.3:
1.4:

1.5:

1.6:

1.7:
1.8:
1.9:
1.10:

3.1:

3.2
3.3
3.4:
3.5:
4.1:
4.2:
4.3:
4.4.
4.5:

4.6:

QL,9;,0/0t.

Kny Koos T Higs Yas Vo 1= (00s - - - s 1a)s 8 Ly Loos Trs Hp, Tp -

ED, vg, A, BD, 6,7, 7, q, Aing, B, 14, 1, Dar(-), VEON BY A,
Beris, By, -
asf k7> FUL), b(L/K), as{ ;x ; ps Fiog (L), biog(L/K), Art®S (),
Swan®3(+).

v=", w,, W(E),, Weon(E), T'r, Teons Can.r» Can.cons OUSH, O(SH ™, O(S)T,
R, Mod,(0), ModS'(0), Mod: (o).

QL. QL. d: R — Qk, Modi(¢", V) D, D7, Swan" ().

X = XD (R, &, no).

ED B, A, By, A, By, B, ModS! (¢, '), D(+), V().

At R BB, B B At AL BT, BY BY, B, A}, AL B, B],
By 1 Bly 1o AL AL B BB Bl 1 D™ (), DTG, D (). D).
R(X), 0SNG, |- I OLSTX), OUSHE(X), O(S) " (X), deg(p), & (p),
k(p), Tp.

>, >, Zlews Vo deg o, LTR(4), |- g

ATV AT ] g

Idem(-), as - p.go | - lp.sp Axcp)-

AS", AS},,.
Kulluy, ..., uqllV.

s s Nar (), Nar (), NEZ (), NE ().
V. V.

Rep, 4 (Gx), Dy, Mod‘[%:ig (¢, Gk), Mod', (¢, Tx), Modi(g, G),

~ rig, K, ~

erlg_( ')9 Via SWan( : )
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