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We study the condition on a field that any triple of (bilinear) Pfister forms of a
given dimension are linked. This is a strengthening of the condition of linkage
investigated by Elman and Lam, which asks the same for pairs of Pfister forms.
In characteristic different from two this condition for triples of 2-fold Pfister
forms is related to the Hasse number.

1. Introduction

Milnor’s seminal article [1969/1970] on K-theory of fields had an enormous impact
on quadratic form theory. In a series of articles Elman and Lam explored the
correspondence between Pfister forms and symbols (canonical generators) in the K-
theory modulo 2 of a field. The notion of linkage for Pfister forms was introduced
in [Elman and Lam 1972a]. With the definition from [Elman and Lam 1972a,
Section 4] one can consider linkage of a finite number of Pfister forms. However,
the study of linkage has mostly been limited to pairs of Pfister forms. Initially, this
study was restricted to fields of characteristic different from 2, where quadratic
forms are characterised by their associated (symmetric bilinear) polar forms.

When trying to extend notions and statements to cover the case of characteristic
2, one has to choose between quadratic forms or symmetric bilinear forms. In this
article we work mainly in the setup of Milnor K-theory over a field of arbitrary
characteristic. We study linkage of symbols in the Milnor K-groups modulo 2,
or equivalently, of symmetric bilinear Pfister forms. In particular, we study the
condition that a certain Milnor K-group modulo 2 has triple linkage, i.e., that any
three symbols have a common linkage. This condition turns out to have stronger
consequences than usual linkage, in particular on the vanishing of higher K-groups.
In the last section we focus on fields of characteristic different from 2 and relate
the condition of triple linkage to quadratic forms and the Hasse number ũ (the
u-invariant if the field is nonreal).

For a recent study of triple linkage of quadratic Pfister forms covering fields of
characteristic 2, we refer the reader to [Chapman et al. 2018].
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2. Symbols and Pfister forms

We refer to [Elman et al. 2008] for standard results used from quadratic form theory.
Let E be a field. By a form over E we mean a pair (V, b) of a finite-dimensional
E-vector space V and a nondegenerate symmetric bilinear form b on V . We use
an equality sign to indicate that two forms are isometric.

Let n always denote a nonnegative integer. Given a1, . . . , an ∈ E× we denote
the bilinear n-fold Pfister form 〈1,−a1〉⊗ · · ·⊗ 〈1,−an〉 over E by 〈〈a1, . . . , an〉〉.
In the sequel we refer to bilinear Pfister forms simply as Pfister forms. Given a
Pfister form π , the orthogonal complement of the subform 〈1〉 in π is called the
pure part of π .

Theorem 2.1 (Elman–Lam). Let r ∈N. Let ρ be an anisotropic r-fold Pfister form
over E and let ρ ′ denote its pure part. Let π be a Pfister form over E such that
π ⊗ ρ is anisotropic and let c1 ∈ E× be such that −c1 is represented by π ⊗ ρ ′.
Then there exist c2, . . . , cr ∈ E× such that π ⊗ ρ = π ⊗〈〈c1, . . . , cr 〉〉.

Proof. See [Elman et al. 2008, Proposition 6.15] or [Elman and Lam 1972a, The-
orem 2.6]. �

We denote by kn E the n-th Milnor K-group of E modulo 2; this is the abelian
group generated by symbols {a1, . . . , an}, with a1, . . . , an ∈ E×, subject to the
defining relations that the map (E×)n→ kn E given by (a1, . . . , an) 7→ {a1, . . . , an}

is multilinear and further that {a1, . . . , an} = 0 whenever ai ∈ E×2 for some i 6 n
or ai + ai+1 = 1 for some i < n. The direct sum

⊕
n∈N kn E is a graded ring with

the multiplication induced by concatenation of symbols.
We recall some results from [Elman et al. 2008] on the relation of symbols and

Pfister forms, which for fields of characteristic different from 2 go back to [Elman
and Lam 1972a]. We begin with the one-to-one correspondence between symbols
and Pfister forms.

Theorem 2.2 (Elman–Lam). For a1 . . . , an, b1, . . . , bn ∈ E×, we have

{a1, . . . , an} = {b1, . . . , bn} if and only if 〈〈a1, . . . , an〉〉 = 〈〈b1, . . . , bn〉〉.

Proof. See [Elman et al. 2008, Theorem 6.20]. �

We denote by 6E2 the subgroup of E× consisting of the nonzero sums of
squares in E . Recall that the field E is real if −1 /∈ 6E2, nonreal otherwise.
For m ∈ N we denote by DE(m) the subset of 6E2 consisting of the elements that
are sums of m squares in E .

Corollary 2.3. For a ∈ E× and the symbol τ = {−1, . . . ,−1} in kn E , we have:

(a) a ∈ DE(2n) if and only if τ · {a} = 0 in kn+1 E.

(b) a ∈DE(2n
−1) if and only if τ ={−a, a2, . . . , an} for certain a2, . . . , an ∈ E×.
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Proof. This follows from Theorem 2.1 and Theorem 2.2. �

Lemma 2.4. Let τ and τ ′ be symbols in kn E and let a, a′ ∈ E× be such that
τ · {a} = τ ′ · {a′}. Then τ · {a} = τ · {c} = τ ′ · {c} = τ ′ · {a′} for some c ∈ E×.

Proof. This follows from [Elman et al. 2008, Corollary 6.16 and Theorem 6.20]. �

3. Linkage

Assume from now on that n > 2. Given two symbols σ1, σ2 ∈ kn E , the sum
σ1+ σ2 ∈ kn E is equal to a symbol if and only if there exists a symbol σ ′ ∈ kn−1 E
and b1, b2 ∈ E× such that σi = σ

′
· {bi } for i = 1, 2 (see [Elman and Lam 1972a,

Lemma 5.4]); in this case, we say that σ1 and σ2 are linked.
We say that kn E is linked if any two symbols in kn E are linked (which in the

terminology of [Elman and Lam 1973] corresponds to saying that In E is linked.)
Obviously, if kn E is linked, then so is km E for any integer m > n.

The following statement was obtained in [Elman and Lam 1973, Corollary 2.8
and Corollary 2.9]. For convenience of the reader we include a compact proof,
whose first lines follow [Elman and Lam 1972b, Section 3, Example 3]. The
statement should be compared with Theorem 5.1.

Theorem 3.1 (Elman–Lam). Assume that kn E is linked. Then 6E2
= DE(2n+1)

and kn+2 E = {−1, . . . ,−1} · k1 E. In particular, if E is nonreal then kn+2 E = 0.

Proof. Consider an arbitrary symbol τ ∈ kn−2 E and a1, a2, b1, b2 ∈ E×. Since kn E
is linked and by Lemma 2.4, there exist c1, c2 ∈ E× and a symbol σ ∈ kn−1 E such
that τ · {ai , bi } = τ · {ai , ci } = σ · {ci } for i = 1, 2. It follows that

τ · {a1, c1, c2} = σ · {c1, c2} = τ · {a2, c1, c2},

whereby

τ · {a1, b1, a2, b2} = τ · {a1, c1, a2, c2} = τ · {a2, c1, a2, c2} = {−1, c1} · τ · {a2, b2}.

This argument shows that for any a1, . . . , an+2 ∈ E×, there exists c ∈ E× such that

{a1, . . . , an+2} = {a2, . . . , an+1,−1, c}.

Applying this rule n+ 1 times, we conclude that every symbol in kn+2 E is of the
form {−1, . . . ,−1, c} with c ∈ E×. Hence kn+2 E = {−1, . . . ,−1} · k1 E .

Moreover, if a1, . . . , an+2 ∈ E× are such that a2 ∈DE(2), then {−1, a2} = 0 and
we obtain from the above rule that {a1, . . . , an+2}= 0. Thus we have {a}·kn+1 E = 0
for any a ∈ DE(2).

Consider an element c ∈ DE(2n+1
+ 1). We write c = a + b with a ∈ DE(2)

and b ∈ DE(2n+1
− 1). In kn+1 E we obtain that {−1, . . . ,−1} = {−b} · τ for a
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symbol τ in kn E , by Corollary 2.3. Since c−b= a we have {−b, c} = {a, bc}. As
{a} · kn+1 E = 0, we obtain in kn+2 E that

{−1, . . . ,−1, c} = {−b, c} · τ = {a, bc} · τ = 0,

which shows that c ∈ DE(2n+1). This argument shows that 6E2
= DE(2n+1).

Assume finally that E is nonreal. If −1 ∈ E×2 then {−1} = {1} = 0 in k1 E .
If char(E) 6= 2 then E× = 6E2

= DE(2n+1). Hence, in any case we obtain that
kn+2 E = {−1, . . . ,−1} · k1 E = 0. �

If E is nonreal and kn E is linked with n>2, then kn+2 E vanishes by Theorem 3.1,
but we may have that kn+1 E 6= 0, as the following well-known example shows.

Example 3.2. For E = C((t1)) · · · ((tn+1)), kn E is linked and kn+1 E ' Z/2Z.

4. The linkage pairing

We are going to investigate an operation on linked symbols. Let n > 2. To any pair
of linked symbols in kn E we associate a symbol in kn+1 E .

Proposition 4.1. Let σ1, σ2 ∈ kn E be two linked symbols. There is a unique symbol
ρ ∈ kn+1 E such that, for any symbol τ ∈ kn−1 E and any a1,a2∈ E×with σi = τ ·{ai }

for i = 1, 2, we have ρ = τ · {a1, a2}.

Proof. By the hypothesis there exist a symbol τ ∈ kn−1 E and elements a1, a2 ∈ E×

with σi = τ · {ai } for i = 1, 2. Suppose we have another symbol τ ′ ∈ kn−1 E and
a′1, a′2 ∈ E× with σi = τ

′
· {a′i } for i = 1, 2. By Lemma 2.4 there exist c1, c2 ∈ E×

such that τ · {ci } = σi = τ
′
· {ci } holds for i = 1, 2. We obtain that

τ · {a1, a2} = τ · {c1, c2} = τ
′
· {c1, c2} = τ

′
· {a′1, a′2}. �

Corollary 4.2. Suppose a, b, c ∈ E× and let τ be a symbol in kn−1 E such that
τ · {−1, a} = 0. Assume there exist a symbol ρ in kn E and x, y, z ∈ E× such that
τ · {a, b} = ρ · {x}, τ · {a, c} = ρ · {y} and τ · {b, c} = ρ · {z}. Then τ · {a, b, c} = 0.

Proof. By Proposition 4.1 we obtain that ρ ·{x, z}= τ ·{a, b, c}=ρ ·{y, z}, whereby
ρ · {xy, z} = 0. We have τ · {b,−bc} = τ · {b, c} = ρ · {z}. Since τ · {−1, a} = 0 we
further have τ · {a,−bc} = τ · {a, bc} = ρ · {xy}. We conclude with Proposition 4.1
that τ · {a, b, c} = τ · {a, b,−bc} = ρ · {xy, z} = 0. �

Corollary 4.3. Assume that kn E is linked. We obtain a surjective pairing

〈 · , · 〉 : kn E × kn E→ kn+1 E

by letting 〈τ · {a1}, τ · {a2}〉 = τ · {a1, a2} for any symbol τ ∈ kn−1 E and any
a1, a2 ∈ E×.
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Proof. Let σ1, σ2 ∈ kn E be given. As kn E is linked, there exist a1, a2 ∈ E× and
a symbol τ ∈ kn−1 E such that σi = τ · {ai } for i = 1, 2. By Proposition 4.1 the
symbol ρ = τ · {a1, a2} ∈ kn+1 E only depends on σ1 and σ2 but not on the choice
of τ and a1, a2 ∈ E×. Hence, the pairing is well-defined. As kn E is linked, so
is kn+1 E , and it follows that the pairing is surjective. �

If kn E is linked then we call the pairing in Corollary 4.3 the linkage pairing
on kn E .

Theorem 4.4. Assume that kn E is linked. Then the following are equivalent:

(i) The linkage pairing on kn E is bilinear.

(ii) 6E2
= DE(2n) and kn+1 E = {−1, . . . ,−1} · k1 E.

(iii) Either kn+1 E = 0, or E is real and the rule c 7→ {−1, . . . ,−1, c} determines
an isomorphism E×/6E2

→ kn+1 E.

Proof. As a consequence of the definition of the linkage pairing

〈 · , · 〉 : kn E × kn E→ kn+1 E,

we have for any ρ, ρ ′ ∈ kn E that 〈ρ, ρ ′〉 = ρ · {d} for some d ∈ E×.

(i)⇒(ii): Consider an arbitrary symbol τ ∈ kn−2 E and a, b, c∈ E×. Set σ1={a, b},
σ2={a, c}, σ3={b, c} and σ4={−ab, c}. We obtain that 〈τ ·σi , τ ·σ1〉= τ ·{a, b, c}
for i = 2, 3, 4. Assuming that the pairing is bilinear, we get that

〈τ · (σ2+ σ3+ σ4), τ · σ1〉 = τ · {a, b, c}.

Since σ2+ σ3+ σ4 = {−1, c}, we conclude that

τ · {a, b, c} = 〈τ · {−1, c}, τ · {a, b}〉 = τ · {−1, c, d}

for some d ∈ E×. This argument shows that, for any c1, . . . , cn, cn+1 ∈ E×, there
exists d ∈ E× such that {c1, . . . , cn, cn+1}= {−1, c1, . . . , cn−1, d} in kn+1 E . Using
this rule n times we obtain for any c1, . . . , cn, cn+1 ∈ E× that

{c1, . . . , cn+1} = {−1, . . . ,−1, c1, d} = {−1, . . . ,−1, d ′}

for some d, d ′ ∈ E×. This shows that kn+1 E = {−1, . . . ,−1} · k1 E and that
{a} · kn E = 0 for any a ∈ DE(2n−1).

Consider now an element c ∈ DE(2n
+ 1). We choose a, b ∈ DE(2n−1) such

that c− a− b is a square in E . Then we have {−a,−b, c} = 0 in k3 E , whereby
{a,−b, c} = {−1,−b, c}. For the symbol ε = {−1, . . . ,−1} in kn−2 E we obtain
that ε · {−1, b} = 0 and conclude that

ε · {−1,−1, c} = ε · {−1,−b, c} = ε · {a,−b, c} = 0
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for a ∈ DE(2n−1). Hence {−1, . . . ,−1, c} = 0 in kn+1 E , whereby c ∈ DE(2n).
This shows that 6E2

= DE(2n).

(ii)⇒(iii): This implication is obvious.

(iii)⇒(i): Let ε = {−1, . . . ,−1} in kn−1 E . For any symbol τ ∈ kn−1 E and any
a, b ∈ E× we have τ · {a} · τ · {b} = ε · τ · {a, b} = ε · 〈τ · {a}, τ · {b}〉. Since kn E is
linked, this means that

ρ · ρ ′ = ε · 〈ρ, ρ ′〉 in k2n E for any ρ, ρ ′ ∈ kn E .

Hence, the pairing kn E×kn E→ k2n E, (ρ, ρ ′) 7→ ε ·〈ρ, ρ ′〉 is bilinear. On the other
hand, (iii) implies that kn+1 E→ k2n E, ξ 7→ ε · ξ is an isomorphism. Therefore the
pairing 〈 · , · 〉 is bilinear. �

5. Triple linkage

Let n > 2. We say kn E has triple linkage if for any three symbols σ1, σ2, σ3 ∈ kn E
there exist a symbol τ ∈ kn−1 E and a1, a2, a3 ∈ E× such that σi = τ · {ai } for
i = 1, 2, 3. Note that this implies that kn E is linked.

Theorem 5.1. Assume that kn E has triple linkage. Then 6E2
= DE(2n) and

kn+1 E = {−1, . . . ,−1} · k1 E. In particular, if E is nonreal then kn+1 E = 0.

Proof. Let 〈 · , · 〉 : kn E × kn E → kn+1 E be the linkage pairing. Consider three
symbols σ1, σ2, σ3 ∈ kn E . By the hypothesis there exist a symbol τ ∈ kn−1 E and
a1, a2, a3 ∈ E× such that σi = τ · {ai } for i = 1, 2, 3. As σ1+ σ2 = τ · {a1a2} we
obtain that

〈σ1+ σ2, σ3〉 = τ · {a1a2, a3} = τ · {a1, a3}+ τ · {a2, a3} = 〈σ1, σ3〉+ 〈σ2, σ3〉.

Hence the linkage pairing is bilinear and Theorem 4.4 yields the statement. �

Question 5.2. If kn E has triple linkage, do then any finite number of symbols in
kn E have a common linkage (by a symbol in kn−1 E)?

Triple linkage holds for kn E if E is a Cn-field, in the terms of Tsen–Lang theory
(see [Pfister 1995, Chapter 5]). This is a direct consequence of the next statement.
For n = 1 and |S| = 3 the statement corresponds to [Sivatski 2014, Proposition 9].

Proposition 5.3. Assume that there exists a finite system S of nonzero symbols in
kn E that do not have a common linkage. Then there exists an anisotropic system
of |S| − 1 quadratic forms in |S| · 3 · 2n−2 variables over E.

Proof. Let m ∈ N be as large as possible such that there exist a1, . . . , am ∈ E×

for which the symbol {a1, . . . , am} factors every element of S. By the hypothesis,
m 6 n − 2. We set π = 〈〈a1, . . . , am〉〉. Using Theorem 2.1 and the one-to-one
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correspondence between Pfister forms and symbols, we choose for σ ∈S an (n−m)-
fold Pfister form ρσ over E such that σ corresponds to the n-fold Pfister form π⊗ρσ

over E , and we denote by ρ ′σ the pure part of ρσ . Note that dim(π⊗ρ ′σ )= 2n
−2m

for any σ ∈ S. By Theorem 2.1 and by the maximality of m, there exists no
element c ∈ E× such that −c is represented by all the forms π ⊗ ρ ′σ with σ ∈ S.
We fix σ0 ∈ S and set S ′ = S r {σ0}. Considering each of the forms π ⊗ ρ ′σ for
σ ∈ S with its own variables, we obtain an anisotropic system of quadratic forms
(π ⊗ ρ ′σ0

−π ⊗ ρ ′σ )σ∈S ′ in |S| · (2n
− 2m) variables over E . If m < n− 2 we may

substitute zero for some of these variables. So in any case we obtain an anisotropic
system of |S| − 1 quadratic forms over E in exactly |S| · 3 · 2n−2 variables. �

Let ũ(E) denote the Hasse number of E , which is defined as the supremum in
N∪ {∞} on the dimension of anisotropic totally indefinite quadratic forms over E ;
see [Pfister 1995, Chapter 8, Section 3]. The study of this invariant was initiated in
[Elman et al. 1973], and the notation was introduced in [Elman 1977]. The defini-
tion of the Hasse number captures one of several possibilities to study bounds on the
dimension of anisotropic quadratic forms in a meaningful way without restriction
to nonreal fields. The results below have their main interest in the case where E is
nonreal, and in this case ũ(E) is the usual u-invariant; see [Pfister 1995, Chapter 8;
Elman et al. 2008, Chapter VI].

Corollary 5.4. If ũ(E(t))6 2n+1 then kn E has triple linkage.

Proof. Suppose first that E is real and ũ(E(t)) <∞. It follows by [Elman et al.
1973, Theorem I] that E is hereditarily euclidean. Hence kn E ' Z/2Z, whereby
kn E has triple linkage.

Assume now that E is nonreal and ũ(E(t)) 6 2n+1 < 9 · 2n−2. By the Amer–
Brumer theorem [Pfister 1995, Chapter 9, Proposition 1.10], it follows that every
pair of quadratic forms in 9 · 2n−2 variables over E is isotropic. Hence kn E has
triple linkage, by Proposition 5.3. �

The next example shows that the converse to the statement in Corollary 5.4 does
not hold.

Example 5.5. Let E0 be a quadratically closed field of characteristic not 2 having a
finite field extension of even degree. (One can for example take E0 as the quadratic
closure of Q: any polynomial over Q having as Galois group a dihedral group of
order 2m for an odd positive integer m will have as splitting field over E0 an
extension of order 2m. See also the discussion of finite extensions of quadratically
closed fields in [Lam 2005, Chapter VII, §7].) It follows from this choice of E0

that ũ(E0)= 1 while ũ(F0)> 2 for some finite separable extension F0/E0. Thus
k1 F0 6= 0. Consider the fields of iterated power series in n variables

E = E0((u1)) · · · ((un)) and F = F0((u1)) · · · ((un)).
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We obtain ũ(E)= 2n and kn+1 F 6= 0. Since F/E is a finite separable extension, F is
the residue field of a discrete valuation on E(t). We conclude that kn+2 E(t) 6= 0.
After translation to Pfister forms via [Elman et al. 2008, Theorem 6.20], the Arason–
Pfister Hauptsatz [Elman et al. 2008, Theorem 6.18] yields ũ(E(t))> 2n+2.

Note that {u1, . . . , un} is the only nonzero symbol in kn E . In particular kn E has
triple linkage. Finally, kn F does not have triple linkage, for kn+1 F 6= 0.

The following reformulates and enhances [Elman et al. 1973, Theorem G]. The
notation In E refers to the n-th power of the fundamental ideal IE in the Witt ring
(of symmetric bilinear forms) of E ; recall that In E is additively generated by the
classes of the n-fold Pfister forms over E .

Theorem 5.6 (Elman–Lam–Prestel). Assume that char(E) 6= 2. The following are
equivalent:

(i) ũ(E)6 4.

(ii) E is linked and I3 E is torsion-free.

(iii) E is linked and the linkage pairing k2 E × k2 E→ k3 E is bilinear.

(iv) 6E2
= DE(4) and k3 E = {−1,−1} · k1 E.

(v) k2 E is linked and either k3 E = 0, or E is real and c 7→ {−1,−1, c} defines
an isomorphism E×/6E2

→ k3 E.

Proof. Conditions (iii)–(v) are equivalent by Theorem 4.4. The equivalence of (i)
and (ii) is shown in [Elman et al. 1973, Theorem G] and in [Elman 1977, Theo-
rem 4.7]. By [Elman and Lam 1973, Corollary 2.9], (ii) implies that I3 E = 4 · IE .
Therefore, the equivalence of (ii) and (iv) follows using Theorem 2.2. �

Corollary 5.7. Assume that char(E) 6= 2 and that k2 E has triple linkage. Then
ũ(E)6 4.

Proof. This follows from Theorem 5.1 together with Theorem 5.6. �

In the case where E is nonreal, one can show the converse of Corollary 5.7
by using the following statement, which is a direct consequence of a deep result
of Peyre [1995, Proposition 6.1] combined with an observation by Sivatski [2014,
Corollary 11]. This was pointed out to the author of the present article by Adam
Chapman and David Leep.

Proposition 5.8 (Peyre–Sivatski). Assume that char(E) 6= 2. Let H be a subgroup
of k2 E with |H|6 8. Assume that every element of H is a symbol and that I3 E = 0.
Then there exists a ∈ E× such that for every σ ∈H one has σ = {a, bσ } for some
bσ ∈ E×.

Proof. By the hypothesis, every σ ∈H corresponds to an E-quaternion algebra. Let
σ1, σ2, σ3 ∈ k2 E be three symbols that generate H and let Q1, Q2, Q3 denote the
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corresponding quaternion algebras. Since I3 E = 0 we have H 3(E,Z/Q(2)) = 0.
It follows by [Peyre 1995, Proposition 6.1] that there exists a field extension F/E
with [F : E] = 2m for an odd integer m and such that (Qi )F is split for i = 1, 2, 3.
Then, by [Sivatski 2014, Corollary 11], Q1, Q2, Q3 have a common slot a ∈ E×.
It follows that any σ ∈H is of the form σ = {a, bσ } with bσ ∈ E×. �

In [Sivatski 2014], Sivatski seems to be unaware that he provides a proof of
Proposition 5.8. In [Sivatski 2014, Corollary 12] he comes to a closely related
conclusion, but at the end of his article he asks whether fields of cohomological
2-dimension 2 satisfy the conclusion stated in Proposition 5.8.

Corollary 5.9. Assume that E is nonreal with char(E) 6= 2. Then ũ(E)6 4 if and
only if k2 E has triple linkage.

Proof. One of the implications is Corollary 5.7, while the converse follows from
Proposition 5.8. �

The hypothesis in Proposition 5.8 on E can be weakened. Instead of assuming
I3 E = 0, which requires E to be nonreal, it is sufficient to assume that I3 E is torsion-
free and that E has the so-called ED-property about field orderings introduced in
[Prestel and Ware 1979]. This can be proven by using algebras with involution
and skew-hermitian forms over quaternion algebras. In this way Proposition 5.8 is
recovered with a different proof, which in particular is independent of the algebraic
geometry behind Peyre’s result [1995, Proposition 6.1].

Since ũ(E) <∞ implies that E satisfies the ED-property, the generalisation
carries over to Corollary 5.9 and makes the condition that E is nonreal superfluous:
if char(E) 6= 2, then ũ(E)6 4 if and only if k2 E has triple linkage.

The author is planning to give details on this argument in a future article.

Acknowledgments

This work was supported by the FWO Odysseus Programme (project Explicit Meth-
ods in Quadratic Form Theory), funded by the Fonds Wetenschappelijk Onderzoek –
Vlaanderen. I further wish to express my gratitude to Andrew Dolphin, Parul
Gupta, David Leep and Anne Quéguiner-Mathieu for inspiring discussions around
this topic. I thank Adam Chapman and David Leep in particular for pointing out
Proposition 5.8. Finally, I am grateful to the referee for helping to improve the
readability of the article.

References

[Chapman et al. 2018] A. Chapman, A. Dolphin, and D. B. Leep, “Triple linkage of quadratic Pfister
forms”, Manuscripta Math. (online publication January 2018).

http://dx.doi.org/10.1007/s00229-017-0996-6
http://dx.doi.org/10.1007/s00229-017-0996-6


378 KARIM JOHANNES BECHER

[Elman 1977] R. Elman, “Quadratic forms and the u-invariant, III”, pp. 422–444 in Conference on
quadratic forms (Kingston, ON, 1976), edited by G. Orzech, Queen’s Papers in Pure and Appl.
Math. 46, Queen’s University, Kingston, 1977. MR Zbl

[Elman and Lam 1972a] R. Elman and T. Y. Lam, “Pfister forms and K-theory of fields”, J. Algebra
23 (1972), 181–213. MR Zbl

[Elman and Lam 1972b] R. Elman and T. Y. Lam, “Quadratic forms over formally real fields and
pythagorean fields”, Amer. J. Math. 94 (1972), 1155–1194. MR Zbl

[Elman and Lam 1973] R. Elman and T. Y. Lam, “Quadratic forms and the u-invariant, II”, Invent.
Math. 21 (1973), 125–137. MR Zbl

[Elman et al. 1973] R. Elman, T. Y. Lam, and A. Prestel, “On some Hasse principles over formally
real fields”, Math. Z. 134 (1973), 291–301. MR Zbl

[Elman et al. 2008] R. Elman, N. Karpenko, and A. Merkurjev, The algebraic and geometric theory
of quadratic forms, Colloquium Publications 56, American Mathematical Society, Providence, RI,
2008. MR Zbl

[Lam 2005] T. Y. Lam, Introduction to quadratic forms over fields, Graduate Studies in Math. 67,
American Mathematical Society, Providence, RI, 2005. MR Zbl

[Milnor 1969/1970] J. Milnor, “Algebraic K-theory and quadratic forms”, Invent. Math. 9 (1969/1970),
318–344. MR

[Peyre 1995] E. Peyre, “Products of Severi–Brauer varieties and Galois cohomology”, pp. 369–401
in K-theory and algebraic geometry: connections with quadratic forms and division algebras (Santa
Barbara, CA, 1992), vol. 2, edited by W. B. Jacob and A. Rosenberg, Proceedings of Symposia in
Pure Math. 58, American Mathematical Society, Providence, RI, 1995. MR Zbl

[Pfister 1995] A. Pfister, Quadratic forms with applications to algebraic geometry and topology,
London Mathematical Society Lecture Note Series 217, Cambridge University Press, 1995. MR
Zbl

[Prestel and Ware 1979] A. Prestel and R. Ware, “Almost isotropic quadratic forms”, J. London
Math. Soc. (2) 19:2 (1979), 241–244. MR Zbl

[Sivatski 2014] A. S. Sivatski, “Linked triples of quaternion algebras”, Pacific J. Math. 268:2 (2014),
465–476. MR Zbl

Received 14 Sep 2015. Revised 12 Oct 2017. Accepted 31 Oct 2017.

KARIM JOHANNES BECHER: karimjohannes.becher@uantwerpen.be
Departement Wiskunde & Informatica, Universiteit Antwerpen, Antwerpen, Belgium

msp

http://msp.org/idx/mr/0491490
http://msp.org/idx/zbl/0387.10012
http://dx.doi.org/10.1016/0021-8693(72)90054-3
http://msp.org/idx/mr/0302739
http://msp.org/idx/zbl/0246.15029
http://dx.doi.org/10.2307/2373568
http://dx.doi.org/10.2307/2373568
http://msp.org/idx/mr/0314878
http://msp.org/idx/zbl/0259.12101
http://dx.doi.org/10.1007/BF01389692
http://msp.org/idx/mr/0417053
http://msp.org/idx/zbl/0267.10029
http://dx.doi.org/10.1007/BF01214693
http://dx.doi.org/10.1007/BF01214693
http://msp.org/idx/mr/0330045
http://msp.org/idx/zbl/0277.15013
http://dx.doi.org/10.1090/coll/056
http://dx.doi.org/10.1090/coll/056
http://msp.org/idx/mr/2427530
http://msp.org/idx/zbl/1165.11042
http://msp.org/idx/mr/2104929
http://msp.org/idx/zbl/1068.11023
http://dx.doi.org/10.1007/BF01425486
http://msp.org/idx/mr/0260844
http://msp.org/idx/mr/1327310
http://msp.org/idx/zbl/0837.14006
http://dx.doi.org/10.1017/CBO9780511526077
http://msp.org/idx/mr/1366652
http://msp.org/idx/zbl/0847.11014
http://dx.doi.org/10.1112/jlms/s2-19.2.241
http://msp.org/idx/mr/533322
http://msp.org/idx/zbl/0408.10009
http://dx.doi.org/10.2140/pjm.2014.268.465
http://msp.org/idx/mr/3227443
http://msp.org/idx/zbl/1308.16017
mailto:karimjohannes.becher@uantwerpen.be
http://msp.org


ANNALS OF K-THEORY
msp.org/akt

EDITORIAL BOARD

Paul Balmer University of California, Los Angeles, USA
balmer@math.ucla.edu

Guillermo Cortiñas Universidad de Buenos Aires and CONICET, Argentina
gcorti@dm.uba.ar

Hélène Esnault Freie Universität Berlin, Germany
liveesnault@math.fu-berlin.de

Eric Friedlander University of Southern California, USA
ericmf@usc.edu

Max Karoubi Institut de Mathématiques de Jussieu – Paris Rive Gauche, France
max.karoubi@imj-prg.fr

Huaxin Lin University of Oregon, USA
livehlin@uoregon.edu

Alexander Merkurjev University of California, Los Angeles, USA
merkurev@math.ucla.edu

Amnon Neeman Australian National University
amnon.neeman@anu.edu.au

Birgit Richter Universität Hamburg, Germany
birgit.richter@uni-hamburg.de

Jonathan Rosenberg (Managing Editor)
University of Maryland, USA
jmr@math.umd.edu

Marco Schlichting University of Warwick, UK
schlichting@warwick.ac.uk

Charles Weibel (Managing Editor)
Rutgers University, USA
weibel@math.rutgers.edu

Guoliang Yu Texas A&M University, USA
guoliangyu@math.tamu.edu

PRODUCTION

Silvio Levy (Scientific Editor)
production@msp.org

Annals of K-Theory is a journal of the K-Theory Foundation (ktheoryfoundation.org). The K-Theory Foundation
acknowledges the precious support of Foundation Compositio Mathematica, whose help has been instrumental in
the launch of the Annals of K-Theory.

See inside back cover or msp.org/akt for submission instructions.

The subscription price for 2018 is US $475/year for the electronic version, and $535/year (+$30, if shipping
outside the US) for print and electronic. Subscriptions, requests for back issues and changes of subscriber address
should be sent to MSP.

Annals of K-Theory (ISSN 2379-1681 electronic, 2379-1683 printed) at Mathematical Sciences Publishers, 798
Evans Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Peri-
odical rate postage paid at Berkeley, CA 94704, and additional mailing offices.

AKT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
mathematical sciences publishers

nonprofit scientific publishing
http://msp.org/

© 2018 Mathematical Sciences Publishers

http://msp.org/akt/
mailto:balmer@math.ucla.edu
mailto:gcorti@dm.uba.ar
mailto:ericmf@usc.edu
mailto:max.karoubi@imj-prg.fr
mailto:merkurev@math.ucla.edu
mailto:amnon.neeman@anu.edu.au
mailto:birgit.richter@uni-hamburg.de
mailto:jmr@math.umd.edu
mailto:schlichting@warwick.ac.uk
mailto:weibel@math.rutgers.edu
mailto:guoliangyu@math.tamu.edu
mailto:production@msp.org
http://www.ktheoryfoundation.org
http://www.ktheoryfoundation.org
http://www.compositio.nl/
http://dx.doi.org/10.2140/akt
http://msp.org/
http://msp.org/


ANNALS OF K-THEORY
2018 vol. 3 no. 3

369Triple linkage
Karim Johannes Becher

379A1-equivalence of zero cycles on surfaces, II
Qizheng Yin and Yi Zhu

395Topological K-theory of affine Hecke algebras
Maarten Solleveld

461On a localization formula of epsilon factors via microlocal geometry
Tomoyuki Abe and Deepam Patel

491Poincaré duality and Langlands duality for extended affine Weyl groups
Graham A. Niblo, Roger Plymen and Nick Wright

523Geometric obstructions for Fredholm boundary conditions for manifolds with corners
Paulo Carrillo Rouse and Jean-Marie Lescure

565Positive scalar curvature and low-degree group homology
Noé Bárcenas and Rudolf Zeidler

A
N
N
A
LS

O
F
K-TH

EO
RY

no.3
vol.3

2018

http://dx.doi.org/10.2140/akt.2018.3.369
http://dx.doi.org/10.2140/akt.2018.3.379
http://dx.doi.org/10.2140/akt.2018.3.395
http://dx.doi.org/10.2140/akt.2018.3.461
http://dx.doi.org/10.2140/akt.2018.3.491
http://dx.doi.org/10.2140/akt.2018.3.523
http://dx.doi.org/10.2140/akt.2018.3.565

	1. Introduction
	2. Symbols and Pfister forms
	3. Linkage
	4. The linkage pairing
	5. Triple linkage
	Acknowledgments
	References
	
	

