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of abelian number fields
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We review and simplify A. Beı̆linson’s construction of a basis for the motivic
cohomology of a point over a cyclotomic field, then promote the basis elements
to higher Chow cycles and evaluate the KLM regulator map on them.

1. Introduction

Let ζN ∈ C∗ be a primitive N -th root of 1 (N ≥ 2). The seminal article [Beı̆linson
1984] concludes with a construction of elements 4b (for b ∈ (Z/NZ)∗) in motivic
cohomology

H 1
M(Spec(Q(ζN )),Q(n))∼= K (n)

2n−1(Q(ζN ))⊗Q

mapping to Lin(ζ b
N )=

∑
k≥1 ζ

kb
N /k

n
∈ C/(2π i)nR under his regulator. Since by

Borel’s theorem [1974], we have rk K (n)
2n−1(Q(ζN ))Q =

1
2φ(N ) (for N ≥ 3), an

immediate consequence is that the {4b} span K (n)
2n−1(Q(ζN ))Q; indeed, Beı̆linson’s

results anticipated the eventual proofs [Rapoport 1988; Burgos Gil 2002] of the
equality (for number fields) of his regulator with that of Borel [1977]. An ex-
panded account of his construction was written up by Neukirch (with Rapoport and
Schneider) in [Neukirch 1988], up to a “crucial lemma” [op. cit., Part II, Lemma
2.4] required for the regulator computation, which was subsequently proved by
Esnault [1989].

The intervening years have seen some improvements in technology, especially
Bloch’s introduction of higher Chow groups [Bloch 1986], which yield an integral
definition of motivic cohomology for smooth schemes X . In particular, we have1

H 1
M(Spec(Q(ζN )),Z(n))∼= CH n(Q(ζN ), 2n− 1)

:= H2n−1{Zn(Q(ζN ), •), ∂},

MSC2010: 14C25, 14C30, 19E15.
Keywords: higher Chow group, Abel–Jacobi map, polylogarithms, Beı̆linson regulator, Borel’s

theorem.
1We use the shorthand CH∗(F, ∗) (Z∗(F, ∗), etc.) for CH∗(Spec(F), ∗) (F a field).
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and can ask for explicit cycles in ker(∂)⊂ Zn(Q(ζN ), 2n− 1) representing (mul-
tiples of) Beı̆linson’s elements 4b. Another relevant development was the explicit
realization of Beı̆linson’s regulator in [Kerr et al. 2006; Kerr and Lewis 2007]
as a morphism ÃJ of complexes, from a rationally quasi-isomorphic subcomplex
Zn

R(X, •) of Zn(X, •) to a complex computing the absolute Hodge cohomology
of X . Here this “KLM morphism” yields an Abel–Jacobi mapping

AJ : CH n(Q(ζN ), 2n− 1)⊗Q→ C/(2π i)nQ, (1.1)

and in the present note we shall construct (for all n) higher Chow cycles

Ẑb ∈ ker(∂)⊂ Zn
R(Q(ζN ), 2n− 1)⊗Q

satisfying

(n− 3)N n−1Ẑb ∈ Zn
R(Q(ζN ), 2n− 1)) and AJ(Ẑb)= Lin(ζ b

N ).

(See Theorems 3.3, 3.8, and 4.2, with Ẑ = (−1)nZ̃ /N n−1.) This is entirely more
explicit than the constructions in [Beı̆linson 1984; Neukirch 1988], and yields
a brief and transparent evaluation of the regulator, which moreover allows us to
dispense with some of the hypotheses of [Neukirch 1988, Part II, Lemma 2.4] or
[Esnault 1989, Theorem 3.9] and thus avoid the more complicated construction of
[Neukirch 1988, Part II, Lemma 3.1]. Furthermore, in concert with the anticipated
extension of ÃJ to the entire complex Zn(X, •) (making (1.1) integral), we expect
that our cycles will be useful for studying the torsion in CH n(Q(ζN ), 2n− 1), as
begun in [Petras 2008; 2009]; see Remark 4.1 and Section 4E.

2. Beı̆linson’s construction

In this section we show that (the graph of) the n-tuple of functions{
1− ζN z1 · · · zn−1,

( z1
z1−1

)N
, . . . ,

( zn−1
zn−1−1

)N}
completes to a relative motivic cohomology class on (�n−1, ∂�n−1). Most of the
work that follows is to show that its image under a residue map vanishes; see (2.12).
It also serves to establish notation for Section 3, where we recast this class as a
higher Chow cycle and compute its regulator.

2A. Notation. Let N ≥ 2, and ζ ∈ C be a primitive N -th root of unity; i.e.,
ζ = e2π ia/N , where a is coprime to N . Denoting by 8N (x) the N -th cyclotomic
polynomial, each such a yields an embedding σ of F :=Q[ω]/(8N (ω)) into C (by
sending ω 7→ ζ ). (If N = 2, then F=Q and ω = ζ =−1.)

Working over any subfield of C containing ζ , write

�n
:= (P1

\{1})n ⊃ (P1
\{0, 1})n =: Tn,
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with coordinates (z1, . . . , zn). We have isomorphisms from Tn to Gn
m (with co-

ordinates (t1, . . . , tn)), given by ti := zi/(zi − 1). Define a function fn(z) :=
1− ζ bt1 · · · tn on Tn (with b coprime to N ), and normal crossing subschemes

Sn
:= {z ∈ Tn

| some zi =∞} ⊂ Sn
∪ |( fn)0| =: S̃n

⊂ Tn.

(Alternatively, we may view these schemes as defined over F by replacing ζ b

with ωb.)
Now consider the morphism

ın : T
n−1
→ Tn, (t1, . . . , tn−1) 7→ (t1, . . . , tn−1, (ζ

bt1 · · · tn−1)
−1).

Lemma 2.1. The morphism ın sends Tn−1 isomorphically onto |( fn)0|, with

ın(S̃n−1)= |( fn)0| ∩ Sn.

We also remark that the Zariski closure of ın(T
n−1) in �n is just ın(T

n−1).

2B. Results for Betti cohomology. The construction just described has quite pleas-
ant cohomological properties, as we shall now see.

Lemma 2.2. As a Q-MHS,

Hq(Tn, Sn)∼=

{
Q(−n), q = n,

0, q 6= n.

Proof. Apply the Künneth formula to (Tn, Sn)∼= (Gm, {1})n . �

Lemma 2.3. As a Q-MHS,

Hq(Tn, S̃n)∼=

{
Q(0)⊕Q(−1)⊕ · · ·⊕Q(−n), q = n,

0, q 6= n.

Proof. This is clear for (T1, S̃1)∼= (Gm, {1, ζ̄ }). Now consider the exact sequence

H∗−1(Tn, Sn)
ı∗n
−→ H∗−1(Tn−1, S̃n−1)

δ
−→

H∗(Tn, S̃n)→ H∗(Tn, Sn)
ı∗n
−→ H∗(Tn−1, S̃n−1)

of Q-MHS, associated to the inclusion (Tn−1, S̃n−1)
ın
↪→ (Tn, Sn). (This is just the

relative cohomology sequence, once one notes that ((Tn, Sn), ın(T
n−1, S̃n−1)) =

(Tn, Sn
∪ ın(T

n−1)) = (Tn, S̃n) by Lemma 2.1.) If ∗ 6= n, then the underlined
terms are 0 via Lemma 2.2 and induction. If ∗ = n, then the end terms are 0 via
Lemma 2.2 and induction, and

0→ H n−1(Tn−1, S̃n−1)
δ
−→ H n(Tn, S̃n)→ H n(Tn, Sn)→ 0 (2.4)

is a short-exact sequence.
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Now observe that:

• H n(Tn, Sn
;C)= Fn H n(Tn, Sn

;C) is generated by the holomorphic form

η :=
1

(2π i)n
dt1
t1
∧ · · · ∧

dtn
tn
;

• Hn−1(T
n−1, S̃n−1

;Q) is generated by images e(Ui ) of the cells
n⋃

i=0

Ui = [0, 1]n \
n⋃
`=1

{∑
xi = `−

a
N

}
,

where e : [0, 1]n → Tn is defined by (x1, . . . , xn) 7→ (e2π ix1, . . . , e2π ixn ) =

(t1, . . . , tn);

•

∫
e(Ui )

η =

∫
Ui

dx1 ∧ · · · ∧ dxn ∈Q.

(Writing S 1 for the unit circle, ((S 1)n, (S 1)n ∩ S̃n) is a deformation retract of
(Tn, S̃n). The e(Ui ) visibly yield all the relative cycles in the former, justifying the
second observation.) Together these immediately imply that (2.4) is split, complet-
ing the proof. �

2C. Results for Deligne cohomology. Recall that Beı̆linson’s absolute Hodge co-
homology [1986] of an analytic scheme Y over C sits in an exact sequence

0→ Ext1MHS(Q(0), H r−1(Y,A(p)))→ H r
D(Y,A(p))

→ HomMHS(Q(0), H r (Y,A(p)))→ 0.

(Here we use a subscript “D” since the construction after all is a “weight-corrected”
version of Deligne cohomology; the subscript “MHS” of course means “A-MHS”.)
We shall not have any use for details of its construction here, and refer the reader
to [Kerr and Lewis 2007, §2].

Lemma 2.5. The map ı∗n : H n
D(T

n, Sn
;A(n)) → H n

D(T
n−1, S̃n−1

;A(n)) is zero
(A =Q or R).

Proof. Consider the exact sequence

· · ·→H n
D(T

n, Sn
;Q(n))

ı∗n
−→H n

D(T
n−1, S̃n−1

;Q(n))
δD
−→H n+1

D (Tn, S̃n
;Q(n))→· · · .

It suffices to show that δD is injective. Now

HomMHS(Q(0), H n(Tn−1, S̃n−1
;Q(n)))= {0},

HomMHS(Q(0), H n+1(Tn, S̃n
;Q(n)))= {0},

by Lemma 2.3, and so δD is given by

Ext1MHS(Q(0), H n−1(Tn−1, S̃n−1
;Q(n)))

δD
−→ Ext1MHS(Q(0), H n(Tn, S̃n

;Q(n))).
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Since (2.4) is split, the corresponding sequence of Ext1-groups is exact, and δD is
injective. �

2D. Results for motivic cohomology. Let X be any smooth simplicial scheme (of
finite type), defined over a subfield of C. We have Deligne class maps

cD,A : H r
M(X,Q(p))→ H r

D(X
an
C ,A(p))

(for A=Q or R). The case of particular interest here is when r = 1, X is a point, and

cD,A(Z)=
1

(2π i)p−1

∫
Zan

C

R2p−1 ∈ C/A(p), (2.6)

where, interpreting log(z) as the 0-current with branch cut along Tz := z−1(R−),

R2p−1 :=

2p−1∑
k=1

(2π i)k−1 R(k)2p−1

:=

2p−1∑
k=1

(2π i)k−1 log(zk)
dzk+1

zk+1
∧ · · · ∧

dz2p−1

z2p−1
· δTz1∩···∩Tzk−1

(2.7)

is the regulator current of [Kerr et al. 2006; Kerr and Lewis 2007] belonging to
D2p−2((P1)×(2p−1)). Here it is essential that the representative higher Chow cycle
Z belong to the quasi-isomorphic subcomplex Z p

R(pt., •)Q ⊂ Z p(pt., •)Q compris-
ing cycles in good position with respect to certain real analytic chains; see [Kerr
and Lewis 2007, §8] or Remark 3.4 below.

Now take a number field K , [K :Q] = d = r1+ 2r2, and set

dm = dm(K ) :=


r1+ r2− 1, m = 1,
r1+ r2, m > 1 odd,
r2, m > 0 even.

For X defined over K , write X̃ an
C
:=
∐
σ∈Hom(K ,C)(

σX)an
C

and

H r
M(X,Q(p))

c̃+D,R ((

c̃D,R
// H r (X̃ an

C
,R(p))

H r
D(X̃

an
C
,R(p))+

) 	

66

for the map Z 7→ (cD,R(σZ))σ , which factors through the invariants under de Rham
conjugation. If X = Spec(K ), then we have H 1

D(X̃
an
C
,R(p)) ∼= R(p − 1)⊕d and

H 1
D(X̃

an
C
,R(p))+ ∼= R(p− 1)⊕dp . Write H r

M(X,R(p))= H r
M(X,Q(p))⊗Q R.
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Lemma 2.8. For X = Spec(K ), G×n
m,K , (Tn

K , Sn
K ), or (Tn

K , S̃n
K ),

c̃+D,R⊗R : H r
M(X,R(p))→ H r

D(X̃
an
C
,R(p))+

is an isomorphism (∀r, p).

Proof. By [Burgos Gil 2002], the composition

K2p−1(OK )⊗Q
∼=
−→ H 1

M(Spec(K ),Q(p))
c̃+D,R
−−→ R(p− 1)⊕dp

· 2/(2π i)p−1

−−−−−−→ Rdp

is exactly the Borel regulator (and the groups are zero for r 6= 1). The lemma
follows for X = Spec(K ).

Let Y be a smooth quasiprojective variety, defined over K , and pick p ∈Gm(K ).
Write Y

ı
↪→Gm,Y


↪→A1

Y
κ
←↩ Y for the Cartesian products with Y of the morphisms

Spec(K )
ı p
↪→ Gm,K


↪→ A1

K
ı0
←↩ Spec(K ).

Then by the homotopy property,

ı∗ : H r
K(Gm,Y ,R(p))→ H r

K(Y,R(p))∼= H r
K(A

1
Y ,R(p))

splits the localization sequence

· · ·
κ∗
−→ H r

K(A
1
Y ,R(p))

∗

−→ H r
K(Gm,Y ,R(p))

Res
−−→ H r−1

K (Y,R(p− 1))
κ∗
−→ · · ·

for K =M,D (in particular, κ∗ = 0). It follows that

H r
K(Gm,Y ,R(p))∼= H r

K(Y,R(p))⊕ H r−1
K (Y,R(p− 1)),

compatibly with cD,R; applying this iteratively gives the lemma for G×n
m,K .

Finally, both (Tn, Sn
K ) and (Tn

K , S̃n
K ) may be regarded as (co)simplicial normal

crossing schemes X •. (That is, writing S̃n
K =

⋃
Yi , we take X0

= Tn
K , X1

=
∐

i Yi ,
X2
=
∐

i< j Yi ∩ Y j , etc.) We have spectral sequences

E i, j
1 = H 2p+ j

K (X i ,R(p))=⇒ H 2p+i+ j
K (X •,R(p)),

compatible with cD,R, and all X i are disjoint unions of powers of Gm,K . The lemma
is proved. �

Lemma 2.9. The map ı∗n : H n
M(T

n, Sn
;A(n))→ H n

M(T
n−1, S̃n−1

;A(n)) is zero
( for A =Q or R).

Proof. Form the obvious commutative square and use the results of Lemmas 2.5
and 2.8. �
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2E. The Beı̆linson elements. To each I ⊂ {1, . . . , n} and ε : I → {0,∞} we
associate a face map ρεI : �

n−|I | ↪→ �n , with zi = ε(i) (for all i ∈ I ) on the
image, and degeneracy maps δi :�n ��n−1 killing the i-th coordinate. For any
smooth quasiprojective variety X (say, over a field K ⊇ Q), let cp(X, n) denote
the free abelian group on subvarieties (of codimension p) of X ×�n meeting all
faces X × ρεI (�

n−|I |) properly, and d p(X, n)=
∑

im(idX ×δ
∗

i )⊂ cp(X, n). Then
Z p(X, •) := cp(X, •)/d p(X, •) defines a complex with differential

∂ =

n∑
i=1

(−1)i−1((idX ×ρ
0
i )
∗
− (idX ×ρ

∞

i )
∗
)
,

whose r -th homology defines Bloch’s higher Chow group

CH p(X, r)∼= H 2p−r
M (X,Z(p)). (2.10)

This isomorphism does not apply for singular varieties (e.g., our simplicial schemes
above), and for our purposes in this paper it is the right-hand side of (2.10) that
provides the correct generalization. In particular, we have

H r
M(X × (�

a, ∂�a),Q(p))∼= H r−a
M (X,Q(p)),

where ∂�a
:=
⋃

i∈{1,...,a}, ε∈{0,∞} ρ
ε
i (�

a−1). We note here that the (rational) motivic
cohomology of a cosimplicial normal-crossing scheme X • can be computed via (the
simple complex associated to) a double complex:

Ea,b
0 := Z p(Xa,−b)#Q =⇒ H 2p+a+b

M (X •,Q(p)), (2.11)

where # denotes cycles meeting all components of all Xq>a
× ∂εI �

−b properly.2

Continuing to write ti for zi/(zi − 1), we now consider

f (z)= fn−1(z1, . . . , zn−1) := 1−ωbt1 · · · tn−1

as a regular function on �n−1
F , and

Z := {(z; f (z), t N
1 , . . . , t N

n−1) | z ∈�
n−1
\|( f )0|}

as an element of

ker
{

Zn(�n−1
\|( f )0|, n)#Q

∂⊕
∑
(ρεi )

∗

−−−−−−→ Zn(�n−1
\|( f )0|, n− 1)⊕

⊕
i,εZn(�n−2

\
∣∣( f |zi=ε)0

∣∣, n
)

Q

}
,

and hence of
H n

M(�
n−1
F \|( f )0|, ∂�n−1

\∂|( f )0|;Q(n))

2See [Levine 1994, §3] and [Kerr and Lewis 2007, §8.2] for the relevant moving lemmas (and for
detailed discussion of differentials, etc.).



180 MATT KERR AND YU YANG

(where ∂|( f )0| := ∂�n−1
∩|( f )0|=

⋃
i,ε |( f |zi=ε)0|, and # indicates cycles meeting

faces of ∂�n−1
\∂|( f )0| properly). The powers t N

i are unnecessary at this stage but
will be crucial later. For simplicity, we write the class of Z in this group as a
symbol { fn−1, t N

1 , . . . , t N
n−1}.

Using Lemma 2.1, we have a (vertical) localization exact sequence

��

H n
M(�

n−1, ∂�n−1
;Q(n)) oo

∼=
//

��

CH n(F, 2n− 1)Q

H n
M(�

n−1
\|( f )0|, ∂�n−1

\|( f )0|;Q(n))

Res|( f )0|
��

H n−1
M (Tn−2, S̃n−2

;Q(n− 1))

��

H n−1
M (Tn−1, Sn−1

;Q(n− 1))
ı∗n−1
oo

(2.12)

in which evidently

Res|( f )0|{ fn−1, t N
1 , . . . , t N

n−1} = ı∗n−1{t
N
1 , . . . , t N

n−1}.

Proposition 2.13. Z lifts to a class 4̃ ∈ CH n(F, 2n− 1)Q.

Proof. Apply (2.12) and Lemma 2.9. �

This is essentially Beı̆linson’s construction; we normalize the class by

4 :=
(−1)n

N n−1 4̃.

3. The higher Chow cycles

3A. Representing Beı̆linson’s elements. We first describe (2.11) more explicitly
in the relevant cases. As above, write ∂ : Zn(�r , s)#

Q
→ Zn(�r , s − 1)#

Q
for the

higher Chow differential, and

δ : Zn(�r , s)#Q→
⊕
i,ε

Zn(�r−1, s)#Q

for the cosimplicial differential
∑r

i=1(−1)i−1((ρ0
i × id�s )∗ − (ρ∞i × id�s )∗). A

complex of cocycles for the top motivic cohomology group in (2.12) is given by

Zn
�(k) := Zn

M((�
n−1
F , ∂�n−1

F ), k)Q :=
n−1⊕
a=0

⊕
(I,ε), |I |=a

Zn(�n−a−1
F , a+ k)#Q (3.1)
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with differential D := ∂ + (−1)n−a−1δ. These are, of course, the simple complex
and total differential associated to the natural double complex

Ea,b
0 =

⊕
(I,ε), |I |=a

Zn(�n−a−1
F ,−b)#Q.

Analogously, one defines

Zn
�\ f (k) := Zn

M
(
(�n−1

F \|( f )0|, ∂�n−1
F \∂|( f )0|), k

)
Q
,

Zn−1
f (k) := Zn−1

M ((Tn−2, S̃n−2), k)Q,

so that Zn−1
f (•)

ı∗
−→ Zn

�(•)→ Zn
�\ f (•) are morphisms of (homological) complexes.

Now define
θ : Zn

�(k)→ Zn(F, n+ k− 1)Q

by simply adding up the cycles (with no signs) on the right-hand side of (3.1).
(Use the natural maps �n−a−1

×�a+k
→�n+k−1 obtained by concatenating coor-

dinates.) Then we have:

Lemma 3.2. The map θ is a quasi-isomorphism of complexes.

Proof. Checking that θ is a morphism of complexes is easy and left to the reader.
The a= n−1, (I, ε)= ({1, . . . , n−1}, 0) term of (3.1) is a copy of Zn(F, n+k−1)
in Zn

�(k), which leads to a morphism ψ : Zn(F, n+ •−1)→ Zn
�(•) with θ ◦ψ = id.

Moreover, it is elementary that ψ is a quasi-isomorphism: taking d0 = ∂ gives

Ea,b
1 =

⊕
(I,ε), |I |=a

CH n(�n−a−1
F ,−b)Q ∼= CH n(F,−b)⊕2a(n−1

a ),

so Ea,b
2 = 0 except for En−1,b

2
∼= CH n(F,−b), which is exactly the image of

ψ(ker ∂).3 �

In particular, we may view θ as yielding the isomorphism in the top row of (2.10).
By the moving lemmas of Bloch [1994] and Levine [1994], we have another

quasi-isomorphism
Zn
�(•)

ı∗Zn−1
f (•)

'
−→ Zn

�\ f (•),

which enables us to replace any Y�\ f ∈ ker(D) ⊂ Zn
�\ f (n) by a homologous

Y ′�\ f arising as the restriction of some Y ′� ∈ Zn
�(n) with DY ′� = ı∗(Y ′′f ) and

Y ′′f ∈ ker(D) ∈ Zn−1
f (n− 1). This gives an “explicit” prescription for computing

Res|( f )0| in (2.10).
Now we come to our central point: the cycle Z={ fn−1, t N

1 , . . . , t
N
n−1} of Section 2E

already belongs to (Zn(�n−1
F , n)#

Q
⊆)Zn

�(n), without “moving” it by a boundary.
Its restriction to Zn

�\ f (n) is clearly D-closed, and DZ = ı∗{t N
1 , . . . , t N

n−1} =: ı∗T .

3This is true for any field, but specifically for our F=Q(ω), the only nonzero term is En−1,n
2 .
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By Proposition 2.13, the class of T in homology of Zn−1
f (•) is trivial, and so there

exists T ′ ∈ Zn−1
f (n) with DT ′ =−T . Defining

W := ı∗T ′, Z̃ := Z +W,

we now have DZ̃ = 0. This allows us to make a rather precise statement about the
lift in Proposition 2.13. Denote the projection (z1, . . . , z2n−1) 7→ (z1, . . . , zn−i ) by
pi :�2n−1 ��n−i .

Theorem 3.3. 4̃ has a representative in Zn(F, 2n− 1)Q of the form

Z̃ =Z +W =Z +W1+W2+ · · ·+Wn−1,

where Z = θ(Z) (i.e., Z interpreted as an element of Zn(F, 2n− 1)Q) and Wi is
supported on p−1

i |( fn−i )0|.

Proof. Viewing (|( fn−1)0|, ∂|( fn−1)0|)∼= (T
n−2, S̃n−2) as a simplicial subschemeX•

of (�n−1, ∂�n−1)=: X •, the subscheme Xi−1
⊂ X i−1 comprises 2i−1

(n−1
i−1

)
copies

of |( fn−i )0| ⊂�n−1. We may decompose

W ∈
n⊕

i=1

⊕
(I,ε), |I |=i−1

ı∗Zn−1(|( fn−i )0|, n+ i − 1)#Q ⊂
n−1⊕
i=1

E i−1,−n−i+1
0

into its constituent pieces Wi ∈E i−1,−n−i+1
0 , and define Wi :=θ(Wi ) and W :=θ(W).

Clearly supp(Wi )⊂ p−1
i |( fn−i )0|, and Z̃ := θ(Z̃) is ∂-closed, giving the desired

representation. �

Remark 3.4. In fact, σ(Z ) ∈ Zn
R(Spec(C), 2n− 1)Q for any σ ∈ Hom(F,C): the

intersections Tz1∩· · ·∩Tzk ∩(ρ
ε
I )
∗σ(Z ) are empty excepting Tz1∩· · ·∩Tzk ∩σ(Z )

for k ≤ n − 1 and Tz1 ∩ · · · ∩ Tzk ∩ (ρ
0
n)
∗σ(Z ) for k ≤ n − 2, which are both

of the expected real codimension. A trivial modification of the above argument
then shows that the Wi may be chosen so that the σ(Wi ) (and hence σ(Z̃ )) are in
Zn

R(Spec(C), 2n−1)Q as well. We shall henceforth assume that this has been done.

3B. Computing the KLM map. We begin by simplifying the formula (2.6) for the
regulator map.

Lemma 3.5. Let K ⊂C and suppose Z ∈ ker(∂)⊂ Zn
R(Spec(K ), 2n−1)Q satisfies

Tz1 ∩ · · · ∩ Tzn ∩ Z an
C =∅. (3.6)

Then

cD,Q(Z)=
∫

Z an
C
∩Tz1∩···∩Tzn−1

log(zn)
dzn+1

zn+1
∧ · · · ∧

dz2n−1

z2n−1

in C/Q(n).
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Proof. We have

cD,Q(Z)=
n−1∑
k=1

(2π i)k−n
∫

Z an
C

R(k)2n−1+

∫
Z an

C

R(n)2n−1+

n−1∑
k=1

(2π i)k
∫

Z an
C

R(n+k)
2n−1 .

The terms
∫

Z an
C

R(k)2n−1 are zero by type, since dimC ZC = n− 1, and the
∫

Z an
C

R(n+k)
2n−1

are integrals over Z an
C
∩Tz1∩· · ·∩Tzn+k−1 =∅. So only the middle term remains. �

Lemma 3.7. For any σ ∈ Hom(F,C), Tz1 ∩ · · · ∩ Tzn ∩ σ(Z̃ )=∅.

Proof. From Theorem 3.3, σ(Wi ) is supported over p−1
i (|( fn−i )0|); that is, on σ(Wi )

we have z1 · · · zn−i = ζ̄
b, and so Tz1∩· · ·∩Tzn−i∩σ(Wi )=∅, since ζ̄ b /∈ (−1)n−i R+.

On σ(Z ), zn = fn−1(z1, . . . , zn−1) = 1− ζ bt1 · · · tn−1 (where ti = zi/(zi − 1)),
and on Tzi , ti ∈ [0, 1]. It follows that on Tz1 ∩ · · · ∩ Tzn ∩ σ(Z ), zn belongs to
R− ∩ (1− ζ b

[0, 1]), which is empty. �

We may now compute the regulator on the cycle of Theorem 3.3, independently
of the choice of the Wi .

Theorem 3.8. cD,Q(σ (4))= Lin(ζ b) ∈ C/Q(n).

Proof. By Lemmas 3.5 and 3.7, we obtain

cD,Q(σ (Z̃ ))=

∫
σ(Z )an

C
∩Tz1∩···∩Tzn−1

log(zn)
dzn+1

zn+1
∧ · · · ∧

dz2n−1

z2n−1

+

n−1∑
i=1

∫
σ(Wi )

an
C
∩Tz1∩···∩Tzn−1

log(zn)
dzn+1

zn+1
∧ · · · ∧

dz2n−1

z2n−1
,

in which (by the proof of Lemma 3.7) σ(Wi )
an
C
∩Tz1 ∩· · ·∩Tzn−1 =∅ for all i . The

remaining (first) term becomes∫
z∈R

×(n−1)
−

log( fn−1(z))
dt N

1

t N
1
∧ · · · ∧

dt N
n−1

t N
n−1

= (−N )n−1
∫

t∈[0,1]×(n−1)
log(1− ζ bt1 · · · tn−1)

dt1
t1
∧ · · · ∧

dtn−1

tn−1

= (−N )n−1
∫ ζ b

0

∫ un−1

0
· · ·

∫ u2

0
log(1− u1)

du1

u1
∧ · · · ∧

dun−1

un−1

= (−1)n N n−1 Lin(ζ b),

where un−1 = ζ
btn−1, un−2 = ζ

btn−2tn−1, . . . , u1 = ζ
bt1 · · · tn−1. �

To write the image of our cycles under the Borel regulator, we refine notation
by writing σa (for σ : ω 7→ e2π ia/N ), fn−1,b = 1−ωbt1 · · · tn−1, 4b, Z̃b, Zb, etc.
So Theorem 3.8 reads cD,Q(σa(4b)) = Lin(e2π iab/N ), and one has the following
corollary.
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Corollary 3.9. Let N ≥ 3 and set

A :=
{
a ∈ N | (a, N )= 1 and 1≤ a ≤

⌊ N
2

⌋}
;

then for any b ∈ A,

c̃+D,R(4b)= (πn(Lin(e2π iab/N ))a∈A ∈ R(n− 1)⊕
1
2φ(N ),

where πn : C→ R(n − 1) is iIm for n even, and Re for n odd. If N = 2, then
c̃+D,R = 0 for n even and c̃+D,R(41)= ζ(n) ∈ R(n− 1) for n odd.

As an immediate consequence, we get a (rational) basis for the higher Chow
cycles on a point over any abelian extension of Q.

Corollary 3.10. The {4b}b∈A span CH n(F, 2n− 1)Q. Moreover, for any subfield
E⊂ F, with 0 =Gal(F/E), there exists a subset B ⊂ A (with |B| = dn(E)) such that
the

{∑
γ∈0

γ4b
}

b∈B span CH n(E, 2n− 1)Q.

Proof. In view of Lemma 2.8, for the first statement we need only check the linear
independence of the vectors v(b) in Corollary 3.9. Let χ be one of the 1

2φ(N )
Dirichlet characters modulo N with χ(−1) = (−1)n−1; and let ρα : C|A|→ C|A|

be the permutation operator defined by µ(v) j = vα· j , where α ∈ (Z/NZ)∗ is a
generator. Then the linear combinations

vχ :=
∑
b∈A

χ(b)v(b) =
(

1
2

N∑
b=1

χ(b)πn(Lin(e2π iab/N ))

)
a∈A

are independent (over C) provided they are nonzero, since their eigenvalues χ(α)
under ρα are distinct. By the computation in [Zagier 1991, pp. 420–422], if χ is
induced from a primitive character χ0 modulo N0 = N/M , then (with µ being the
Möbius function and τ( · ) the Gauss sum)

v
χ

1 =
1

2Mn−1

{∑
d|M

µ(d)χ0(d)dn−1
}
τ(χ0)L(χ0, n),

the last two factors of which are nonzero by primitivity of χ0; the bracketed term
is
∏

p>1 prime, p|M(1−χ0(p)pn−1), hence also nonzero.
The second statement follows at once, since the composition of

∑
γ∈0 with

CH n(E, 2n− 1)Q ↪→ CH n(F, 2n− 1)Q is a multiple of the identity. �

4. Explicit representatives

We finally turn to the construction of the cycles described by Theorem 3.3. Here
the benefit of using t N

i (at least, if one is happy to work rationally) comes to the
fore: it allows us to obtain uniform formulas for all N , and to use as few terms
as possible. In fact, it turns out that for all n it is possible to take W3 = · · · =
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Wn−1 = 0. (While it is easy to argue abstractly that Wn−1 can always be taken to be
zero, this stronger statement surprised us.) For brevity, we shall use the notation
( f1(t, u, v), . . . , fm(t, u, v)) for

{( f1(t, u, v), . . . , fm(t, u, v)) | ti , u, v ∈ P1
} ∩�m

;

all precycles are defined over F=Q(ω), and we write ξ := ωb.

4A. K3 case (n= 2). Let Z = (t/(t−1), 1−ξ t, t N ), as dictated by Theorem 3.3;
then all ∂εi Z = 0. In particular,

∂0
1 Z = (1− ξ t, t N )|t/(t−1)=0 = (1, 0)= 0

and
∂0

2 Z =

(
ξ−1

ξ−1− 1
, ξ−N

)
=

(
1

1−ξ
, 1
)
= 0.

So we may take W = 0 and Z̃ =Z .
In contrast, if we took Z = (t/(t − 1), 1− ξ t, t), then ∂0

2 Z = (1/(1− ξ), ξ−1)

and a nonzero W -term is required.

4B. K5 case (n = 3). Of course Z = (t1/(t1− 1), t2/(t2− 1), 1− ξ t1t2, t N
1 , t N

2 ).
Taking

W1 =
1
2

(
t1

t1− 1
,

1
1− ξ t1

,
(u− t N

1 )(u− t−N
1 )

(u− 1)2
, t N

1 u,
u
t N
1

)
,

we note that z2 = 1/(1− ξ t1) implies t2 = (1− ξ t1)−1/((1− ξ t1)−1
− 1)= 1/ξ t1,

which in turn implies f2(t1, t2)= 0. Now we have

∂Z = ∂0
3 Z =

(
t1

t1− 1
,

t2
t2− 1

, t N
1 , t N

2

)∣∣∣∣
1−ξ t1t2=0

=

(
t1

t1− 1
,

1
1− ξ t1

, t N
1 ,

1
t N
1

)
and

∂W1 =−∂
∞

3 W1 =−2 · 1
2

(
t1

t1− 1
,

1
1−ξ t1

, t N
1 ,

1
t N
1

)
=−∂Z .

Therefore Z̃ =Z +W1 is closed.

Remark 4.1. See [Petras 2008, §3.1] for a detailed discussion of the properties of
these cycles, especially the (integral!) distribution relations of [loc. cit., Proposition
3.1.26].

In particular, we can specialize to N = 2 to obtain

2Z̃ = 2
(

t1
t1−1

,
t2

t2−1
, 1+t1t2, t2

1 , t2
2

)
+

(
t1

t1−1
,

1
1+t1

,
(u−t2

1 )(u−t−2
1 )

(u−1)2
, t2

1 u,
u
t2
1

)
in Z3

R(Q, 5), spanning CH 3(Q, 5)Q ∼= K5(Q)Q, with

cD,Q(2Z̃ )=−8 Li3(−1)= 6ζ(3) ∈ C/Q(3).
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4C. K7 case (n= 4). Set

Z =

(
t1

t1− 1
,

t2
t2− 1

,
t3

t3− 1
, 1− ξ t1t2t3, t N

1 , t N
2 , t N

3

)
,

W1 =
1
2
(W

(1)
1 +W

(2)
1 ),

W
(1)

1 =

(
t1

t1− 1
,

t2
t2− 1

,
1

1− ξ t1t2
,
(u− t N

1 )(u− t N
2 )

(u− 1)(u− t N
1 t N

2 )
,

u
t N
1
,

u
t N
2
,

1
u

)
,

W
(2)

1 =

(
t1

t1− 1
,

t2
t2− 1

,
1

1− ξ t1t2
,
(u− t N

1 )(u− t N
2 )

(u− 1)(u− t N
1 t N

2 )
,

t N
1

u
,

t N
2

u
,

u
t N
1 t N

2

)
,

W2 =−
1
2

(
t1

t1− 1
,

1
1− ξ t1

,
(v− t N

1 u)(v− ut−N
1 )

(v− u2)(v− 1)
,

(u− t N
1 )(u− vt−N

1 )

(u− v)2
,
vt N

1

u
,
v

t N
1 u

,
u
v

)
.

Direct computation shows

∂Z =−∂0
4 Z =−∂∞4 W

(1)
1 =−∂∞4 W

(2)
1 ,

∂W1 =−
1
2∂
∞

3 W
(1)

1 +
1
2∂
∞

4 W
(1)

1 −
1
2∂
∞

3 W
(2)

1 +
1
2∂
∞

4 W
(2)

1 ,

∂W2 =−∂
∞

3 W2 =
1
2∂
∞

3 W
(1)

1 +
1
2∂
∞

3 W
(2)

1 ,

which sum to zero.
Alternately, we can take

W1 =

(
t1

t1− 1
,

t2
t2− 1

,
1

1− ξ t1t2
,
(u− t N

1 )(u− t N
2 )

(u− 1)(u− t N
1 t N

2 )
,

t N
1

u
,

t N
2

u
,

u
t N
1 t N

2

)
,

W2 =

(
t1

t1− 1
,

1
1− ξ t1

,
(u− vt N

1 )(u− vt−N
1 )

(u− v)2
,
vt N

1

u
,
v

t N
1 u

,
u
v
, v− 1

)
.

Writing

V1 =

(
t1

t1− 1
,

t2
t2− 1

,
1

1− ξ t1t2
, t N

1 , t N
2 ,

1
t N
1 t N

2

)
,

V2 =

(
t1

t1− 1
,

1
1− ξ t1

,
(u− t N

1 )(u− t−N
1 )

(u− 1)2
,

t N
1

u
,

1
t N
1 u

, u
)
,

one has ∂Z =−V1, ∂W1 =−V2+V1, ∂W2 = V2; so again Z̃ is a closed cycle.
We present the general n construction next, but include the n = 5 case as an

appendix (as the authors only saw the pattern after working out this case).
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4D. General n construction (n ≥ 4). To state the final result, we define

Z :=

(
t1

t1− 1
, . . . ,

tn−1

tn−1− 1
, 1− ξ t1 · · · tn−1, t N

1 , . . . , t N
n−1

)
,

W1 :=
1

n− 3
W̃1

:=
(−1)n−1

n− 3

(
t1

t1− 1
, . . . ,

tn−2

tn−2− 1
,

1
1− ξ t1 · · · tn−2

,

(u− t N
1 ) · · · (u− t N

n−2)

(u− t N
1 · · · t

N
n−2)(u− 1)n−3

,
t N
1

u
, . . . ,

t N
n−2

u
,

u
t N
1 · · · t

N
n−2

)
,

W2 :=
1

n−3

n−1∑
i=1

(−1)i−1W
(i)

2 ,

where for 1≤ i ≤ n− 2,

W
(i)

2 :=

(
t1

t1− 1
, . . . ,

tn−3

tn−3− 1
,

1
1− ξ t1 · · · tn−3

,
(u− t N

1 v) · · · (u− t N
n−3v)

(u− t N
1 · · · t

N
n−3v)(u− v)

n−4
,

vt N
1

u
, . . . ,

v

u
, . . . ,

vt N
n−3

u
,

u
vt N

1 · · · t
N
n−3

, v− 1
)
,

(with v/u occurring in the (n+ i − 1)-st entry4) and

W
(n−1)

2 :=(
t1

t1− 1
, . . . ,

tn−3

tn−3− 1
,

1
1− ξ t1 · · · tn−3

,
(u− t N

1 v) · · · (u− t N
n−3v)

(u− t−N
1 · · · t−N

n−3v)
−1(u− v)n−2

,

vt N
1

u
, . . . ,

vt N
n−3

u
,

v

ut N
1 · · · t

N
n−3

,
u
v
, v− 1

)
.

Theorem 4.2. Z̃ = Z +W1 +W2 yields a closed cycle, with the properties de-
scribed in Theorem 3.3. (In particular, this recovers the second K7 construction
and the K9 construction above, for n = 4 and 5.)

Proof. Writing

Y0 := ∂
0
n Z =

(
t1

t1− 1
, . . . ,

tn−2

tn−2− 1
,

1
1− ξ t1 · · · tn−2

, t N
1 , . . . , t N

n−2,
1

t N
1 · · · t

N
n−2

)
,

Yi := ∂
0
2n−1W

(i)
2 (i = 1, . . . , n− 1), and Xi, j := ∂

∞

j W
(i)

2 ( j = 1, . . . , n− 2), one
computes that ∂Z = (−1)n−1Y0,

4That is, either before (i = 1), after (i = n − 2), or in the middle of the sequence
vt N

1 /u, vt N
2 /u, . . . , vt N

n−3/u.
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∂W̃1 = (−1)n∂∞n W̃1+

n−1∑
i=1

(−1)i∂∞i W̃1 = (−1)n(n− 3)Y0+

n−1∑
i=1

(−1)iYi ,

and ∂W (i)
2 = Yi +

∑n−2
j=1(−1) jXi, j . We have, therefore,

∂Z̃ =
1

n−3

n−1∑
i=1

n−2∑
j=1

(−1)i+ j−1Xi, j , (4.3)

and for each i > j , the reader may verify that Xi, j =X j,i−1, so that the terms on
the right-hand side of (4.3) cancel in pairs. �

4E. Expected implications for torsion. One of the anticipated applications of the
explicit AJ maps of [Kerr et al. 2006; Kerr and Lewis 2007] has been the detec-
tion of torsion in higher Chow groups. While they provide an explicit map of
complexes from Z p

R(X, •) to the integral Deligne cohomology complex, the fact
that Z p

R(X, •) ⊂ Z p(X, •) is only a rational quasi-isomorphism leaves open the
possibility that a given cycle with (nontrivial) torsion KLM-image is bounded by
a precycle in the larger complex. So far, therefore, any conclusions we can try
to draw about torsion are speculative, as they depend on the (so far) conjectural
extension of the KLM map to an integrally quasi-isomorphic subcomplex.

Let us describe what the existence of such an extension, together with the cycles
just constructed, would yield. Let f : Z/NZ→ Z be a function which is zero
off (Z/NZ)∗, with f (−b)= (−1)n f (b), and write

εn :=


1, n = 2,
2, n = 3,
n− 3, n ≥ 4.

Then (fixing σ(ω)= ζN = e2π i/N ) the cycle

Zn
f (N ) := εn

N−1∑
b=0

f (b)σ (Z̃b) ∈ Zn
R(Q(ζN ), 2n− 1)

is integral. Working up to sign, we compute (in C/Z) by Theorem 3.8

τ n
f (N ) :=

±1
(2π i)n

cD(Zn
f (N ))=

±εn N n−1

(2π i)n

N−1∑
b=0

f (b)
∑
k≥1

ζ kb
N

kn

=
±εn N n−1

2(2π i)n

N−1∑
b=0

f (b)
∑

k∈Z\{0}

ζ kb
N

kn =
±εn N n−1

2 · n!

N−1∑
b=0

f (b)Bn(
b
N
),
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which is evidently a rational number.5 This (nonconjecturally) establishes that
Zn

f (N ) is torsion. Under our working (conjectural!) hypothesis, if τ n
f (N ) =

±An
f (N )/C

n
f (N ) in lowest form, we may additionally conclude that the order of

Zn
f (N ) is a multiple of Cn

f (N ).
For example, taking N = 5, n = 2, and f (1) = f (4) = 1, f (2) = f (3) = 0,

we obtain Z2
f (5) ∈ Z2

R(Q(
√

5), 3) with τ 2
f (5)=

±1
120 . This checks out with what is

known (cf. Proposition 6.9 and Remark 6.10 of [Petras 2009]), and would make
Z2

f (5) a generator of CH 2(Q(
√

5), 3).
For N =2, f (1)=1, and n=2m (i.e., CH 2m(Q, 4m−1)), the above computation

simplifies to

|τ 2m
f (2)| =

±ε2m22m−2

(2m)!
B2m

(1
2

)
=
±(2m− 3)(22m−1

− 1)
2(2m)!

B2m,

which yields 1
24 , 7

1440 , 31
20160 , 635

483840 for m = 1, 2, 3, 4, respectively. It is known that
CH 2(Q, 3)∼= Z/24Z [Petras 2009], but the other orders seem unexpectedly large
and should warrant further investigation.

Appendix: K9 case (n= 5)

Begin by writing

Z =

(
t1

t1− 1
,

t2
t2− 1

,
t3

t3− 1
,

t4
t4− 1

, 1− ξ t1t2t3t4, t N
1 , t N

2 , t N
3 , t N

4

)
,

W1 =
1
2

(
t1

t1− 1
,

t2
t2− 1

,
t3

t3− 1
,

1
1− ξ t1t2t3

,

(u− t l
1)(u− t l

2)(u− t l
3)

(u− 1)2(u− t l
1t l

2t l
3)

,
t N
1

u
,

t N
2

u
,

t N
3

u
,

u
t N
1 t N

2 t N
3

)
,

W
(1)

2 =

(
t1

t1−1
,

t2
t2−1

,
1

1−ξ t1t2
,
(u−t N

1 v)(u−t N
2 v)

(u−t N
1 t N

2 v)(u−v)
,
v

u
,

t N
1 v

u
,

t N
2 v

u
,

u
vt N

1 t N
2
,v−1

)
,

W
(2)

2 =

(
t1

t1−1
,

t2
t2−1

,
1

1−ξ t1t2
,
(u−t N

1 v)(u−t N
2 v)

(u−t N
1 t N

2 v)(u−v)
,
vt N

1

u
,
v

u
,

t N
2 v

u
,

u
vt N

1 t N
2
,v−1

)
,

W
(3)

2 =

(
t1

t1−1
,

t2
t2−1

,
1

1−ξ t1t2
,
(u−t N

1 v)(u−t N
2 v)

(u−t N
1 t N

2 v)(u−v)
,
vt N

1

u
,
vt N

2

u
,
v

u
,

u
vt N

1 t N
2
,v−1

)
,

5 Bn(x)=
∑n

j=0
(n

j
)
B j xn− j is the n-th Bernoulli polynomial (and {B j } the Bernoulli numbers).
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W
(4)

2 =

(
t1

t1− 1
,

t2
t2− 1

,
1

1− ξ t1t2
,

(u− t N
1 v)(u− t N

2 v)

(u− vt−N
1 t−N

2 )−1(u− v)3
,
vt N

1

u
,
vt N

2

u
,

v

ut N
1 t N

2
,

u
v
, v− 1

)
,

W2 =
1
2
(W

(1)
2 −W

(2)
2 +W

(3)
2 −W

(4)
2 ).

To compute the boundaries, introduce

U1 =

(
t1

t1− 1
,

t2
t2− 1

,
t3

t3− 1
,

1
1− ξ t1t2t3

, t N
1 , t N

2 , t N
3 ,

1
t N
1 t N

2 t N
3

)
,

U2 =

(
t1

t1− 1
,

t2
t2− 1

,
1

1− ξ t1t2
,
(u− t N

1 )(u− t N
2 )

(u− t N
1 t N

2 )(u− 1)
,

1
u
,

t N
1

u
,

t N
2

u
,

u
t N
1 t N

2

)
,

U3 =

(
t1

t1− 1
,

t2
t2− 1

,
1

1− ξ t1t2
,
(u− t N

1 )(u− t N
2 )

(u− t N
1 t N

2 )(u− 1)
,

t N
1

u
,

1
u
,

t N
3

u
,

u
t N
1 t N

2

)
,

U4 =

(
t1

t1− 1
,

t2
t2− 1

,
1

1− ξ t1t2
,
(u− t N

1 )(u− t N
2 )

(u− t N
1 t N

2 )(u− 1)
,

t N
1

u
,

t N
2

u
,

1
u
,

u
t N
1 t N

2

)
,

U5 =

(
t1

t1−1
,

t2
t2−1

,
1

1−ξ t1t2
,
(u−t N

1 )(u−t N
2 )(u−t−N

1 t−N
2 )

(u−1)3
,

t N
1

u
,

t N
2

u
,

1
ut N

1 t N
2
,u
)
,

and

V1 =

(
t1

t1− 1
,

1
1− ξ t1

,
(u− t N

1 v)(u− t−N
1 v)

(u− v)2
,
v

u
,

t N
1 v

u
,
v

ut N
1
,

u
v
, v− 1

)
,

V2 =

(
t1

t1− 1
,

1
1− ξ t1

,
(u− t N

1 v)(u− t−N
1 v)

(u− v)2
,
vt N

1

u
,
v

u
,
v

t N
1 u

,
u
v
, v− 1

)
,

V3 =

(
t1

t1− 1
,

1
1− ξ t1

,
(u− t N

1 v)(u− t−N
1 v)

(u− v)2
,
vt N

1

u
,
v

ut N
1
,
v

u
,

u
v
, v− 1

)
.

Then ∂Z = U1, ∂W1 = −U1 +
1
2(−U2 + U3 − U4 + U5), ∂W

(1)
2 = −V1 + U2,

∂W
(2)

2 = −V2+U3, ∂W (3)
2 = −V3+U4, and ∂W (4)

2 = U5− V1+ V2− V3; and so
Z̃ is closed.

As for n= 3, we obtain a generator for CH 5(Q, 9)Q∼= K9(Q)Q by setting N = 2
and ξ =−1; the integral cycle 2Z̃ has cD,Q(2Z̃ )= 15ζ(5).

Acknowledgments

The authors gratefully acknowledge support from NSF Grant DMS-1361147, and
helpful remarks from the referee and J. Fresan.



A BASIS FOR HIGHER CHOW GROUPS OF ABELIAN NUMBER FIELDS 191

References

[Beı̆linson 1984] A. A. Beı̆linson, “Higher regulators and values of L-functions”, pp. 181–238 in
Current problems in mathematics, vol. 24, edited by R. V. Gamkrelidze, Akad. Nauk SSSR, Vs-
esoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow, 1984. In Russian; translated in J. Sov. Math. 30
(1985), 2036–2070. MR Zbl

[Beı̆linson 1986] A. A. Beı̆linson, “Notes on absolute Hodge cohomology”, pp. 35–68 in Applica-
tions of algebraic K -theory to algebraic geometry and number theory, Part I (Boulder, CO, 1983),
edited by S. J. Bloch et al., Contemporary Math. 55, American Mathematical Society, Providence,
RI, 1986. MR Zbl

[Bloch 1986] S. Bloch, “Algebraic cycles and higher K -theory”, Adv. in Math. 61:3 (1986), 267–304.
MR Zbl

[Bloch 1994] S. Bloch, “The moving lemma for higher Chow groups”, J. Algebraic Geom. 3:3
(1994), 537–568. MR Zbl

[Borel 1974] A. Borel, “Stable real cohomology of arithmetic groups”, Ann. Sci. École Norm. Sup.
(4) 7 (1974), 235–272. MR Zbl

[Borel 1977] A. Borel, “Cohomologie de SLn et valeurs de fonctions zeta aux points entiers”, Ann.
Scuola Norm. Sup. Pisa Cl. Sci. (4) 4:4 (1977), 613–636. MR Zbl

[Burgos Gil 2002] J. I. Burgos Gil, The regulators of Beilinson and Borel, CRM Monograph Series
15, American Mathematical Society, Providence, RI, 2002. MR Zbl

[Esnault 1989] H. Esnault, “On the Loday symbol in the Deligne–Beı̆linson cohomology”, K -Theory
3:1 (1989), 1–28. MR Zbl

[Kerr and Lewis 2007] M. Kerr and J. D. Lewis, “The Abel–Jacobi map for higher Chow groups,
II”, Invent. Math. 170:2 (2007), 355–420. MR Zbl

[Kerr et al. 2006] M. Kerr, J. D. Lewis, and S. Müller-Stach, “The Abel–Jacobi map for higher Chow
groups”, Compos. Math. 142:2 (2006), 374–396. MR Zbl

[Levine 1994] M. Levine, “Bloch’s higher Chow groups revisited”, pp. 235–320 in K -theory (Stras-
bourg, 1992), Astérisque 226, 1994. MR Zbl

[Neukirch 1988] J. Neukirch, “The Beı̆linson conjecture for algebraic number fields”, pp. 193–247
in Beı̆linson’s conjectures on special values of L-functions, edited by M. Rapoport et al., Perspec-
tives in Math. 4, Academic Press, Boston, 1988. MR Zbl

[Petras 2008] O. Petras, Functional equations of polylogarithms in motivic cohomology, Ph.D. the-
sis, Universität Mainz, 2008, available at http://tinyurl.com/opetras.

[Petras 2009] O. Petras, “Functional equations of the dilogarithm in motivic cohomology”, J. Num-
ber Theory 129:10 (2009), 2346–2368. MR Zbl

[Rapoport 1988] M. Rapoport, “Comparison of the regulators of Beı̆linson and of Borel”, pp. 169–
192 in Beı̆linson’s conjectures on special values of L-functions, edited by M. Rapoport et al., Per-
spectives in Math. 4, Academic Press, Boston, 1988. MR Zbl

[Zagier 1991] D. Zagier, “Polylogarithms, Dedekind zeta functions and the algebraic K -theory of
fields”, pp. 391–430 in Arithmetic algebraic geometry (Texel, Netherlands, 1989), edited by G.
van der Geer et al., Progress in Math. 89, Birkhäuser, Boston, 1991. MR Zbl

Received 28 Aug 2016. Revised 27 Apr 2017. Accepted 23 Jul 2017.

MATT KERR: matkerr@math.wustl.edu
Department of Mathematics, Washington University in St. Louis, St. Louis, MO, United States

YU YANG: yyang@math.wustl.edu
Department of Mathematics, Washington University in St. Louis, St. Louis, MO, United States

msp

http://msp.org/idx/mr/760999
http://msp.org/idx/zbl/0588.14013
https://doi.org/10.1090/conm/055.1/862628
http://msp.org/idx/mr/862628
http://msp.org/idx/zbl/0621.14011
http://dx.doi.org/10.1016/0001-8708(86)90081-2
http://msp.org/idx/mr/852815
http://msp.org/idx/zbl/0608.14004
http://msp.org/idx/mr/1269719
http://msp.org/idx/zbl/0830.14003
http://dx.doi.org/10.24033/asens.1269
http://msp.org/idx/mr/0387496
http://msp.org/idx/zbl/0316.57026
http://www.numdam.org/item?id=ASNSP_1977_4_4_4_613_0
http://msp.org/idx/mr/0506168
http://msp.org/idx/zbl/0382.57027
http://msp.org/idx/mr/1869655
http://msp.org/idx/zbl/0994.19003
http://dx.doi.org/10.1007/BF00534143
http://msp.org/idx/mr/1014822
http://msp.org/idx/zbl/0697.14006
http://dx.doi.org/10.1007/s00222-007-0066-x
http://dx.doi.org/10.1007/s00222-007-0066-x
http://msp.org/idx/mr/2342640
http://msp.org/idx/zbl/1139.14010
http://dx.doi.org/10.1112/S0010437X05001867
http://dx.doi.org/10.1112/S0010437X05001867
http://msp.org/idx/mr/2218900
http://msp.org/idx/zbl/1123.14006
http://msp.org/idx/mr/1317122
http://msp.org/idx/zbl/0817.19004
http://msp.org/idx/mr/944995
http://msp.org/idx/zbl/0651.12009
http://tinyurl.com/opetras
http://dx.doi.org/10.1016/j.jnt.2009.04.009
http://msp.org/idx/mr/2541021
http://msp.org/idx/zbl/1257.11064
http://msp.org/idx/mr/944994
http://msp.org/idx/zbl/0667.14005
http://msp.org/idx/mr/1085270
http://msp.org/idx/zbl/0728.11062
mailto:matkerr@math.wustl.edu
mailto:yyang@math.wustl.edu
http://msp.org


ANNALS OF K-THEORY
msp.org/akt

EDITORIAL BOARD

Paul Balmer University of California, Los Angeles, USA
balmer@math.ucla.edu

Guillermo Cortiñas Universidad de Buenos Aires and CONICET, Argentina
gcorti@dm.uba.ar

Hélène Esnault Freie Universität Berlin, Germany
liveesnault@math.fu-berlin.de

Eric Friedlander University of Southern California, USA
ericmf@usc.edu

Max Karoubi Institut de Mathématiques de Jussieu – Paris Rive Gauche, France
max.karoubi@imj-prg.fr

Huaxin Lin University of Oregon, USA
livehlin@uoregon.edu

Alexander Merkurjev University of California, Los Angeles, USA
merkurev@math.ucla.edu

Amnon Neeman Australian National University
amnon.neeman@anu.edu.au

Birgit Richter Universität Hamburg, Germany
birgit.richter@uni-hamburg.de

Jonathan Rosenberg (Managing Editor)
University of Maryland, USA
jmr@math.umd.edu

Marco Schlichting University of Warwick, UK
schlichting@warwick.ac.uk

Andrei Suslin Northwestern University, USA
suslin@math.northwestern.edu

Charles Weibel (Managing Editor)
Rutgers University, USA
weibel@math.rutgers.edu

Guoliang Yu Texas A&M University, USA
guoliangyu@math.tamu.edu

PRODUCTION

Silvio Levy (Scientific Editor)
production@msp.org

Annals of K-Theory is a journal of the K-Theory Foundation (ktheoryfoundation.org). The K-Theory Foundation
acknowledges the precious support of Foundation Compositio Mathematica, whose help has been instrumental in
the launch of the Annals of K-Theory.

See inside back cover or msp.org/akt for submission instructions.

The subscription price for 2018 is US $475/year for the electronic version, and $535/year (+$30, if shipping
outside the US) for print and electronic. Subscriptions, requests for back issues and changes of subscriber address
should be sent to MSP.

Annals of K-Theory (ISSN 2379-1681 electronic, 2379-1683 printed) at Mathematical Sciences Publishers, 798
Evans Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Peri-
odical rate postage paid at Berkeley, CA 94704, and additional mailing offices.

AKT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
mathematical sciences publishers

nonprofit scientific publishing
http://msp.org/

© 2018 Mathematical Sciences Publishers

http://msp.org/akt/
mailto:balmer@math.ucla.edu
mailto:gcorti@dm.uba.ar
mailto:ericmf@usc.edu
mailto:max.karoubi@imj-prg.fr
mailto:merkurev@math.ucla.edu
mailto:amnon.neeman@anu.edu.au
mailto:birgit.richter@uni-hamburg.de
mailto:jmr@math.umd.edu
mailto:schlichting@warwick.ac.uk
mailto:suslin@math.northwestern.edu
mailto:weibel@math.rutgers.edu
mailto:guoliangyu@math.tamu.edu
mailto:production@msp.org
http://www.ktheoryfoundation.org
http://www.ktheoryfoundation.org
http://www.compositio.nl/
http://dx.doi.org/10.2140/akt
http://msp.org/
http://msp.org/


ANNALS OF K-THEORY
2018 vol. 3 no. 2

173An explicit basis for the rational higher Chow groups of abelian number fields
Matt Kerr and Yu Yang

193Algebraic K-theory and a semifinite Fuglede–Kadison determinant
Peter Hochs, Jens Kaad and André Schemaitat

207Algebraic K-theory of quotient stacks
Amalendu Krishna and Charanya Ravi

235A fixed point theorem on noncompact manifolds
Peter Hochs and Hang Wang

287Connectedness of cup products for polynomial representations of GLn and applications
Antoine Touzé

331Stable A1-connectivity over Dedekind schemes
Johannes Schmidt and Florian Strunk

A
N
N
A
LS

O
F
K-TH

EO
RY

no.2
vol.3

2018

http://dx.doi.org/10.2140/akt.2018.3.173
http://dx.doi.org/10.2140/akt.2018.3.193
http://dx.doi.org/10.2140/akt.2018.3.207
http://dx.doi.org/10.2140/akt.2018.3.235
http://dx.doi.org/10.2140/akt.2018.3.287
http://dx.doi.org/10.2140/akt.2018.3.331

	1. Introduction
	2. Beılinson's construction
	2A. Notation
	2B. Results for Betti cohomology
	2C. Results for Deligne cohomology
	2D. Results for motivic cohomology
	2E. The Beılinson elements

	3. The higher Chow cycles
	3A. Representing Beılinson's elements
	3B. Computing the KLM map

	4. Explicit representatives
	4A. K3 case (n=2)
	4B. K5 case (n=3)
	4C. K7 case (n=4)
	4D. General n construction (n4)
	4E. Expected implications for torsion

	Appendix: K9 case (n=5)
	Acknowledgments
	References
	
	

