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An explicit basis for the rational higher Chow groups
of abelian number fields

Matt Kerr and Yu Yang

We review and simplify A. Beilinson’s construction of a basis for the motivic
cohomology of a point over a cyclotomic field, then promote the basis elements
to higher Chow cycles and evaluate the KLLM regulator map on them.

1. Introduction

Let ¢y € C* be a primitive N-th root of 1 (N > 2). The seminal article [Beilinson
1984] concludes with a construction of elements E; (for b € (Z/NZ)*) in motivic
cohomology

H},(Spec(Q(¢n)), Q(n) = K (Q(x) @ @

mapping to Lin(g“]{’,) =D i1 g“]l\‘,b/k” € C/(2mi)"R under his regulator. Since by
Borel’s theorem [1974], we have rk KZ(Z)_I(@(CN))@ = %(Z)(N) (for N > 3), an
immediate consequence is that the {E;} span KQ(Z)_I (Q(¢n))q; indeed, Beilinson’s
results anticipated the eventual proofs [Rapoport 1988; Burgos Gil 2002] of the
equality (for number fields) of his regulator with that of Borel [1977]. An ex-
panded account of his construction was written up by Neukirch (with Rapoport and
Schneider) in [Neukirch 1988], up to a “crucial lemma” [op. cit., Part II, Lemma
2.4] required for the regulator computation, which was subsequently proved by
Esnault [1989].

The intervening years have seen some improvements in technology, especially
Bloch’s introduction of higher Chow groups [Bloch 1986], which yield an integral
definition of motivic cohomology for smooth schemes X. In particular, we have'

H ,(Spec(Q(¢n)), Z(n)) = CH™(Q(¢y), 2n — 1)
= Hy i {Z"(Q(EN), »), 0},

MSC2010: 14C25, 14C30, 19E15.

Keywords: higher Chow group, Abel-Jacobi map, polylogarithms, Beilinson regulator, Borel’s
theorem.
'We use the shorthand CH* (F, ) (Z*(F, ), etc.) for CH* (Spec(F), %) (F a field).
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174 MATT KERR AND YU YANG

and can ask for explicit cycles in ker(d) C Z"(Q(¢y), 2n — 1) representing (mul-
tiples of) Beilinson’s elements E;. Another relevant development was the explicit
realization of Beilinson’s regulator in [Kerr et al. 2006; Kerr and Lewis 2007]
as a morphism AJ of complexes, from a rationally quasi-isomorphic subcomplex
Zp(X, o) of Z"(X, ) to a complex computing the absolute Hodge cohomology
of X. Here this “KLM morphism” yields an Abel-Jacobi mapping

AJ:CH"(Q(¢yN),2n—1)Q0Q — C/27i)"Q, (1.1

and in the present note we shall construct (for all n) higher Chow cycles
%, e ker(d) C Z(Q(Ly), 2n — 1@ Q
satisfying
(n—3)N""' %, € ZZ(Q@N).2n—1)) and AJ(Z) = Li,(¢R).

(See Theorems 3.3, 3.8, and 4.2, with & = (—1)" %2 /N"~1.) This is entirely more
explicit than the constructions in [Beilinson 1984; Neukirch 1988], and yields
a brief and transparent evaluation of the regulator, which moreover allows us to
dispense with some of the hypotheses of [Neukirch 1988, Part II, Lemma 2.4] or
[Esnault 1989, Theorem 3.9] and thus avoid the more complicated construction of
[Neukirch 1988, Part II, Lemma 3.1]. Furthermore, in concert with the anticipated
extension of AJ to the entire complex Z" (X, ¢) (making (1.1) integral), we expect

that our cycles will be useful for studying the torsion in CH" (Q(¢y), 2n — 1), as
begun in [Petras 2008; 2009]; see Remark 4.1 and Section 4E.

2. Beilinson’s construction

In this section we show that (the graph of) the n-tuple of functions

N N
(1 vt () ()]
z71—1 Zn—1—1

completes to a relative motivic cohomology class on (3"~ 9[0*~!). Most of the
work that follows is to show that its image under a residue map vanishes; see (2.12).

It also serves to establish notation for Section 3, where we recast this class as a
higher Chow cycle and compute its regulator.

2A. Notation. Let N > 2, and ¢ € C be a primitive N-th root of unity; i.e.,
¢ = e?™i4/N where a is coprime to N. Denoting by ®y(x) the N-th cyclotomic
polynomial, each such a yields an embedding o of F := Q[w]/ (P (w)) into C (by
sendingwi>¢). f N=2,thenF=Qandw=¢ =—1.)

Working over any subfield of C containing ¢, write

0" = P\ {1)" D (P\{0, 1})" = T",
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with coordinates (zi, ..., z,). We have isomorphisms from T" to G, (with co-
ordinates (#1,...,1,)), given by #; := z;/(z; — 1). Define a function f,(z) :=
1—¢bty -1, on T" (with b coprime to ), and normal crossing subschemes

S":={z eT" | some z; = 00} C " U|(f)ol =: 8" C T".

(Alternatively, we may view these schemes as defined over F by replacing ¢”
with w”.)
Now consider the morphism

LT T (tiy ety ) > (T by, (E01 1) 7D,
Lemma 2.1. The morphism 1,, sends Tl isomorphically onto |(f,,)ol, with
(") = 1(fuol N S™.
We also remark that the Zariski closure of 7, (T"~!) in (" is just 1, (T 1.

2B. Results for Betti cohomology. The construction just described has quite pleas-
ant cohomological properties, as we shall now see.

Lemma 2.2. As a Q-MHS,

g, sny = | Qs a=n,
0’ q # n.
Proof. Apply the Kiinneth formula to (T", §") = (G, {1})". ([

Lemma 2.3. As a Q-MHS,

QOeQ-He- - &Q(n), qg=n,
0, q #n.

Proof. This is clear for (T', :S:l) = (G, {1, ¢}). Now consider the exact sequence

HI(T", §") = i

H*—l('ﬂ'n’ Sn) IL> H*_l(—l]—n_l, En—l) i)

H*(—l]—n, §n) N H*(—[I—n, Sn) lL> H*(-[I—nfl, Sv/nfl)

of @-MHS, associated to the inclusion (T"~!, §7=1) <% (T", §"). (This is just the
relative cohomology sequence, once one notes that ((T", §™), 1,,(T" 1, §”*1)) =
(T, " U, (T" 1) = (T, §”) by Lemma 2.1.) If % # n, then the underlined
terms are 0 via Lemma 2.2 and induction. If * = n, then the end terms are 0 via
Lemma 2.2 and induction, and

0— B '@, 3" S BT, 5 - H' (T, S >0 (24)

is a short-exact sequence.
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Now observe that:
« H"(T", §";C) = F"H"(T", §"; C) is generated by the holomorphic form

1 du o db,
=2 PR

o H,_(T"!,§"~1; Q) is generated by images e(U;) of the cells

Jui=n. 1]"\0{2)@- =¢- 2l
i=0 =1

where ¢ : [0, 1]" — T" is defined by (xy, ..., x,) — (e2rix Py =
(tlaatn)’

o/ n:/dX]/\"'/\d.xne@.
e(U;) i

(Writing . ! for the unit circle, ()", (1" N §”) is a deformation retract of
(T, g”). The e(U;) visibly yield all the relative cycles in the former, justifying the
second observation.) Together these immediately imply that (2.4) is split, complet-
ing the proof. U

2C. Results for Deligne cohomology. Recall that Beilinson’s absolute Hodge co-
homology [1986] of an analytic scheme Y over C sits in an exact sequence

0 — Exths (Q0), H ™' (Y, A(p))) = Hip(Y, A(p))
— Homyus (Q(0), H' (Y, A(p))) — 0.

(Here we use a subscript “D” since the construction after all is a “weight-corrected”
version of Deligne cohomology; the subscript “MHS” of course means “A-MHS”.)
We shall not have any use for details of its construction here, and refer the reader
to [Kerr and Lewis 2007, §2].

Lemma 2.5. The map 1, : HL(T", §"; A(n)) — H%(TT"*I, §"*1; A(n)) is zero
A=0QorR).

Proof. Consider the exact sequence
s HAT, S" Q) 2> AT, 5771 @) ™2 HE (T, 37 Q) — -
It suffices to show that §p is injective. Now
Homus (Q(0), H"(T*~', $"~'; @(n))) = {0},
Homuius (Q(0), H" (1", $"; Q(n))) = {0},

by Lemma 2.3, and so dp is given by

Extl s (Q(0), H™'(T"1, $=1; Q(n))) 22 Extlyys (Q(0), H(T", §"; Q(n))).
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Since (2.4) is split, the corresponding sequence of Ext!-groups is exact, and 8p is
injective. U

2D. Results for motivic cohomology. Let X be any smooth simplicial scheme (of
finite type), defined over a subfield of C. We have Deligne class maps

cp.a s Hy (X, Q(p)) — Hp(XE', A(p))

(for A =Q or R). The case of particular interest here is when r = 1, X is a point, and

1

C”DA(Z) = W

/ Rap_1 € C/A(D), 2.6)
7

where, interpreting log(z) as the O-current with branch cut along 7. 1=z~ (R_),

2p—1
.\ k— k
Rypoyi= Y @ui)'RY) |

dzjy dzap—1
Ao A P

87, nnTy,_, (2.7

k=1

2p—1
= Z Qri)! log(zx)

— Zk+1 Z2p—1
is the regulator current of [Kerr et al. 2006; Kerr and Lewis 2007] belonging to
D?P=2((P1)*@2P=D) Here it is essential that the representative higher Chow cycle
Z belong to the quasi-isomorphic subcomplex Z[g (pt., ®)a C Z?(pt., »)g compris-
ing cycles in good position with respect to certain real analytic chains; see [Kerr
and Lewis 2007, §8] or Remark 3.4 below.

Now take a number field K, [K : Q] =d = ry + 2rp, and set

ri+rn—1, m=1,
dy=d,(K):=3r1+r, m > 1 odd,
r, m > 0 even.

For X defined over K, write )f(%l = ]_[aeHom(K,(D)("X)ﬁ;‘:n and

CD.R

H (X, Q(p)) H" (X2, R(p))

HA (X3 R(p))*

for the map Z — (¢p r(°Z))s, which factors througlflihe invariants under de Rham
conjugation. If X = Spec(K), then we have Hllj(Xa“, R(p)) = R(p — 1)®? and
Hp (X2, R(p)T ZR(p — ¥, Write H},(X, R(p)) = H} (X, Q(p)) Qa R.
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Lemma 2.8. For X = Spec(K), G2, (T, Si), or (Tl Si),
Ehr @R Hy (X, R(p) > HH(X2, R(p)*

is an isomorphism (Nr, p).

Proof. By [Burgos Gil 2002], the composition

= & 2/QmiyP!
K2p1(Ox) ®Q = H}(Spec(K), Q(p) 25 R(p — 1)@ 2 ey

is exactly the Borel regulator (and the groups are zero for r # 1). The lemma
follows for X = Spec(K).

Let Y be a smooth quasiprojective variety, defined over K, and pick p € G, (K).
Write ¥ <> Gm.y N All, &5 Y for the Cartesian products with Y of the morphisms

Spec(K) fl—p> Gm.x EN A}{ & Spec(K).
Then by the homotopy property,
1"t Hi Gy, R(p)) > Hi(Y.R(p)) = Hg (Ay. R(p))
splits the localization sequence
B HEALR() L HE Gy R(p) 5 HE (VL R(p— 1) & -
for K = M, D (in particular, «, = 0). It follows that
Hi(Gp,y, R(p)) = HL.(Y.R(p) ® Hy ' (Y. R(p — 1)),

compatibly with cp r; applying this iteratively gives the lemma for G;T’K.

Finally, both (T", S%) and (T%, E}’() may be regarded as (co)simplicial normal
crossing schemes X*. (That is, writing S% = | J ¥;, we take X0 =T"%, X' =], ¥,
X2=11I_ ; YiNYj, etc.) We have spectral sequences

i e
Ey) = HI (X R(p)) = HZ™H (X, R(p)),

compatible with cp g, and all X I are disjoint unions of powers of G, x. The lemma
is proved. u

Lemma 2.9. The map i} : H},(T", S"; A(n)) — H},(T""!, Sn=1: A(n)) is zero
(for A =Q or R).

Proof. Form the obvious commutative square and use the results of Lemmas 2.5
and 2.8. ]



A BASIS FOR HIGHER CHOW GROUPS OF ABELIAN NUMBER FIELDS 179

2E. The Beilinson elements. To each I C {1,...,n} and € : I — {0, o0} we
associate a face map pj : Ol < O, with z; = €(i) (for all i € I) on the
image, and degeneracy maps §; : [J" — [1"~! killing the i-th coordinate. For any
smooth quasiprojective variety X (say, over a field K 2 @), let ¢”(X, n) denote
the free abelian group on subvarieties (of codimension p) of X x [1" meeting all
faces X x p§(C0"~"!) properly, and d” (X, n) = )" im(idx x38;) C c”(X,n). Then
ZP(X,e):=cP(X,e)/dP(X, ) defines a complex with differential

n
0= (=""!((dx xp)* = (idx xp{)*),
i=1
whose r-th homology defines Bloch’s higher Chow group
CH”(X,r) = H ™" (X, Z(p)). (2.10)

This isomorphism does not apply for singular varieties (e.g., our simplicial schemes
above), and for our purposes in this paper it is the right-hand side of (2.10) that
provides the correct generalization. In particular, we have

Hj (X x (09,000, Q(p)) = H)(“(X, Q(p)),

where 0[1¢ := Uie{l,...,a}, £€{0.00) ,of(D“_l). We note here that the (rational) motivic
cohomology of a cosimplicial normal-crossing scheme X* can be computed via (the
simple complex associated to) a double complex:

ELP =727 (X9, —b)t = HZT (X0, Q(p)), 2.11)

where # denotes cycles meeting all components of all X77¢ x H;D*b properly.”
Continuing to write ¢; for z; /(z; — 1), we now consider

. b
f(é) = fn—l(Zlv ey Zn—l) =1—w’t - t,—1
as a regular function on Dg’l, and

Z:={z f@. 1), ...t} ) ze T N\(ol)

as an element of
ker{Z"(O""\|()ol. M

B 2@ NPl n = D BBy 2 (O |(Flamedo

n)g)s
and hence of

H (O (ol, 80 N\3I(ol; Q)

2See [Levine 1994, §3] and [Kerr and Lewis 2007, §8.2] for the relevant moving lemmas (and for
detailed discussion of differentials, etc.).
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(where 8|(f)o| := 000" 'N|(f)o|l = Ui« [(flz;=¢)ol, and # indicates cycles meeting
faces of 31"~ 1\d|(f)o| properly). The powers tiN are unnecessary at this stage but
will be crucial later. For simplicity, we write the class of Z in this group as a
symbol { f,_1, tfv, el tév_l}.

Using Lemma 2.1, we have a (vertical) localization exact sequence

H (01, 001 Q(n)) «+———— CH"(F, 2n — 1)g
H L (O N(Fol, a0 NI(Fol; Qn)) 2.12)
Res)(1)g

Hi (172,872 Qe — 1) <= 7 (1, 571 QG — 1)

in which evidently

Res|(f)0‘{f,,_1, l‘{v, cee, l‘év_l} = l:_l{l‘lN, ceey l‘,iv_l}.
Proposition 2.13. Z lifts to a class Z e CH"(F,2n — Da.
Proof. Apply (2.12) and Lemma 2.9. U

This is essentially Beilinson’s construction; we normalize the class by

~ . =D"
o= Nn—1

QL

3. The higher Chow cycles

3A. Representing Beilinson’s elements. We first describe (2.11) more explicitly
in the relevant cases. As above, write 9 : Z"(0", s)§, — Z"(0O", s — D, for the
higher Chow differential, and

§: 20, 9)h > @Pzr @ 0
i,e
for the cosimplicial differential »";_, (—l)i_l((p? X idms)* — (p7° x idp)*). A
complex of cocycles for the top motivic cohomology group in (2.12) is given by

n—1

Bk =2 (O e Y. e = @ 2/ Oy at+bh GD
a=0 (l,e),|l|=a
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with differential I := 3 4+ (—1)"~“~!5. These are, of course, the simple complex
and total differential associated to the natural double complex

E¢'= @ zrnOpe!. -k
(I,e), |I|=a

Analogously, one defines

Py ) == Z (O (ol a0 N\aI( oD k) g
357 ) =23 (T2, 8", ba,

so that 3’}’,—1 (o) N 35() — 3’[13\ ¥ (e) are morphisms of (homological) complexes.
Now define
0:3k) — Z"(F,n+k—1)q

by simply adding up the cycles (with no signs) on the right-hand side of (3.1).
(Use the natural maps (1" ~¢~! x 0tk — [0"*%~1 obtained by concatenating coor-
dinates.) Then we have:

Lemma 3.2. The map 6 is a quasi-isomorphism of complexes.

Proof. Checking that 6 is a morphism of complexes is easy and left to the reader.
Thea=n—1,{,e)=({1,...,n—1},0) term of (3.1) is a copy of Z"(F,n+k—1)
in 37, (k), which leads to a morphism ¢ : Z"(F, n 4+ —1) — 3{,(s) withO oy =
Moreover, it is elementary that v is a quasi-isomorphism: taking dyp = 9 gives

Ett= @ CHNT —ba = CH'(F, —h)® (),
(1,€),|I|=a

) Eg’b = 0 except for Eg_l’b = CH"(F, —b), which is exactly the image of
v (kerd).> O

In particular, we may view 6 as yielding the isomorphism in the top row of (2.10).
By the moving lemmas of Bloch [1994] and Levine [1994], we have another
quasi-isomorphism ( )

357

which enables us to replace any )V, s € ker(D) C 3” 7(n) by a homologous
y/D\ arising as the restriction of some JJD € 3" (n) Wlth IDJ)D = z*(y ) and
y}ﬁ cker(D) 3 Y(n —1). This gives an “explicit” prescription for computlng
RCS|(f)O| in (210)

i BE\f (’),

Now we come to our central point: the cycle Z={f,,_1, t]N e trllv_ 1} of Section 2E
already belongs to (Z”(D"_1 n)# ©)3%(n), without “moving” it by a boundary.
Its restriction to 3 \f(n) is clearly D-closed, and DZ = 1*{t1 ey t,]lv_l} =:1,T.

3This is true for any field, but specifically for our F = Q(w), the only nonzero term is E, n—Ln
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By Proposition 2 13, the class of 7 in homology of 3" 1(e) is trivial, and so there
exists 7' € 3~ Y(n) with DT’ = —7. Defining

W=7, Zi=Z+W,

we now have DZ = 0. This allows us to make a rather precise statement about the
lift in Proposition 2.13. Denote the projection (zy, ..., 22n—1) — (21, ..., Zn—i) by
pi DZn—l . Dn—i‘

Theorem 3.3. E has a representative in Z" (F, 2n — 1)g of the form
F=2L+W=Z+W+Ws+ -+ W,

where & = 0(Z2) (i.e., Z interpreted as an element of Z" (F, 2n — 1)) and %; is

supported on p; | (fu—i)ol.

Proof. Viewing (|(fu—1)ol, 9|(fa=1)o]) = (T2, ’§n—2) as a simplicial subscheme X*
of ("', 300"~y =: X*, the subscheme X' ~! X'~ comprises 2/~! (’::11) copies
of |(fu—i)ol € O"~!. We may decompose

3
|

We@ B U fidoln+i—- D cPETHT

i=1 (le),|l=i—1 i=1

into its constituent pieces W; € Eé_l’_"_“rl ,and define #; :=0(W;) and # :=0 ().
Clearly supp(#;) C pi_1 |(fu=i)ol, and 2 := 6(Z2) is d-closed, giving the desired
representation. O

Remark 3.4. In fact, 0 (2) € Zp(Spec(C), 2n — 1)q for any o € Hom([F, C): the
intersections 7, N---NT,, N (,o;)*o(a@p) are empty excepting 7z, N---NT;, No (%)
fork<n—-1land T;, N---NT, N (po)*a(fé‘”) for k < n — 2, which are both
of the expected real codimension. A trivial modification of the above argument
then shows that the #; may be chosen so that the o (%#;) (and hence o (%)) are in
Zp(Spec(C), 2n — 1)q as well. We shall henceforth assume that this has been done.

3B. Computing the KLM map. We begin by simplifying the formula (2.6) for the
regulator map.

Lemma 3.5. Let K C C and suppose Z € ker(d) C Zp(Spec(K), 2n — 1)q satisfies

T.N--NT,NZ"=g. (3.6)
Then
Az dzon—1
cp(Z) = / 10g(zy) —" A A —
ZoNT, N-NT;, In+1 22n—1

in C/Q(n).
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Proof. We have
n—1
cp.a(Z) = Z(Zni)k_”/ RY |+ / Ry |+ Z(an)k/ RYY.
Zﬂl'l
The terms |, Zin R, ) _| are zero by type, since dim¢ Z¢ =n — 1, and the |, Zan R;T’i)

are integrals over Z nNT,N---NT,, ., , =J. So only the middle term remains. (]

Lemma 3.7. For any 0 € Hom(F, C), T;, N---NTy, No(2)=o.

Proof. From Theorem 3.3, o (#;) is supported over p; (|(fn )ol); that is, on o (¥#;)
we have z; - - - z,—; = ¢?, and so ,n---NT, _ lﬁa(?/)_z since ¢? ¢ (=)' Ry.

On 0(2”), Zn = fa1 @1y oo ov2nm) = 1 =800 1yy (where 1; = z;/(zi — 1)),
and on T3, #; € [0, 1]. It follows that on T, N---NT;, N o (Z), z, belongs to
R_ N (1 —¢"[0, 1]), which is empty. O

We may now compute the regulator on the cycle of Theorem 3.3, independently
of the choice of the %;.

Theorem 3.8. cp.o(0(B)) =Li,(¢?) e C/Q0n).
Proof. By Lemmas 3.5 and 3.7, we obtain

dzp+1 dzon-1
n+ A A n

cp.a(0(2)) = f log(z,)

o (Z)ENT,N---NT, In+1 22n—1

<n—1

n—1

Zn+1 dzon—1
+Z/ 10g(zn) A A ,
o (W)ENT; N--NT, in+1 22n—1

i=1 in—1

in which (by the proof of Lemma 3.7) o (#))f' N T, N---NT;, = < for all i. The
remaining (first) term becomes

dtlV dt™ |
log(fu—1(@)— AN —x
zeRx"Y h i1
dtnfl

Ih—1

¢b puny up d du.
:(—N)n_lf f / log(l_ul)ﬂ/\/\ Un—1
0 0 0 uj Up—1

= (=D"N"""Li, (¢,

dt
=(—N)"_1/ log(1 = %8 -ty )= A=+ A
1e[0,11x=D n

where u,—1 = ¢ty Up—2 =ty oty_y, oo, uy =01ty U

To write the image of our cycles under the Borel regulator, we refine notation
by writing o, (for o : w e2mia/Ny focip=1— &Pt th_1, Ep, Q"i, %5, etc.
So Theorem 3.8 reads cp g(0,(E8p)) = Li, (e271ab/N'y "and one has the following
corollary.
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Corollary 3.9. Let N > 3 and set
A={aeN|@N)=land1 <a=<|5]|}
then for any b € A,
& 2 (Bp) = (T, (Lin (7N s € R(n — 1B,

where w, : C — R(n — 1) is ilm for n even, and Re for n odd. If N = 2, then
¢pr = 0forn even and Eg’R(El) =¢(n) e R(n—1) for n odd.

As an immediate consequence, we get a (rational) basis for the higher Chow
cycles on a point over any abelian extension of Q.

Corollary 3.10. The {Ep}pca span CH" (F, 2n — 1)g. Moreover, for any subfield
E CF, with ' = Gal(F/E), there exists a subset B C A (with |B| = d,(E)) such that
the {Zyel" v Eb}beB span CH™(E, 2n — 1)q.

Proof. In view of Lemma 2.8, for the first statement we need only check the linear
independence of the vectors v® in Corollary 3.9. Let x be one of the %qﬁ(N )
Dirichlet characters modulo N with x (—1) = (—1)*"!; and let p, : C'4l — Cl4l
be the permutation operator defined by (v); = vq.;, Wwhere @ € (Z/NZ)* is a
generator. Then the linear combinations

N
yX = Z X(b)l_)(b) — (% Z x(b)nn(Lin(ez”i”b/N)))
b=1

beA acA

are independent (over C) provided they are nonzero, since their eigenvalues y ()
under p, are distinct. By the computation in [Zagier 1991, pp. 420-422], if x is
induced from a primitive character yo modulo Ny = N /M, then (with u being the
Mobius function and 7( - ) the Gauss sum)

= -1
2M" Y

1
vy {Zu(d))m(d)dnl }r(m)L%, n,

the last two factors of which are nonzero by primitivity of xo; the bracketed term
18 ]_[p>1 prime, p|M(1 — Xo(p)p”_l), hence also nonzero.

The second statement follows at once, since the composition of ), . with
CH"(E,2n —1)g — CH"(F, 2n — 1)g is a multiple of the identity. O

4. Explicit representatives

We finally turn to the construction of the cycles described by Theorem 3.3. Here
the benefit of using tiN (at least, if one is happy to work rationally) comes to the
fore: it allows us to obtain uniform formulas for all N, and to use as few terms
as possible. In fact, it turns out that for all n it is possible to take #3 = --- =
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#,—1 =0. (While it is easy to argue abstractly that %#;,_; can always be taken to be
zero, this stronger statement surprised us.) For brevity, we shall use the notation

(fl(!? uv U)v A fm(l, M, U)) for
(it u, ), ooy fnt, u,v)) |t u, v e PYNO™,

all precycles are defined over F = Q(w), and we write & := .

4A. Kz case (n=2). Let = (t/(t —1), 1 —&t,t"), as dictated by Theorem 3.3;
then all 97 2° = 0. In particular,

N2 =0 —¢&t,t")i/g-1=0=(1,0)=0

0, (_E L NY_ (L _
2= () = (e ) o

So we may take # = 0 and F=.
In contrast, if we took 2 = (t/(t — 1), 1 —&t,t), then agff =(1/(1—¢§),&7YH
and a nonzero #-term is required.

and

4B. Ks case (n =3). Of course 2 = (t;/(ty — 1), ta/(tr — 1), 1 —&Etyta, 1], V).

Taking N 7N
1( 1 1 w—t)Yu—t7") u)

W:_ 9 9 9 7_
() PR, u—1)? v

we note that 7, = 1/(1 —&#)) implies to = (1 —£1)) "1 /(1 = &)~ = 1) = 1 /&1,
which in turn implies f, (¢, ;) = 0. Now we have

ag’za‘)ff:( Ry tév) =( noo_ 1w i)
’ 1-&t11,=0 n—11-§n th

tl—l’tz—l
and 1 ; | 1
M= =2 5 i | =02

Therefore Z = % + # 1s closed.

Remark 4.1. See [Petras 2008, §3.1] for a detailed discussion of the properties of
these cycles, especially the (integral!) distribution relations of [loc. cit., Proposition
3.1.26].

In particular, we can specialize to N =2 to obtain

~ t ¢ t 1 — 1Y u—172
232”:2(_1’—2, 1+t1t2,t12,t22>+( ! (=)=, ),t%u,%>
5

n—1"n—-1 n—1"1+" (u—1)?
in Z,%(@, 5), spanning CH> (@, 5)g = K5(Q)q, with
cD,@(ZQ?) = —8Li3(—1) =6¢(3) € C/Q(3).



186 MATT KERR AND YU YANG

4C. K7 case (n =4). Set

151 %) 13 N .N .N
g: ) 9 ) 1_ tlt2t37t 7t 7t )
(tl—l Hh—1 t3—1 § 1»72-73

= 2O+ ),

w = ( 1 w—tNu—1tY) u u l)

h—1 tz—l L—énn (w—1u—tN ey &V iV u

we = ( 1 w—tYu—0) 1 L)
n—1 t2—1 1—énty’ u—D@—tNe)) u’ u tNe )

Y (tl 1 =Ny —uy™)
T 2\n=-1U1-¢ w-wdHe-1

(u—t{v)(u—vtl_N) vth v u)

(u —v)? Cu Ny

Direct computation shows
07 = =302 = o7 mV =~ m?,
a5 = 05w = LoV + Lo, @,

which sum to zero.
Alternately, we can take

%:( f t 1 w—tN)(u—t) tl N u )

n—1"n—1"1-¢nt" u—1)@—tNe) u’ u’ Nl
s = I8 ’ 1 (u—vt1 )(u — vt ),ﬁ,i,z,v—l .
th—1"1—&’ (u—v)? u thu v
Writing
h 1) 1 1
“//1=< : : NN NN)
131 —1 tz—l 1—%’[1[2 tl l‘2
f 1 u—tNHu—™) 1
7/2: ) 2 7_5T5u )
h—1"1=&’ (u—1) u t'u

one has 02 = —¥1, 0¥ = — V5> + V1, 0#5 = ¥5; so again % is a closed cycle.
We present the general n construction next, but include the n = 5 case as an
appendix (as the authors only saw the pattern after working out this case).
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4D. General n construction (n > 4). To state the final result, we define

g::<z1til""’t,:nl_il’l_stlmt"1’tfv""’t’l’vl)’
W=
(=D tn—2 1
T a3 (;1—1"”’tn_2—1’1-5;1---t,,_2’
(u—tfv)--.(u—tév_z) th t,iv_z u
(u—t{V---z,jV_Z)(u—l)n3’7""’7’m)’

n—1
1 i1, (0)
W = T3 Z(—l)l vy,

i=1

where for 1 <i <n—2,

N
e (- ! (=) =1 o)
2\ = s U =gty =t Y o) — o)
vth v vl,iv_3 u
—— e =, s v v—1],
u u u U[] ...tn_3

(with v/u occurring in the (n +i — 1)-st entry4) and

(n—1)
v, =
N N
( f th—3 1 (u—t'v) - (u—t, 3v)
n=1""t 3= 1=t ty3” u—1;N ot Moyl — )2
vth vtrllv_3 v u
LR ] 9 N N ,_,v_l .
u u utl "'tn—3

Theorem 4.2. % = % + Wi + ¥4 vields a closed cycle, with the properties de-
scribed in Theorem 3.3. (In particular, this recovers the second K7 construction
and the Kg construction above, forn =4 and 5.)

Proof. Writing

4] Ih—2 1 N N 1
%::aoffz( : AP 7, [y —
n fH—1 tpor— 1" 1 =&t 1y TN N

P =09 #y" (i=1,....n—1),and 2;;:=92#," (j=1,....,n—2), one
computes that 0.2 = (—1)"‘1%,

4That is, either before (i = 1), after i = n — 2), or in the middle of the sequence
vth/u, vtév/u, ey vt573/u.
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n—1 n—1
0/ = (D" A+ Y (D' = (=1 (n =%+ ) (~D'%,
i=1 i=1

and 975" = % + Y _1(~1)/ 2; ;. We have, therefore,

—1n-2

(—* 2, 4.3)
and for each i > j, the reader may verify that 2; ; = 27 ;_1, so that the terms on
the right-hand side of (4.3) cancel in pairs. (]

4E. Expected implications for torsion. One of the anticipated applications of the
explicit AJ maps of [Kerr et al. 2006; Kerr and Lewis 2007] has been the detec-
tion of torsion in higher Chow groups. While they provide an explicit map of
complexes from Zﬁ (X, o) to the integral Deligne cohomology complex, the fact
that Z[f&(X ,*) C ZP(X, o) is only a rational quasi-isomorphism leaves open the
possibility that a given cycle with (nontrivial) torsion KLM-image is bounded by
a precycle in the larger complex. So far, therefore, any conclusions we can try
to draw about torsion are speculative, as they depend on the (so far) conjectural
extension of the KLM map to an integrally quasi-isomorphic subcomplex.

Let us describe what the existence of such an extension, together with the cycles
just constructed, would yield. Let f : Z/NZ — Z be a function which is zero
off (Z/NZ)*, with f(—b) = (—1)" f(b), and write

Then (fixing o (w) = ¢y = >™/N) the cycle

N-1

Z(N) =g, Y f(b)o(Z}) € ZE(Q(&n), 2n — 1)

b=0

is integral. Working up to sign, we compute (in C/Z) by Theorem 3.8

+1 + nN” 1
TN 1= (N = =5 - Zf()z

k>1

anNl

n—1 N
= e Zf(b) > - i _E Zf(b)B( )

2@mi) keZ\{O}
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which is evidently a rational number.> This (nonconjecturally) establishes that

Z” (N) is torsion. Under our working (conjectural!) hypothesis, if r"(N ) =
:I:A” (N)/C" ¥ (N) in lowest form, we may additionally conclude that the order of

(N) is a multiple of C" (N).

For example, taking N =5,n =2, and f(l) =f@ =1, f2)=f3) =0,
we obtain Z?(S) e’z (@(f) 3) with rf(S) 120 This checks out with what is
known (cf. Proposmon 6.9 and Remark 6.10 of [Petras 2009]), and would make
Z}(S) a generator of CH*(Q/5), 3).

For N =2, f(1)=1,and n =2m (i.e., CH*"(Q, 4m—1)), the above computation

simplifies to gy o2m2
E2m B

2m _ l
O == Ban(3)
_+2m =32 1)
N 2(2m)!

2m»

which yields . 40 T 4740 2031160 48633810 form =1, 2, 3, 4, respectively. It is known that
CH?(Q, 3) = 7 /247 [Petras 2009], but the other orders seem unexpectedly large

and should warrant further investigation.

Appendix: Ky case (n =5)

Begin by writing

h f 3 l4 N N N N
ff = ) ) s ’ 11— t1t2t3t4’ t ) t ) r 9 z ’
(l‘l—l Hh—1 t3—1 t4—1 g LIS I

1 5] 153 13 1
Wl:_ ) ) ) )
2(2‘1—1 Hh—1 t3—1 1—E&Htt;
w—tDw—t)u—r1) 1V o 1 i )
(u—1)2w—tde) wouu thtévtéV
Vﬂ(l)z( t ) 1 u—tv)(u—tv) v tl v t2 o 1)
2 n—1"6n—1"1=6nt" u—tNtMv)w—v) v’ u " u vthtzN’
W(z):( f t 1 w—tNv)u—tlv) vt v té" . 1>
2 n—1"n—1"1=6nt" (u—tNtMv)w—v)" u "u’ u vler;V’
W(3)—( f t 1 (u—tNvy(w—t'v) vt vt v v_1>
n—1"n—1"1=6nt" (u—tNtMv)w—v)" u = u "u vV’ ’

5B,(x) = Z”_O (”) x"7J is the n-th Bernoulli polynomial (and {B;} the Bernoulli numbers).
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W(“)— h 15 1
2 h—1"t6—-11—&nt’

T,y NN

(u—tNv)(u —1v) vt vtév voou 1)
v —_—
_N.—N~_ k] 9 9 9
w—vt; V") Nw—v)3 w " uw uNe

1
(&) 2 (3 “
=50 =12+ =),

To compute the boundaries, introduce

4 2 3 N N N
%1:( ) 9 ) ’t at 7t N NN
n—1n—1 -1 1—&nns ' 273 (NN )
1 (u—t1 )(u—t ) 1 tl t2 u
t1—1 t2—1 L—énty” u—tNeyu—1)"u" w’ u’ 1Nl

1 (u—t)(u—r)ﬂlg u>

z1—1 t2—1 L—énty’ u—tNeyw—1)" u’ u” u’ tNe)

( 1 (u—t)(u—1t) ﬂ g 1

n—1 t2—1 L—énty’ u—tNeyw—1)" u’ w’ u’ ¢Nel

f 1 =t =ty -tV N) tl PR |
= Ty T ,uj,
=1 t— 1 1—&nty’ (u—1)3 w'ouutNel
» I8 1 (u—thv)(u—tl_Nv) v thv vou !
== 5 ) s Ty Ty Ty s U )
! n—11-&n (u —v)? w ouw uth v
» I8 1 (u—thv)(u—tl_Nv) vth vV ou |
- 5 ) s Ty Ty T s U — )
2 h—11—¢£n (u—v)? w u tNuv
» f 1 (u—tfvv)(u—thv) vtfv vovou |
= ) ) s T s T A , U—
-1 1-¢n (u —v)> W u

Then 02 = 2, Wi = — % + (=% + U — %4 +Us), D = =N + W,
NP =+, 0w, = Ao+ 2, and 05D = Us — 91 + ¥5 — ¥3; and so
7 is closed.

As for n = 3, we obtain a generator for CH (@, 90 = Ko(Q)g by setting N =2
and & = —1; the integral cycle 2% has cD,@(fo) =15¢(5).
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