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SYMMETRY DEFECT OF ALGEBRAIC VARIETIES*

S. JANECZKOT, Z. JELONEK?, AND M. A. S. RUASS

Abstract. Let X,Y C k™ (k = R, C) be smooth manifolds. We investigate the central symmetry
of the configuration of X and Y. For p € k™ we introduce a number p(p) of pairs of points € X and
y € Y such that p is the center of the interval Tg. We show that if X, Y (including the case X =Y)
are algebraic manifolds in a general position, then there is a closed (semi-algebraic) set B C k™,
called symmetry defect set of the X and Y configuration, such that the function u is locally constant
and not identically zero outside B. If k = C, we estimate the number u (in fact we compute it in many
cases) and show that the symmetry defect is an algebraic hypersurface and consequently the function
1 is constant and positive outside B. We also show that in the generic case the topological type of
the symmetry defect set of a plane curve is constant, i.e. the symmetry defect sets for two generic
curves of the same degree are homeomorphic (by the same method we can prove similar statement
for any irreducible family of smooth varieties Z™ C C2™). Moreover, for k = R, we estimate the
number of connected components of the set U = k™ \ B. In the last section we give an algorithm to
compute the symmetry defect set for complex smooth affine varieties in general position.

Key words. polynomial mapping, fibration, bifurcation points, center symmetry set, Wigner
caustic.
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1. Introduction. Over the last two decades numerous methods have been devel-
oped to study affine geometry of curves and surfaces especially their affinely invariant
symmetry characteristics. The symmetry sets [4, 5, 6] and the center symmetry sets
were investigated extensively in [13, 10, 11]. Several constructions of the set corre-
sponding to the point of central symmetry for perturbed centrally symmetric ovals
were presented in the literature and resulted in the kind of symmetry defect called
center symmetry set. The center symmetry set directly appears in the construction of
the so-called Wigner caustic. This caustic is obtained by the stationary phase method
applied to the semiclassical Wigner function which completely describes a quantum
state in the symplectic phase space [2]. This set is a subset of all midpoints of chords
connecting pairs of points of the curve or surface Z, and it can be described as a
bifurcation set in the following way: for each pair of points (x,y) € Z, we let a = ITJ”“’
be the midpoint of the chord connecting = and y, and p(a) the number of chords
whose midpoint is a (let us note that for  # y, the chord (z,y) is different than
(y,x)). For most points, p(a) is locally constant. The caustic consists of the set of
points @ where p(a) changes.

We call this set a symmetry defect or bifurcation set. We generalize this con-
struction for n-dimensional algebraic varieties Z C C?" and investigate the symmetry
defect set B(Z) corresponding in the real compact case to the center symmetry set.
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(See also [12], [7], [8] for recent results in the real compact case).

In the general algebraic setting we introduce the bifurcation set B(f) of a dom-
inant generically finite polynomial mapping f : X — C” of an affine n-dimensional
variety X onto C" as the set of values z € C” for which the cardinality of the set
f~1(2) differs on the geometric degree of f. It has two components: the set of non-
properness of f, Sy and the set of critical values of f, Ko(f). The fundamental result
on the structure of B(f) which we prove in Section 2 says that B(f) is a closed hy-
persurface or the empty set (Theorem 2.4) and its degree is estimated by the formula
involving the degrees of the system of parameters on X, the degrees of the polynomial
functions f;, f = (f1,..., fn) and the geometric degree of f (Theorem 2.9). For real
affine manifolds X,Y and generically finite polynomial mappings f : X — Y the set
B(f) CY is closed and semi-algebraic. Moreover outside of B(f), f is a differentiable
covering (Theorem 2.14).

The aim of this paper is to investigate geometric properties of the bifurcation set
B(®) in the case of the special midpoint map ® which sends any two points of the
set Z to the midpoint of the chord connecting them. In this case the set B(®) is a
generalization of the “center symmetry set” B(Z) which we mentioned before.

More generally, let X, Y C k™ be smooth manifolds of dimensions r and s respec-
tively, where r +s =m (k = R or k = C). For a given point a € k™ we are interested
in the number p(a) of pairs of points € X and y € Y such that a is the center of the
interval Ty, a = % (midpoint map). We show that if X, Y (we do not exclude the
case X =Y) are algebraic manifolds in a general position, then there is a closed (semi-
algebraic) set B C k™, such that the function ® : X xY 3 (z,y) — (z +y)/2 € k™
is a differentiable covering outside B. The minimal such a set B = B(X,Y") we will
call symmetry defect set of X and Y. If k = C, we show that the symmetry defect is
an algebraic hypersurface and consequently the function p is constant and positive
outside B (Theorem 3.8), this constant being denoted by uxy. We estimate the

number px,y and the degree of the hypersurface B(X,Y).

More precisely let X, Y C C™ be smooth algebraic manifolds of dimensions r and
s and degrees p, q respectively (r + s = m). Assume that X and Y have no common
points at infinity. Then deg B(X,Y") < pg(sp+rq—m) and ux y = pq. Moreover, for
every P we have u(P) < pg.

For X =Y = Z assume that Z C C?" is a n-manifold in a general position,
and denote pz 7z simply by pz. If deg Z = p then 0 < pz < p> —p —n+ 1 and
deg B(Z) < p*(1 +2n(p — 1)). Moreover, Z C B(Z).

For £k = R, we estimate the number of connected components of the set U =
k™ \ B.In the case X =Y = Z and X is a projectively smooth variety, we show that
the asymptotic part of the symmetry defect set B(Z) coincides with the asymptotic
variety of Z (Theorem 3.15) which is the union of all tangent spaces at points at
infinity of Z.

For smooth algebraic plane curves Z,W C C?,degZ = p,degW = ¢, which
meet transversally at 7 common points at infinity we get the formula for the generic
symmetry of Z and W, i.e. we show that for a generic point a € C2, the num-
ber of pairs {z,w},z € Z,w € W such that a is the center of an interval Zw is
equal to pzw = pg — r. Moreover the degree of a symmetry defect set is estimated
degB(Z,W) < pq(p+q—2)+r (Theorem 4.1). In particular if X =Y = Z and a curve
Z is transversal to the line at infinity we get 7 = p?>—p and deg B(Z) < 2p?(p—1)+p.
For the projectively smooth curve Z C C?, i.e. with the smooth projective closure of
Z in P?, it was proved that the asymptotic part of B(Z) is the union of lines L C C2
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(asymptotes) which are tangent to Z at infinity (Theorem 4.6). In this special case of
curves we show that in generic case the topological type of the symmetry defect set is
constant, i.e. the symmetry defect sets for two generic curves of the same degree are
homeomorphic (Theorem 5.2). By the same method we can prove similar statement
for any irreducible family of smooth n-dimensional varieties Z C C?". In the last
section the algorithm to compute the symmetry defect set for complex smooth affine
varieties in general position was constructed (Theorem 6.5). The symmetry defect set
(or rather its real part) was visualized for several examples of elliptic curves.

2. Bifurcation set. Let k = C or £k = R and let X,Y be affine varieties over k.
Recall the following (see [14], [15]):

DEFINITION 2.1. Let f: X — Y be a generically-finite (i.e. a generic fiber is
finite) and dominant (i.e. f(X)=Y") polynomial mapping of affine varieties. We say
that f is finite at a point y € Y, if there exists an open neighborhood U of y such

that the mapping f |-1(y: f~1(U) — U is proper.

If k = C it is well-known that the set Sy of points at which the mapping f is not
finite, is either empty or it is a hypersurface (see [14], [15]). We say that the set Sy
is the set of non-properness of the mapping f.

Let X be an affine variety of dimension n. We have the following sharp estimate
for the degree of the hypersurface Sy for a generically-finite and dominant polynomial

mapplng f = (fla"'afn) X = C":

THEOREM 2.2. ( see [17]) Let X C C™ be an affine n—dimensional variety of
degree D and let f = (f1,..., fn) : X = C™ be a generically finite dominant mapping.
Then the set St of non-properness of the mapping f is a hypersurface (or the empty
set) and

D(IT/_, deg fi) — p(f)

deg S¢ <
08 Of = minlgigndeg fz

)

where p(f) = (C(X) : C(f1, ..., fn)) is the geometric degree of f.

DEFINITION 2.3. Let kK = C. Let X,Y be smooth affine n—dimensional varieties
and let f : X — Y be a generically finite dominant mapping of geometric degree p(f).
The bifurcation set of the mapping f is the set

B(f)={yeY :#/ ' (y) # n(H)}-

We have the following fundamental theorem:

THEOREM 2.4. Let k = C. Let X,Y be smooth affine complex varieties of di-
mension n. Let f: X — Y be a polynomial dominant mapping. Then the set B(f) is
either empty (so f is an unramified topological covering) or it is a closed hypersurface.

Proof. Let us note that outside the set Sy the mapping f is a (ramified) analytic
cover of degree u(f). By the Lemma 2.5 below if y ¢ Sy we have #f~(y) < u(f).
Moreover, since f is an analytic covering outside Sy it is well known that the fiber
f~1(y) counted with multiplicity has exactly u(f) points. In particular, if y € Ko(f),
the set of critical values of f, then #f~1(y) < u(f).

Now let y € Sy. There are two possible cases :

a) #f7H(y) = oo
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b) #f 71 (y) < co.

In case b) let U be an affine neighborhood of y over which the mapping f is
quasi-finite. Let V = f~1(U). By Zariski Main Theorem in the version given by
Grothendieck, there exists a normal variety V and a finite mapping f : V — U, such
that

HVcV,

DT lv=Ff

Since y € f(V \ V), it follows by the Lemma 2.5 below, that #f~(y) < u(f).
Consequently, if y € Sy, we have #f 1 (y) < pu(f). Finally we have B(f) = Ko(f)USy.

Now we show that the set B(f) = Ko(f) U Sy is a hypersurface. Let J(f) be
the set of singular points of f. The set J(f) is a hypersurface (because locally it is
the zero set of the Jacobian of f). Denote by J; the irreducible components of J(f).
Let W; = f(J;). If all W; are hypersurfaces then the theorem is true. If, for example
dim Wi < nq, then the mapping f : J; — Wi has non-compact generic fiber, this
means in particular that Wi C Sy. Thus the set |JW; U Sy is a hypersurface. But
B(f) =UW,;US; (note that B(f) is closed- see Theorem 2.14).

Moreover, if B(f) =0, then f is a surjective topological covering. O

LEMMA 2.5. Let X,Y be affine normal varieties of dimension n. Let f: X —Y
be a finite mapping. Then for every y € Y we have #f~1(y) < p(f).

Proof. Let #f~*(y) = {z1,...,x-}. We can choose a function h € C[X] which
separates all x; (in particular we can take as h the equation of a general hyperplane
section). Since f is finite we have a monic polynomial 7% + ay (f)T°7! + ... + as(f) €
F*CIY][T], s < p(f). If we substitute f = y to this equation we get the desired
result. O

Our next aim is to estimate the degree of the hypersurface B(f). We start with
the following:

DEFINITION 2.6. Let X C C™ be an affine irreducible variety, dim X = n. We
say that the polynomials hq, ..., by, are a system of parameters on X if

1) X CV(hi, e, hn—n),

2) rank [g;‘;] =m —n on a dense subset of X.

PRrROPOSITION 2.7. Let X C C™ be an affine irreducible n-dimensional variety.
Then X has a system of parameters hy, ..., hy—y of degrees bounded by D = deg X.

Proof. Let r = m — n. It is enough to construct polynomials hi, ..., h, of degree
D = deg X, which vanish on X and for which rank [g’;]] = r on a dense subset of X.

Let us take a point x € X. Let S be the closure of the union of all secants xy,
where y € X is another point of X. It is easy to see that dim S < n + 1 and the
projective closure S of S contains the projective closure of X.

Now on the hyperplane at infinity H., let us choose a system of homogeneous
coordinates x1, ..., Tm—r, Tm—rt1, ---, Ty 10 the way that for every j > m — r we have
{x1 =0,.c;Tm—r = 0,2; = 0} NS = (. Of course every sufficiently general system
of coordinates has this property. The coordinate system on H,, can be extended in
an obvious way to a coordinate system on the whole of P™ (by adding a new variable
,To).

Now for every j > m — r let us consider the projection 7; : X > =z —
(21, ooy Tm—r, ;) € C™ "1 By construction, the mapping 7; is proper and bira-
tional (the last property follows from the fact that (m;)~!(m;(z)) = {«} and that ;
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is smooth at x). The image X; := 7;(X) is a hypersurface in C™~"+1. Let h, be a

reduced equation of X,,,_,4+s. Then hs vanishes on X and 8m6h3+ does not vanish
m—1r s

identically on X. Now it is easy to check that the polynomials hy, ..., h, (of degree
D = deg X) vanish on X and Jac(hy, ..., h,-) does not vanish identically on X. 0O

PROPOSITION 2.8. Let X C C™, dim X = n, be an affine irreducible variety. Let
hi, .o, hm—n be system of parameters on X. Assume that F' = (f1,..., fn) : X = C" is
a generically finite polynomial mapping. Let

r 8}7,1 8}7,1 6hl T
oz Oxo 0L
Ohpm—n Ohm—n Ohp—n
P o1 Oxo e ox
W = det of1 of1 afln
oxq Oxo o 0L m
Ofn Ofn Ofn
L o1 Oxo e OTm J

Then the set of critical points of the mapping F is contained in X N{W = 0}.

Proof. Let us note that for every € X such that W(x) # 0, the polynomials
hi,.osy hn—n, f1,.., fn form a local system of coordinates. Hence at such a point we
have that F'|X is a local isomorphism. 0

THEOREM 2.9. Let X C C™ be an affine n—dimensional variety of degree D. Let
hi, ..., h—n be a system of parameters on X of degrees D1, Da, ..., Dy, respectively.
Let f = (f1,..s fn) : X = C™ be a generically finite dominant mapping. Assume that
deg f; = d; and dy > da... > d,,. Then the set B(f) is a hypersurface (or the empty
set) and

deg B(7) < D[~ 1)+ 3 (0; - ) ¢ P2 ld)

Proof. We have B(f) = Ko(f) USy. First we estimate the degree of the n — 1
dimensional part of Ky(f). Let H be the union of n — 1 dimensional components of
the set Ko(f). We estimate the degree of H. Let L; = Y, _, apxk, i =1,2,...,n—1,
where a;j, are sufficiently general numbers. Then equations L; = 0,7 =1,...,n—1 give
a generic line [. It is enough to estimate the number of points in /N H. The pre-image
! :== f~*(1) is given on X by equations L} = >"/'_. a;;fr = 0. Hence this pre-image
is a curve of degree bounded by D[]\, d;. To every point # € I N H correspond at
least one point on the set I’ N {WW = 0}, where W is a polynomial as in Proposition
2.8. Hence finally

Now note that B(f) = HUSy. To finish the proof it is enough to use Theorem 2.2. O

COROLLARY 2.10. Let X C C™ be an affine n—dimensional variety of degree
D. Let hy,...,hp—pn be a system of parameters on X of degrees D1, Da, ..., Dy—p,
respectively. Let f = (f1,..., fn) : X — C™ be a generically finite dominant mapping.
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Assume that deg f; = d; and dy > da... > d,,. Then the set B(f) is a hypersurface (or
the empty set) and

m—n

deg B(f) < D] dill + Zn:d -1+
3 1=1

j:1

COROLLARY 2.11. Let X C C™ be an affine n—dimensional variety of degree D.
Let f = (f1,.., fn) : X = C™ be a generically finite dominant mapping. Assume that
deg f; < d. Then the set B(f) is a hypersurface (or the empty set) and

deg B(f) < Dd" 1 +n(d—1)+ (m —n)(D — 1)].

In the real case we can also define the set B(f). Let us note that in the complex
case, an equivalent definition of B(f) is B(f) = Ko(f)US (see the proof of Theorem
2.4). Hence the following definition coincides with the previous one:

DEFINITION 2.12. Let £ = R. Let X,Y be affine n—dimensional varieties and
let f: X — Y be a generically finite dominant mapping. The bifurcation set of the
mapping f is the set

B(f) = Ko(f) U Sy.

DEFINITION 2.13. Let X,Y be differentiable manifolds and let f : X — Y be a
generically finite mapping. We say that f is a differentiable covering if for every point
y € Y either f~1(y) = 0 or there is an open neighborhood U, such that there is an
integer r and open subsets V; C X and:

1) f7HU) =U Vi,

2) fv, : Vi = U, is a diffeomorphism.

THEOREM 2.14. Let X,Y be affine manifolds. Let f : X =Y be a generically-
finite polynomial mapping. Then the set B(f) = Ko(f) U Sy is closed and semi-
algebraic. Moreover, the set B(f) is the smallest subset B C'Y, such that the mapping
fxvf-1m) : X\ [T1(B) = Y \ B is a differentiable covering.

Proof. The set Sy is closed. Indeed, let y; € Sy and y; — y. By the definition of
St we have that there are sequences z7 — oo, such that f(x%) — y;. In particular
we can assume that ||zd|| > n, ||f(:vJ) —y;]| < 1/n. Now if we take x,, = z]!, then
f(zr) — y. This means that y € Sy.

Now let y € cl(Ko(f)). This means that there is a sequence y; — vy, y; € Ko(f),
in particular y; = f(x;). If a sequence x; is bounded, then there is subsequence
zj, — xo and y = lim f(x;, ). This implies that y € Ko(f).

If a sequence z; is unbounded, then there is subsequence x; — oo and y =
lim f(xj,). This implies that y € S;. The rest of the proof is obvious. 0O

Directly from Corollary 2.11 we get:

COROLLARY 2.15. Let X C R™ be an affine n—dimensional variety of degree D.
Let f = (f1,..y fn) : X = R™ be a generically finite dominant mapping. Assume that
deg f; < d. Then the set B(f) is closed and semialgebraic (or the empty set) and there
is a real hypersurface B, which contains B(f) and

deg B < Dd" [l +n(d — 1) + (m —n)(D — 1)].
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3. Symmetry defect.

DEFINITION 3.1. Let k = Cor k =R. Let Z, W C k™ (it is possible that Z = W)
be smooth algebraic manifolds of dimensions r and s respectively. We say that Z, W
are in a general position if 7 + s = m and there exist points z € Z and w € W such
that T,Z + T,,W = k™.

PROPOSITION 3.2. Let Z,W C C™ be smooth algebraic manifolds of dimensions
r and s respectively, where r+s=m. If Z and W have no common points at infinity
then they are in a general position.

Proof. Let us consider the group G of all translations in C™. By Kleiman-Bertini
Theorem (see [19]) for general g € G, the varieties Z and gW meet transversally.
Since they have no common points at infinity there is a point € Z N gW. It is easy
to see that T, Z + T, , W = C™. O

REMARK 3.3. If Z,W C R"™* are smooth algebraic manifolds of dimensions r
and s respectively and Z, W have not common complex points at infinity then they
are in a general position.

ProOPOSITION 3.4. Let k=C or k =R.

a) A curve X in k? is in a general position if and only if X is not a line.

b) A smooth algebraic surface X in k* is in a general position if and only if X
is not a cylinder and it is not contained in any hyperplane.

Proof. For a subvariety X C k™ we identify the tangent space T, X with the linear
subspace of T,k = k™. Since the tangent bundle of £™ is trivial we can identify all
T, k™ with one copy of k™. We start with the following Lemma:

LEMMA 3.5. Let X C k™ be a smooth subvariety. Assume that all tangent spaces
T, X are contained in some linear hyperplane H C k™. Then X is also contained in
a hyperplane.

Proof. Let h be a linear polynomial which is the equation of H. Consider the
function g = hlx : X — k. If g is not a constant, then by Sard’s Theorem a generic
fiber of h is transversal to X- a contradiction. O

Now we can prove our Proposition. The case a) follows immediately from Lemma
3.5. We prove b). Assume that X is not a cylinder and it is not contained in a
hyperplane. Choose two different tangent spaces T, X and T, X (it is possible by
Lemma 3.5). If T, X and T, X are transversal we are done. Hence assume that they
have a common line [. Note that a generic space T, X does not contain the line [.
Indeed, otherwise we can take a vector v € [ and we would have a constant vector
field v along X. We can integrate this vector field and we obtain a family of lines
parallel to ! which covers X. This means that X =1 x X’ is a cylinder ( X’ is the
image of a generic projection 7 : X — k™1 along [).

This implies that a generic tangent space T,X meets T, X and T,X either
transversally or along two different lines [y C 7,X and lp C T,X. In the second
case the space T, X is contained in the hyperplane determined by spaces T, X and
T,X - a contradiction. O

DEFINITION 3.6. Let k= C or k =R. Let Z,W C k™ be varieties of dimensions
r and s respectively, such that r + s = m. For a point P € k™ we denote by p(P) the
number of pairs {z, w} where z € Z and w € W such that P is the center of the interval
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Zzw. The number pzw = sup(p.(py<co} {1(P)} we call the generic symmetry of Z
and W (if Z = W we write simply pz). By the symmetry defect B(Z, W) of Z and
W we mean the bifurcation set of the mapping ® : Z xW 3 (z,w) — (z +w)/2 € k™.
Moreover, by an asymptotic part of the symmetry defect we mean Sg and by a proper
part of this set we mean cl(Ko(®)).

REMARK 3.7. For Z = W the number p(P) is the number of ordered secants of
Z for which P is the center.

We apply these results to our problem. We have:

THEOREM 3.8. Let Z,W C C™ be smooth algebraic manifolds of dimensions r
and s respectively, r + s = m. Assume that Z and W are in a general position. Let
deg Z = p and deg W = q. Then there exists a number 0 < p = puzw < pq and an
algebraic hypersurface B(Z,W) C C™ ( the symmetry defect of Z and W) of degree
d < pq(1+ sp+rq—m), such that a point a € C™\ B(Z,W) if and only if a is the
center of exactly u intervals of the type Ty, where x € Z and y € W.

Proof. Let X = ZxW CcC" xC™ and f: ZxW 3 (z,y) = (x +y)/2 € C™.
Note that f is not a local biholomorphism at the point (x,y) exactly if T,Z + T, W #
C™. Indeed, the mapping df : T,Z & T,W > (w,v) — (w+v)/2 € C™ is not an
isomorphism, if and only if there exists non-zero vectors z € T;;Z and w € T,W such
that z + w = 0. This implies that {z} € T,Z N T, W, i.e., T, Z is not transversal to
TyW ie., T, Z +TyW # C™. Since Z and W are in a general position we obtain that
f is generically finite.

Now it is enough to apply Corollary 2.10 to X and f. Of course deg X = pq. We
can find a system of parameters {hq, ..., hs} of Z and {g1, ..., g» } of W. By Proposition
2.7 we can assume that deg h; < p and deg g; < ¢. Note that the polynomials
hi(z), ..., hs(2), 91(y), ..., gr(y) form a system of parameters for Z x W. Hence deg
B(Z,W) < pq(1+ sp+rq—m).

Moreover, by Bezout Theorem the mapping f has geometric degree bounded by
deg X = pq. This implies that 0 < pzw < pg. O

REMARK 3.9. Let us note that for b € B(Z, W) either u(b) < pzw or u(b) is
infinite. This justifies the name of the hypersurface B(Z, W).

COROLLARY 3.10. Let Z,W C C™ be smooth algebraic manifolds of dimensions
r and s respectively, where r+s =m. Assume that Z and W have no common points
at infinity. Let deg Z = p and deg W = q. Then deg B(Z,W) < pq(sp +rq —m) and
wzw = pq. Moreover, for every P we have u(P) < pq.

Proof. Let f: X :=Z xW 3 (z,y) = (x +y)/2 € C™. For a point O € C™ let
To be a symmetry with a center in O, i.e.,

To(z) = O — Ox.

Let O € C™ be a generic point and let ZNTo(W) = {z1, ..., xs}. Note that f~1(0) =
(z1,To(x1)), ..., (x5, To(xs)). By Sard’s Theorem we have that O is a regular value
of f, consequently the varieties Z and To(W) meet only transversally. Moreover,
since Tp is the identity at infinity, these varieties have no common points at infinity.
Hence by Bezout theorem we get pz w = s = pg. Moreover deg Sy < deg X — u(f) =
pq — pzw = 0. This implies that the mapping f is finite. In particular for every
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P e C™ we have u(P) < u(f) = pg. Additionally, the set B(Z, W) coincides with
Ky(F) and consequently deg B(Z, W) < pq(sp + rq —m). O

COROLLARY 3.11. Let Z,W C R™ be smooth algebraic manifolds of dimensions
r and s respectively, r +s = m. Assume that Z and W are in a general position.
Let B(Z,W) be the symmetry defect of Z and W. Then the set R™ \ B has at most
[(pg)(1 + sp+ rq — m) — 1]™ connected components. Moreover, for every a € R™ if
wu(a) is finite, then p(a) < pq.

Proof. The number of connected components of the complement of a hypersurface
B C R™ is bounded by D™ , where D = deg B ([1], 3.9.6). O

COROLLARY 3.12. Let Z C C?" be a smooth algebraic manifold of dimension
n which is transversal to the hyperplane at infinity. Assume that Z is in a general
position. Let deg Z = p. Then 0 < pz < p*—p—n+1 anddeg B(Z) < p?(1+2n(p—1)).
Moreover, Z C B(Z).

Proof. Take X = Z x Z C C*" xC™ and f : Z x Z 3> (x,y) — (v +
y)/2 € C?". For a point O € C?>" let Tp be a symmetry with a center in O.
Let O € C?" be a generic point and let Z N To(Z) = {z1,...,75}. Note that
F~YO0) = (z1,To(x1)), ..., (ws, To(xs)). By Sard’s Theorem we have that O is a reg-
ular value of f, consequently the varieties Z and T (Z) meets only transversally.

Let R = Z N7 (Where 74 is the hyperplane at infinity). By assumption R has
degree p. Since Tp is the identity on 7, we have ZNTo(Z) N 7o = R. Hence by the
generalized Bezout theorem (see [9], Theorem 12.3, p.223) and result of Lazarsfeld
(Example 12.3.5 in [9]) we get uz < p? —p—n+ 1. Additionally, since deg X = p? we
have (as above) deg B < p?(1 + 2n(p — 1)). Moreover, Z C B(Z) because for z € Z,
the point (z,z) is a critical point of f (d, .\ f(T.Z ® T.Z) =T.Z #C*). 0

COROLLARY 3.13. Let Z C R2™ be smooth algebraic manifold of dimension n.
Assume that Z is in a general position. Let deg Z =p. Then 0 < uz < p> —p—n+1.
Let B(Z) be the symmetry defect of Z. Then the set R*™\ B(Z) has at most [p*(1 +
2n(p — 1)) — 1]>* connected components.

Proof. The number of connected components of the complement of a hypersurface
B C R™ is bounded by D™ , where D = deg B ([1], 3.9.6). O

To state the next result we need the following definition:

DEFINITION 3.14. We say that an affine variety X C C™ is projectively smooth
if its projective closure X C P™ is smooth. If X is projectively smooth, then by an
asymptotic set of X we mean the set A(X) := (U,ex\ x ToX) NC™.

THEOREM 3.15. Let Z C C?" be a projectively smooth variety of dimension n,
which is in a general position. Then the asymptotic part of B(Z) is the asymptotic
set of Z.

Proof. Let ® : Z x Z > (z,y) — (z +y)/2 € C*. If there exists a sequence
(Tn,yn) — oo such that ®(z,,y,) = w € Z, then necessarily z,, and y,, have to tend
to the same point a € Z \ Z (because otherwise w € 7). But then the line 7,7,
tends to the line which is tangent at the point a to Z. The affine part of this line is
contained in 7,Z N C?" C A(Z).

Conversely, for any point w € L , where L = T,Z N C** C A(Z), we can choose
a sequence of points x,,y, such that z,,y, — a and ®(x,,y,) — w. Indeed, let I
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be a projective line given by a and w. Let 7 : Z — L be a finite projection with a
center at infinity. There exists an open neighborhood U, C P?" of the point a such
that U, N7~ *{a} = {a}. Let a vector v be parallel to the line [. Consider a sequence
of points: !, = nv+w, y,, =w—nv and let z,, € U, N7~z }, yn € Us Nyl }
( such points there exist for n >> 0). It is easy to check that ®(z,,y,) > w € Z. O

COROLLARY 3.16. Let Z C C?™ be a projectively smooth variety of dimension
n, which is in a general position. Then the asymptotic set of Z is either a closed
hypersurface in C2" or the empty set. Moreover, if a point a € C*" does not belong to
A(Z), then there exists a secant Ty of Z (i.e. x,y € Z), such that a is the midpoint

of Ty.

DEFINITION 3.17. Let Z C k™ be an algebraic variety. We say that the point
O € k™ is a center of symmetry of Z if To(Z) = Z.

PROPOSITION 3.18. If a variety Z is not a cylinder then it has at most one center
of symmetry.

Proof. Indeed, if A and B are two different centers of symmetry of Z, then
Ty oTp(Z) = Z. Since the mapping T = T 0 T4(Z) is the translation z — x +2AB,
we have that Z is a cylinder. O

The following is obvious but interesting:

PROPOSITION 3.19. If Z C k?" is a n—dimensional variety in a general position
and Z has a center of symmetry O, then the variety B(Z) has also (the same) center
of symmetry. Moreover, O € B(Z). More generally, if T : k" — k*" is a linear
isomorphism, then T(B(Z)) = B(T(Z)).

4. Plane curves. In this section we will study more precisely the case m = 2.

THEOREM 4.1. Let Z,W C C? be smooth algebraic curves. Assume that Z and
W are not parallel lines and that they have v common points at infinity, at which
they meet transversally. Let deg Z = p and deg W = q. Then puzw = pg —r and
deg B(Z,W) < pq(p+4q—2) +r.

Proof. Let X =Z xW CC?xC?and f: Zx W 3 (z,y) = (z+vy)/2 € C2. For
a point O € C? let Tp be a symmetry with a center in O. Let O € C? be a generic
point and let ZNTo (W) = {x1, ..., x5 }. As before the curves Z and To (W) meet only
transversally. Moreover, Z and To (W) have r common points at infinity, at which they
meet transversally (note that the point O is sufficiently general). Hence by Bezout
theorem we get pzw = pg — r. Moreover deg Sy < deg X — u(f) = pg — pzw =1
Thus deg B(Z,W) <pq(p+q—2)+r.O

THEOREM 4.2. Let Z C C? be a smooth algebraic curve, which is not a line.
Assume that Z is transversal to the line at infinity. Let deg Z = p. Then iz = p*> —p
and deg B(Z) < 2p%(p — 1) + p.

Proof. Let X =Zx ZCC?*xC?and f:Z xZ > (z,y) = (v +y)/2 € C2 For
a point O € C? let Tp be a symmetry with a center in O. Let O € C? be a generic
point and let Z N To(Z) = {x1,...,x5}. As before curves Z and Tp(Z) meet only
transversally. Moreover, Z and Tp(Z) have p common points at infinity, at which
they meet transversally (note that the point O is sufficiently general). Hence by
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Bezout theorem we get pz = p? — p. Moreover deg Sy < deg X — u(f) = pq— iz = p.
Thus deg B(Z) < 2p*(p—1) +p. 0O

PROPOSITION 4.3. Let Z C C? be a curve which is not a line. Then there exists
at most one point O such that u(O) = co. If such a point O exists, it is a center of
symmetry of Z.

Proof. Indeed, if u(O) = oo, then the curves Z and Tp(Z) have infinitely many
common points, and by the Bezout Theorem Z = Tp(Z). Now we can apply Propo-
sition 3.18. 0

REMARK 4.4. It is not difficult to see that a generic curve Z C C? of degree
d > 2 does not have center of symmetry. However for every d > 0 the smooth curve

Ty ={(z,y) € C*: 22 +¢y? =1}

has a center of symmetry.
To formulate the next result let us recall:

DEFINITION 4.5. An asymptote L C C* of a curve Z C C? is a line which is
tangent to the curve Z at infinity. More precisely, there exists a point a € Z \ Z such
that L =T,Z N C2.

By Theorem 3.15 we have:

THEOREM 4.6. Let Z C C? be a projectively smooth curve (i.e. the projective
closure of Z in P? is smooth), which is not a line. Then the asymptotic part of B(Z)
is the union of all asymptotes of Z.

COROLLARY 4.7.
1. If a projectively smooth curve Z C C? has no asymptotes, then B(Z) has empty
asymptotic part. In particular for every point a € C? there exists a secant of Z such
that a is a mid point of this secant
2. More generally for every curve Z in general position if a point a does not belong
to any asymptote of Z, then there exists a secant of Z such that a is a midpoint of
this secant.
3. If a curve Z has a center of symmetry, then it has asymptotes.

Proof. The first two parts of the Corollary follow directly from Theorem 4.6. For
the last part note that if Z has a center of symmetry, then the mapping ® : Z x Z >
(z,y) = (z+vy)/2 € C? has an infinite fiber, so it is not proper. Hence the asymptotic
part of B(Z) can not be empty. O

EXAMPLE 4.8. Non-empty asymptotic part of the symmetry defect set.

We check Theorem 4.6 directly. Let us consider Z = {(z,y) € R* : xy = 1}. We
describe the symmetry defect set B(Z) of Z. By definition it is the bifurcation set of
the mapping

d: 7 x 27— R

Z has a parametrization Z = {(s, 1), s € R*}. Thus we have a mapping

s+t 1 1

(I)R*X]R*B(S,t)%( B 72_$+§

).
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We compute the bifurcation set of the mapping ®. The set of critical points of @ is
given by equation S% = t% This means that the set of critical values consists of origin
and hyperbola Z itself. Now we compute the second component of the bifurcation set
which is the non-properness set S3 of ®. By definition we have

Se = {(a,b) € R?: (a,b) = lim ®(s,,, t,), where (sn,t,) — Bd(R* x R*)},

where Bd denotes the boundary. The condition (s, t,) — Bd(R* x R*) means that
either s,, = 0 or coort, — 0or oco. First we assume that s,, — co. This implies that
also t,, — oo and s, + ¢, — a € R. Consequently ®(s,,t,) = (a,0) and conversely
every such a point is in Sg. If s, = 0 we get points (0,a). The same result (by
symmetry) we get if we consider ¢. Finally Sp = {(z,y) € R? : 2y = 0}. Now we have

B(Z) = {(z,y) €R? :zy =0 or zy = 1}.

The shadowed area in Figure 1 is an image of ®. The integers indicate the number
of points in a fiber of ®. If we consider the complex case then the image of ® is
C% — {2y = 0} U {(0,0)}. By Theorem 4.2 the number of points in a generic fibre of
® (i.e. the number of ordered secants for which a given point is a mid-point) is equal
to two.

Fic. 1. Symmetry defect set for hyperbola

EXAMPLE 4.9. The only asymptotic part of the symmetry defect set. To show
that the proper part (excluding the curve itself) of the symmetry defect set can have
only asymptotic bifurcation points we consider Z = {(z,y) € R? : 22y = 1}. Then
B(Z) — Z = {(z,y) € R? : y = 0} is the set of asymptotic points.

Let us compute the number pz in the complex case (note that we can not use
Theorem 4.2 because the curve Z is not transversal to the line in infinity). Take
a symmetry To with a sufficiently general center O = (a,b). In coordinates this
symmetry is given by (z,y) — 2(a,b) — (z,y). Hence the curve To(Z) in coordinates
is given by an equation

—yx? + 2bx? + daxy — Sabr — 4a’y + 8a*b —1=10
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To find pz it is enough to find the number of common points of the curve Z and
ToZ. This can be done by substituting the parametrization (¢, 1/t?) to the equation
of the curve Tp(Z). After this substitution we obtain a polynomial of degree 4, thus
in general we have four common points. Then pz is equal 4. Let us notice that this
number is not achieved in the real case. Moreover in the complex case the set B(f)
contains also the line {x = 0}.

F1G. 2. Symmetry defect set for x%y = 1

EXAMPLE 4.10. Empty asymptotic part for non-compact variety. Let us consider
Z = {(z,y) € R? : y — 22 = 0}. It is easy to check that the mapping ® is proper.
Hence the asymptotic part of symmetry defect set is empty. In fact B(Z) = Z. Of
course Z has no asymptotes.

ExaMPLE 4.11. Not pure codimension one symmetry defect set in the real case
For a circle the symmetry defect set reduces to a circle itself and its center. Hence
in the real case the symmetry defect set may be not of pure codimension one. Let us
note that in the complex case a circle is simply a hyperbola and we have the same
situation as in Example 4.8

5. Topological stability of the symmetry defect set. We show in this sec-
tion that for generic curves of a given degree the topological type of the symmetry
defect set is constant. We begin with proving the lemma.

LEMMA 5.1. Let X,Y be a complex algebraic variety and f : X — Y be a
polynomial dominant mapping. Then two generic fibers of f are homeomorphic.

Proof. Let X1 be an algebraic completion of X. Take X5 = graph(f) C X1 x Y,
where Y is a smooth algebraic completion of ¥. We can assume that X C X,. Let
Z = X\ X. We have an induced mapping f : Xo — Y, such that fy = f.
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There is a Whitney stratification S of the pair (X3, Z). For every smooth strata
S; € S let B; be the set of critical values of the mapping f|s,.Take B = |J B;. Take
X3=X3\ f}(B) and Z; = Z\ f~(B). The restriction of the stratification S to X3
gives a Whitney stratification of the pair (X3, Z1). We have a proper mapping f; :
X3 — Y \ B which is submersion on each strata. By the Thom first isotopy theorem
there is a trivialization of fi, which preserves the strata. It is an easy observation
that this trivialization gives a trivialization of the mapping f : X\ f~%(B) — Y\ B.O

THEOREM 5.2. Symmetry defect sets By, By for generic curves Cp,Co C C? of
the same degree d> 1 are homeomorphic.

Proof. Any curve C' C C? of degree d can be identified with one point (given by
coefficients of equation of C) in PV (@) Observe that under this identification the set
of smooth irreducible curves of degree d correspond to some open subset M of P (@,
We can assume that M is an affine variety. Let us define

R={(c,z,y) € M x C? x C*: g(c)(x) =0, ¢(c)(y) = 0},

where ¢(c)(x) denotes the equation of the curve C with coefficients ¢ . Let us note
that R is a smooth irreducible subvariety of M x C? x C? of codimension two. Indeed,
R is given by two equations

Z a(c)qz® =0,
|a|<d

Z a(c)py® = 0.

1Bl<d

By assumption these equations define complete intersection. Moreover we have a
projection R — M with irreducible fiber which is a product of two irreducible curves.
This means that R is irreducible. Note that R is an affine variety. Consider the
following morphism

r+y
2

U:R> (c,x,y) — (c )€ M x C2

Since d > 1 the mapping V¥ is dominant. Indeed for every ¢ € M the set ¢(R)Nc x C?
is dense in ¢ x C2. By Theorem 2.4 the mapping ¥ has constant number of points
in the fiber outside the bifurcation set B(¥) C M x C2. This implies that B(C) =
¢x C2*N B(¥). In particular the symmetry defect set of the curve C' coincide with the
fiber over ¢ of the projection 7 : B(¥) 2 a — ¢ € M. Now we conclude the proof by
Lemma 5.1. O

COROLLARY 5.3. Up to homeomorphism there is only finite number of symmetry
defect sets for curves of bounded degree.

REMARK 5.4. In a similar way we can prove that for a smooth, connected,
algebraic family A of n—dimensional varieties in general position in C2", the symmetry
defect sets for two generic members of A are homeomorphic.
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6. The Algorithm. In this section we use Grobner bases to compute the set
B(Z) effectively.

Let us recall the definition of Grobner basis. Assume that in the set of monomials
in C[z1, ..., x,] we have the ordering induced by the lexicographic ordering in N"| i.e

AT > CLgJJB, if & > B (in this paper we consider only this ordering). By inP = aqz?

we will denote the initial form of a polynomial P = > aqz{* -+ 20" € Clz, ..., Zn],
where d = maz{a = (a1,...,q,); aq # 0}. We have the followmg basic deﬁnltlon
(see [20]):

DEFINITION 6.1. A finite subset B C I C C[z1,...,2,] of an ideal I is called a
Grobner basis of this ideal, if the set {inP; P € B} generates the ideal generated by
all initial forms of the ideal L.

The Grobner basis of the ideal I is a basis of this ideal, moreover it can be easily
computed by arithmetical operations only. We have the following basic fact (see [20]):

THEOREM 6.2. Consider the ring Clx1, ..., Tn; Y1, .., Ym]. Let V. .C C™ x C™ be
an algebraic set and let p : C™ x C™ — C™ denote the projection. Assume that B is a
Grébner basis of the ideal I(V)). Then BNClyy, ..., ym] is a Grobner basis of the ideal
I(p(V)) = I(cl(p(V)))-

Proof. Observe that I(p(V)) = I(V) N Clyi, ..., ym] and then use [20], Proposi-
tion 4.3. O

Now we show how to compute effectively the set S¢ for a polynomial mapping
f:+ X — C". We start with the following:

LEMMA 6.3. ( see [18]): Let f : X — k™ be a dominant generically finite
polynomial map and let k(f1,...,fn) C k(X) be the induced field extension. Let
k[X] = k[z1, ..., z] and

where the ai, € k(f1,..., fn) are rational functions, be the minimal equation of x; over
k(f1,-.., fn). Let S denote the union of poles of all functions a},. Then f is finite at
a point y if and only if y € k™ \ S.

PROPOSITION 6.4. Let X C C™ be a smooth affine n—dimensional variety. Let
=01, fn): X = C™ be a generically finite dominant mapping. Then the set Sy
can be computed effectively.

Proof. Let Fy = ajy(f)al + 31, ai(f)z" % = 0 be a minimal polynomial
of an element x; over the field C(f1, .- fn), such that GCD{a}} = 1. By Lemma
6.3, we have Sy = (J" {af = 0}. Hence if H = LCM{a}}, then Sy = {H =
0}. To find a polynomial Fj, it is enough to find the image of the mapping ®; =
(fiy .y fry i) : X — C"TL. This can be done in a standard way: let us take the ring
Cl1, sy Ty Y1, o, Yn, Ynt1] with the lexicographic order. Let I(X) = {g1,...,9-} C
Clx1, ..., Tm]. Consider the ideal

J = (917 s Gry Y1 — f17 ey Yn — fnayn-i—l - :Ei) C C[fEl, s Tmy Y1, '-'7yn7yn+1]-

If we compute the Grobner basis B(J) of J then F; = B(J) N Clyy, ..., yn41]. If
Fi=ag(y1, o yn)Yp'v1r + o+ ap, (Y1, yn), then H = LOM{ag}. O
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THEOREM 6.5. Let Z C C?" be a smooth affine n—dimensional variety, which is
in a general position. Then the set B(f) can be computed effectively.

Proof. First we assume that Z is a complete intersection. Let I(Z) = {hq, ..., hn }.
Let ®: Z x Z 5 (z,y) — (x +y)/2 € C*. By definition we have B(Z) = B(®). We
have

B(‘I)) = Ko(f) U Se.

By Proposition 6.4 and Theorem 2.4 it is enough to compute the n — 1-dimensional
part of Ko(f). Consider the ring R = C[z1, ..., Z2n, Y1, -, Y2n, W1, ..., W, ] With the
lexicographic order.

Let
[ () G2(x) hi(z) ]
e | B0 B0 B0
W) W) 5= ()
e meg) g |

Define the ideal
J = (h1(2), .oy hn (@), h1(Y)s ooy A (v), W, 2w1 — (21 + Y1), vy 2w — (T2 +Y2n)) C R.

Let us compute the Grobner basis B(J) and put B(J) N Clwy, ..., wan] = {b1,...,bs}.
Now put Q = GCD(by,...,b.). Then B(®) = {Q =0} U Ss.

A general case we do similarly. Let I(Z) = {hq,...., A }. Of course m > n.
Consider the set C of all combination of n elements chosen from the set {hq, ..., b, }.
For a = (hiy,...,h;,) € C and 8 = (hj,, ..., h;,) € C consider a polynomial

T oh ohs oh, .
—(%11 (x) —8121 () ... —612; (x)
Ohs. Ohi Ohi,
a(o) G (a) e
Wapg=det | it "0 G2 Gien
dy1 (y) 3y (y) U Byan (y)
on;, oh;, © on,,
L 5 W) W) gey) ]

Define the ideal
J = (h1(x), s A (), R1(Y), s A (¥), {Wa, 8 }a,pecs 2w1 — (1 + Y1), s 2w2n — (T2n +y2n)) C R.

Let us compute the Grobner basis B(J) and put B(J) N Clwy, ..., wan] = {b1,...,bs}.
Now put Q = GCD(by,...,b;.). Then B(®) ={Q =0} U Ss. 0

COROLLARY 6.6. Let Z C C?" be a smooth, n—dimensional affine variety, which
is in a general position. Let o be a subfield of C generated by all coefficients of
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polynomials g;, which generates the ideal I1(Z) C Clx1, ..., x2,]. Then there exists a
finite family {h1,...,hs} of polynomials from olyi, ..., yn], such that

B(f)y={yeC™:gi(y)=0, i=1,..,5}

REMARK 6.7. Let us note that our method to compute the symmetry defect set
works only in complex case. If we consider the real algebraic variety Z C R?" and Z°
denote the complexification of Z then B(Z) is contained in B(Z¢) N R?*". Hence our
algorithm help us to understand the real symmetry defect set. In particular the real
number j 7 is constant in every connected component R?" — B(Z¢) NR2".

FiG. 3. Symmetry defect set for elliptic curve z3 + y> = 1.

EXAMPLE 6.8. Let us compute the symmetry defect set for elliptic curve Z =
{(z,y) € C? : 2° + 9> = 1}. We use Magma computer system. First we compute
Ky(®). We have the following implementation of our algorithm:

Q := RationalField(); R < x,x1,Y,y1,u,v >:= Polynomial Ring(Q, 6,” lex”);
F=a2%+23 - 1;

G =y +yd—1;

W= a2 xy? — 22 x 9%

I:=ideal < R|F,G,W,x +y —2xu,x1+y1 — 2 %0 >;

Groebner(I); 1

As a result we have I N Q[u,v] = {u!® +5*u'? xv3 —11/4xul? + 10 x u® xv0 +5/2 %
u? % 03 +145/64 % u® 4+ 10 % ub * v? + 21/2 % ub * v8 — 321/64 % u® x v — 19/64 % ub +
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5k ud *v124+5/2 % ud x v — 321/64 % ud x 0 — 73/32 % u3 * v3 — 13/64 x u® + v'5 —
11/4 % v'2 4 145/64 % v9 — 19/64 % v5 — 13/64 % v3 — 1/64}. This is the equation of a
proper part of B(Z). To compute an asymptotic part of B(Z) we use the following
algorithm (which computes F}):

Q@ := Rational Field(); R < x,x1,y,Y1,u, v,z >:= Polynomial Ring(Q,7,” lex”);
F=2%+a23 - 1;

G:=y*+yi - 1;

I:=ideal < R|F,G,x +y—2%u,x1 +y1 — 20, — 2z >;

Groebner(I); 1

As a result we have I NQ[u,v, 2] = {u® —9/2%u¥* 2+ 9% u" % 22+ 3xubx 0> — 81/8 %
uS s 23 —3/4%ub —9xuP xv3 x 2 4 27/4 % U x 22 +9/4 % uP x 2 +45/4 % ut x v x 2?2 —
81/32 % ut % 25 — 45/16  u* * 22 + 3 x u3 * v0 — 81/8 x u® x v3 x 23 + 15/8 % ud * v3 +
27/64 % u3 * 26 4+ 27/16 % u® * 23 + 3/16 % u® — 9/2 % u? % v x 2 + 27 /4 x u? x v3 x 2% —
45/16 xu?*v3 % 2 — 27/64xu?x 2* —9/32xu % 2 +9/4 % ux 15 % 22 —81/32x u*v3* 2° +
45/32x uxv3 % 22 +9/64x ux 2% + 09 — 3 /4% 00 +27/64 % v3 % 26 — 15/64 % v3 — 1/64},
hence a$ = 27/64(u® + v3). Similarly, we can check that af = ¢;(u® + v3) for every i.
This means that Z has three asymptotes (only one is real).

Hence S¢ = {u? + 03 = 0}. Finally B(Z) = {u'® + 5% u'?xv3 — 11/4 % u'? + 10 %
u? % 0% +5/2 % u” % 03 +145/64 x u® + 10 % ub x 0% +21/2 % ub x v® — 321/64 % u® 03 —
19/64%uS +5xudx 02 +5/2 % ud x v — 321 /64 x udxv® — 73/32x udx v3 — 13 /64 % u>+
015 —11/4%v12+145/64 % 09 —19/64 % 05 —13/64 % v3 —1/64 = 0} U {u3 + v* = 0}.

REMARK 6.9. Note that our algorithm gives an easy way to compute all asymp-
totes of a given curve Z. More generally, in this way we can compute an asymptotic
set of a n—dimensional variety Z C C*" which is in a general position.

EXAMPLE 6.10. In a similar way we can compute the symmetry defect set for
the elliptic curve Z = {(z,y) € C?: 22 — y3 + y = 0}. We obtain that B(Z) consists
only of the proper part Ko(®) = {(u,v) € C? : u® — Txubxv3 —ulxv+18*u?x v — 5
utx vt —8/3xutxv2 +1/27xut —20x u? x v + 23 % u x 0" —5xu x5+ 7/27xu? 0> —
1/27+u? v+ 8% v'2 — 18 xv10+44/3 %08 — 152/27 % v® + 28 /27 x v* — 2/27 % v? = 0}
(note that Z has no asymptotes).

EXAMPLE 6.11. The symmetry defect set for the elliptic curve Z = {(z,y) €
C?:22—y3+y—1=0}isacurve B(Z) = {(u,v) € C*:ud — 7Txub 03 —ulxv—
3xul +18xut 08 —5xut vt — 25 ut x 03 —8/3xut x 0% + 25 ut x v +82/27 xut —
20 % uZ % 09 + 23 % uZ x0T —u? * 00 — 5 xu? %05 — 12% u? x vt 4+ 250/27 x u? * v3 + 3 *
u? xv? —28/2Tx u? % v —29/27 % u? + 8% v'2 — 18 x v 0+ T+ 0% +44/3 %08 —8x 0" —
179/27 % v8 +10/3  v5 4+ 55/27 x vt — 16/27 x v — 11/27x v? + 1/27x v+ 1/27 = 0}
(note that Z has no asymptotes).

Acnowledgements. We would like to thank to Stephen S.-T. Yau for helpful
conversations.
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F1G. 5. Symmetry defect set for elliptic curve y2 = 3 — x + 1.
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