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ON THE EXISTENCE OF PSEUDOHARMONIC MAPS FROM

PSEUDOHERMITIAN MANIFOLDS INTO RIEMANNIAN

MANIFOLDS WITH NONPOSITIVE SECTIONAL CURVATURE∗

SHU-CHENG CHANG† AND TING-HUI CHANG‡

Abstract. In this paper, we first derive a CR Bochner identity for the pseudoharmonic map heat
flow on pseudohermitian manifolds. Secondly, we are able to prove existence of the global solution
for the pseudoharmonic map heat flow from a closed pseudohermitian manifold into a Riemannian
manifold with nonpositive sectional curvature. In particular, we prove the existence theorem of
pseudoharmonic maps. This is served as the CR analogue of Eells-Sampson’s Theorem for the
harmonic map heat flow.

Key words. CR Bochner identity, energy density, pseudoharmonic map, pseudoharmonic map
heat flow, pseudohermitian manifold, pseudohermitian Ricci tensors, pseudohermitian torsion, sub-
Laplacian, Folland-Stein space.

AMS subject classifications. Primary 32V05, 32V20; Secondary 53C56.

1. Introduction. In the paper of J. Eells and J. H. Sampson ([ES]), they ob-
tained the following remarkable existence theorem of harmonic maps between Rieman-
nian manifolds. Let (Mn, hαβ), (N

m, gij) be Riemannian manifolds with M closed

and f : M → N be a C∞ map. Suppose that the sectional curvature K̃N of N is non-
positive, then f can be deformed to a harmonic map. More precisely, they considered
the harmonic map heat flow on M × [0, T ):

(1.1)





∂uk

∂t
−∆uk = Γ̃k

ij

∂ui

∂xα

∂uj

∂xα
, k = 1, · · · ,m,

u(x, 0) = f(x).

Here ∆ is the Laplace-Beltrami operator and Γ̃k
ij are the Christoffel symbols of N . If

the sectional curvature K̃N of N is nonpositive, then (1.1) admits a unique, smooth
solution u ∈ C∞(M×[0,∞);N) which converges to a harmonic map u∞ ∈ C∞(M ;N)
as t → ∞ suitably.

In this paper, we will follow the same method to study the global smooth solu-
tions to the pseudoharmonic map heat flow from a closed pseudohermitian manifold
(M,J, θ) to a Riemannian manifold (N, gij) and thus obtain the existence theorem
of pseudoharmonic maps between a closed pseudohermitian manifold (M,J, θ) and a
Riemannian manifold (N, gij).

We first introduce some basic materials in a pseudohermitian (2n+ 1)-manifold.
Let (M, ξ) be a (2n+1)-dimensional, orientable, contact manifold with contact struc-
ture ξ, dimR ξ = 2n. A CR structure compatible with ξ is an endomorphism
J : ξ → ξ such that J2 = −1. We also assume that J satisfies the following
integrability condition: If X and Y are in ξ, then so are [JX, Y ] + [X, JY ] and
J([JX, Y ] + [X, JY ]) = [JX, JY ] − [X,Y ]. A CR structure J can extend to C⊗ξ

∗Received May 23, 2011; accepted for publication February 17, 2012. Research supported in part
by the NSC of Taiwan.

†Department of Mathematics, National Taiwan University, Taipei 10617, Taiwan, R.O.C. (scchang
@math.ntu.edu.tw).

‡Institute of Mathematics, Academia Sinica, Taipei 10617, Taiwan, R.O.C. (thc@math.
sinica.edu.tw).

1



2 S.-C. CHANG AND T.-H. CHANG

and decomposes C⊗ξ into the direct sum of T1,0 and T0,1 which are eigenspaces of J
with respect to eigenvalues i and −i, respectively. A manifold M with a CR structure
is called a CR manifold. A pseudohermitian structure compatible with ξ is a CR
structure J compatible with ξ together with a choice of contact form θ. Such a choice
determines a unique real vector field T transverse to ξ, which is called the characteris-
tic vector field of θ, such that θ(T ) = 1 and LT θ = 0 or dθ(T, ·) = 0. Let {T, Zα, Zᾱ}
be a frame of TM ⊗ C, where Zα is any local frame of T1,0, Zᾱ = Zα ∈ T0,1 and
T is the characteristic vector field. Then {θ, θα, θᾱ}, which is the coframe dual to
{T, Zα, Zᾱ}, satisfies

dθ = ihαβθ
α ∧ θβ ,

for some positive definite hermitian matrix of functions (hαβ̄). Actually we can always
choose Zα such that hαβ̄ = δαβ; hence, throughout this paper, we assume hαβ̄ = δαβ .

The Levi form 〈 , 〉Lθ
is the Hermitian form on T1,0 defined by

〈Z,W 〉Lθ
= −i

〈
dθ, Z ∧W

〉
.

We can extend 〈 , 〉Lθ
to T0,1 by defining

〈
Z,W

〉
Lθ

= 〈Z,W 〉Lθ
for all Z,W ∈ T1,0.

The Levi form induces naturally a Hermitian form on the dual bundle of T1,0, denoted
by 〈 , 〉L∗

θ
, and hence on all the induced tensor bundles. Integrating the Hermitian

form (when acting on sections) overM with respect to the volume form dµ = θ∧(dθ)n,
we get an inner product on the space of sections of each tensor bundle. We denote
the inner product by the notation 〈 , 〉. For example

〈u, v〉 =

∫

M

uv dµ,

for functions u and v.
The pseudohermitian connection of (J, θ) is the connection ∇ on TM ⊗ C (and

extended to tensors) given in terms of a local frame Zα ∈ T1,0 by

∇Zα = θα
β ⊗ Zβ, ∇Zᾱ = θᾱ

β̄ ⊗ Zβ̄, ∇T = 0,

where θα
β are the 1-forms uniquely determined by the following equations:

dθβ = θα ∧ θα
β + θ ∧ τβ ,

0 = τα ∧ θα,

0 = θα
β + θβ̄

ᾱ,

We can write (by Cartan lemma) τα = Aαγθ
γ with Aαγ = Aγα the pseudohermitian

torsion of (M,J, θ). The curvature of the Webster-Stanton connection, expressed in
terms of the coframe {θ = θ0, θα, θᾱ}, is

Πβ
α = Πβ̄

ᾱ = dωβ
α − ωβ

γ ∧ ωγ
α,

Π0
α = Πα

0 = Π0
β̄ = Πβ̄

0 = Π0
0 = 0.

Webster showed that Πβ
α can be written

Πβ
α = Rβ

α
ρσ̄θ

ρ ∧ θσ̄ +Wβ
α
ρθ

ρ ∧ θ −Wα
βρ̄θ

ρ̄ ∧ θ + iθβ ∧ τα − iτβ ∧ θα
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where the coefficients satisfy

Rβᾱρσ̄ = Rαβ̄σρ̄ = Rᾱβσ̄ρ = Rρᾱβσ̄, Wβᾱγ = Wγᾱβ .

We will denote components of covariant derivatives with indices preceded by
comma; thus write Aαβ,γ . The indices {0, α, ᾱ} indicate derivatives with respect
to {T, Zα, Zᾱ}. For derivatives of a scalar function, we will often omit the comma, for
instance, uα = Zαu, uαβ̄ = Zβ̄Zαu− ωα

γ(Zβ̄)Zγu, u0 = Tu for a smooth function u
.

For a real function u, the subgradient ∇b is defined by ∇bu ∈ ξ and 〈Z,∇bu〉Lθ
=

du(Z) for all vector fields Z tangent to contact plane. Locally ∇bu =
∑

α uᾱZα +
uαZᾱ. We can use the connection to define the subhessian as the complex linear map

(∇H)2u : T1,0 ⊕ T0,1 → T1,0 ⊕ T0,1

by

(∇H)2u(Z) = ∇Z∇bu.

In particular,

|∇bu|
2 = 2uαuα, |∇2

bu|
2 = 2(uαβuαβ + uαβuαβ).

Also

∆bu = Tr
(
(∇H)2u

)
=

∑
α(uαᾱ + uᾱα).

The pseudohermitian Ricci tensor and the torsion tensor on T1,0 are defined by

Ric(X,Y ) = Rαβ̄X
αY β̄,

and

Tor(X,Y ) = i
∑

α,β(Aᾱβ̄X
ᾱY β̄ −AαβX

αY β),

where X = XαZα, Y = Y βZβ.

Denote by Ric and R̃N the pseudohermitian Ricci tensor and Riemannian curva-
ture tensor of (M2n+1, J, θ) and (Nm, g), respectively. In a local coordinate chart at
p ∈ M, write

Ric = (Rαβ), R̃N = (R̃ijkℓ),

and K̃N denotes the sectional curvature of (Nm, g).
Let (M2n+1, J, θ) be a closed pseudohermitian (2n + 1)-manifold, (Nm, g) be a

Riemannian m-manifold and let ϕ ∈ C2(M ;N). At each point p ∈ M , we may take
a local coordinate chart Up ⊂ M of p and a local coordinate chart Vϕ(p) ⊂ N of ϕ(p)
such that ϕ(Up) ⊂ Vϕ(p). We define the energy density e(ϕ) of ϕ at the point x ∈ Up

by

e(ϕ)(x) =
1

2
hαβ(x)gij(ϕ(x))ϕ

i
αϕ

j

β
.
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Here hαβ is the Levi metric on (M2n+1, J, θ) and we may assume hαβ = δαβ . It can
be checked that the energy density is intrinsically defined, i.e., independent of the
choice of local coordinates.

Now we define the energy E(ϕ) of ϕ by

E(ϕ) =

∫

M

e(ϕ)dµ,

where dµ = θ ∧ (dθ)n. In the paper of E. Barletta, S. Dragomir and H. Urakawa

([BDU]), they introduced a notion of the pseudoharmonic map from a pseudoher-
mitian (2n + 1)-manifold (M2n+1, J, θ) into a Riemannian m-manifold (Nm, g) as
following:

Definition 1.1. A C2-map ϕ : (M2n+1, J, θ) → (Nm, g) is said to be a pseudo-
harmonic map if it is a critical point of the energy functional E.

Remark 1.1. 1. A C2-map ϕ : (M,J, θ) → (N, g) is pseudoharmonic if and only
if it satisfies the Euler-Lagrange equations

∆bϕ
k + 2Γ̃k

ijϕ
i
αϕ

j
α = 0, k = 1, · · · ,m,

where Γ̃k
ij are the Christoffel symbols of (Nm, g) ( Lemma 2.2).

2. Pseudoharmonic maps are solutions to a nonlinear subelliptic pde system. It
is an Hőrmander-type operator. In the paper of J. Jost and C.-J. Xu ([JX]), they
studied subelliptic harmonic maps on an open domain in the Euclidean space. In
the paper of R. Petit ([Pe]), he studied a harmonic map between two pseudohermitian
manifolds.

3. Geometrically, they discovered the following phenomenon in [BDU] : Let K(M)
be the canonical bundle over (M2n+1, J, θ) and C(M) = (K(M)\{0})/R+ be the
associated Fefferman manifold which is the circle bundle over M. Let π : C(M) → M
be the projection and h be the associated Fefferman metric, a Lorentz metric on C(M)
(see [L2] for details). Then ϕ : (M2n+1, J, θ) → (N, g) is pseudoharmonic if and only
if its vertical lift ϕ ◦ π : (C(M), h) → (N, g) is harmonic. From this point of view,
pseudoharmonic maps on a pseudohermitian manifold is closely related to harmonic
(wave) maps on the Minkowsky space ([SS]).

The organization of this paper is as follows. In section 2, let’s recall two pre-
liminary but important lemmas which play crucial roles in section 3. The first one
gives the CR Bochner identity for a smooth real function on a closed pseudohermitian
manifold. The second one gives a necessary and sufficient condition for a C2-map
to be pseudoharmonic. In section 3, let (M2n+1, J, θ) be a closed pseudohermitian
manifold, (Nm, g) be a Riemannian manifold and we consider the pseudoharmonic
map heat flow on M × [0, T ):

(1.2)





∂ϕk

∂t
−∆bϕ

k = 2Γ̃k
ijϕ

i
αϕ

j
α, k = 1, · · · ,m

ϕ(x, 0) = f(x), f ∈ C∞(M ;N).

Here Γ̃k
ij are the Christoffel symbols of N . We will follow the same method of Eells-

Sampson to show the existence of global smooth solutions to the pseudoharmonic map
heat flow (1.2). The main difficulty comes from the CR Bochner formula (2.1) with a
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mixed term 〈J∇bu,∇bu0〉Lθ
involving the covariant derivative of u in the direction of

T , which is hard to control. However, by adding a certain extra term, we are able to
overcome such a difficulty and conclude that (1.2) has a global smooth solution. The
method is as follows. We first apply Moser’s Harnack inequality to show the uniform
upper bound of the energy density of the pseudoharmonic map heat flow and then use
the higher order regularity theory of Folland-Stein space Sk,p to show the existence
of global smooth solution to (1.2).

We recall below what the Folland-Stein space Sk,p is. Let D denote a differential
operator acting on functions. We say D has weight m, denoted w(D) = m, if m is
the smallest integer such that D can be locally expressed as a polynomial of degree
m in vector fields tangent to the contact bundle ξ. We define the Folland-Stein space
Sk,p of functions on M by

Sk,p = {f ∈ Lp : Df ∈ Lp whenever w(D) ≤ k}.

We define the Lp norm of ∇bf, ∇
2
bf , ... to be (

∫
|∇bf |

pθ∧dθ)1/p, (
∫
|∇2

bf |
pθ∧dθ)1/p,

..., respectively, as usual. So it is natural to define the Sk,p norm of f ∈ Sk,p as
follows:

||f ||Sk,p ≡ (
∑

0≤j≤k

||∇j
bf ||

p
Lp)

1/p.

The function space Sk,p with the above norm is a Banach space for k ≥ 0, 1 < p < ∞.
There are also embedding theorems of Sobolev type. The reader can make reference
to [CCC], [F] and [FS] for more details of these spaces.

In order to apply Moser’s Harnack inequality to show that the energy density of
(1.2) is uniformly bounded, we have to consider an extra energy density

e0(ϕ) := gijϕ
i
0ϕ

j
0

and then estimate the total energy density

ê(ϕ) = 2e(ϕ) + e0(ϕ).

In fact, we will show that

Theorem 1.1. Let (M2n+1, J, θ) be a closed pseudohermitian manifold, (Nm, g)

be a Riemannian manifold with nonpositive sectional curvature K̃N . Let ϕ ∈ C∞(M×
[0, T );N) be a solution of (1.2). If

[∆b, T ] = 0,

then it holds

( ∂

∂t
−∆b

)
ê(ϕ) ≤ Cê(ϕ).

Here C is a positive constant depends on the pseudohermitian Ricci tensor and torsion
of (M,J, θ).

In the paper of C. R. Graham and J. M. Lee ([GL]), they introduced the purely
holomorphic second-order operator

Qu = 2i
(
Aαβuα

)
,β
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and showed that

[∆b, T ] = 2Im(Q).

In particular, if the pseudohermitian torsion Aαβ of M is vanishing, the sublaplacian
operator ∆b commutes with the characteristic vector field T and we have

Corollary 1.2. Let (M2n+1, J, θ) be a closed pseudohermitian manifold with
vanishing pseudohermitian torsion and (Nm, g) be a Riemannian manifold with non-

positive sectional curvature K̃N . Let ϕ ∈ C∞(M × [0, T );N) be a solution of (1.2),
then it holds

( ∂

∂t
−∆b

)
ê(ϕ) ≤ Cê(ϕ).

Here C is a constant depends on the pseudohermitian Ricci tensor of (M,J, θ).

Finally, with the help of Theorem 1.1, we are able to prove our main theorem,
which is a CR analogue result of Eells-Sampson theorem that any smooth map, from
a closed pseudohermitian manifold (M2n+1, J, θ) to a Riemannian manifold (Nm, g)

with nonpositive sectional curvature K̃N , can be deformed to a pseudoharmonic map.
That is, we prove the following existence theorem of pseudoharmonic maps from a
closed pseudohermitian manifold (M2n+1, J, θ) into a Riemannian manifold (Nm, g).

Theorem 1.3. Let (M2n+1, J, θ) be a closed pseudohermitian manifold, (Nm, g)

be a Riemannian manifold with nonpositive sectional curvature K̃N . Assume that

[∆b, T ] = 0.

Then for any f ∈ C∞(M ;N), the pseudoharmonic map heat flow (1.2) admits a
unique, smooth solution ϕ ∈ C∞(M × [0,∞);N) which subconverges to a pseudohar-
monic map ϕ∞ ∈ C∞(M ;N) as t → ∞.

Corollary 1.4. Let (M2n+1, J, θ) be a closed pseudohermitian manifold with
vanishing pseudohermitian torsion and (Nm, g) be a Riemannian manifold with non-

positive sectional curvature K̃N . Then for any f ∈ C∞(M ;N), the pseudoharmonic
map heat flow (1.2) admits a unique, smooth solution ϕ ∈ C∞(M × [0,∞);N) which
subconverges to a pseudoharmonic map ϕ∞ ∈ C∞(M ;N) as t → ∞.

2. Euler-Lagrange equation and CR Bochner formula. In this section, we
first derive the CR version of Bochner formula for a real smooth function on a closed
pseudohermitian manifold (M2n+1, J, θ).

Lemma 2.1. Let (M2n+1, J, θ) be a closed pseudohermitian manifold. For a real
smooth function u on (M,J, θ),

1

2
∆b|∇bu|

2 = |(∇H)2u|2 + 〈∇bu,∇b∆bu〉Lθ

+ [2Ric− (n− 2)Tor]
(
(∇bu)C, (∇bu)C

)
+ 2〈J∇bu,∇bu0〉Lθ

.
(2.1)

Here (∇bu)C = uαZα is the corresponding complex (1, 0)-vector field of ∇bu and
dbu = uαθ

α + uαθ
α.
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Proof. First from [GL], we have for a real smooth function u

1

2
∆b|∇bu|

2 = |∇2
bu|

2 + 〈∇bu,∇b∆bu〉Lθ

+
[
2Ric− nTor

](
(∇bu)C , (∇bu)C

)
− 2i

n∑

α=1

(uαuα0 − uαuα0).
(2.2)

Next from Lemma 2.2 of [CC1], one has that

i
∑

α

(uαuα0 − uαuα0) = i
∑

α

(uαu0α − uαu0α)− Tor
(
(∇bu)C , (∇bu)C

)

= −〈J∇bu,∇bu0〉Lθ
− Tor

(
(∇bu)C , (∇bu)C

)
.

(2.3)

Then Lemma 2.1 follows from (2.2) and (2.3).

The following lemma gives a necessary and sufficient condition for a map ϕ ∈
C2(M ;N) to be pseudoharmonic. We refer to [BDU] for another derivation.

Lemma 2.2. Let (M2n+1, J, θ) be a closed pseudohermitian manifold and (Nm, g)
be a Riemannian manifold. A C2-map ϕ : (M,J, θ) → (N, g) is pseudoharmonic if
and only if it satisfies the Euler-Lagrange equations

(2.4) ∆bϕ
k + 2Γ̃k

ijϕ
i
αϕ

j
α = 0, k = 1, · · · ,m,

where Γ̃k
ij are the Christoffel symbols of (Nm, g).

Proof. Let ϕt, −ε < t < ε, be a smooth variation of ϕ so that

ϕ0 = ϕ, and
dϕt

dt

∣∣∣∣
t=0

= V ∈ Γ
(
ϕ−1TN

)
.

ϕt may be viewed as a map from (−ε, ε) × M into N . By direct computations one
has

d

dt
E(ϕt) =

1

2

d

dt

∫

M

gij(ϕt)ϕ
i
tαϕ

j
tαdµ

= −
1

2

∫

M

gkℓ

[
∆bϕ

k
t + 2Γ̃k

ijϕ
i
tαϕ

j
tα

]dϕ ℓ
t

dt
dµ

= −
1

2

∫

M

〈dϕt

dt
, τ(ϕt)

〉
N
dµ.

Thus, the first variational formula is given by

d

dt
E(ϕt)

∣∣∣∣
t=0

= −
1

2

∫

M

〈
V, τ(ϕ)

〉
N
dµ,

where τ(ϕ) is so-called the tension field of ϕ, which is defined by

τ(ϕ) =

m∑

k=1

[
∆bϕ

k + 2Γ̃k
ijϕ

i
αϕ

j
α

] ∂

∂yk
.

Therefore ϕ ∈ C2(M ;N) is a critical point of the energy functional E if and only if
its tension field τ(ϕ) vanishes identically. That is, ϕ is pseudoharmonic if and only if
it satisfies the Euler-Lagrange equations (2.4).
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3. Existence of global smooth solutions under K̃N ≤ 0. In this section,
we will study the pseudoharmonic map heat flow (1.2) and follow the same method

of Eells-Sampson to show the existence of global smooth solutions under K̃N ≤ 0.
We first need the following lemma, which states that the energy E

(
ϕ(t)

)
for (1.2)

is monotonically decreasing.

Lemma 3.1. For any 0 < T ≤ ∞, if ϕ ∈ C∞(M × [0, T );N) solves (1.2), then

(3.1) E
(
ϕ(t)

)
+

1

2

∫ t

0

∫

M

|∂sϕ|
2dµds = E(f), ∀ t ∈ [0, T ).

Proof. By integration by parts, one has

d

ds
E
(
ϕ(s)

)
=

1

2

∫

M

∂

∂s

(
gijϕ

i
βϕ

j

β

)
dµ

=
1

2

∫

M

gij,kϕ
i
βϕ

j

β

∂ϕk

∂s
dµ−

1

2

∫

M

gij
∂ϕi

∂s
ϕj

ββ
dµ−

1

2

∫

M

gij,kϕ
k
βϕ

j

β

∂ϕi

∂s
dµ

−
1

2

∫

M

gij
∂ϕj

∂s
ϕi
ββ

dµ−
1

2

∫

M

gij,kϕ
i
βϕ

k
β

∂ϕj

∂s
dµ

=
1

2
−

∫

M

gij
∂ϕi

∂s
∆bϕ

jdµ−
1

2

∫

M

(
gkj,i + gik,j − gij,k

)
ϕi
βϕ

j

β

∂ϕk

∂s
dµ

= −
1

2

∫

M

gij
∂ϕi

∂s

[
∆bϕ

j + 2Γ̃j
pqϕ

p
βϕ

q

β

]
dµ

= −
1

2

∫

M

gij
∂ϕi

∂s

∂ϕj

∂s
dµ.

That is,

d

ds
E
(
ϕ(s)

)
= −

1

2

∫

M

|∂sϕ|
2dµ.

Integrating the above equality over [0, t] gives (3.1).

We next derive the CR version of Bochner identity for the pseudoharmonic map
heat flow (1.2).

Lemma 3.2. Let (M2n+1, J, θ) be a closed pseudohermitian manifold, (Nm, g) be
a Riemannian manifold and let ϕ ∈ C∞(M × [0, T );N) be a solution to the pseudo-
harmonic map heat flow (1.2). If [∆b, T ] = 0, then there holds

( ∂

∂t
−∆b

)
ê(ϕ)

= −

m∑

k=1

[
|∇2

bϕ
k|2 +

(
2Ric− (n− 2)Tor

)(
(∇bϕ

k)C , (∇bϕ
k)C

)

+ 2〈J∇bϕ
k,∇bϕ

k
0〉Lθ

+ 2|∇bϕ
k
0 |

2

]

+

m∑

ij,k,ℓ=1

n∑

α,β=1

[
2R̃ijkℓϕ

i
αϕ

j
βϕ

k
αϕ

ℓ
β
+ 2R̃ijkℓϕ

i
αϕ

j

β
ϕk
αϕ

ℓ
β

]

+ 4

m∑

i,j,k,ℓ=1

n∑

α=1

R̃ijkℓϕ
i
αϕ

j
0ϕ

k
αϕ

ℓ
0.
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Proof. Recall that ê(ϕ) = 2e(ϕ) + e0(ϕ) with

e0(ϕ) := gijϕ
i
0ϕ

j
0.

Since e(ϕ) and ê(ϕ) are independent of the choice of local coordinates, for each point
(p, t) one may choose a normal coordinate chart U at (p, t) and a normal coordinate
chart V at ϕ(p, t) such that ϕ(U) ⊂ V and then fulfill the following computations at
the point (p, t).
(a) We first compute

(
∂
∂t −∆b

)
(2e(ϕ)).

∂
∂t (2e(ϕ))

= ∂
∂t

(∑m
i,j=1

∑n
β=1 gijϕ

i
βϕ

j

β

)

=
∑m

k=1

∑n
β=1

{
ϕk
β

(
∂ϕk

∂t

)
β
+ ϕk

β

(
∂ϕk

∂t

)
β

}

=
∑m

k=1

∑n
β=1

[
ϕk
β

(
∆bϕ

k + 2
∑n

α=1 Γ̃
k
ijϕ

i
αϕ

j
α

)
β
+ ϕk

β

(
∆bϕ

k + 2
∑n

α=1 Γ̃
k
ijϕ

i
αϕ

j
α

)
β

]

=
∑m

k=1〈∇bϕ
k,∇b∆bϕ

k〉Lθ
+ 2

∑m
i,j,k,ℓ=1

∑n
α,β=1

[
Γ̃k
ij,ℓϕ

i
αϕ

j
αϕ

k
βϕ

ℓ
β
+ Γ̃k

ij,ℓϕ
i
αϕ

j
αϕ

k
β
ϕℓ
β

]
.

From the CR Bochner formula (Lemma 2.1), one has

∆b(2e(ϕ)) = ∆b

( m∑

i,j=1

gijϕ
i
αϕ

j
α

)

=
1

2

m∑

k=1

∆b|∇bϕ
k|2 +

m∑

i,j=1

ϕi
αϕ

j
α∆b(gij)

=

m∑

k=1

[
|∇2

bϕ
k|2 + 〈∇bϕ

k,∇b∆bϕ
k〉Lθ

+ 2〈J∇bϕ
k,∇bϕ

k
0〉Lθ

+
(
2Ric− (n− 2)Tor

)(
(∇bϕ

k)C , (∇bϕ
k)C

)]

+

m∑

i,j=1

n∑

α=1

ϕi
αϕ

j
α∆b(gij).

Thus

( ∂

∂t
−∆b

)
(2e(ϕ))

= −

m∑

k=1

[
|∇2

bϕ
k|2 + 2〈J∇bϕ

k,∇bϕ
k
0〉Lθ

+
(
2Ric− (n− 2)Tor

)(
(∇bϕ

k)C , (∇bϕ
k)C

)
]

+ 2

m∑

i,j,k,ℓ=1

n∑

α,β=1

[
Γ̃k
ij,ℓϕ

i
αϕ

j
αϕ

k
βϕ

ℓ
β
+ Γ̃k

ij,ℓϕ
i
αϕ

j
αϕ

k
β
ϕℓ
β

]
−

m∑

i,j=1

n∑

α=1

ϕi
αϕ

j
α∆b(gij).

(3.2)
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Furthermore at the point (p, t),

2

m∑

i,j,k,ℓ=1

n∑

α,β=1

[
Γ̃k
ij,ℓϕ

i
αϕ

j
αϕ

k
βϕ

ℓ
β
+ Γ̃k

ij,ℓϕ
i
αϕ

j
αϕ

k
β
ϕℓ
β

]
−

m∑

i,j=1

n∑

α=1

ϕi
αϕ

j
α∆b(gij)

=
m∑

i,j,k,ℓ=1

n∑

α,β=1

[
2Γ̃k

ij,ℓϕ
i
αϕ

j
αϕ

k
βϕ

ℓ
β
+ 2Γ̃k

ij,ℓϕ
i
αϕ

j
αϕ

k
β
ϕℓ
β − 2gij,kℓϕ

i
αϕ

j
αϕ

k
βϕ

ℓ
β

]

=

m∑

i,j,k,ℓ=1

n∑

α,β=1

[
(gkj,iℓ + gik,jℓ − gij,kℓ)ϕ

i
αϕ

j
αϕ

k
βϕ

ℓ
β

− (gik,jℓ + gkj,iℓ − gij,kℓ)ϕ
i
αϕ

j
αϕ

k
β
ϕℓ
β − 2gij,kℓϕ

i
αϕ

j
αϕ

k
βϕ

ℓ
β

]

=

m∑

i,j,k,ℓ=1

n∑

α,β=1

gij,kℓ
[
ϕi
αϕ

j
βϕ

k
αϕ

ℓ
β
+ ϕi

αϕ
j

β
ϕk
αϕ

ℓ
β

+ ϕi
αϕ

j

β
ϕk
αϕ

ℓ
β + ϕi

αϕ
j
βϕ

k
αϕ

ℓ
β
− 4ϕi

αϕ
j
αϕ

k
βϕ

ℓ
β

]
.

On the other hand, we have

m∑

i,j,k,ℓ=1

n∑

α,β=1

[
2R̃ijkℓϕ

i
αϕ

j
βϕ

k
αϕ

ℓ
β
+ 2R̃ijkℓϕ

i
αϕ

j

β
ϕk
αϕ

ℓ
β

]

=

m∑

i,j,k,ℓ=1

n∑

α,β=1

[
2(Γ̃i

jℓ,k − Γ̃i
jk,ℓ)ϕ

i
αϕ

j
βϕ

k
αϕ

ℓ
β
+ 2(Γ̃i

jℓ,k − Γ̃i
jk,ℓ)ϕ

i
αϕ

j

β
ϕk
αϕ

ℓ
β

]

=

m∑

i,j,k,ℓ=1

n∑

α,β=1

[
(giℓ,jk + gji,ℓk − gjℓ,ik)− (gik,jℓ + gji,kℓ − gjk,iℓ)

]
ϕi
αϕ

j
βϕ

k
αϕ

ℓ
β

+

m∑

i,j,k,ℓ=1

n∑

α,β=1

[
(giℓ,jk + gji,ℓk − gjℓ,ik)− (gik,jℓ + gji,kℓ − gjk,iℓ)

]
ϕi
αϕ

j

β
ϕk
αϕ

ℓ
β

=
m∑

i,j,k,ℓ=1

n∑

α,β=1

gij,kℓ
[
ϕi
αϕ

j
βϕ

k
αϕ

ℓ
β
+ ϕi

αϕ
j

β
ϕk
αϕ

ℓ
β

+ ϕi
αϕ

j

β
ϕk
αϕ

ℓ
β + ϕi

αϕ
j
βϕ

k
αϕ

ℓ
β
− 4ϕi

αϕ
j
αϕ

k
βϕ

ℓ
β

]
.

Therefore, equation (3.2) gives

( ∂

∂t
−∆b

)
(2e(ϕ))

= −
m∑

k=1

[
|∇2

bϕ
k|2 + 2〈J∇bϕ

k,∇bϕ
k
0〉Lθ

+
(
2Ric− (n− 2)Tor

)(
(∇bϕ

k)C , (∇bϕ
k)C

)
]

+

m∑

i,j,k,ℓ=1

n∑

α,β=1

[
2R̃ijkℓϕ

i
αϕ

j
βϕ

k
αϕ

ℓ
β
+ 2R̃ijkℓϕ

i
αϕ

j

β
ϕk
αϕ

ℓ
β

]
.

(3.3)

(b) We next compute
(

∂
∂t −∆b

)
e0(ϕ). Again, we have at the point (p, t), that

∂

∂t
(e0(ϕ)) =

∂

∂t

( m∑

i,j=1

gijϕ
i
0ϕ

j
0

)
= 2

m∑

k=1

ϕk
0

(∂ϕk

∂t

)
0
.
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We also compute

∆b(e0(ϕ)) = ∆b

( m∑

i,j=1

gijϕ
i
0ϕ

j
0

)
=

m∑

k=1

[
2ϕk

0∆bϕ
k
0 + 2|∇bϕ

k
0 |

2
]
+

m∑

i,j=1

ϕi
0ϕ

j
0∆b(gij).

Thus, under the assumption that [∆b, T ] = 0 we have

( ∂

∂t
−∆b

)
(e0(ϕ))

=

m∑

k=1

[
2
(( ∂

∂t
−∆b

)
ϕk

)
0
ϕk
0 − 2|∇bϕ

k
0 |

2
]
−

m∑

i,j=1

ϕi
0ϕ

j
0∆b(gij)

= 4

m∑

i,j,k,ℓ=1

n∑

α=1

Γ̃k
ij,ℓϕ

i
αϕ

j
αϕ

k
0ϕ

ℓ
0 −

m∑

i,j=1

ϕi
0ϕ

j
0∆b(gij)− 2

m∑

k=1

|∇bϕ
k
0 |

2.

(3.4)

As what we computed in part (a), it is easy to see that

4

m∑

i,j,k,ℓ=1

n∑

α=1

Γ̃k
ij,ℓϕ

i
αϕ

j
αϕ

k
0ϕ

ℓ
0 −

m∑

i,j=1

ϕi
0ϕ

j
0∆b(gij) = 4

m∑

i,j,k,ℓ=1

n∑

α=1

R̃ijkℓϕ
i
αϕ

j
0ϕ

k
αϕ

ℓ
0

and so

(3.5)
( ∂

∂t
−∆b

)
(e0(ϕ)) = 4

m∑

i,j,k,ℓ=1

n∑

α=1

R̃ijkℓϕ
i
αϕ

j
0ϕ

k
αϕ

ℓ
0 − 2

m∑

k=1

|∇bϕ
k
0 |

2.

Therefore, Lemma 3.2 follows from (3.3) and (3.5).

With the CR Bochner identity for (1.2), we can now prove Theorem 1.1 and then
obtain the uniform upper bound of e(ϕ).

Proof. By Lemma 3.2 and using the Cauchy inequality, one has

( ∂

∂t
−∆b

)
ê(ϕ)

≤ −

m∑

k=1

[
|∇2

bϕ
k|2 +

(
2Ric− (n− 2)Tor

)(
(∇bϕ

k)C , (∇bϕ
k)C

)]

+
m∑

k=1

[
(ε− 2)|∇bϕ

k
0 |

2 +
1

ε
|∇bϕ

k|2
]
+ 2R̃+ 4R̃0,

(3.6)

for some positive constant ε. Here

R̃ =

m∑

ij,k,ℓ=1

n∑

α,β=1

[
R̃ijkℓϕ

i
αϕ

j
βϕ

k
αϕ

ℓ
β
+ R̃ijkℓϕ

i
αϕ

j

β
ϕk
αϕ

ℓ
β

]

and

R̃0 =

m∑

i,j,k,ℓ=1

n∑

α=1

R̃ijkℓϕ
i
αϕ

j
0ϕ

k
αϕ

ℓ
0.
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Let ∂yi = ∂/∂yi be the local coordinate of N and R̃(U, V,W,Z) := 〈R̃(W,Z)V, U〉.
Thus

R̃ijkℓϕ
i
αϕ

j
βϕ

k
αϕ

ℓ
β

=
〈
R̃(ϕk

α∂yk, ϕ
ℓ
β
∂yℓ)ϕ

j
β∂yj , ϕ

i
α∂yi

〉
= R̃(Xα, Yβ , Xα, Yβ)

= R̃(Re(Xα),Re(Yβ),Re(Xα),Re(Yβ)) + R̃(Re(Xα), Im(Yβ),Re(Xα), Im(Yβ))

+ R̃(Im(Xα),Re(Yβ), Im(Xα),Re(Yβ)) + R̃(Im(Xα), Im(Yβ), Im(Xα), Im(Yβ))

− 2R̃(Re(Xα),Re(Yβ), Im(Xα), Im(Yβ)) + 2R̃(Re(Xα), Im(Yβ), Im(Xα),Re(Yβ)),

where Xα = ϕi
α∂yi, Yβ = ϕj

β∂yj. Similarly, we have

R̃ijkℓϕ
i
αϕ

j

β
ϕk
αϕ

ℓ
β

=
〈
R̃(ϕk

α∂yk, ϕ
ℓ
β∂yℓ)ϕ

j

β
∂yj, ϕ

i
α∂yi

〉
= R̃(Xα, Yβ, Xα, Yβ)

= R̃(Re(Xα),Re(Yβ),Re(Xα),Re(Yβ)) + R̃(Re(Xα), Im(Yβ),Re(Xα), Im(Yβ))

+ R̃(Im(Xα),Re(Yβ), Im(Xα),Re(Yβ)) + R̃(Im(Xα), Im(Yβ), Im(Xα), Im(Yβ))

+ 2R̃(Re(Xα),Re(Yβ), Im(Xα), Im(Yβ))− 2R̃(Re(Xα), Im(Yβ), Im(Xα),Re(Yβ))

and so

R̃ = R̃ijkℓϕ
i
αϕ

j
βϕ

k
αϕ

ℓ
β
+ R̃ijkℓϕ

i
αϕ

j

β
ϕk
αϕ

ℓ
β

= 2R̃(Re(Xα),Re(Yβ),Re(Xα),Re(Yβ)) + 2R̃(Re(Xα), Im(Yβ),Re(Xα), Im(Yβ))

+ 2R̃(Im(Xα),Re(Yβ), Im(Xα),Re(Yβ)) + 2R̃(Im(Xα), Im(Yβ), Im(Xα), Im(Yβ)).

Furthermore, similar computations show that

(3.7) R̃0 = R̃(Re(Xα), Z,Re(Xα), Z) + R̃(Im(Xα), Z, Im(Xα), Z),

where Xα = ϕi
α∂yi and Z = ϕi

0∂yi. Therefore, if the sectional curvature K̃N of N is
nonpositive, we see that

R̃ ≤ 0 and R̃0 ≤ 0.

Now by taking ε = 2 in (3.6) we obtain

( ∂

∂t
−∆b

)
ê(ϕ) ≤

m∑

k=1

[(
2Ric− (n− 2)Tor

)(
(∇bϕ

k)C , (∇bϕ
k)C

)
+

1

2
|∇bϕ

k|2
]

≤ C

m∑

k=1

|∇bϕ
k|2 ≤ Cê(ϕ).

Here C is a positive constant depends on the pseudohermitian Ricci tensor and torsion
of (M,J, θ).

Before we go further, let’s recall Moser’s Harnack inequality ([M]). Let

L =
∂

∂t
−∆b
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be the heat operator on (M2n+1, J, θ). For z0 = (x0, t0) ∈ M × (0,∞), let

0 < δ < diam(M), 0 < τ < t0

and let R(z0, δ, τ) be the cylinder

R(z0, δ, τ) =
{
(x, t) ∈ M × [0,∞) : |x− x0| < δ, t0 − τ < t < t0

}
.

We have the following

Lemma 3.3. Let u be a positive smooth solution of

Lu ≤ 0

in R(z0, δ, τ). Then we have

u(z0) ≤ C

∫

R(z0,δ,τ)

u(x, t)dµdt,

where C > 0 is a constant depends only on n, δ and τ .

To prove our main theorem, we need one more lemma.

Lemma 3.4. Let (M2n+1, J, θ) be a closed pseudohermitian manifold and (Nm, g)

be a Riemannian manifold with nonpositive sectional curvature K̃N . For any 0 < T ≤
∞, if ϕ ∈ C∞(M × [0, T );N) solves (1.2), then

Ê
(
ϕ(t)

)
:= E

(
ϕ(t)

)
+ E0

(
ϕ(t)

)

is decreasing in t. Here E0
(
ϕ(t)

)
is given by

E0
(
ϕ(t)

)
:=

∫

M

e0(ϕ)dµ =

∫

M

gijϕ
i
0ϕ

j
0dµ.

Remark 3.1. The energy E0
(
ϕ(t)

)
is decreasing in t under the flow only in case

of (Nm, g) with nonpositive sectional curvature K̃N .

Proof. From (3.5) and (3.7) one has

d

dt
E0

(
ϕ(t)

)
=

∫

M

∂

∂t

(
e0(ϕ)

)
dµ

=

∫

M

[
4R̃0 − 2

m∑

k=1

|∇bϕ
k
0 |

2
]
dµ ≤ 0,

provided the sectional curvature K̃N of N is nonpositive. This says that E0
(
ϕ(t)

)

is decreasing in t. Since E
(
ϕ(t)

)
is also decreasing in t (see Lemma 3.1), we then

conclude that Ê
(
ϕ(t)

)
is decreasing in t.

Proof of Theorem 1.3. We first show that |∇bϕ| is uniformly bounded. In fact,
we will show that ê(ϕ) is uniformly bounded. Let

F (x, t) := e−Ctê
(
ϕ(x, t)

)
, (x, t) ∈ M × [0, T ).
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Here C > 0 is a constant satisfying

( ∂

∂t
−∆b

)
ê(ϕ) ≤ Cê(ϕ).

It is easy to check that

( ∂

∂t
−∆b

)
F (x, t) = e−Ct

[( ∂

∂t
−∆b

)
ê(ϕ)− Cê(ϕ)

]
≤ 0

and then for any z0 = (x0, t0) ∈ M × [0, T ) we have by Lemma 3.3, that

ê
(
ϕ(z0)

)
≤ C1e

Ct0

∫

R(z0,δ,1)

F (x, s)dµds

= C1

∫ t0

t0−1

∫

Bδ(x0)

eC(t0−s)ê
(
ϕ(x, s)

)
dµds

≤ C1

∫ t0

t0−1

∫

Bδ(x0)

ê
(
ϕ(x, s)

)
dµds

≤ C1

∫ t0

t0−1

Ê
(
ϕ(s)

)
ds ≤ C1Ê(f),

since Ê
(
ϕ(t)

)
is decreasing in t by Lemma 3.4. This shows that |∇bϕ| is uniformly

bounded and we conclude that ϕ ∈ C∞(M × [0,∞);N) by the higher order regularity
of parabolic equations (see [F] and [CCC]).

Since from Lemma 3.1,

1

2

∫ t

0

∫

M

|∂sϕ|
2dµds ≤ E(f) < +∞, ∀ t,

we see that

lim
t↑∞

∫ t

t−2

∫

M

|∂sϕ|
2dµds = 0.

By a direct computation one has

( ∂

∂t
−∆b

)
|∂tϕ|

2

= −2

m∑

k=1

∣∣∣∇b

(∂ϕk

∂t

)∣∣∣
2

+ 4

m∑

i,j,k,ℓ=1

n∑

α=1

R̃ijkℓϕ
i
α

∂ϕj

∂t
ϕk
α

∂ϕℓ

∂t

= −2
m∑

k=1

∣∣∣∇b

(∂ϕk

∂t

)∣∣∣
2

+ 4

n∑

α=1

[
R̃(Re(Xα),W,Re(Xα),W ) + R̃(Im(Xα),W, Im(Xα),W )

]
,

where Xα = ϕi
α∂yi and W = ∂ϕi

∂t ∂yi with ∂yi = ∂/∂yi the local coordinates of N .

Thus, the sectional curvature K̃N of N is nonpositive implies that

( ∂

∂t
−∆b

)
|∂tϕ|

2 ≤ 0,
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and so by Lemma 3.3 we see that,

‖∂tϕ‖C0(M×[t−1,t]) ≤ C‖∂tϕ‖L2(M×[t−2,t]) → 0

as t → ∞. Therefore, we may choose a sequence {tℓ}ℓ with tℓ ↑ ∞ as ℓ → ∞ such
that ϕt(·, tℓ) → 0 in C0(M) and ϕ(·, tℓ) → ϕ∞ in C2(M ;N). It is easy to see that
the limit map ϕ∞ satisfies the Euler-Lagrange equations

∆b(ϕ∞)k + 2Γ̃k
ij(ϕ∞)iα(ϕ∞)jα = lim

ℓ→∞

[
∆bϕ

k(·, tℓ) + 2Γ̃k
ijϕ

i
α(·, tℓ)ϕ

j
α(·, tℓ)

]

= lim
ℓ→∞

ϕt(·, tℓ) = 0
(3.8)

and we see that ϕ ∈ C∞(M ;N) by the general theory of subelliptic equations. Since
ϕ∞ ∈ C∞(M ;N) satisfies the Euler-Lagrange equations (3.8), we then conclude by
Lemma 2.2 that ϕ∞ is a pseudoharmonic map.
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