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ON THE EXISTENCE OF PSEUDOHARMONIC MAPS FROM
PSEUDOHERMITIAN MANIFOLDS INTO RIEMANNIAN
MANIFOLDS WITH NONPOSITIVE SECTIONAL CURVATURE*

SHU-CHENG CHANG' AND TING-HUI CHANG#

Abstract. In this paper, we first derive a CR Bochner identity for the pseudoharmonic map heat
flow on pseudohermitian manifolds. Secondly, we are able to prove existence of the global solution
for the pseudoharmonic map heat flow from a closed pseudohermitian manifold into a Riemannian
manifold with nonpositive sectional curvature. In particular, we prove the existence theorem of
pseudoharmonic maps. This is served as the CR analogue of Eells-Sampson’s Theorem for the
harmonic map heat flow.
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1. Introduction. In the paper of J. Eells and J. H. Sampson ([ES]), they ob-
tained the following remarkable existence theorem of harmonic maps between Rieman-
nian manifolds. Let (M™, hag), (N™,gi;) be Riemannian manifolds with M closed
and f: M — N be a C*™ map. Suppose that the sectional curvature KN of N is non-
positive, then f can be deformed to a harmonic map. More precisely, they considered
the harmonic map heat flow on M x [0,T):

ouk ~. Ou’ Oul
Z _AuF =Tk - =1

(1.1) at " T 9z, 01y’ e
u(x,0) = f(z).

Here A is the Laplace-Beltrami operator and ff] are the Christoffel symbols of N. If

the sectional curvature KN of N is nonpositive, then (1.1) admits a unique, smooth
solution u € C*°(M %[0, 00); N') which converges to a harmonic map us, € C*(M; N)
as t — oo suitably.

In this paper, we will follow the same method to study the global smooth solu-
tions to the pseudoharmonic map heat flow from a closed pseudohermitian manifold
(M, J,0) to a Riemannian manifold (V, g;;) and thus obtain the existence theorem
of pseudoharmonic maps between a closed pseudohermitian manifold (M, J,0) and a
Riemannian manifold (N, g;;).

We first introduce some basic materials in a pseudohermitian (2n + 1)-manifold.
Let (M, &) be a (2n+1)-dimensional, orientable, contact manifold with contact struc-
ture §, dimg€& = 2n. A CR structure compatible with £ is an endomorphism
J : & — € such that J2 = —1. We also assume that J satisfies the following
integrability condition: If X and Y are in &, then so are [JX,Y] + [X,JY] and
J(JX, Y]+ [X,JY]) = [JX,JY] — [X,Y]. A CR structure J can extend to C®¢
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and decomposes C®¢ into the direct sum of 77 o and Ty ; which are eigenspaces of J
with respect to eigenvalues ¢ and —i, respectively. A manifold M with a CR structure
is called a CR manifold. A pseudohermitian structure compatible with £ is a CR
structure J compatible with £ together with a choice of contact form 6. Such a choice
determines a unique real vector field T' transverse to &, which is called the characteris-
tic vector field of 8, such that 6(T') = 1 and L0 =0 or dO(T,-) = 0. Let {T, Z,, Za}
be a frame of TM ® C, where Z, is any local frame of 11, Zg = Z, € Tp,1 and
T is the characteristic vector field. Then {6,606, 6%}, which is the coframe dual to
{T,Z, Zs}, satisfies

do = ih,50% N 607,

for some positive definite hermitian matrix of functions (h,z3). Actually we can always
choose Z, such that h,3 = dap; hence, throughout this paper, we assume h,3 = dag-
The Levi form (, ), is the Hermitian form on 73 ¢ defined by

(Z,W),, =—i(d,Z \W).

We can extend (, ), to Tp1 by defining (Z, W>L9 =(Z,W),, forall Z,W € T} .
The Levi form induces naturally a Hermitian form on the dual bundle of T3 ¢, denoted
by (, ) Ly and hence on all the induced tensor bundles. Integrating the Hermitian

form (when acting on sections) over M with respect to the volume form dyp = A (d9)™,
we get an inner product on the space of sections of each tensor bundle. We denote
the inner product by the notation ( , ). For example

(u, v) :/ uv dpu,
M
for functions v and wv.

The pseudohermitian connection of (J,#) is the connection V on TM ® C (and
extended to tensors) given in terms of a local frame Z, € T} o by

VZa=0."® 23, VZi=0"®Zs VT =0,

where 6,? are the 1-forms uniquely determined by the following equations:

doP =0 N0.° +0ATP,
0=7q NO%,
0=0,"+05

We can write (by Cartan lemma) 7, = An~07 with Ay, = A,o the pseudohermitian
torsion of (M, J,0). The curvature of the Webster-Stanton connection, expressed in
terms of the coframe {6 = 0°, 0%, 6%}, is

Hga = Hgd = chJga — wﬁ’y A wva,
I® = I1,° = Iy? = I13° = 11,° = 0.
Webster showed that IIg* can be written

g™ = Rp® 60" NO7 + W5, 0° N0 — W350° NG+ il AT —iTg A O™
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where the coefficients satisfy
Rgaps = Rogop = Rapsp = Rpaps,  Wpay = Wyag.

We will denote components of covariant derivatives with indices preceded by
comma; thus write Asg . The indices {0,a,a} indicate derivatives with respect
to {T, Zu, Za}. For derivatives of a scalar function, we will often omit the comma, for
instance, u, = Zau, Upg = ZEZau — wa’V(ZB)ZA,u7 ug = Tu for a smooth function u

For a real function u, the subgradient V, is defined by Vyu € § and (Z, Vyu), =
du(Z) for all vector fields Z tangent to contact plane. Locally Vyu = Y uaZa +
uqZg. We can use the connection to define the subhessian as the complex linear map

(VEV2u: T o® To1 — Tio® Toa
by
(VI2u(Z) = V2 V.

In particular,

IVyul? = 2ugus, |Viul?= 2(uaplgg + U zUaB)-
Also
Ayu=Tr ((VH)QU) => . (Uaa + Uaa)-
The pseudohermitian Ricci tensor and the torsion tensor on 717 o are defined by
Ric(X,Y) = R 3X°Y?,
and
Tor(X,Y) =Y, 5(Agp XY P — A XYP),

where X = X“Z,, Y =Y#Zs.

Denote by Ric and RN the pseudohermitian Ricci tensor and Riemannian curva-
ture tensor of (M?2"*1 J ) and (N™, g), respectively. In a local coordinate chart at
p € M, write

Ric= (R,35). RN = (Eijkl)a

and KV denotes the sectional curvature of (N™, g).

Let (M?"*1 ] 6) be a closed pseudohermitian (2n + 1)-manifold, (N™, g) be a
Riemannian m-manifold and let ¢ € C?(M; N). At each point p € M, we may take
a local coordinate chart U, C M of p and a local coordinate chart V) C N of ¢(p)
such that ¢(U,) C V(). We define the energy density e(y) of ¢ at the point 2 € U,
by

e()(@) = 3h7 (@i (Pt
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Here h,7 is the Levi metric on (M?"+1 ] 6) and we may assume hog = dap- It can
be checked that the energy density is intrinsically defined, i.e., independent of the
choice of local coordinates.

Now we define the energy E(p) of ¢ by

B(p) = /Me(</>)du,

where du = 6 A (dF)". In the paper of E. Barletta, S. Dragomir and H. Urakawa

([BDU]), they introduced a notion of the pseudoharmonic map from a pseudoher-
mitian (2n + 1)-manifold (M?"*1,J,6) into a Riemannian m-manifold (N™,g) as
following:

DEFINITION 1.1. A C?-map ¢ : (M?"+1J.0) — (N™,g) is said to be a pseudo-
harmonic map if it is a critical point of the energy functional E.

REMARK 1.1. 1. A C?-map ¢ : (M, J,0) — (N, g) is pseudoharmonic if and only

if it satisfies the Fuler-Lagrange equations
Ab(pk+2ff]90;(pé: s k:]-a ,m,
where ff] are the Christoffel symbols of (N™,g) ( Lemma 2.2).

2. Pseudoharmonic maps are solutions to a nonlinear subelliptic pde system. It
is an Hdérmander-type operator. In the paper of J. Jost and C.-J. Xu ([JX]), they
studied subelliptic harmonic maps on an open domain in the Fuclidean space. In
the paper of R. Petit ([Pe]), he studied a harmonic map between two pseudohermitian
manifolds.

3. Geometrically, they discovered the following phenomenon in [BDU] : Let K(M)
be the canonical bundle over (M?"*1,J,0) and C(M) = (K(M)\{0})/Ry be the
associated Fefferman manifold which is the circle bundle over M. Let w : C(M) — M
be the projection and h be the associated Fefferman metric, a Lorentz metric on C'(M)
(see [L2] for details). Then ¢ : (M*" 1 J 0) — (N,g) is pseudoharmonic if and only
if its vertical lift p o : (C(M),h) — (N, g) is harmonic. From this point of view,
pseudoharmonic maps on a pseudohermitian manifold is closely related to harmonic
(wave) maps on the Minkowsky space ([S55]).

The organization of this paper is as follows. In section 2, let’s recall two pre-
liminary but important lemmas which play crucial roles in section 3. The first one
gives the CR Bochner identity for a smooth real function on a closed pseudohermitian
manifold. The second one gives a necessary and sufficient condition for a C2-map
to be pseudoharmonic. In section 3, let (M?"*1 J 0) be a closed pseudohermitian
manifold, (N™, g) be a Riemannian manifold and we consider the pseudoharmonic
map heat flow on M x [0,T):

agpk ~ L
(1.2) ot Absak = QFZ’SDZAP{? k=1,---,m
QD(CL',O):f(IL'), fGCOO(M,N)

Here ffj are the Christoffel symbols of N. We will follow the same method of Eells-
Sampson to show the existence of global smooth solutions to the pseudoharmonic map
heat flow (1.2). The main difficulty comes from the CR Bochner formula (2.1) with a



ON THE EXISTENCE OF PSEUDOHARMONIC MAPS 5

mixed term (JVpu, Vyug)r, involving the covariant derivative of u in the direction of
T, which is hard to control. However, by adding a certain extra term, we are able to
overcome such a difficulty and conclude that (1.2) has a global smooth solution. The
method is as follows. We first apply Moser’s Harnack inequality to show the uniform
upper bound of the energy density of the pseudoharmonic map heat flow and then use
the higher order regularity theory of Folland-Stein space S*P to show the existence
of global smooth solution to (1.2).

We recall below what the Folland-Stein space S*? is. Let D denote a differential
operator acting on functions. We say D has weight m, denoted w(D) = m, if m is
the smallest integer such that D can be locally expressed as a polynomial of degree
m in vector fields tangent to the contact bundle £&. We define the Folland-Stein space
SFP of functions on M by

SkP = {f e LP: Df € LP whenever w(D) < k}.

We define the LP norm of V, f, V2 f, ... to be ([ |V f[PONdO)/P, ([ |V2f|POAdO)/P,
..., respectively, as usual. So it is natural to define the S¥? norm of f € S*P as
follows:

[fllsrr = ( Z V3 £I[2 )P

0<j<k

The function space S*P with the above norm is a Banach space for k > 0, 1 < p < oo.
There are also embedding theorems of Sobolev type. The reader can make reference
to [CCC], [F] and [FS] for more details of these spaces.

In order to apply Moser’s Harnack inequality to show that the energy density of
(1.2) is uniformly bounded, we have to consider an extra energy density

eo() == gijPheh
and then estimate the total energy density
elp) = 2e(p) + eo(e).

In fact, we will show that

THEOREM 1.1. Let (M?"*1J 0) be a closed pseudohermitian manifold, (N™, g)

be a Riemannian manifold with nonpositive sectional curvature KN . Let p € C®°(M x
[0,T); N) be a solution of (1.2). If

[Aba T] = 07
then it holds
0 N ~
(5 - Ab)@(QD) < Ce(‘P)-

Here C' is a positive constant depends on the pseudohermitian Ricci tensor and torsion
of (M, J,0).

In the paper of C. R. Graham and J. M. Lee ([GL]), they introduced the purely
holomorphic second-order operator

Qu = 2i (Aagua) 8
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and showed that
[Ap, T] = 2Im(Q).

In particular, if the pseudohermitian torsion A,g of M is vanishing, the sublaplacian
operator Ap commutes with the characteristic vector field T° and we have

COROLLARY 1.2. Let (M?"*1 ] 0) be a closed pseudohermitian manifold with
vanishing pseudohermitian torsion and (N™,g) be a Riemannian manifold with non-
positive sectional curvature KN. Let ¢ € C(M x [0,T); N) be a solution of (1.2),
then it holds

0

(57 — De)elp) < Celp).

Here C is a constant depends on the pseudohermitian Ricci tensor of (M, J,0).

Finally, with the help of Theorem 1.1, we are able to prove our main theorem,
which is a CR analogue result of Eells-Sampson theorem that any smooth map, from
a closed pseudohermitian manifold (M?2"*! J ) to a Riemannian manifold (N™, g)
with nonpositive sectional curvature KN , can be deformed to a pseudoharmonic map.
That is, we prove the following existence theorem of pseudoharmonic maps from a
closed pseudohermitian manifold (M2"*1 . 6) into a Riemannian manifold (N™, g).

THEOREM 1.3. Let (M?"*1 ] 0) be a closed pseudohermitian manifold, (N™, g)
be a Riemannian manifold with nonpositive sectional curvature KN . Assume that

[Ay, T] = 0.

Then for any f € C(M;N), the pseudoharmonic map heat flow (1.2) admits a
unique, smooth solution p € C°(M x [0,00); N) which subconverges to a pseudohar-
monic map Yoo € C°(M;N) ast — co.

COROLLARY 1.4. Let (M?"*1 J.0) be a closed pseudohermitian manifold with
vanishing pseudohermitian torsion and (N™, g) be a Riemannian manifold with non-
positive sectional curvature KN. Then for any f € C*°(M;N), the pseudoharmonic
map heat flow (1.2) admits a unique, smooth solution ¢ € C*°(M x [0,00); N) which
subconverges to a pseudoharmonic map Yoo € C°(M;N) as t — oo.

2. Euler-Lagrange equation and CR Bochner formula. In this section, we
first derive the CR version of Bochner formula for a real smooth function on a closed
pseudohermitian manifold (M?2"*1 J, 0).

LEMMA 2.1. Let (M?"*1,J,0) be a closed pseudohermitian manifold. For a real
smooth function u on (M, J,6),
1
(2 1) 5A;,|Vbu|2 = |(VH)2u|2 —+ (Vbu, VbAbu>L9
+ [2Ric — (n — 2)Tor] ((Vbu)c, (Vbu)c) + 2(JVpu, Vyug) L, -

Here (Vyu)c = ugZs is the corresponding complex (1,0)-vector field of Vyu and
dpts = U0 + ugb®.



ON THE EXISTENCE OF PSEUDOHARMONIC MAPS 7
Proof. First from [GL], we have for a real smooth function u

1
§Ab|Vbu|2 = |V§u|2 + (Vbu, VbAb’u,>L9

(2.2) n
+ [ZRic — nTor] ((Vbu)c, (Vbu)c) — 24 Z(Uauao — Uglao)-

a=1

Next from Lemma 2.2 of [CC1], one has that

03 iZ(UaUao — Ugllao) = iZ(uauOE — ugUoa) — Tor ((Vyu)c, (Veu)c)
= —<JV},U, VbuO>L9 — TO?‘((V},U)C‘, (Vbu)c).

Then Lemma 2.1 follows from (2.2) and (2.3). O

The following lemma gives a necessary and sufficient condition for a map ¢ €
C?(M; N) to be pseudoharmonic. We refer to [BDU] for another derivation.

LEMMA 2.2. Let (M?"*1 J ) be a closed pseudohermitian manifold and (N™, g)
be a Riemannian manifold. A C*-map ¢ : (M, J,0) — (N, g) is pseudoharmonic if
and only if it satisfies the Euler-Lagrange equations

(2.4) Abcpk+21~“’?<pgcpé: , k=1,--- m,

ij
where ff] are the Christoffel symbols of (N™, g).
Proof. Let ¢, —e < t < ¢, be a smooth variation of ¢ so that

g

_ -1
| =Ver(y'TN).

t=0

¢o =, and

©r may be viewed as a map from (—e,e) x M into N. By direct computations one
has

d 1d o
EE(%) =37 /M 9ii (©1) i Pigdp

~ S 1dy ¢
=3 /M Gkt [Ab%k + QF%%@‘P%} — L dp

dt
o 1 dgﬁt

Thus, the first variational formula is given by

d

EE(%)

=5 [ (Verlo)gin

where 7() is so-called the tension field of ¢, which is defined by

t=0

m
)
() =D [Aoe® + 205k en] 5
P Yk
Therefore ¢ € C?(M; N) is a critical point of the energy functional E if and only if
its tension field 7(yp) vanishes identically. That is, ¢ is pseudoharmonic if and only if
it satisfies the Euler-Lagrange equations (2.4). O
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3. Existence of global smooth solutions under KN < 0. In this section,
we will study the pseudoharmonic map heat flow (1.2) and follow the same method
of Eells-Sampson to show the existence of global smooth solutions under KN <o.

We first need the following lemma, which states that the energy E(¢(t)) for (1.2)
is monotonically decreasing.

LEMMA 3.1. For any 0 <T < o0, if p € C°(M x [0,T); N) solves (1.2), then
1t
(3.1) E(p(t)) + 5/ / |0s|?duds = E(f), Ytel[0,T).
0o Jum

Proof. By integration by parts, one has
d 1 0 o
—F =3 = (9ijP%)d
T E(p(s) = 3 /M 55 (95 5) di

_1/ RN ja(pkd 1/ 6(‘01 J d 1/ 8<Pd
=3 Mgm’k(pﬂ(pﬁ Os 12 2 Mgzj Os @BE 1% 2 Gij, k@ﬂwﬁ Os 12
1 o’ x 097

- d L d
- 5 9ij—( Os 5055 H— 2 gzg k@ﬁ‘p 6— H
k

1 Dy’ ; 1 . i Op
5 /Mgg 55 Do’ dp 2/M(gk], +gikj = 9ij.k) PP g W

1 e’
= —5/ 9ii 54 [Aw +2qus05<pﬂ}du

_ _1/ 95 097
~ 73,985 9s M
That is,

d 1 )
EE(W(S)) = —§/M 00| “dp.

Integrating the above equality over [0, ¢] gives (3.1). O

We next derive the CR version of Bochner identity for the pseudoharmonic map
heat flow (1.2).

LEMMA 3.2. Let (M*"F1 ] 0) be a closed pseudohermitian manifold, (N™, g) be
a Riemannian manifold and let ¢ € C°(M x [0,T); N) be a solution to the pseudo-
harmonic map heat flow (1.2). If [Ay, T] = 0, then there holds

0 N

(5 —Ay)e(y)

,i IVie" |2 + (2Ric — (n — 2)Tor) (Voe") e, (Vop®)c)
k=1 + 2(JVy*, Vi) 1y + 2| Viiof |2



ON THE EXISTENCE OF PSEUDOHARMONIC MAPS 9

Proof. Recall that e(p) = 2e(p) + eo(p) with
eo() = 9ijP0)-

Since e(p) and €(p) are independent of the choice of local coordinates, for each point
(p,t) one may choose a normal coordinate chart U at (p,t) and a normal coordinate
chart V at ¢(p,t) such that o(U) C V and then fulfill the following computations at
the point (p, t).

(a) We first compute (— Ap) (2e(p)).

2 (2(p)) |
= % ( Z?j:l ZZ=1 91’]’801590%)

"
= 125 1{905( ) +<P5( )5}
_Zk IZB 1 |:(105(Ab90 +22a lrzj(pa(pa) J’_(pg(Ab@ +2Za 1sz(poz(pa) ]
*Zk 1<Vb80 avbAb(p >L9 +2Zz]k€ 12@[3 1{ ”7590&90&3069064’1—‘” E@a@acpﬁcpﬂ}

From the CR Bochner formula (Lemma 2.1), one has

2 (2e()) = Ao Z 9ii bl

Aol Vot P + Y el Au(gij)

1 i,j=1

[z T’F{s

(126412 + (Vi Vo)1, + 2T Vo, Vugh)u,

el
Il

1

+ (2Ric — (n —2)Tor) ((Vbtpk)a (VbQDk)C)}

+ Z Z(‘DD‘ Ab gz]

Thus
(3.2)
0
(g — Ap)(2e())
i |V2s0’“|2 +2(JV", Vil L, ]
k=1 (2Ric— (n—2)Tor) (Voe")e, (Voy")c)

+2 Z Z [Fmesoasoacpﬂsoﬁ +FZ,@<PZ<P§<P%SD§} - Z Z% L0 (945)-

4,5,k =1 a,f=1 i,7=1a=1
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Furthermore at the point (p, t),

[Ffj,e%%w?acp% + FZ,MW%%@%} = >0 ehekNu(gij)
ij=1a=1

=

S

>
~
Il
—_
Q
—_

I
M NE
ANE

S
&
>
~
I
_
L
iy
I
_

[20%, wohrhrhol + 208 ok oliokoch — 2ginetrbirbict]

I
:MS
NE

S
&
>
~
I
_
L
iy
I
_

{(ykj,ie + gi,je = Giikt) Po PR PG

— (Gik,je + 9rjie — gij,ke)wiawja@%@fa - 291j,k@90290]a90§<p%}

I
.MS

S
&
>
~
I
_
L
iy
I
_

gii ke [Pahoheg + Carioadh
+ CaPLeepl + PP Pavs — 4oakehvs].

On the other hand, we have

A
S
NIERNE

[QRMM PhPh ey + 2Rijredy w%wgsofa}

75
m
~. ~. . ~ ~ e
= Z [Q(F;‘l,k - F?k,z)wzawjg@a@g + 2(F;€,k - F}k,@)@é@%@a@g}
4,5,k =1 a,f=1
m n .
= Z Z [(gié,jk + Gjiek — Gje,ik) = (Gik,je + Gjike — gjk,ié)} @Z@é@%@%
4,5,k =1 a,f=1

m n
+ Z Z [(gié,jk + Gji,ek — Gje,ik) = (Gik,je + Gjiot — gjk,ie)} @Z@%@%@fe

+ P PLPR P T PRPh et — AaPRehes].
Therefore, equation (3.2) gives

(& &) 2ele))

_ i V2" ? + 2(TVek, Voot L, ]
(3:3) = | + (2Ric— (n—2)Tor) ((Vs")c, (Voe®)c)

+ D [2Rijke e b aes + 2Rije po 0o

iyj.k0=1 a,f=1

<
—

(b) We next compute (% - Ab)eo(go). Again, we have at the point (p,t), that

%(eo(gp)) = %(i gij%%) = 2éwg<aa—ik)o'

i,j=1
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We also compute

m m
Boleo(@)) = Au( D giswbed) = D [2ebueh + 21V ] Z 0o 26(gis)-
k=1

4,j=1 4,J=1

Thus, under the assumption that [Ay, T] = 0 we have

(2 - Ab)< )
(3.4) Z [ = = D)%) 06 — 2Vt } Z Pt Au(gi5)
- Z Z 7, é‘ﬁa@a@m@o Z SDOSDOAb gz] 22 |Vb§00

4,7=1

As what we computed in part (a), it is easy to see that

4 Z ZFU@S%S%SDOSOO Z@o‘POAb gij) =4 Z Zﬁijkecpf;%%%sﬁﬁ

1,7,k =1 a=1 i,j=1 i,7,k,0=1 a=1
and so
8 m n ) ) m
(35) (a - Ab) - Z Z zJMSOzaQO{)SD%SDS -2 Z |ng0§|2
1,5,k {=1 a=1 k=1

Therefore, Lemma 3.2 follows from (3.3) and (3.5). O

With the CR Bochner identity for (1.2), we can now prove Theorem 1.1 and then
obtain the uniform upper bound of e(yp).

Proof. By Lemma 3.2 and using the Cauchy inequality, one has
Z _AJe
(8t b)@(@)

6) =2 IV + (2Ric — (n = 29Tor) (Vigh)e, (Vogh)c) |

+>° [(6 —2)| Vil |* + |Vb90k|2] + 2R+ 4R,

m
= Z Y [Rinewusbehos + Rijeph e
and

Y D Rireshpbele.

i,j,k,e=1a=1
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Let dy; = 0/8y' be the local coordinate of N and R(U,V,W, Z) := (R(W, Z)V,U).
Thus
Rijrechplhobod
= (R(pEdyr, $50y0)¢0y;, Padys) = R(Xa, Y, Xa, V5)
— R(Re(Xa), Re(Va), Re(Xa), Re(¥)) + R(Re(Xa), Tn(Ya), Re(Xa), Im(¥3))
+ R(Im(Xa), Re(Va), Tm(Xo), Re(¥5)) + R(Im(Xa), Tm(Ya), Tm(Xa), Tm(V3))
— 2R(Re(Xo), Re(Y3), Tm(Xa), Tn(Ya) + 2R(Re(Xo), Tm(Y3), Im(Xa), Re(V2)),

where X, = ¢!, 0yi, Y5 = cpfié)yj. Similarly, we have

Rijrephlyohel
=(R (soaayk,cpgayew dyj, p0y) = R(Xa,Y5, Xa, Ya)
= R(Re( o) Re(Yp), Re(Xqo), Re(Yp)) + R(Re(Xa),Im(YB),Re(Xa), Im(Y3))
+ R(Im(Xa), Re(Y3), Im(Xa), Re(Y3)) + R(Im(Xo), Im(Y3), Im(Xa ), Im(Y3))
+ 2R(Re(X4), Re(Yp), Im(X,), Im(Y3)) — 2R(Re(Xa), Im(Y3), Im(X,), Re(Y3))

and so

R = Rijrechphohps + Rijuephol ot
= 2R(Re(X.),Re(Y3), Re(Xa), Re(Y3)) + 2R(Re(X, ), Im(Y3), Re(X, ), Im(Y3))
+ 2R(Im(X,), Re(Y3), Im(X,), Re(Ys)) + 2R(Im (X, ), Im(Y3), Im (X, ), Im(Y3)).
Furthermore, similar computations show that

(3.7) R° = R(Re(X4.), Z,Re(Xa), Z) + RAm(X4), Z,Im(X,), Z),

where X, = ¢! dy; and Z = }dy;. Therefore, if the sectional curvature KN of N is
nonpositive, we see that

ESO and ROSO.

Now by taking ¢ = 2 in (3.6) we obtain

o) a( - 1
(a — Ab e 1;1 [ 2ch —(n— 2)T0r) ((ngak)c, (Vbcpk)c) + §|Vb<pk|2}

<O V" P < Celyp).
k=1

Here C'is a positive constant depends on the pseudohermitian Ricci tensor and torsion
of (M, J,0). 0
Before we go further, let’s recall Moser’s Harnack inequality ([M]). Let

0
L= E_Ab
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be the heat operator on (M?"*1 J 0). For zo = (wo,t0) € M x (0,00), let
0<d<diam(M), 0<7 <t
and let R(zo,0d,7) be the cylinder
R(z0,0,7) = {(z,t) € M x [0,00) : |z — xo| <3, tg — T <t <o}
We have the following
LEMMA 3.3. Let u be a positive smooth solution of
Lu<0

in R(z0,9,7). Then we have
u(zg) < C u(x, t)dpdt,
R(20,0,7)
where C > 0 is a constant depends only on n, § and T.

To prove our main theorem, we need one more lemma.

LEMMA 3.4. Let (M?"*1 ] 0) be a closed pseudohermitian manifold and (N™, g)

be a Riemannian manifold with nonpositive sectional curvature K~ . For any 0 < T <
00, if p € C°(M x [0,T); N) solves (1.2), then

E(p(t)) := E(p(t)) + E°(o(1))

is decreasing in t. Here E° ((p(t)) 18 gwen by

E°(p(t)) = /M eo(p)dp = /M 9ij Pl du.

REMARK 3.1. The energy E° (gp(t)) is decreasing in t under the flow only in case
of (N™, g) with nonpositive sectional curvature K.

Proof. From (3.5) and (3.7) one has
d d
GE o) = [ S (eolo))dn

_ R0 _ S k|2
/M{4R 2k2221|vb900|}dﬂ§07

provided the sectional curvature KN of N is nonpositive. This says that E° (cp(t))
is decreasing in t. Since E(¢(t)) is also decreasing in ¢ (see Lemma 3.1), we then
conclude that E(ap(t)) is decreasing in ¢. O

Proof of Theorem 1.3. We first show that |V¢| is uniformly bounded. In fact,
we will show that €(¢) is uniformly bounded. Let

F(x,t) = e “"%e(p(2,1)), (z,t) € M x[0,T).
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Here C' > 0 is a constant satisfying

@
ot
It is easy to check that

(g7~ 80)F(e0) = e[ (57~ S)ete) —~Cete)] <0

and then for any zg = (zg,t9) € M x [0,T) we have by Lemma 3.3, that

e(p(20)) < C1€Ct°/ F(x,s)duds
R(ZU,(S,I)

= /tt0 /B ( )ec(to_s)Q(ga(m, s))dpuds
< Cl/t /B ( ) (¢(x, s))duds
<o 1 Be)is < B,

since E(gp(t)) is decreasing in t by Lemma 3.4. This shows that |Vy¢| is uniformly
bounded and we conclude that ¢ € C°°(M x [0,00); N) by the higher order regularity
of parabolic equations (see [F] and [CCC]).

Since from Lemma 3.1,

1 t
5 [ [ 1oselnds < B(1) < +oo. vt
0 M

¢
lim/ / |0sp|*duds = 0.
tteo Ji—2JJm

By a direct computation one has

we see that

(5~ &) orgl?

D" o By, 9
2;‘Vb( ot ‘ jz_ g z]ké%pa ;; kai
S

+4Z[ ), Wi Re(Xa), W) + RAIm(Xa), W, Im(X, ), W)],

where X, = ¢! dy; and W = %0% with dy; = 9/0y" the local coordinates of N.
Thus, the sectional curvature KV of N is nonpositive implies that

0
(5 — ) |Oep]? <0,
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and so by Lemma 3.3 we see that,

0ol conrxii—1,6) < CllOeoll L2 (axt—2,) — O

as t — o0o. Therefore, we may choose a sequence {t;}¢ with ¢; T oo as £ — oo such
that ¢¢(-,t¢) — 0 in CO(M) and ¢(-,t) — poo in C2(M; N). It is easy to see that
the limit map ¢, satisfies the Euler-Lagrange equations

Ap(poo)* + 20 (0o )i (9o ) = Jim | App (-, 1) + 20800 (-, )Pkl te)}

(3.8)
= lim @t(',t@) =0
£— 00

and we see that ¢ € C°°(M; N) by the general theory of subelliptic equations. Since
Yoo € C°(M; N) satisfies the Euler-Lagrange equations (3.8), we then conclude by
Lemma 2.2 that ¢, is a pseudoharmonic map. O
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