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Seifert surfaces for genus one hyperbolic knots
in the 3—sphere
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We prove that any collection of mutually disjoint and nonparallel genus one orientable
Seifert surfaces in the exterior of a hyperbolic knot in the 3—sphere has at most 5
components and that this bound is optimal.
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1 Introduction

Any knot K in the 3—sphere S3 bounds orientable Seifert surfaces S’ C S3, and the
smallest genus among such surfaces is the genus of K. For any minimal genus Seifert
surface S’ for K the once-punctured surface S = S’ N Xg C X is incompressible
in the exterior Xx = S3\ int N(K) of K, with boundary slope the standard longitude
J =08 C Xk of K.

The knot K is hyperbolic if its complement S* \ K admits a complete hyperbolic
structure of finite volume, or equivalently, by Thurston’s work [17], if any properly
embedded annulus or closed torus in its exterior X is compressible or parallel to 0 X,
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in which case there are at most finitely many exceptional slopes r C dXg for which
the surgery manifold Xg (r) = Xg Uy (S! x D?), where r bounds a meridian disk in
ST x D2, is not hyperbolic.

Regarding a question of K Motegi, of whether there is a universal bound on the number
of pieces in the JSJ decomposition of the surgery manifolds X (r) for hyperbolic knots
K C S3, the family of genus one hyperbolic knots is an interesting test case. In this
direction, Y Tsutsumi [19] proved that for » = J the exterior of any genus one hyper-
bolic knot in S? contains at most 7 mutually disjoint and nonparallel genus one Seifert
surfaces, providing a potential bound for the number of pieces in the JSJ decomposition
of the surgery manifold Xk (J), and gave an example of a genus one hyperbolic knot
Ko C S3 whose exterior contains three genus one Seifert surfaces that produce the JSJ
decomposition of Xk, (J) consisting of three pieces, one of them hyperbolic.

In this paper we establish the optimal bound of 5 for the number of genus one Seifert
surfaces in the exterior of any hyperbolic knot in S3.

Theorem 1 The exterior of any genus one hyperbolic knot in S contains at most 5
mutually disjoint and nonparallel genus one Seifert surfaces.

We point out that replacing the once-punctured tori in Theorem 1 with nonisotopic
once-punctured Klein bottles of common boundary slope produces a similar bound
(see Theorem 1.1 of Valdez-Sanchez [20]).

Denote by T a collection of mutually disjoint and nonparallel once-punctured tori
properly embedded in the exterior Xgx of a genus one hyperbolic knot K C S*. A
complementary region of T C Xk is the closure of a component of Xg \ T if T
separates X , and otherwise the manifold Xg cut along T. The collection T C Xg is
maximal if it has the largest possible number of components among all such collections
in Xg.

By Theorem 1, any maximal collection T has at most 5 components, and the next
result shows that the bound of 5 is achieved by infinitely many hyperbolic knots.

Theorem 2 There is a family of genus one hyperbolic knots

K = K(l)(plsqlvp3183’p65q6) C 83

parametrized by infinitely many choices for the integers p1, p3, Ps,qe¢ > 2 and ¢y, 83 C
{1} each of whose exterior Xg contains a maximal collection of 5 mutually disjoint
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and nonparallel once-punctured tori, such that the JSJ decomposition of X (J) consists
of 5 Seifert fiber spaces over the annulus with one singular fiber and any exceptional
surgery on K is an integral homology 3 —sphere.

All the complementary regions of T C Xk for the knots in Theorem 2 are genus two
handlebodies; in fact, in Lemma 4.1 we prove that for any collection T at most one
complementary region may not be a genus two handlebody, and if such a nonhandlebody
region is present then T has at most 4 components. Also, by Lemma 8.1 the property of
any exceptional surgery on K being an integral homology 3—sphere holds for arbitrary
hyperbolic knots with a 4— or S5—component collection T in their exterior.

The paper is organized as follows. The proofs of the main results are given in Sections 4,
7 and 8, with Sections 2, 3, 5 and 6 containing supporting technical material.

The first approximation to Theorem 1 is given in Lemma 4.3, which states that any
collection T C Xk has at most 6 components. Its proof relies on certain features
of the complementary regions of a maximal collection T obtained by analyzing the
properties of the disk faces of the graphs of intersection produced by T and a Gabai
meridional planar surface for the knot. The complementary regions of T that are
handlebodies play a crucial role throughout the paper, and we model them by pairs
(H, J) consisting of a genus two handlebody H and a separating circle J C dH which
is nontrivial in H and stands for the longitudinal slope of K, and in particular by
simple pairs, which arise from boundary compressing an incompressible separating
once-punctured torus in a genus two handlebody. The basic properties of pairs needed
in the proof of Lemma 4.3 are presented earlier in Section 3.

In the case of a collection T with exactly 6 components we have that all complementary
regions are genus two handlebodies; disposing of this case requires a detailed analysis
of how these complementary regions fit together to form a knot exterior in S3, and to
this end we further develop the properties of pairs in Section 6, along with some useful
properties of once- and twice-punctured tori in knot exteriors given in Section 5 and
aimed at distinguishing satellite knots.

In Section 6.1 we show that any simple pair identifies a unique “core knot” of its
handlebody. The results of Sections 5 and 6 along with the classification of hyperbolic
knots with nonintegral toroidal surgeries — see Gordon and Luecke [9] — are then used
to establish a mechanism in Section 7.1 by which the “core knot” of a simple pair
complementary region of T can be identified as a hyperbolic Eudave—Mufioz knot,
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whose surgery properties lead to the construction in Section 7.2 of genus two Heegaard
splittings of S3 associated to any 6—component collection T C Xg , with the knot K
embedded as a separating circle in the corresponding genus two Heegaard surface. The
picture obtained at this point is that of each complementary region of T being a simple
pair, with the collection of associated core knots “orbiting” around the knot K (see
Figure 12).

These Heegaard splittings are translated in Section 7.3 into Heegaard diagrams and
further into presentations of the fundamental group of the 3—manifold corresponding
to each splitting. Two nonequivalent families of Heegaard diagrams are obtained and
discussed in detail in Sections 7.4 and 7.5. A theorem of T Kaneto [15] on the structure
of the relators of a group presentation of 7;(S3) obtained from a genus two Heegaard
diagram provides the final contradiction that proves Theorem 1 at the end of Section 7.5.

Section 8 is devoted to the construction of the family of genus one hyperbolic knots
KD (p1.q1, p3.83. pe.q¢) CS? with exterior containing a S—component collection T
and the proof of Theorem 2. These examples are constructed by adapting some of
the Heegaard splittings obtained in Section 7 so as to produce the manifold S3 and
using a criterion from Lemma 8.1 to establish their hyperbolicity, a strategy that also
allows the construction of examples of hyperbolic knots with maximal 4—component
collections T.

Interestingly, for the examples of knots where T has 5 components, in Lemma 8.3 we
prove that the “core knot” of at least one of the complementary regions is a hyperbolic
Eudave—-Muiioz knot, while conversely E Ramirez-Losada (personal communication)
has independently constructed infinite families of hyperbolic knots that bound 5 genus
one Seifert surfaces starting from a tangle decomposition whose double branched cover
is a hyperbolic Eudave—-Muiioz knot.

Acknowledgements

The author is grateful to E Ramirez-Losada for bringing Tsutsumi’s paper [19] to
his attention and for many helpful discussions, and to the referees for their many
suggestions which greatly improved the original text.

2 Preliminaries

We work in the PL category. Standard definitions, constructions and results of 3—
manifold topology can be found in [10; 11], and information on JSJ decompositions of
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3-manifolds in [11; 13; 14]. If A4 is a set or a space then |A| denotes its cardinality or
the number of its connected components.

Unless otherwise stated, all manifolds are assumed to be compact and orientable, and
submanifolds to be properly embedded. If A4 is a submanifold of a manifold M then
N(A), int(A), cl(A) and fr(A) denote its regular neighborhood, interior, closure and
frontier in M, respectively; the components of dA4 are denoted by d;4,0,4,...,0;A.
Any two submanifolds can be isotoped so as to intersect minimally, that is, transversely
and in the smallest possible number of components.

For circles o and § in a surface S, « is nontrivial if it does not bound a disk in the
surface, the isotopy class of « in the surface is called its slope (relative to the surface),
A(a, B) denotes their minimal geometric intersection number and « - § their integral
algebraic intersection number whenever the surface S is orientable.

Let S be a surface in a 3—manifold M which is not a disk or 2—sphere. The surface .S
is compressible if some nontrivial circle in S bounds a disk in M, called a compression
disk for S'; otherwise S is incompressible. Such a surface S is boundary compressible
in M if there is an arc « in S which is not boundary parallel and an arc § in M
with 8 NS = do and not parallel in M into 4S5 such that the circle ¢ U 8 bounds
a disk in M with interior disjoint from S'; otherwise S is boundary incompressible.
The surface S is essential in M if it is incompressible, boundary incompressible and
not parallel to any component of dM.

A 3-manifold M is irreducible if every 2—sphere in M bounds a 3—ball, and bound-
ary irreducible if dM is an incompressible surface in M ; M is atoroidal if any
incompressible torus in M is parallel to dM, and toroidal otherwise. For A C oM
a l—submanifold, M (A) denotes the 3—manifold obtained by attaching 2—handles
to M along the components of A and capping off any resulting 2—sphere boundary
components with 3—balls. If S is a surface in M with 05 # &, S denotes the surface
in M(0S) obtained by capping off the circles 0.5 with disjoint disks in M (3S). We
denote by M |S the manifold cl[M \ N(S)] C M obtained by cutting M along S.

If K C S? is a knot with exterior Xx C S* then the slopes in dXg correspond
homologically to circles in dXg of the form pu + gA, where p,q € Z are relatively
prime integers and p and A are a standard meridian—longitude pair of K; we also say
that pu+¢gA has slope p/q € QU{oo}, with oo corresponding to the slope 1/0 of u;
thus a slope r C 0Xg is integral if and only if A(r, ) = 1. The knot K is simple if
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its exterior Xg is atoroidal, and a satellite knot otherwise; by [17] a simple knot is
either a torus knot or a hyperbolic knot.

S(ny,...,ny) denotes a Seifert fiber space over the surface S with k£ > 1 singular
fibers of indices n; > 2. Usually S will be the 2—sphere S?, the disk D? or the
annulus A%. We write S(x, ..., *) when the specific values of the n; are not relevant.
We use L,, with p > 0, to denote a lens space with fundamental group Z/pZ, so
Lo=S'xS?and L, =S3.

2.1 Graphs of intersection

Let M be an irreducible 3—manifold with boundary and P and Q compact surfaces
(orientable or not) properly embedded in M. After isotoping P in M so as to intersect
O minimally, each component of dP intersects each component of dQ minimally
in dM and no circle component of P N Q is trivial in both P and Q.

Wecall Gp=PNQ CPand Gg = PN Q C Q the graphs of intersection between
P and Q, where we take the boundary circles of, say, P, as the far vertices of Gp and
the arc components of P N Q as the edges of Gp.

If F is aface of Gp then each boundary component of F which is not a circlein PNQ
is an alternating union of edges of Gp and arcs in dM ; F is a k—sided face if its
boundary contains a total of k edges.

A disk face D of Gp is trivial if it is 1-sided. An edge of Gp is trivial if it is part of
a trivial disk face of G p, and essential otherwise. The graph Gp is essential if it has
no trivial edges.

The faces of the graphs of Gp and G can be used to find information about the
complementary regions of P or Q in M ; we have for instance the following well-
known facts:

Lemma 2.1 (1) If P is boundary incompressible then the graph G ¢ is essential.
(2) If P is incompressible then any circle component of P N Q is nontrivial in Q.

(3) Suppose that P is a separating surface. Let R be the closure of some component
of M\ P and D a k—sided disk face of Gg properly embedded in R. If the
graph Gp is essential then 0D intersects P C dR minimally in 2k points; in
particular, D is a compression disk for 0R in R. a
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2.2 Essential surfaces in knot exteriors

Let K be anontrivial knot in S3 and P an essential surface (not necessarily orientable
nor connected) in the exterior Xx C S of K with boundary slope r # ., where
1 C Xk is the meridional slope of K.

In this context, using thin position, D Gabai proved in [7] the following result:

Lemma 2.2 [7, Lemma 4.4] There is a planar surface Q C Xk with meridional
boundary slope which intersects P minimally so that each arc component of P N Q is
essential in P and Q and each circle component of P N Q is essential in Q. a

We call the surface Q in the above lemma a Gabai meridional planar surface for P.
2.3 Planar graphs

A planar graph is a graph in a many-punctured 2—sphere Q C S?.

Let G be a planar graph consisting of a set V' of vertices and a set £ of edges.
For convenience, we also denote by V and E the cardinalities of the sets V and E,
respectively, and by d the number of disk faces of G'; we thus have the Euler relation
E<V+d-2.

A bigon is a 2-sided disk face of G. A graph without bigons is called reduced.
We denote by G the reduced graph of G obtained by amalgamating each maximal
collection of mutually parallel edges of G into a single edge. Thus each edge & of G
corresponds to some collection of mutually parallel edges ey, ..., e of G, in which
case we say that e has size |e| = k.

Following [21], we will say that a component I of G is extremal if I" is contained in
adisk D C S? which is disjoint from G \ T, and that a vertex v is an interior vertex of
the extremal component I' if v is a vertex in I" and there is no arc in D that connects
v to dD and whose interior is disjoint from I'. Notice that any graph G has at least
one extremal component, and that any face of G which is incident to an interior vertex
of an extremal component is a disk.

Lemma 2.3 If G is a reduced essential planar graph such that each vertex has degree
at least 3 then

(1) any extremal component of G has at least one interior vertex,

(2) if no disk face of G is 3—sided or 5—sided then G has vertices of degree 3 and
4 —sided disk faces.
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Proof Part (1) is the content of [21, Lemma 3.2]. For part (2), let k be the smallest
degree of the vertices of G and / the smallest number of edges around a disk face of G.
By hypothesis we have that k > 3 and / =4 or / > 6, and from Euler’s relation for G
that kV <2E <2V +2d—4 and [d <2FE <2V +4+2d—4. Therefore (k—2)V <2d and
(I—-2)d <2V, which implies that (k—2)(/ —2) <4 and hence that k =3 and / =4. O

3 Genus two handlebodies and pairs

In this section we present several properties of circles in the boundary of a genus two
solid handlebody H and their relations to annuli and once-punctured tori in H, and
introduce the notion of a pair (H, J).

3.1 Companion annuli and power circles in genus two handlebodies

Let M be a 3—manifold with boundary and y C dM a circle which is nontrivial in M.
We say that a separating annulus A properly embedded in M is a companion annulus
of y if A is not parallel into M and the circle components of dA4 cobound an annulus
Ay, COM with core isotopic to y in dM. If the region cobounded by A4 and A4, in M
is a solid torus V, we say that V' is a companion solid torus of y in M and denote the
components of M|A by M4 and V.

The following result gives conditions for the uniqueness in M of circles in dM that
have companion annuli:

Lemma 3.1 Let M be an irreducible 3—manifold with boundary and y C M a
separating circle that is nontrivial in M such that oM = T, U,, F, where Ty C 0M is
a once-punctured torus. Then T is incompressible in M and there is, up to isotopy, at
most one circle in Ty which has a companion annulus in M.

Proof Any compression of 77 in M yields a disk in M bounded by y, contradicting
the nontriviality of the circle y; therefore 77 is incompressible in M.

Suppose that a and b are nontrivial circles in 77 with incompressible companion
annuli 4, B C H, respectively. Isotope A and B so as to intersect minimally, keeping
d(A U B) C Ty, and suppose that d4 N dB # &. Since T} is a once-punctured torus,
each component 9; A intersects each component d; B in A(9; 4,0; B) = [0; A-0; B|
points; therefore the parity rule in [16, Lemma 2.2] applies and so any arc of AN B
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has opposite parities with respect to A and B. In particular, some arc ¢ of AN B is
positive in, say, A, and negative in B; thus ¢ is boundary parallel in A4, essential in B,
and may be assumed to be outermost in A, hence to cobound with dA4 a boundary
compression disk D C A for B. Boundary compressing B along D produces a disk £
properly embedded in M with dE C T; a nontrivial (separating) circle, contradicting
the incompressibility of 7. Therefore d4 and dB are disjoint in 77, so @ and b are
isotopic in 77 . a

We now show that each boundary component of an “essential” annulus in a handlebody
is always a nonseparating circle.

Lemma 3.2 If H is a handlebody of genus at least two and A C H is an incom-
pressible and not boundary parallel annulus then there is a nontrivial disk E C H
disjoint from A, with A and E both separating or both nonseparating in H and each
component of dA a nonseparating circle in dH.

Proof Boundary compressing the annulus A in H yields a properly embedded
nontrivial disk £ C H homologous to A which can be isotoped away from 4. Thus
A and E are both separating or both nonseparating in H and A is isotopic to an
annulus constructed by adding a band in 0H to E along some arc & C dH with both
endpoints on the same side of dE and otherwise disjoint and not parallel into JF,
so the disk £ must be nontrivial in H. As H has genus at least 2, there is a circle
B C 0H \ dF which intersects @ minimally in one point, which implies that each
boundary component of 94 is a nonseparating circle in dH. o

Let y,y’ C 0H be mutually disjoint and nonparallel circles. We say that

e y isaprimitive circle in H if y represents a primitive element in the free group
1 (H); geometrically, this is equivalent to the presence of a disk in H which
intersects y minimally in one point;

ey is apower circle in H if y represents a nontrivial power in 7 (H), that is, if
y represents a power p > 2 of some nontrivial element in 771 (H) (eg the circle
L in the handlebody H; of Figure 5, left);

e y,y' C0H are coannular if they cobound an annulus in H, and separated if
there is a separating nontrivial disk (a waisr disk) in H separating y and y’;
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e y,y' COH are basic circles in H if they represent a basis of the group 7 (H)
(relative to some basepoint), in which case, by the 2—handle addition theorem
[12; 2] applied to ' C dH \ y, ¥ and y’ must be separated circles (eg the
circles a)i and w3 in the handlebody R; 3 of Figure 16, top).

The concepts above are related to Casson and Gordon’s discussion in [2] of roots in the
fundamental group of a compression body. The following lemmas present the results
we need here in the context of genus two handlebodies and through the properties of
companion annuli, which will become increasingly relevant in the sequel.

Lemma 3.3 Let H be a genus two handlebody and y C 0H a circle which is nontrivial
in H. Then

(1) the surface dH \ y compresses in H if and only if y is a primitive or a power
circle in H, in which case

(a) 0H \ y compresses along a waist disk Dy, C H which cuts H into two
solid tori V, V' C H withy C dV,

(b) JdH \ y compresses along a nonseparating disk in H, which is unique up to
isotopy;

(2) y has a companion annulus in H if and only if y is a power circle in H, in
which case y represents a nontrivial power of some primitive element of w1 (H);
more precisely,

(a) the companion annulus A of y is unique up to isotopy and cobounds with
dH a companion solid torus of y, of whose core y represents a nontrivial
power in w1 (H),

(b) H|A consists of a genus two handlebody H4 and a solid torus, and the core
of A is a primitive circle in Hy.

Proof That 0H \ y compresses in H if and only if y is a primitive or a power circle
in H, and that y has a companion annulus in A if and only if y is a power circle
in H, follow from [20, Lemma 5.2].

Suppose that D C H is acompression disk for dH \y . If 0D C dH \y is anonseparating
circle then there is a circle « C dH \ y which intersects dD transversely in one point,
hence D is nonseparating and the waist disk Dy, = fr N(D Uqa) C H is a compression
disk for dH \ y which cuts H into two solid tori V, V' C H with, say, y C V, so
(1)(a) and the first part of (2) hold.
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If 0D C dH \ y is a separating circle then we can take Dy, = D as the waist disk
for H in the above argument, so that H =V Up V' with y C dV, whence 0H \ y
compresses along some meridian disk D’ of the solid torus V’, which is nonseparating
in H. It is not hard to see that D’ is unique in H up to isotopy, so (1)(b) holds.

In (2), any companion annulus 4 of y can be isotoped away from D’ and into the
solid torus H|D’, so the uniqueness of 4 and the fact that it cobounds with dH a
companion solid torus of y follow from the uniqueness of D’. Since H =V Up,, V'
and y C dV, A may also be isotoped in H away from D, so that A C V runs
p > 2 times around V, whence y represents the p™ power of the core circle of V,
which is primitive in 771 (H). We also have the decomposition V|4 = V; Uy V, for
some solid tori Vi, V, C V with y C V; and A C 9V, running once around V5 ; as
Hy=V,Up, V', it follows that H4 is a genus two handlebody and that the core of
A C 9V, is isotopic to the core of V,, which is primitive in H4. Therefore (2) holds. O

In light of Lemma 3.3(2),

e we will say that a circle y C dH is a power p circle for some integer p > 2 if
y is a power circle in H that represents the power p of some primitive element
of 1 (H), or, equivalently, if y runs p times around its companion solid torus
in H;

e we extend this notation so that a circle y C dH is a power p =1 circle if and
only if y is a primitive circle in H.

Regarding separated or coannular circles we have the following result:

Lemma 34 Let y,y’ C dH be disjoint and nonparallel circles in dH which are
nontrivial in a genus two handlebody H, and let S = dH \ (y Uy’) C 0H. Then S has
at most one compression disk in H up to isotopy, and the following conditions hold:

(1) The surface S compresses in H along a separating disk if and only if y and y’
are separated in H, in which case each circle y and y' is a primitive or power
circle in H.

(2) The surface S compresses in H along a nonseparating disk if and only if y and
y' are coannular circles in H, in which case y and y’ are both primitive or both
power circles in H.

(3) If y is a primitive or power circle and y’ is a power circle then S compresses
in H along a separating disk.
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(4) If y and y' are coannular in H and D is the nonseparating compression disk
for S, then
(a) up to isotopy, the annulus bounded by y Uy’ is unique in H when y is a
primitive circle, and there are exactly two such annuli when y is a power
circle;
(b) if y is a power circle with companion annulus B C H then B can be
isotoped into H|D, in which case y’ and the core circle yg of B are
coannular and primitive in the genus two handlebody Hg C H|B.

Proof If the circles y and y’ are separated by a waist disk D C H then D is a
compression disk for S in H. If y and y’ cobound an annulus A C H then, by
Lemma 3.2, each circle y and y’ is nonseparating in dH, so A is nonseparating and
there is a nonseparating disk £ C H disjoint from A, which is then a compression
disk for S. In either case the surfaces 0H \ y and dH \ y’ compress in H and so by
Lemma 3.3 each circle y and y’ is a primitive or a power circle in H, and it is not
hard to see that D and E are unique up to isotopy.

Since the circles y and y’ are not parallel in 0H, if S compresses in H along a
separating disk D C H then y and y’ are separated by D in H ; thus (2) holds.

If y is a primitive or power circle and y’ is a power circle in H then, by Lemma 3.3(1),
the surface F = dH \ y compresses in H and contains y’; since, by Lemma 3.3(2),
if B’ and V' are the companion annulus and solid torus of j’ then the manifold
H(y') = Hp(y")Ug, V'(y’) is a connected sum of a solid torus and a lens space, it
follows by the 2-handle addition theorem that the surface S = F \ y’ compresses
in H. Thus (3) holds.

Suppose now that there is a nonseparating compression disk D C H for S. Then
H|D is a solid torus with y Uy’ C d(H|D), so the closures of the components of
d(H|D)\ (y Luy') are two annuli A and A" and so y and y’ are coannular in H|D,
hence in H. Thus (1) holds.

Let A C H be any properly embedded annulus with boundary y LI y’. By Lemma 3.2,
the annulus A is incompressible and nonseparating in H, so S compresses in H along
a unique nonseparating disk D C H disjoint from A; therefore A lies in the solid
torus H|D and hence it is parallel to A or A’ in H|D.

Let p > 1 be the number of times that y runs around H|D, so that y is a power p
circlein H. If p =1 then A and A’ are parallel in H|D and so, up to isotopy, A is

Algebraic & Geometric Topology, Volume 19 (2019)



Seifert surfaces for genus one hyperbolic knots in the 3—sphere 2163

the unique annulus in H cobounded by y and y’. If p > 2 then A and A’ are not
parallel in H|D and so there are two possible such annuli A.

Now, if p > 2 and B C H is the companion annulus of y then B can be isotoped so
as to intersect D minimally and hence, by a standard innermost—outermost intersection
argument, to be disjoint from D. Since the circles y and y’ are not parallel in 0H,
necessarily the core circle yg of B and y’ are not parallel in the genus two handlebody
Hp C H|B. Therefore, by Lemma 3.3(2), yp is a primitive circle in Hp, and by
part (2) the circles ¥’ and yp are coannular in Hg. Thus (4) holds. a

The following result gives conditions for the manifold obtained by attaching one or
two solid tori to a genus two handlebody to be a handlebody.

Lemma 3.5 Let H be a genus two handlebody and y,y’ C dH a pair of disjoint
circles.

() If M = HU,, V is a manifold obtained by gluing a solid torus V to H along
an annular neighborhood A = dH N dV of y such that A runs at least twice
around V, then M is a genus two handlebody if and only if y is a primitive
circle in H.

(2) If M =V Uy, HU,, V' is a manifold obtained by gluing solid tori V and V' to
H along disjoint annular neighborhoods A = dH NV and A’ = dH NV’ of
y and y’, respectively, where each annulus A and A’ runs at least twice around
V and V', respectively, then M is a genus two handlebody if and only if y and
y' are basic circles in H.

Proof For part (1), if M is a genus two handlebody then by Lemma 3.3 the annulus
A C M is a companion annulus of some power circle in dM, so by Lemma 3.3(2)(b)
the circle y is primitive in H. Conversely, if y C dH is primitive in H then by
Lemma 3.3 there is a waist disk of H disjoint from y which cuts H into solid tori W
and W’ with y C W a circle that runs once around W ; therefore V U4 W is a solid
torus, so M =V Uy (W Up, W)= (VUyg W)Up, W' is a genus two handlebody.

For part (2), if M is a genus two handlebody then 4 and A’ are companion annuli
of some disjoint power circles « and «’ in dM, respectively; since 4 and A’ are
disjoint, by [20, Lemma 5.1] the circles o and o’ are not mutually parallel in M.
Therefore, by Lemma 3.4(1), (3), the circles @ and o’ are separated in M by some
waist disk D C M, which can be isotoped in M to be disjoint from A LI A’ to become
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a separating disk for y, ' C dH. The argument for part (1) now shows that y and y’
are primitive and hence basic circles in H. The converse follows in a similar way. O

3.2 Pairs

A pair (H, J) consists of a genus two handlebody H and a separating circle J C 0H
which is nontrivial in H. If (H,J) is a pair then the closures 77 and T, of the
components of dH \ J are once-punctured tori with 077 =J =dT, and 0H =T Uy T>.

A pair (H,J) is

e frivial if it is homeomorphic to the pair (77 x I, 0T x{0}) with T corresponding
to Ty x {0};

e minimal if any once-punctured torus 7 in H with a7 = J is parallel to T}
or T, so in particular any trivial pair is minimal;

e if w; C T; is a power circle in H with companion annulus A; C H, where
the circles 04; cobound an annulus A; C T;, then isotoping (7; \ A;) U 4;
slightly off 7; produces a once-punctured torus 77 properly embedded in H
with 0T/ = J, and we say that 77 is the once-punctured torus in H induced by
the power circle w; .

The next result establishes the uniqueness of power circles in a couple of related
situations.

Lemma 3.6 Let H be a genus two handlebody and y C dH a nontrivial circle in H.

(1) If y separates dH into once-punctured tori Ty and T, then each T; is incom-
pressible in H and contains, up to isotopy, at most one power circle.

(2) Ifthe circle y is nonseparating in 0 H and neither a primitive nor power circle
in H then any two circles in 0H \ y which are power circles in H are isotopic
in the torus 0H (y).

Proof Part (1) follows from Lemma 3.1. For part (2), by Lemma 3.3(1) the surface
dH \ y is incompressible in H, hence by the 2-handle addition theorem the manifold
H(y) is irreducible with incompressible torus boundary. So if ¢,b C 0H \ y are any
power circles in H with corresponding companion annuli A, B C H then the annuli
A and B are essential in H(y) and so, by an argument similar to the one used in the
proof of Lemma 3.1, their minimal intersection A N B must be empty, whence a and b
are isotopic in dH (y). a
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It follows from Lemma 3.6(1) that the once-punctured torus induced by a power circle
in 7; C dH is unique up to isotopy. We will say that a pair (H, J) is simple if, for
some {7, j} ={1,2}, T; is parallel in H to the once-punctured torus induced by some
power circle in 7;.

We will see below that the pair (H, J) in Figure 9, top, is simple.

The next result establishes several basic facts about pairs.

Lemma 3.7 Let (H, J) beapairwith dH =T,U;T, and T C H any once-punctured
torus with 0T = J. Then

(1) H(J) is an irreducible manifold with incompressible boundary Ty UTy;

(2) T isincompressible and separates H into two components whose closure are
genus two handlebodies Hy and H, with 0H; = T Uy T;;

(3) T boundary compresses in H towards some T;, in which case the pair (H;, J)
is either trivial or simple;

(4) the pair (H, J) is trivial if and only if H(J) = f”l x 1.

Proof By Lemma 3.6, 77 and 75 are incompressible in H and hence (1) holds by
the 2-handle addition theorem. Similarly, 7" is incompressible in H. Since H can be
embedded in S3, the closed surface 7' U T} is orientable and separates S3, hence T
separates H into two components whose closures H;, Hy, C H satisfy H = H;Ur H;.
That H; and H, are handlebodies follows now as in [19, Lemma 2.3].

Suppose now for definiteness that 7" boundary compresses in H towards 77. Then
T boundary compresses into an annulus A C H with d4 nonseparating circles in 77
that cobound an annulus 4; C 7. The once-punctured torus 7' can be recovered by
adding a band to the annulus A along an arc in 7 with one endpoint in d; A and the
other in d; A4, thatis, T is parallel in H to the once-punctured torus (77 \ A1) U 4.
If A is parallel to A then T is parallel to T, so H; ~ T; x I and hence the pair
(Hy,J) is trivial. If A is not parallel to A then A is a companion annulus of the
core circle w; of Ay, in which case, by Lemma 3.3(2), the circle w; is a power p > 2
circle in H, which implies that T is parallel in H; to the once-punctured torus in H,
induced by the power circle w; C 77 . Thus (3) holds.

For part (4), if H(J) is homeomorphic to Ty x I then J is the boundary of the cocore
disk for some tunnel arc ¢ of f“l x I. As H is a handlebody, by [6, Lemma 1.1] the
arc ¢ is isotopic in T, x I to a vertical arc {x}x I and so (H,J) is homeomorphic to
the trivial pair (77 x I, dT). The converse follows by definition of trivial pair. a
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Figure 1: The genus two handlebody F x [I.

We now construct a special family of pairs described in [19, Section 4]. Let F
be a once-punctured torus and «;, o, C F properly embedded circles that intersect
transversely in one point. The manifold F x [ is a genus 2 handlebody with boundary
(F x{0}) U ((0F) x I) U (F x {1}), and the circles y; = a1 x {0} C F x {0} and
¥, = ap X {1} C F x {1} form a basis of the rank two free group w1 (F x I). We
denote by J the separating circle (0F) x {%} C d(F x I). Figure 1 shows the 4—tuple
(Fx1,J,y1,y2) up to homeomorphism.

Let H be the manifold obtained by gluing solid tori V; and V; to F x I along annular
regular neighborhoods of the circles y; and y;, respectively, so that y; is the fiber of a
fibration of type (a;, p;) in V; for some p; > 1 (whence y; runs p; times around V;).
By Lemma 3.5(2), H is a genus two handlebody.

We will call a pair (H, J) constructed as above a pair of type (a1, p1;as, p2), or in
short of type (p1, p2); clearly, any pair of type (p1, p2) is also of type (p2, p1).

Remarks 3.8 (1) A pair is trivial if and only if it is of type (1, 1).

(2) A pair is simple if and only if it is of type (p, 1) or (1, p) for some p > 2 (see
Figure 9, top).
For, if (H,J) isa (p,1) pair with H = (Fx 1)UV, and J = (0F) x {1} as
above, then the core w; C T of the annulus 0V \ (F x {0}) is a power p > 2
circle in H with companion annulus 0V; N (F x {0}); thus the once-punctured
torus 7 induced by w; C T} in H can be identified with F x {0}, which is
parallel to T, = F x {1} in H, whence the pair (H, J) is simple. Conversely, if

Algebraic & Geometric Topology, Volume 19 (2019)



Seifert surfaces for genus one hyperbolic knots in the 3—sphere 2167

(H, J) is simple then we may assume that there is a circle w; C 77 whichis a
power p > 2 circle in H, with companion annulus 4 C H and companion solid
torus V' C H, such that T is parallel in H to the once-punctured torus 7| C H
induced by w1 . Thus the regionin H cobounded by 7' 1/ and 77 is homeomorphic
to 75 x [0, 1], with T corresponding to 75 x {0}, T} to T x {1}, and J to the
circle (072) x{0}; as H is homeomorphic to the handlebody obtained by adding
the companion solid torus V' of w; to the core of the annulus 4 C T, x {1}, by
definition (H, J) is a (p, 1) pair.

(3) A pair of type (p1, p2) With pq, pp > 2 will be called a double pair.
The following result summarizes the content of Lemmas 4.2, 4.3 and 4.4 of [19].

Lemma 3.9 [19] For any pair (H, J),
(1) if (H,J) is simple then it is minimal;

(2) H contains at most two once-punctured tori with boundary slope J which are
mutually disjoint and nonparallel, and not parallel into dH. a

In light of Lemma 3.9, we will say that a pair (H, J) is maximal if H contains two
disjoint, mutually nonparallel once-punctured tori 77/, Tz’ C H with boundary slope J
which are not parallel to 77 or 75.

In such a case, by Lemma 3.7, Tl’ U TZ’ cuts H into handlebodies Hy, H; and H, with
0Hy =T{UT; and H = H, Ury Ho Ur; H>. The following result is an immediate
consequence of Lemmas 3.7(3) and 3.9(1).

Corollary 3.10 If (H,J) is a maximal pair with H = H; Ur; Ho Uy Hy then the
pairs (Hy, J) and (H,, J) are simple. a

The construction of maximal pairs will be discussed in more detail in Remarks 7.7.
The last result of this section provides a useful classification of trivial or simple pairs.

Lemma 3.11 A pair (H, J) is of type (1, p) for some p > 1 if and only if there is a
disk in H which intersects J minimally in 2 points.

Proof Suppose that (H,J) is a (1, p) pair obtained from the pair (F x I, J) in
Figure 1 by gluing a solid torus V; along the circle y, C d(F x I), so that y, runs p
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Figure 2: The circle 6; C T7.

times around V;. Then the disk Dy C F x I shown in Figure 1 is properly embedded
in H and intersects J C dH minimally in 2 points.

Conversely, suppose D C H is a nontrivial disk which intersects J C dH minimally
in 2 points, and let dH = Ty Uy T,. Then, foreach i = 1,2, o; = T; N dD is a
nontrivial — hence nonseparating —arc in 7;, and so D is a nonseparating disk in H.

Let B; be the core circle of the annulus obtained by cutting 7; along the arc o; C T;.
Then B and B, are disjoint from the circle D = o; U a5, and hence from D, so by
Lemma 3.4 the circles 81 and B, are coannular power p > 1 circles in H. We also
let §; C T be any circle that intersects the arc oy C T and the circle §; C T each
transversely in one point, so that §; is primitive in H. The situation is represented in
Figure 2.

If p > 2 then by Lemma 3.4(4) the power circle 8, has a companion annulus B C H
and companion solid torus Vg C H disjoint from D, with core circle 5, C B such that
,3/2 and B, are coannular and primitive circles in the genus two handlebody Hp C H|B.

If p>2,welet H = Hp, and, if p =1, we set H' = H. Thus H' is a genus two
handlebody with J, 81, 85,6, C 0H' and D C H', where D intersects J minimally
in two points and is disjoint from the coannular primitive circles 8, 8}, C dH".

Now, the disk D' =fr N(8; UD) C H' is a waist disk of H' that separates the primitive
circles &1, 85 C 0H' and intersects J C 0H' minimally in 4 points. Therefore the
4—tuple (H', J, ;. B5) is homeomorphic to the 4—tuple (F x I, J, yy.y2) of Figure 1;
since H=H’ for p=1and H= H'UgVp for p > 2, it follows that the pair (H, J)
is of type (1, p). a
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T,

T; 4 T,

Figure 3: The once-punctured tori 7; C X .

4 Genus one hyperbolic knots in S*

In this section we assume that K C S* is a genus one hyperbolic knot and T =
Ty U---U Ty acollection of N = |T| > 1 mutually disjoint and nonparallel once-
punctured tori properly embedded in Xg with boundary slope the longitude J of K,
where the 7; are labeled consecutively around dN (K) following some fixed orientation
of the meridian slope pu C dN(K), as in Figure 3.

4.1 Complementary regions of T C Xg

Forany 1 <i, j <N with i # j denote by R; j C Xk the region cobounded by T;
and 7; that contains the oriented arc of v with ;N 97; as initial point and u N 97} as
terminal point (see Figure 3), sothat R; j " Rj; =T;UT; and Xx = R; jUR; ;. For
i =j welet R;; =cl[Xg \ N(T;)] be the manifold obtained by cutting Xg along 7;.

Since the surface T is essential in Xg , by Lemma 2.2 there is a Gabai meridional planar
surface Q for T which intersects T minimally in essential graphs Gop = QO NT C Q
and Gt = QNT CT such that each circle component of Q NT is essential in Q.
We denote the subgraph Q N (73, U---UT;) C Q of Gg by GiQI”"’ik.

The next result establishes connections between properties of the graph G and the
regions R; ;.
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Lemma 4.1 Each boundary cycle of any face of G g has an even number of edges,
and for any i and j either R; j is a genus two handlebody or an atoroidal irreducible
and boundary irreducible manifold. In particular, the following regions are genus two
handlebodies:

(1) at least one of the regions R; j or R;; foranyi # j;
(2) any region R; j that contains a disk face of GiQ’j (with i = j allowed);

(3) any region R; ;1 if Gg is connected or each vertex of GQ has degree at
least 3, and if some region R; ;1 is not a handlebody then |T| < 4 and any
other region R; 1 is a handlebody.

Proof That each boundary cycle of any face of G is even-sided follows from the
fact that each component 7; of T has one boundary component. As K is a hyperbolic
knot, its exterior Xg C S3 is irreducible and atoroidal, and since 7; and T; are
incompressible in Xk each region R; ; is irreducible and atoroidal too.

Since the boundary slope J of 7; and 7 is alongitude of K, in S? the surfaces dR;, j
and dR; ; for i # j or dR;; and dN(T;) for i = j are mutually parallel and hence
compressible. If, say, 0R; ; compresses in R; ; then the maximal compression body
W of d0R;,j in R;; with 01 W = 0dR; ;j (see [1]) is nontrivial and so either 0_W = &
or d_W is a collection of incompressible closed tori in R; j. As T; and T; are
incompressible surfaces in Xg , any torus component of d_W must be incompressible
in Xk, contradicting the hyperbolicity of K; therefore 0_W =&, so W = R;j isa
genus two handlebody, and so (1) holds.

Part (2) follows now from Lemma 2.1 and the argument above. If G ¢ is connected then
all its faces are disks, while if each vertex of the reduced graph (_?Q has degree at least 3
then by Lemma 2.3 any extremal component of GQ has an interior vertex vg, whence
all faces of G incident to vg must be disks; in either case we have that necessarily
each region R; ;1 contains a disk face of G g, so the first part of (3) follows from (2),
and the second part is now a consequence of (1) and Lemma 3.9(2). m|

Lemma 4.2 If for some i # j the region R; j contains a bigon disk face of GiQ’j
then R; j is a handlebody and the pair (R; j, J) is simple. In particular, |e| < 2 for
each edge e of (_}Q.

Proof Suppose that D C R; ; is a bigon face of G ; in particular, D may be the
bigon disk face D in G g cobounded by the outermost edges e; C T; and e¢; C T} of
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some edge e = {e;,e;j41,...,ej} of @Q with |e] > 2. By Lemma 4.1(2) the region
R;,; is a handlebody and so (R;, j, J) is a nontrivial pair, while by Lemma 2.1 the disk
D C R;;j is nontrivial and intersects 07; LI 07; minimally in 4 points, and hence J
minimally in two points. Therefore, by Lemma 3.11, the pair (R;,j, J) is simple and
hence minimal by Lemma 3.9(1), which in the case of D = D implies that j =i + 1
and hence that |e]| = 2. o

We now establish a first approximation to Theorem 1.

Lemma 4.3 If K C S? is a genus one hyperbolic knotand T = T; U---UTy C Xg
is a collection of N > 1 mutually disjoint and nonparallel once-punctured tori then
N <6, andif N > 5 then each complementary region R; ;4 is a handlebody.

Proof By Lemma 2.2, there is a Gabai meridional planar surface Q C Xg for T
which intersects T minimally in essential graphs Gg C Q and G C T such that
each vertex of the graph G has degree N and, by Lemma 4.1, each disk face of Gg,
and hence of its reduced graph 5Q, has an even number of edges around its boundary.
Therefore, by Lemma 4.2, each vertex of GQ has degree at least %N .IEN =5
then each vertex of G has degree at least 3 and so, by Lemma 2.3(2), Gg has a
vertex of degree 3 > %N , 80 N =<6, and each region R;;; is a handlebody by
Lemma 4.1(3). a

In the next couple of sections we digress to present the supporting results needed for the
analysis in Section 7 of the case |T | = 6 and the construction in Section 8 of examples
of hyperbolic knots for the cases |T| =4, 5.

5 Toroidal surfaces in knot exteriors

The results in this section analyze the interaction between once- or twice-punctured tori
in a satellite knot exterior in S* and the companion annuli of circles in such surfaces,
and will be used in Section 7.1 to establish the connection between hyperbolic knots
in S? with 6—component collections T and the family of hyperbolic Eudave-Muiioz
knots.

5.1 Once-punctured tori in X g

We extend the definition of companion annulus given in Section 3.1 to include the case
of circles in nonseparating orientable surfaces.
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Figure 4: The knot K as a boundary component of the pair of pants P =
(@B)yxIubcCV.

Let F be a properly embedded orientable surface in the exterior Xx of a knot K C S3
and F x [—1,1] a thin regular neighborhood of F in Xx with F = F x {0}. A
surface S in X is said to locally lie on one side of F if 0S C F, FNint(S) = @ and
either SN (F x[—1,0)) = @ or S N(F x (0,1]) = &; that is, near 9SS, S intersects
only one side F' x[0,1] or F x[—1,0] of F x[—1,1].

A companion annulus for a nontrivial circle y C F is an annulus A that locally lies on
one side of F and is not parallel into F, with the circles dA4 isotopic to y in F.

Examples of genus one knots Ko C S® with a once-punctured torus F C Xy that
contains a nonseparating circle y with companion annuli on either side of F' can be
constructed as follows. Let L C S be a cable knot with solid torus regular neighborhood
V CS3 and essential annulus B C X7 = S3\int(V). Using a thin regular neighborhood
(@V) x[0,1]C V of aV = (dV) x {0}, extend B slightly into int(V') to an annulus
B=BU ((0B) x[0,1]). Construct a pair of pants P embedded in V' by suitably
attaching a band b C int(V') to the annuli (dB) x [0, 1] C V' connecting the boundary
circles (dB) x {1}, in such a way that the circles d; PLd, P = PNaV (= dB), when
oriented relative to P, end up with opposite orientations relative to 0V, and the circle
Ky = 03 P is nontrivial in V' (see Figure 4). It follows that the knot K is a satellite
of L with winding number zero in V and F = P U B is a once-punctured torus
bounded by Kj; moreover, the core y of B is a circle in F with companion annuli
the closures of the components of dV \ dB, which lie on either side of F.

In fact, the argument of the next result shows that any such knot Ko C S3 is obtained
in this way.
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Lemma 5.1 Let K C S* be a genus one knot and F C Xk a properly embedded
incompressible once-punctured torus. If there is a nontrivial circle y C F which has
companion annuli locally on either side of F then y is nonseparating in F and K is a
satellite knot.

Conversely, if an essential torus in X intersects F' minimally in a nonempty collection
of circles then there is a nonseparating circle in F which has companion annuli locally
on either side of F.

Proof Let A and A’ be companion annuli for y C F that locally lie on opposite
sides of F. Without loss of generality, we may assume that 4 and A’ have been
isotoped so as to intersect minimally with the circles d4 = dA’ cobounding an annular
neighborhood B C F of y. Let V, V' C Xk be the regions in Xx bounded away
from 0Xg by the closed tori AU B and A’ U B, respectively, and let r denote the
slope of ¥ in dV and 9V,

Suppose that y is parallel to dF in F, and consider the companion annulus A of y.
Then A can be isotoped in Xg so that its boundary lies in dXx , whence 4 becomes
an essential annulus in Xg . It follows that either A is a cabling annulus for K, in
which case Xg (0F) has a lens space connected summand, or K is a composite knot
with 4 a decomposing annulus having meridional boundary slope, neither of which is
the case since dF is a longitude of K. Therefore y is not parallel to dF and so y is a
nonseparating circle in F.

Recall that F Nint(4) = @ = FNint(A"). If AN A’ # & then each component in a
minimal intersection of A and A’ is a core circle in A and A" and so it is possible to
construct a closed surface S in Xx which intersects F transversely in the circle ¢ out
of the annular components of 4\ A" and A’\ A. As y is nonseparating in F, it follows
that S is a nonseparating closed torus or a Klein bottle in Xx C S*, which is impossible.

Therefore AN A’ =@ andso VNV’ =, hence V Ug V' is a manifold with torus
boundary which contains B as an essential annulus. Thus V' Up V" is not a solid torus,
so Vz = S3\int(V Ug V') is a solid torus whose core L is a nontrivial knot in S*
with exterior X7 = V UgV’ and N(K) C V. Since B is an essential annulus in X7,
the boundary slope » C dX of B relative to the solid torus V7 is either meridional or
integral.

Now, the surface P = F N V7, is an incompressible pair of pants in V7, with dg P =
dF C ON(K) and d, P LI d, P C dV, oppositely oriented circles of slope r relative
to Vr. Thus K has zero winding number in V;, and is therefore not a core of Vg .
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Suppose K is disjoint from some meridian disk D of V. If the slope r is meridional
in Vg then the circle y C F bounds a disk in Xg and so F is not m{—injective
in Xg, contradicting the incompressibility of F. Therefore r is an integral slope
in Vg ,soif D and P are isotoped so as to intersect minimally then an outermost disk
of DN P C D boundary compresses P in Vy, towards dV7, into an annulus whose
boundary component in dV7 is a trivial circle; thus dg P = dF bounds a disk in V7,
so K bounds a disk in V7, contradicting the nontriviality of K in S*.

It follows that K is a nontrivial knot in the solid torus Vy , and hence that K is a
satellite of the nontrivial knot L in S3.

Conversely, suppose that 7" is an essential torus in Xg which intersects F' minimally in
a nonempty collection of circles 7'N F. Then T N F consists of at most two parallelism
classes of circles in F': a class corresponding to the slope of some nonseparating circle
y C F, and a class of circles parallel to dF.

Since T separates Xg, T N F cannot consist of a single copy of the nonseparating
circle y in F, hence the closure P of the component of F \ T that contains dF is not
equal to F.

Suppose that P is an annulus. If 7 bounds a solid torus V C S* with N(K) C V
and Vg = V \int N(K) is the exterior of K in V, then the annulus P is properly
embedded in Vg and so K is a cable of the core of V' with dP N IN(K) the slope
m/1 in AN (K) of the cabling annulus of K, where necessarily m # 0, contradicting
the fact that dF = 0P N dN(K) is the longitude of K.

Therefore P is not an annulus, which implies that all circles 7N F have slope y in F,

and hence that y has companion annuli on both sides of F. a

5.2 Twice-punctured tori in X g

In this section we assume that K C S3 is a knot whose exterior Xg contains a properly
embedded incompressible, separating, twice-punctured torus F with boundary slope
r C Xk such that the closures F2 and F" of the components of Xx \ F are genus
two handlebodies.

We consider the following auxiliary conditions:

(C1) There is a nonseparating circle in F which is a power circle in FZ and FY.
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(C2) For some {x*,xx} = {B, W} there are two mutually disjoint and nonisotopic
nonseparating circles in F which are power circles in F* and primitive and
coannular circles in F**.

Lemma 5.2 Ifthe knot K C S3 is a satellite then either (C1) or (C2) holds and K is a
satellite of a torus knot, and if (C2) holds then K is a genus one knot and the boundary
slope r of F is the longitude of K .

Proof Let K C S? be a satellite knot and 7 C Xk an essential closed torus that
bounds a solid torus ¥V C S3 with K C N(K) C V whose core is a nontrivial knot
with exterior X = S3 \ int(V) C Xg.

Isotope T so as to intersect F minimally. Since FZ and F" are handlebodies, we
must have that 7 N F # &. By the incompressibility of 7 and F and the minimality
of T'N F, each component of TN F is a circle which is nontrivial in both 7" and F’;
thus for % € {B, W} each component of 7N F* is an incompressible annulus in F*
which is not parallel into F.

Suppose A; is a component of, say, T N FB which is parallel in FZ into 9F 5. By
minimality of 7 N F, A; must be parallel in FZ to the annulus F8 N N(K), that
is, the circles d1 A, and 0, A must be parallel in F to the circles d; F and 9, F. If
A, is the component of TN F? with 9; Ay = 9, A; then 3 A, is neither a primitive
nor power circle in F" and so, by Lemmas 3.3 and 3.4, A4, is parallel into dF". By
minimality of 7' N F, it then follows that "= A1 U A5, hence that T is parallel in Xg
to N (K), contradicting the hypothesis on 7.

Therefore no annulus component of 7N F* is parallel in F* into dF™*, so again,
by Lemmas 3.2, 3.3 and 3.4, in dF* each component of 7' N F is a nonseparating
primitive or power circle in F*, and so in F the circles T N F form at most two
parallelism classes, neither one parallel to dF.

If some component of 7 N F is a power circle in both FZ and F" then (C1) holds.
If some component y; of 7N F is not a power circle in, say, F B, then y; is primitive
in FB and by Lemma 3.3 it has no companion annulus in F 2 ; hence the component A%
of TN FB with y; € 348 must be a nonseparating annulus in F2. It follows that
T N F has two parallelism classes in F, represented by the circles 048 =y, Uy, C F.

Any component A% of TN FW that is a nonseparating annulus in F? can be isotoped
in F% so that 948 = 94" thus producing a closed Klein bottle or nonseparating
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Figure 5: The (py, p2)—torus knot L in H; and Vy (with (p1, p2) = (2,3)).

torus AB Uy AW c Xg c S3, which is impossible. Therefore 7 N F¥ is a union of
a family of disjoint companion annuli for y; and another family of disjoint companion
annuli for y,. By Lemma 3.3(2), y; and y, must be power circles in F2 and so
(C2) holds. Moreover, in this case the circles 942 = y; Ly, cut the surface F into
two pairs of pants, hence the frontier of N(A2 U F) in Xk consists of two disjoint
once-punctured tori, each with boundary slope », and so K is a genus one knot with
longitudinal slope r. O

We remark that the converse of Lemma 5.2 holds, that is, if one of the conditions (C1)
or (C2) is satisfied then K is a satellite knot, though we shall not make use of this fact.

Examples of knots K C S* with such a twice-punctured incompressible torus F C Xg
satisfying condition (C1) or (C2) can be constructed, not exhaustively, as follows. We
begin by constructing two distinct genus two Heegaard splittings of S3 associated
to any (pj, pa)—torus knot L C S3 with p;, p» > 2. Figure 5, left, shows a genus
two handlebody H; standardly embedded in S, which produces a Heegaard splitting
H; U H, of S?, where the knot L is embedded in dH; in the “bottom-half” solid
torus part of H;. Thus, for i = 1,2, L is a power p; circle in H;.

Figure 5, right, shows the knot L in the boundary of a solid torus V; which is part
of a genus one Heegaard splitting V; UV, of S*. Let N(L) C S? be a thin regular
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neighborhood of L, and for i =1, 2 let y; be a core of the annulus V;NAN (L) CIN (L),
so that y; runs p; times around V;. As the arc T C dV; with endpoints in L shown in
Figure 5, right, is a tunnel for L, the genus two handlebody H; = N(LUt) C S3 is
part of a Heegaard splitting H; U H, of S3. After a small isotopy if necessary, we may
assume that the circles y; Uy, lie in dH; = dH,, whence y; and y, are coannular
primitive circles in H; while y; is a power p; circle in H, fori =1, 2.

Clearly, if K is any circle embedded in dH; \ L or dH; \ (y; U y,2) which is neither
a primitive nor a power circle in H; and H, (any “sufficiently complicated” such
embedding will do), then by Lemma 3.3(1) the knot K and the twice-punctured torus
F = (0H;) N Xk satisfy condition (C1) or (C2), respectively.

6 Structure of pairs

We now take a closer look at the structure of pairs. We begin with a classification of
pairs (H, J) of type (p1, p2), which include all simple and double pairs, in terms of
the number of intersections of J with nontrivial disks in H. Each simple pair (H, J)
is shown to have a distinguished core knot in H, and double pairs are shown to be
obtained as a union of two simple pairs. Basic and primitive pairs are introduced in
order to classify maximal pairs and to discuss properties of more general pairs (H, J),
including the relationship between primitive, power and Seifert circles in dH \ J. These
properties will be used in later sections in the analysis of knot exteriors in S that can
be decomposed as a union of nontrivial pairs.

Lemma 6.1 A pair (H, J) is of type (p;, p2) for some py, pp > 1 if and only if
there is a disk in H which intersects J minimally in 4 points.

Proof Let (H,J) be a pair of type (p1, p2). By construction, the pair is obtained
by attaching solid tori to the genus two handlebody F x I shown in Figure 1 along
the circles y1, y» C F x I; clearly the waist disk Dy, C F x I shown in Figure 1 lies
in H and intersects J minimally in 4 points.

Conversely, suppose that (H, J) is a pair with dH = Ty Uy T, and E C H is disk
which intersects J minimally in 4 points. Then, for i = 1,2, T; N dE consists of 2
arcs such that either (1) for i = 1,2, the arcs 7; N dE are parallel in 7;, in which case
E is a separating disk, or (2) for some {i, j} = {1, 2}, the arcs T; N JE are parallel
in 7; and the arcs 7; N OE are nonparallel in 7}, in which case E is a nonseparating
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Figure 6: The unique circle y, C T, with A(y,,0E) = |y, -0E| = 2.

disk. Notice that, by connectedness of dE, the case where the arcs 7; N E are not
parallel in 7; for i = 1,2 does not occur.

In case (1) E is a waist disk for H. Let y; C T; be the unique circle in 7; which is
disjoint from the arcs 7; N dE. Then the circles y; and y, are separated in H by E
and so, for each i = 1,2, y; is a power p; circle for some p; > 1, which implies that
(H, J) is a pair of type (p1, p2).

In case (2) we may assume that (i, j) = (1, 2), and Figure 6 shows the triple (0H, J, dE)
up to homeomorphism. Since the arcs 7, N JE are not parallel in 7, there is a unique
circle y, C T, which intersects the arcs 7, N JE each minimally in one point with
algebraic intersection number y, - 0E = +2 (see Figure 6). If E’ is a disjoint parallel
copy of E and « is any arc component of y, \ (0E UJE’) not in the parallelism region
between E and E’, then Eq = fr N(E U« U E’) is a waist disk of H which can
be isotoped so as to intersect J minimally in 4 points and be disjoint from £ U ;.
Therefore, by case (1) the pair (H, J) is of type (p1, p») for some p;, po > 1. In fact,
since £ and D form a complete disk system for H, it follows that y, is a power 2
circle in H and hence that p, = 2. a

6.1 Cores of simple pairs

The next result classifies simple pairs via power circles and summarizes some of their
properties.

Lemma 6.2 Let (H, J) be a pair with 0H = T1 Uy T,. Then (H, J) is a simple pair
of type (1, p) for some p > 2 if and only if the pair (H, J) is minimal and there is a
circle in Ty or T, which is a power p circle in H, in which case
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(1) there are power p circles w; C T; which are coannular in H and such that
0H \ (w1 Uwy) compresses along a nonseparating disk D C H that intersects
J minimally in 2 points;

(2) any power circle in T; is isotopic to w; ;
(3) any disk in H which intersects J minimally in 2 points is isotopic to D;

(4) H(J) = A*(p) with singular fiber of index p represented by the core K of
the solid torus H|D and regular fibers the circles w; C T; C 0H (J); moreover,
if (H,J) is a simple pair of type (0, 1;a, p) then there are essential annuli
A1, A, C H\ N(K) with 0;4; = w; and d,A; C dN(K) a circle of type
(a, p) in N(K) (see Figure 7);

(5) if a nonseparating circle « C T; intersects w; and D minimally then |a Nw;| =
| N DJ; in particular, o« C T; is primitive in H if and only if | Nw;| =1=
la N D|, and if ¢ = | Nw;| = | N D| then

(S!xD?)#L, if ¢q=0,
H(a) = H(J)(@) = {S! xD? if g=1,
D2(p.q) if ¢ >2.

Proof Suppose that (H, J) is a simple pair of type (1, p) for some p > 2. Thus
H = (F x I)UV for some once-punctured torus F, where J C dH is the core of the
annulus (0F) x I and V is a solid torus glued to F x I along an annular neighborhood
of some nonseparating circle y C F x {0} such that y runs p times around V. If
yo C F x{0}\ V is acircle parallel to y in F x {0} and §o C F x {0} is an essential
arc in F x {0} disjoint from V U yy, then the annulus B = yy x I C F x [ is properly
embedded in H with boundary a pair of coannular power p circles w; = ;B =
Yo Xx{0} C Fx{0}C Ty and wy =0, B =ygx{1} C Fx{1}C T, in H,and D =6y x I
is a nonseparating disk properly embedded in H which intersects J minimally in two
points and is disjoint from w; U w,. That w; is the only power circle in 7; follows
from Lemma 3.6, while, by Lemma 3.3(1), the disk D C H is the unique compression
disk for 0H \ w1 ; thus (1), (2) and (3) hold.

As y is a primitive circle in F x I, y is also primitive in the solid torus F x I|D
and so the core of V' and the core K of the solid torus H|D = (F x I|D)U, V are
isotopic in H|D C H. From the identity

H(J)=(FxD(J)Uy,V =(FxI)U,V
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Figure 7: The core knot K and power circles w; C 77 and w, C T, of a
simple pair (H, J).

it follows that the manifold H(J) is a Seifert fiber space A%(p) over the annulus with
singular fiber K C H of index p and regular fibers w; C YA", and so (4) holds.

Finally, let « C 77 be any nonseparating circle, and consider the arc §; =77 NdD C D.
After isotoping « in 77 so as to intersect wq U §; C 77 minimally we must have
g =|aNwi| =|eaNnd|=|an D|. Since J bounds a disk in H(x) we have the
identity H(a) = H(J)(«) = A2(p)(«); therefore,

« is primitive in H <= H(x) = A?(p)(a) is a solid torus <= | Nw;| =1,
and the rest of (5) follows in a similar way. a

We will call the knot K C H in Lemma 6.2(4) the core of the simple pair (H, J), and
say that K and the pair (H, J) have index p > 2.

Lemma 6.3 Let (H, J) be a simple pair with 0H = Ty Uy T,, core knot K C H,
power circles w; C Ty and w, C T,, and incompressible annuli A1, A, C H\int N (K)
as shown in Figure 7. Then the solid torus Vi = N(A1) U N(K) C H has core K and
is the companion solid torus of the power circle w1, and there is a homeomorphism

H =cl[H\Vi]=cl[H\ (N(A;)UNK))]~ T x I

such that T, C H' corresponds to T, x {0} C T x I and the circle A, N N(K) C 0H'
to wy x {1} C Tp x {1}.

In particular, if (H*, J*) is a pair with 0H* = T* Uy« T and M = HUp _1; H*
then M is a handlebody if and only if wy C Ty = T, is primitive in H*.

Proof Vi = N(A4;) U N(K) C H is indeed a solid torus with core K, with the
power p > 2 circle w; running p times around V; by Lemma 6.2(4). Therefore
fr(N(A1) U N(K)) is a companion annulus for w; in H with companion solid
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torus V7, both of which are unique up to isotopy in H by Lemma 3.3, and so
the first part follows from the definition of a simple pair. As the homeomorphism
H' =cl[H\(N(A1)UN(K))]~ T, x I induces a homeomorphism M ~ H* U, V1,
the second part now follows from Lemma 3.5(1). a

Lemma 6.4 Let (H, J) be a simple pair with 0H = Ty Uy T, core knot K C H of
index p > 2, and power circles w; C Ty and w, C T, . Denote by XHg = H\int N(K)
the exterior of K in H, and by r the slope in dN (K) corresponding to the circles 0, A;
(see Figure 7).

If oy C Ty and ay C T, are primitive circles in H, then there is a unique slope
s C ON(K) such that the circles oy and o, are coannular in the handlebody X Hg (s),
and the following conditions hold:

(1) A(s,r) =1 and the pair (XHg (s), J) is trivial.

(2) There is a unique circle s’ C 0H \ (1 Uay) which cobounds an annulus A in
XHg with s CON(K); s’ intersects each circle w1, w, C dH minimally in one
point.

(3) The circles oy Uy C dH and s C IN(K) cobound a pair of pants P in XHg
disjoint from the annulus A.

(4) The slope s is integral in N (K) if and only if oy and « are basic circles in H
if and only if s’ is a primitive circle in H, in which case each circle oy and o5
runs once around the solid torus H(s').

Proof By Lemma 6.2 there is a unique disk D C H which intersects J minimally
in two points, is disjoint from w; U w, and intersects each primitive circle «; and o
minimally in one point. Thus the frontier Dy, of a thin regular neighborhood of «y U D
is a waist disk of H which minimally intersects J in 4 points and the circle o, in 2
points.

The waist disk Dy, separates H into two solid tori V and V' with VNV’ = Dy,
and D a meridian disk of V. Since the solid tori H|D and V' are isotopic in H, the
core knot K of the pair (H, J) can be identified with the core circle of V’. Therefore
the exterior Vi = V' \int N(K) of K in V"’ is a product of the form (ON (K)) x 1
and Vi (s) is a solid torus with 9V (s) = V"’ for each slope s € dV'. In particular
we have that XHg (s) = V Up,, Vg (s) is a handlebody, and each slope s C N (K)
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@1 XHg(s)

Figure 8: The circles o1, a2, w; and w, in dH and X Hg (s).

cobounds an annulus A in V¢ with a unique slope 5" C 9V’ \ Dy, so that s” bounds a
meridian disk Dy in the solid torus Vi (s).

We also have that w, C 0V’ \ Dy, and that 1, = a» N AV’ is a single arc which, by
Lemma 6.2(5), intersects @, minimally in one point. The situation is represented in
Figure 8, top, where for simplicity we have used p = 2 and a specific primitive circle
oy C T5; the circle o is not shown in this figure.

For any slope s C N(K), as D is disjoint from o, by Lemmas 3.3(1)(b) and 3.4 the
circles oy and a are coannular in X Hg (s) if and only if Dj is disjoint from o, that
is, if and only if the circle s’ = Dy is disjoint from the arc #,. Since, up to isotopy,
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there is a unique such circle s C 9V’ \ Dy, namely the circle obtained as the union
of 7, and a component of dDy, \ 3, it follows that there is a unique slope s C IN (K)
such that oy and «, are coannular in XHg (s), in which case A(s,r) = 1 since
|s"Nw;z| = |t Nw;| = 1, and the corresponding meridian disk Dy C Vi (s) is disjoint
from «, and intersects w, minimally in one point; thus D} intersects J = dN (o; Uw;)
minimally in two points and so the pair (XHg (s), J) is of type (1, 1), that is, trivial.
Moreover, the circles a1, @y and s’ are necessarily mutually nonparallel in 0H and
hence separate dH into two pairs of pants, so &, o, and the slope s cobound a pair
of pants P in XHg disjoint from A.

Finally, let D’ be a meridian disk of V' which is disjoint from D, C dV’ and
intersects @, minimally, and let x, y C H be circles dual to D and D’, respectively,
which represent a basis for ;1 (H). Then there is a nonzero integer m such that, in
m(H)={x,y|—-), ;1 =x and ap = xy™. It follows from the above construction
(see Figure 8, top) that s’ = »™ in w1 (H), hence that s runs |m| times around N (K),
and hence that

the slope s is integral <= |m|=1
<= o7 and o, are basic circles in H
& s is primitive in H,
in which case H(s’) is a solid torus and the circles a1 and a5 run once around H(s’).
O

6.2 Basic simple pairs and Seifert circles

A pair (H, J) with dH = T, Uy T, is a basic pair if there are circles oy C T and
ap C T, which are basic in H. Any trivial pair is basic, and the next result classifies
the simple pairs that are basic. The construction of general basic pairs will be discussed
in Remarks 7.7.

Lemma 6.5 Let (H, J) be a simple pair of type (0, 1;a, p) with 0H =T Ny T,
and unique meridian disk D C H with |[DNJ|=2. Then (H, J) is a basic pair if and
only if a = £1 mod p, in which case if «; C T is any primitive circle in H then

(1) there is a circle oy C T> such that oy and o, are basic circles in H ;

(2) up toisotopy in T, the circle ap C T, is unique if p > 3, and there are exactly
2 such circles if p =2;
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(3) for each pair of basic circles oy C Ty and oy C T, there is a unique complete
disk system D', D" of H disjoint from D such that |D" Nay|=1=|D'Na,|
and | D" Nay|=0=|D'Nay|; moreover, the 7-tuple (H, J, D, D', D", a1, a3)
is homeomorphic to the one shown in Figure 9, bottom (where p = 2 is used for
simplicity).

Proof By Lemmas3.11 and 6.2(3), (5) there is a unique disk D C H which intersects J
minimally in two points such that a circle in 77 or 75 is primitive in H if and only if
it intersects D minimally in one point.

If @y C T is any primitive circle in H then the frontier Dy, of a regular neighborhood of
a1 U D is a waist disk of H which intersects J minimally in 4 points. Therefore the 5—
tuple (0H, J, dD, dDy,, a1) is homeomorphic to the 5—tuple (d(F x 1), J, Dy, Dy, y1)
of Figure 1, which implies that the 5—tuple (H, J, D, Dy, @) is homeomorphic to
the one shown in Figure 9, top (where p = 2 is used for simplicity).

We construct a circle y C 7> which intersects w,; minimally in one point as follows.
The waist disk Dy, separates H into two solid tori V and V' with VNV’ = Dy,
and meridian disks D C V' \ Dy, and D’ C V'\ Dy, such that w, C V"’ represents a
circle of type (a, p) in V/, R =V N T, is a rectangle intersected by one arc of 9D,
and A" =V’ N T, is an annular neighborhood of w, in T5.

Let t C A’ be any properly embedded arc with endpoints in dD,, which intersects w,
minimally in one point. Then ¢ along with an arc of dD,, produces a closed circle
t C V' of type (c,q) in V' for some integers ¢ and ¢ such that |¢| = |D’ Nt| and

1

aq— pc==x1;thus a = +¢g~" mod p.

The union of the arc ¢ with a core arc in the rectangle R = V' N T, which intersects
dD N R minimally in one point produces the desired circle y (see Figure 9, bottom).
Since y and w, form a basis for the integral first homology group of 75, if oy C 73 is
any circle which intersects w, minimally in one point then, homologically, the identity
oy =y +nw; holds in 7, for some integer .

Therefore, if x and y represent the basis of 7y (H) dual to the complete disk system
D, D' C H, respectively, then, in 7y (H) = (x, y | —), under some orientation scheme,
we can write oy = x and ap = x - (pP)"- y4 = x - y"™P+4 for some m € Z. Hence o,
and a5 are basic circles in H if and only if mp +¢g = £1,s0 ¢ = 1 mod p, and so
a=+qg '=+1mod p.

Now, there is at most one solution m for each equation mp + g = %1, and there are
integers m1 and m, with myp+¢g =1 and my;p+q =—1 ifand only if p =2 and

Algebraic & Geometric Topology, Volume 19 (2019)



Seifert surfaces for genus one hyperbolic knots in the 3—sphere 2185

Figure 9: A basic simple pair (H, J) of index p = 2.

q is odd, in which case m| —m, = 1. Hence oy, = y + mw; is unique up to isotopy
if p > 3, and there are two such circles ay if p =2.

Since D’ is disjoint from «y, if @ and a5 are basic circles in H then, by Lemma
3.3(1)(b), D’ is the unique nonseparating compression disk of dH \«1, while |D'Nay| =
Imp+q|=1. As |[DNay|=1=|DNay|, cutting dH along 3D Ua, UID’ produces
an annulus A C dH which intersects «; minimally in one spanning arc. Thus the
core of A is a circle in dH disjoint from D U, U D’ that bounds a nonseparating
disk D" in H, hence, by Lemma 3.3(1)(b), D” must be the unique compression disk
for 0H \ . Therefore the 7—tuple (H, J, D, D', D", a1, a3) is homeomorphic to the
one shown in Figure 9, bottom (where p = 2 for simplicity and one of the two possible
circles o, is shown).
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Conversely, if @ = £1 mod p then the 4—tuple (H, J, D, Dy,) is homeomorphic to
the one shown in Figure 9, bottom, and so a circle a, C T representing xy*! in
71 (H) can be easily constructed, in which case a; = x and a, = xy*! are basic
circles in H. a

A circle @ C 0H in a genus two handlebody H is a Seifert circle if the manifold H («)
is a Seifert fiber space of the form D2 (x, *).

In the following result, we use the structure of the annuli obtained by 2-handle addition
on a 3—manifold given in [4, Theorem 1] in order to characterize the Seifert circles
a C dH interms of properties of the surface d H \« or the pair (H, «). Its statement uses
the concept of a primitive pair (H, J), a nontrivial pair that contains a nonseparating
annulus whose boundary components are primitive circles in H separated by J; the
properties of primitive pairs will be developed in Section 6.4.

Lemma 6.6 Let H be a genus two handlebody and o C dH a circle such that 0H \ «
is incompressible in H. If H(«) contains an essential annulus A" with 04’ C 0H \ «
then one of the following conditions holds:

(1) there is a circle in dH \ o which is a power circle in H (necessarily, its compan-
ion annulus is essential in H(x)),

(2) « separates dH and the pair (H, o) is trivial or primitive,

(3) « is nonseparating in dH and H(x LI0A") = L, for some p # 1.

Proof If H(x) contains an essential annulus A’ then, by [4, Theorem 1] and Remark
(d) after its statement, there is an essential annulus A C H(«) satisfying condition
(a) or (b) of that theorem whose boundary is parallel in dH to one or both of the
components of dA’.

Suppose first that part (a) of [4, Theorem 1] holds, that is, the annulus A4 lies in H
with d4 C H \ o, which by [4, Theorem 1] is the case if o separates dH. Necessarily
A is incompressible and not boundary parallel in H, so by Lemma 3.2 each component
of 04 is a nonseparating circle in dH, and by Lemmas 3.3(2) and 3.4 both components
of dA are primitive or both are power circles in H. In the latter case, (1) holds, so
assume that the circles dA4 are primitive in H. Since A4 is not boundary parallel in H, by
Lemma 3.3(2) A must be a nonseparating annulus and so the circles «, d; 4 and d, 4
are mutually disjoint and nonparallel in dH, and H(0; A) is a solid torus with meridian
circle 0, 4. If o C 0H is a separating circle then by definition the pair (H, «) is either
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0P

Nz

Figure 10: The manifold H(«) andthedisk D C H, C T (p =1).

trivial or primitive, so (2) holds, while if « is nonseparating then the circles d, A and «
are parallel in 0H (9, A) and hence H(aLUdA") = H(0A) =S!xS? = Ly, so (3) holds.

Suppose now that part (b) of [4, Theorem 1] holds but not part (a), so that « is a
nonseparating circle in dH and no circle in dH \« is a power circle in H. By Remark (b)
after the statement of [4, Theorem 1], there is an incompressible, nonboundary parallel
pair of pants P C H with two boundary components d; P, d, P C dH \ o which are
nonseparating and mutually parallel, and a third boundary component d; P C 0H \ «
which separates d; P Ll d, P from « such that the surface PCH (o) obtained by
capping off 03 P with a disk in H («) is an essential separating annulus with the same
boundary slope as A’. Moreover, P separates H (o) into two components N and T,
where T is a solid torus such that if ¢ C H(«) is the cocore of the 2—handle attached
to H along «, then 7 can be slid over itself to form the union of an arc t, and a core 11
of T, where 7, N T is a straight arc in T from 97T to 7y ; the situation is represented
in Figure 10. Therefore H = cl[H(«) \ N(71 U 13)], and in dH the meridian circle
of N(t1) C T is isotopic to & while the meridian circle of N(t,) is isotopic to d3 P.

The circle d; P separates dH into two once-punctured tori 77 and 75, with
01PULPCTy, aCT, and 0Ty =03P =075,

while the incompressible surface P separates H into two genus two handlebodies H;
and H, (see [19, Lemma 2.3]), where the notation is chosen so that &« C 75 C 0H,
and hence H,(a) =T.

Since the annulus P is not boundary parallel in H(«) and H(a) = H1 (93 P)U s Ha (),
P must run p = 2 times around the solid torus 7" = H,(«). Thus there is a disk D
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properly embedded in H, which is disjoint from d; P LI 9, P and intersects P in one
arc, d3 P minimally in two points, and & minimally and coherently in p points; the
disk D is shown in Figure 10 (in the case p =1 for simplicity).

Boundary compressing P in H along D produces 2 nonseparating annuli By, B, C H,
where d{ By =01 P, 1B, =0, P, and 0, B; and 0, B, are parallel circles in T, C 0H
with A(a, d,B1) = p = A(a, 0, By). By Lemma 3.4 and our hypothesis on dH \ & not
containing any power circles in H, d; By and d; B, are primitive circles in H. There-
fore the pair (H, d5 P) is primitive and H(d; B;) is a solid torus with meridian disk B 1
such that A(a, 8l§1) = A(,02B1) = p, whence H(aU0dA") = H(a U0y By) =L,
so (3) holds. O

Lemma 6.7 Let H be a genus two handlebody and « C dH a nonseparating circle.
Then « is a Seifert circle in H if and only if the surface 0H \ « is incompressible in H
and contains a power circle B with companion annulus B C H such that (1) « is a
primitive circle in the handlebody Hg C H|B, in which case (2) B is a regular fiber
of H(a), and any power circle in 0H \ « satisfies (1) and (2).

Proof If « is a Seifert circle in H then by Lemma 3.3 and the 2-handle addition
theorem the surface dH \ oy C H is necessarily incompressible and contains a power

p > 2 circle by Lemma 6.6 applied to the unique separating essential annulus A’ in
H(a) = D2 (%, %).

Let B C H and Vg C H be the companion annulus and solid torus of 8, respectively.
From the identity H () = Hp(xx) Ug Vg = D?(x, %) it follows that the annulus B is
essential in Hp () and hence that Hg(«) is a solid torus. Therefore « is a primitive

circle in Hp and the circles 3B, and hence f, are regular fibers of H () = D2 (x, *).
The converse holds by a similar argument. |

6.3 Double and maximal pairs

Lemma 6.8 Let (H,J) be apair with 0H =T, Uy T,.

(1) Suppose that w1 C T1 and w, C T, are, respectively, power py and p, circles
in H that induce disjoint once-punctured tori T| and T, in H with boundary
slope J. Then T{ U T, cut H into 3 genus two handlebodies Hy, H; and H,
as shown in Figure 11, top, such that
(a) (Hy,J) and (H,, J) are simple pairs of types (1, p1) and (1, p,), respec-

tively;
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(b) (Ho, J) is a basic pair; specifically, the power circles w; C T| in H; and
wy C T, in H, are basic circles in Hy, with | and o/, primitive circles in
Hy U H, and Hy U Hq, respectively;

(c) if (Hy, J) is a simple pair with power circles yy C T{ and y, C T, then,
foreachi € {1,2}, A(w},y;) =1 and y; is a primitive circle in H;;

(d) if the pair (Hy, J) is nontrivial then any nonseparating circle oy C Ty which
is not isotopic to w; in Ty is neither a primitive nor a power circle in H ;
in particular, the surface 0H \ oy is incompressible in H and the manifold
H(ay) is irreducible with incompressible boundary, with «y a Seifert circle
in H if and only if «; is primitive in Hy U H .

(2) (H,J) is adouble pair of type (p1, p2) if and only if there is a once-punctured
torus T C H with 0T = J that separates H into simple pairs (Hy, J) and
(H,, J) of types (1, p1) and (1, p,), respectively (see Figure 11, bottom), in
which case
(a) any once-punctured torus in H bounded by J is parallel to T, Ty or T5;
(b) ifw] CT C Hy and ), CT C H, are the power circles in Hy and H,

then A(w], ) =1, »] is a primitive circle in H,, and o) is a primitive
circle in Hy;
(c) if y C T is any nonseparating circle which intersects w; minimally in ¢
points, then
H(ay) = Hy(J) Uz Hy(o)
(S'xD?)# L, if ¢ =0,
_ St xD? if ¢ =1 and «; is primitive in H,

D2(p,,r) for somer >2 if g =1 and oy is not primitive in H,
A%(p2) Uz D2(p1.q) if ¢>2.

Proof For part (1), that the manifolds Hy, H; and H, are genus two handlebodies
follows from Lemma 3.7, so the pairs (H7, J) and (H,, J) are simple by definition
and so (1)(a) holds.

By a similar argument both HyU H; and HyU H; are handlebodies. Now, if V] C H;
and V, C H, are companion solid tori of the power circles | C 7| and w), C T, (see
Figure 11, top) then, by Lemma 6.3, H' = V; U Hy U V, is homeomorphic to H, so by
Lemma 3.5(2) the circles a)i and a); are basic circles in Hy. Similarly, by Lemma 6.3
] is primitive in H, U Hy and ) is primitive in H; U Hp, and if the pair (Ho, J)
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Figure 11: Once-punctured tori in a genus two handlebody H.

is simple and y; C T} is a power circle in Hy then A(w},y;) = 1 by Lemma 6.2(5),
and we also have that y; is primitive in H;. Therefore parts (1)(b) and (1)(c) hold.

For part (1)(d), if oy is not isotopic to w; then by Lemma 3.6 «; is not a power circle
in H. If o is a primitive circle in /4 then by Lemma 6.3 the manifold H Uy, V
obtained by gluing a solid torus to H along an annular neighborhood of ¢« in 77, so
that &y runs p > 2 times around V, is a genus two handlebody which, as (Hy, J) is a
nontrivial pair, contains three mutually disjoint nonparallel and not boundary parallel
once-punctured tori with boundary slope J, contradicting Lemma 3.9. Therefore o is
also not primitive in H, so by Lemma 3.3(1) the surface dH \ oy is incompressible
in H, and so by the 2-handle addition theorem the manifold H () is irreducible with
incompressible torus boundary. The remaining part of (1)(d) follows from Lemma 6.7.

For part (2), if (H, J) is a double pair of type (p1, p») then, by construction, there
are power p; circles w; C T; and so the hypothesis of part (1) is satisfied with
(Hy,J) = (Tl’ x I, J) atrivial pair; therefore by (1)(a) the torus T = Tl/ separates H
into simple pairs (Hp,J) and (H,,J) having the claimed types. Conversely, if a
once-punctured torus 7" C H exists that separates H into simple pairs (H;, J) and
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(H,, J) of types (1, p1) and (1, p,), respectively, then again 77 and 7, contain
power pp and p, circles, so by (1) and (1)(a), along with Lemma 3.9(1), we have that
the induced once-punctured tori Tl/ and Tz/ are parallel in H to T, so (Hp,J) is a
trivial pair and so (H, J) is a double pair of type (p1, p2). In particular, (2)(a) holds.

Since for any two nonseparating circles «, 8 C T, in Hy ~ T x [—1, 1] the circles
ax{—=1} C T x{—1} and B x {1} C T x {1} are basic circles if and only if « and
intersect transversely in 7" in one point, (2)(b) follows from (1)(b) and (1)(c), while
(2)(c) follows from the identity H(a;) = A%(p,) Uz Hyi(ag). a

6.4 Primitive pairs

Recall that a nontrivial pair (H, J) with 0H = Ty Uy T, is primitive if there are circles
oy C T7 and ay C T, which are primitive and coannular in H. In this section we
use primitive pairs to analyze the structure of nonminimal pairs with power or Seifert
circles.

Lemma 6.9 If (H, J) is a primitive pair with 0H = T, U; T,, A C H is any annulus
with boundary a pair of primitive circles oy C T7 and oy C T, and B; C T; is any
nontrivial circle with A(B;,a;) > 1, then

(1) the manifold H(B;) is irreducible and boundary irreducible, and if A(B;, i) > 2
then H(B;) is toroidal,

(2) any incompressible, nonboundary parallel annulus in H with boundary in 0H \ J
is isotopic to A, and any circle in T; which is primitive in H is isotopic to «; .

Proof Assuming (1) holds, if B; C 7; is a primitive or power circle in H then H(S;)
has compressible boundary by Lemma 3.3(1)(b), hence 8; must be isotopic to «; ; also
any incompressible and nonboundary parallel annulus B C H with boundary in 0H \ J
is either a companion or a nonseparating annulus in H, hence each component of dB
is a primitive circle in A by Lemmas 3.2 and 3.3 and the argument above, and so B
must be isotopic to 4 in H by Lemma 3.4(4). Thus part (2) follows from part (1).

Suppose now for definiteness that 81 C T} is any nontrivial circle with A(81, 1) > 1.
By Lemma 3.7(1) the manifold H(J) is irreducible with incompressible boundary
TyuT,. Set H(J)(«y) = H(J) UV, where V; is a solid torus attached to H(J)
along Ty so that «; bounds a disk in V;. Then H(J)(xy) = H(op) is a solid torus
with meridian disk 4 C H (o) which intersects the core K; of V; minimally in one
point, so in H (1) the knot K; has wrapping number one and exterior H(J) C H(oy).
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Since the pair (H, J) is not trivial, by Lemma 3.7(4) the knot K; is not a core
of H(w1). Therefore K is a locally knotted core of the solid torus H (o), that is, the
torus F C H (J) obtained as the frontier of M = N(AUAJdH(J)) C H(J) is essential
and separates H(J) into two components X and M, where X is the exterior of a
nontrivial knot in S? (ie of the local knot tied along the core of H(cq)), and M can be
identified with a Seifert fiber space of the form P xS!, with P a pair of pants, such that
oM = JA“I L Tz U F and the annulus A C M is fibered. Thus H(B1)=XUgM(B1)
is irreducible and boundary irreducible.

Since M (B1) ~ A%(q) for ¢ = A(aty, B1) > 1 and OM(B)) = YA“Z U F, if q = 2 then
T » and F are not mutually parallel in M(f) and so the torus F is essential in H (B).
Therefore (1) holds. a

In the following result we determine the structure of a general pair (H, J) for which
there is a circle y C dH \ J which is either a power circle (eg if (H, J) is a simple,
double or maximal pair) or whose complement dH \ y contains a power circle (eg if
y is a Seifert circle).

Lemma 6.10 Let (H,J) be a pair with 0H = Ty Uy T, and T C H any once-
punctured torus with 0T = J which separates H into nontrivial pairs (Hy,J) and
(Hp,J) withdH; =T UT;.

(1) If wy C T is a power circle in H then either w; is a power circle in Hy or the
pair (Hy, J) is primitive with w, a primitive circle in Hy and coannular in H;
to some circle @, C T which is a power circle in H,.

(2) If a; C Ty is a nonseparating circle such that the surface 0H \ oy C H is
incompressible and contains a circle B which is a power circle in H, as is the
case when « is a Seifert circle in H, then either B C T, or each pair (Hy, J)
and (H,, J) is a simple or double pair; in particular,

(a) thereis a circle in Ty which is a power circle in H,
(b) if oy is a Seifert circle in H then o is a primitive circle in H; and there is
a circle in T, which is a power circle in H,.

Proof For part (1), by Lemma 3.3(2) there is a companion annulus A for w; in H. As
A and T are incompressible in H, A can be isotoped so as to intersect 7" minimally,
so that A N T consists of circles which are nontrivial in A and 7. If ANT =@
then w; is a power in H; by Lemma 3.3(2), so assume that A N T # &. Then
AN Hj has an annulus component Ay with d; 4; = and 0,41 = a)i C T, and the
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component A, of AN H, with 91 4, = ] is, by minimality of A N7, a companion
annulus for @} in H,; thus o/ is a power circle in H, by Lemma 3.3(2). If 7" C H,
is the once-punctured torus induced by wi then, by Lemma 3.7(2), H,|T’ consists
of two handlebodies H; and HJ', say with T’ C dH,, such that the pair (H,,T") is
simple. Similarly, H|T"' consists of two handlebodies H Uz H, and H) and so, by
Lemma 6.3 applied to the pairs (H;, J) and (H,, J), the circle o], and hence vy,
are primitive circles in Hj ; therefore the pair (Hy, J) is primitive.

For part (2), let 8 C 0H \ o1 be a power circle in H. Notice that if ¢y is a Seifert circle
in H then by Lemma 6.7 the surface 0H \ oy C H is incompressible and contains
such a power circle f; in particular, by Lemma 3.3(1) o is neither a primitive nor
power circle in H.

We assume that 8 has been isotoped in dH \ @7 so as to intersect J minimally. As o
is not a power circle in H,if BN J = & then B C T>.

Suppose now that 8 N J # &, and let B C H be a companion annulus for § which
is disjoint from «; and intersects 7 minimally, so that the graphs of intersection
Gr=BNT CT and Gg= BNT C B are nonempty. Since dH \« is incompressible
in H, the minimality of BN 7T implies that if e C BN T is an arc that bounds a trivial
disk face D in B (resp. T') then e is essential in T (resp. B) and so D is a boundary
compression disk for 7' (resp. B) in H.

If the graph G = BN T C T has a trivial disk face D7 then boundary compressing
B along D7 produces a nontrivial separating disk in A with boundary in dH \ o,
contradicting the incompressibility of dH \ «; in H ; therefore the graph G7 has no
trivial disk faces.

If the graph Gg = BN T C B has a trivial disk face Dg and Dp C H;, then Dp
intersects J minimally in 2 points by Lemma 2.1(3) and so the pair (Hj, J) is simple
by Lemma 3.11. If Dg C H; then, as «; is disjoint from dB, o is disjoint from
Dp C B and so, by Lemma 6.2(5), o is disjoint and hence isotopic in 77 to the power
circle of the simple pair (H{, J), which is not the case. Therefore Dp C H, and so the
pair (H,, J) is simple, whence 7, contains a power circle in H, by Lemma 6.2(1).

Otherwise the graphs G7 and Gp are essential, so Gpg consists of spanning arcs
that cut B into a collection of 4—sided disk faces, alternately lying in H; and H,.
By minimality of B N T any such disk face of Gp in H, intersects J minimally
in 4 points; therefore each pair (Hy, J) and (H,, J) is a simple or double pair by
Lemma 6.1, so again 75 contains a power circle in H,. Thus (2)(a) holds.
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Figure 12: The complementary regions R; ;41 of T C Xx.

Observe now that H(ay) = Hy(J) Uz Hy(a1), where Hy(J) is an irreducible and
boundary irreducible manifold by Lemma 3.7. If «; is a Seifert circle in H then
H(ay) = D?(%, ) is an irreducible and atoroidal manifold, hence T bounds a solid
torus in H(x;) and so Hi(«) must be a solid torus, so o is primitive in H;. By
(2)(a) there is a circle y C T, which is a power circle in H. If ¢ is not a power circle
in H; then by (1) the pair (H;, J) is primitive, with y C T3 a primitive circle in H,
and coannular to a circle Y’ C T which is a power ¢ > 2 circle in H;. By Lemma 3.4
the circles @y and y’ are separated in Hj, hence the meridian disk of the solid torus
Hi(op) intersects ' minimally in ¢ > 2 points, which by Lemma 6.9(1) implies
that H(ay) = Hy(J) Uz Hy(ay) = D2 (x, %) is a toroidal manifold, a contradiction.
Therefore y C T is a power circle in H, and so (2)(b) holds. a

7 Thecase |[T|=6

In this section we assume that K C S is a hyperbolic knotand T = T U---U Ty a
collection of N mutually disjoint and nonparallel once-punctured tori in X, initially
considering several special cases with N < 5 before discussing the case N = 6 in detail.

For the rest of this section we extend each once-punctured torus 7; C Xg up to the knot
K viaannuliin N(K) with disjoint interiors, so that d7; = K and int(7;)Nint(7j) = &
for i # j; for simplicity we will continue to say that the 7; are mutually disjoint.
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Using the notation set up in Section 6.1, we represent and label the regions R; ;4 as
in Figure 12 (where we take N = 6), each of which is a handlebody by Lemma 4.3. In
particular, if a pair (R; ;+1, K) is simple then its core K; has index p; >2 and its power
pi circles w; C T; and w; C T;4 cobound annuli 4;, A} C R; ;41 \int N(K;) with
01A4; = w; and 91 A; = ] and circles 3, A;, 0,4} C IN(K;) of slope a;/ p; relative
to N(K;), where gcd(a;, pi) =1, so that (R; ;41, K) is a pair of type (0, 1;a;, p;).

7.1 Core knots and hyperbolic Eudave-Muiioz knots

The next result establishes a connection between the core knots K; produced by the
collection T and the family of hyperbolic Eudave—Muiioz knots under some conditions.

Lemma7.1 Let K CS? be ahyperbolic knot that bounds a collection T = T;UT,UT;
of mutually disjoint and nonparallel once-punctured tori such that R , is a handlebody
and (R >, K) a simple pair with core knot K, and the regions R 3 and Rs, are
not handlebodies. Let Vi = N(K;) UN(A1) C Ry be a solid torus neighborhood
of Ky and identify Xk, with S3\int Vi, so that w; is a nonintegral slope in 0Xg, of
the form a1/ py. Then

(1) the twice-punctured torus F' = cl(T; U T3\ V1) C Xk, is essential in Xg, ;
(2) Xk, (w1) is an irreducible manifold and FcXx k,(w1) is an incompressible
separating torus;
(3) if T, C Ry 3 and T}, C R3; are once-punctured tori bounded by K which are
not parallel to T, , T3 and Ty, T3, respectively, then
(a) K is a hyperbolic Eudave—Muiioz knot of index p; = 2;
(b) there are circles y',y"” C T3z with A(y’,y"") # 0 which are power circles in
R, 3 and Rj p, respectively; in particular, if any of the pairs (R, 3, K) or
(R3,p, K) is minimal then it is simple;
(c) theregions Ry, and Ry, are handlebodies;
(d) if each of the pairs (R 4, K) and (Rp 1, K) is simple of index 2 then the
region Ry 4 is a handlebody.

Proof Let FE . FWV c X k, be the closures of the components of Xk, \ F, with
FV = R3 1 ; the situation is represented in Figure 13. By Lemma 6.3 F B is homeo-
morphic to R, 3, while by Lemma 4.1(1) the regions R; 3 and R3 ; are handlebodies;
therefore FB and F" are handlebodies.
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Figure 13: The regions FB and F" in Xk, = S3 \int V.

By Lemmas 5.1 and 6.3, the circle w; C 77 is neither primitive nor a power in R3 .
Therefore the surface F is incompressible in R3 ; by Lemma 3.3(1) and so, by the
2-handle addition theorem, F" (w;) = R3 1 (wy) is an irreducible manifold with
incompressible boundary the torus F.

Using the solid torus neighborhood V| = N(K) U N(4)) C R, of Ky, it follows
in a similar way that | is neither a primitive nor power circle in R; 3, and hence that
0R3 3 \a)i is incompressible in R, 3 and R2,3(wi) is an irreducible and boundary
irreducible manifold.

Since the homeomorphism between FZ and R, ; identifies F with the surface
0R; 3 \ int N(w]) and the slope w; of the core of the annulus V; N Fp with w1,
we have that F is incompressible in X, and

Xk, (@1) = F¥ (01) Up FB(01) ~ R3 1 (1) Uy Ry 3(w))

is irreducible with F C X, k, (w1) an incompressible separating torus, so (1) and (2) hold.
In particular, K; is not a torus knot, so by [17] K; is either a satellite or hyperbolic
knot.

For part (3) observe that, by Lemma 3.7(2), (R34, K), (Rg,3, K), (R3p, K) and
(Rp,1, K) are all nontrivial pairs. As the boundary slope w; C 90Xk, of F is nonintegral,
if Ky is a satellite knot then by Lemma 5.2 there is a circle y C F, not parallel to dF,
which is a power circle in FZ and F". Via the homeomorphism F2 ~ R; 3,
y corresponds to a circle in dR3 3 \ | which is a power circle in Rj 3, so by
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Lemma 6.10(2)(a) there is a circle ¥’ C T3 which is a power circle in F B~ Ry3. A
similar argument applied to F" = R3 ; shows that there is a circle " C T3 which
is a power circle in F". However, by Lemma 3.6, the circles y and y’ are isotopic
in BFB(a)i), while y and y” are isotopic in dF" (w). But then 3’ and y” must be
isotopic in 73, which by Lemma 5.1 cannot be the case since K is a hyperbolic knot.

Therefore K; must be a hyperbolic knot, so by [9, Theorem 1.1] K is a hyperbolic
Eudave-Muioz knot and the slope a/p; of dF; is half-integral, whence p; = 2.
By [5, Theorem 2.1] and the invariance argument used in [5, Proposition 2.2], the
closed torus F C K (w1) is unique up to isotopy and separates X, (1) into two
Seifert fiber spaces FB(w;) and FW (1) of type D2(x, %) (the uniqueness of the
torus F C K 1(wy) also follows from the fact [9] that the regular fibers of the two
Seifert fiber spaces D2 (*, *) in K (w;) intersect transversely in one point). Therefore,
by Lemma 6.10(2)(b), there are circles y’, y” C T3 which are power circles in Ry 3
and Rj;p, respectively, where A(y’,y”) # 0 by Lemma 5.1. And whichever pair
(Rg,3, K) or (R3 5, K) is minimal must, by Lemma 6.2, be simple.

Moreover, as w; is a Seifert circle in F¥ = R3 1, by Lemma 6.10(2)(b) the circle
@i is primitive in Ry, 1 and so Ry » is a handlebody by Lemma 6.3. Since FB(w)
corresponds to Rj, 3(a)’1), in a similar way it follows that a)i is primitive in R, , and
R 4 is a handlebody. Therefore (3)(a), 3(b) and 3(c) hold.

For (3)(d), if each of the pairs (Rp, 1, K) and (R, 4, K) is simple of index 2 then each
circle d, 4, C IN(K,) and 82A;) C dN(Kjp) (see Figure 13) bounds a M&bius band
B, C N(K3) and Bp C N(Kjp). By (3)(c) and Lemma 3.5(1) the circles w; = 81A;)
and a); = 01 A, are primitive in R; > and so by Lemma 6.4(3) there is a slope s; in
dN (K1) which along with w, U, cobounds a pair of pants Py in Ry \int N(Ky).
Thus the slope s; C AN (K1) bounds the once-punctured Klein bottle B, U Py U Bp in
the exterior S* \ int N(K) of the hyperbolic knot K; and so by [8, Theorem 1.3] the
slope s is integral; therefore the circles a)l’) and w; are basic in Ry > by Lemma 6.4(4)
and hence Ry , is a handlebody by Lemma 3.5(2). |

7.2 Heegaard splittings of S3

For the rest of Section 7 we consider the case N = 6 exclusively. In this section we
prove that some pair of complementary regions R; ;43 and R;;3; form a Heegaard
splitting of S®. For convenience we summarize below a number of properties of the
regions R; ;.
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Lemma 7.2 (1) Eachregion R; ;4 is a handlebody and each pair (R; 41, K) is
minimal and nontrivial.

(2) Forsomei €{1,2} each pair (R;;+1,K), (Ri42,i+3.K) and (R;+4,i+5, K)
is simple.

(3) Eachregion R; ;> is a handlebody.

(4) No pair (R; ;+1, K) is a double pair, and if a region R; ;3 is a handlebody
then (R; ; 43, K) is neither a simple nor a double pair and (R;41,i42.K) is a
basic nonprimitive pair.

(5) The region R; ;43 is a handlebody if and only if the pair (R; 41, K) is simple
and the power circle a)l’ C Ti41 of R; ;4 is primitive in R;4q 43, and if
R; ;43 is a handlebody then (R;43 ;+3, K) is also a simple pair. Thus, if all
regions R; ;43 are handlebodies then all pairs (R; ;+1, K) are basic and simple,
and if (R;;+1, K) is not a simple pair then the regions R; ;3 and R;_, ; are
not handlebodies.

Proof Part (1) follows directly from Lemma 4.3 since the degree of each vertex of G
is 6. Also, by Lemmas 2.3(1) and 4.2 there is a vertex v in 5Q of degree 3 around
which there are 3 incident bigon disk faces of G located in alternating regions; thus
(2) holds. We also have that for each i the region R; ;4 contains no bigon disk faces
of GiQ’i+2, so the graph G,-Q,i+2,,~+4 is reduced with each vertex of degree 3 and so by
Lemma 4.1(3) the region R; ;4> C X is a handlebody; therefore (3) holds.

If the region R; ;3 is a handlebody then by Corollary 3.10 the pairs (R;;+1, K)
and (R;42,i+3, K) are simple, and by Lemma 6.8(1)(b) the power circles wl/ C Ti4+1
and w; 45 C Tjy, are basic in R; ;1. Therefore, in R;11 42, the circles w; and
wj 4o are primitive but not homotopic to each other, hence not coannular, which by
Lemma 6.9(2) implies that the pair (R;4+1,;42, K) is not primitive. The remaining
parts of (4) and (5) follow from (1) and Lemmas 3.7(3) and 6.8. a

Lemma 7.3 At most one pair (R; ;+1,J) may not be simple.

Proof Suppose, for definiteness, that the pair (R 2, K) is not simple. Then the region
R 4 is not a handlebody by Lemma 7.2(5), so Ry4,; is a handlebody by Lemma 4.1(1).
By Lemma 7.2(4), neither (R 2, K) nor (Ry,1, K) is a simple or double pair; as the
pair (R 4, K) is not minimal, by Lemma 3.9 it is not simple. Therefore by Lemma 4.2
the graph G IQ’2’4 has no bigon disk faces, and by Lemma 6.1 it has no 4—sided disk
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faces in Rj, or Ry ;. It follows that G 1Q’2’4 is a reduced planar graph with each

vertex of degree 3, which by Lemma 2.3 must have 4-sided disk faces, all of which
must lie in the region R 4. Therefore (R 4, K) is a double pair by Lemma 6.1 and
so the pair (R34, K) is simple by Lemma 6.8(2).

A similar argument applied to the graph G 52’5 shows that the pair (Rs ¢, K) is also
simple. Since by Lemma 7.2(2) the pairs (R3 3, K), (R4,5, K) and (Re,1, K) must
be simple, the lemma follows. a

Lemma 7.4 If the region R 4 is not a handlebody then
(1) all the pairs (R;;+1, K) are simple,
(2) the core knots K1 C Ry > and K3 C R34 are hyperbolic Eudave-Mufioz knots
of indices p; =2 = p3,
(3) allregions R; ;3 # R 4 are handlebodies.

Proof Recall that if the region R; ;43 is a handlebody then by Lemma 7.2(5) the
pairs (R;;+1, K) and (R;42,;+3, K) are simple.

Since Rj 4 is not a handlebody, by Lemma 4.1(1) the region R4 ; is a handlebody,
hence the pairs (Ry4,s5, K) and (Rg,1, K) are simple. By Lemma 7.3 we may assume
that one of the pairs (R 2, K) or (R34, K), say (R, K), is simple. Thus at most
one of the remaining pairs (R3 3, K), (R34, K) or (Rs,6, K) may not be simple.

Now, by Lemma 7.2(3) the region R; 4 is a handlebody, while by Lemma 3.9 R4, is
not a handlebody. Therefore, by Lemma 7.1(3) applied to the simple pair (R 3, K)
and the collection of tori 77, 75> and T4 with T, = T3 and Tp = T5, the knot K,
is a hyperbolic Eudave-Mufioz knot of index p; = 2, the minimal pair (R34, K)
is simple, so the core knot K3 is defined, and Rs > is a handlebody and so the pair
(Rs,6, K) is simple. By symmetry, K3 is also a hyperbolic Eudave—Muiioz knot of
index p3 =2 and R3¢ is a handlebody.

If R, s is not a handlebody then applying the argument above to the simple pair
(R4,s5, K) shows that (R3 3, K) is a simple pair and the core knots K, C R; 3 and
K4 C R4 5 are hyperbolic Eudave-Muiioz knots of indices p, =2 = py4, contradicting
Lemma 7.1(3)(d) applied to the simple pair (R34, K) and the tori 77, T3 and T, with
T, =T, and Tp, = T’s. Therefore R, s is a handlebody, so (R 3, K) is a simple pair,
and in a similar way Rg 3 is also a handlebody. m|

We now combine the results above to obtain a genus two Heegaard splitting of S*.
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Proposition 7.5 All the pairs (R; ;+1, K) are simple and, without loss of generality,
we may assume that all the regions Ry 4, R4,1, Rs> and R3¢ are handlebodies. In
particular, Ry 4 Uy Ry, is a genus two Heegaard splitting of S? and w; C Ty and
w}y C Ty are Seifert circles in Ry .

Proof That all pairs (R;;4+1, K) are simple follows from Lemma 7.2(5) if all the
regions R; ;3 are handlebodies, and otherwise from Lemma 7.4, which also implies
that at most one region R; ;43 is not a handlebody, so we may assume that Ry 4, R4 1,
Rs 5 and R3¢ are handlebodies.

Since R3¢ is a handlebody, by Lemma 7.2(5) the circle a)g C Ty is primitive in Ry ¢
and hence a Seifert circle in R4,; by Lemma 6.8(1)(d), disjoint from the power circle
a)g C T1 CORy 4. In a similar way, w; C T is a Seifert circle in R4 1 since Rs 5 is
a handlebody. a

7.3 Heegaard diagrams

In this section we construct the Heegaard diagrams of the genus two Heegaard splittings
Ry 4Uy Ry 1 of S3 provided in Proposition 7.5. To this end we first obtain specific
homeomorphic representations of basic simple pairs and more general pairs with the
help of the following result:

Lemma 7.6 Let S be a closed genus two surface and ay,bq,ay, by, ag,bg,co C S
nontrivial circles which intersect minimally as shown in Figure 14, top, where cg
separates S into two once-punctured tori S1 and S, with a; Ub; C S;. Then

(1) any nontrivial separating circle ¢, C S which is disjoint from a; U a, and
intersects ay minimally in 2 points is obtained by Dehn twisting ¢y along by,
that is, by connecting the endpoints of 2n nontrivial arcs in S| \ a; and 2n
nontrivial arcs in S \ a, in one of the two ways shown in Figure 14, center;

(2) any nontrivial separating circle ¢, C S which is disjoint from by U b, and
intersects by minimally in 2 points is obtained by Dehn twisting ¢ along aq,
that is, by connecting the endpoints of 2n nontrivial arcs in Sy \ by and 2n
nontrivial arcs in S \ by in one of the two ways shown in Figure 14, bottom.

Proof Let Ay C S be a thin annular neighborhood of cy; we will refer to the
components of S\ int Ay as S; and S, correspondingly, so that dS; Ll dS; = 0A4.
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Figure 14: The separating circles ¢,,cp C S.

Suppose ¢, C S is a nontrivial separating circle disjoint from a; L a,. Then ¢, may
be isotoped so as to intersect ¢y minimally, hence to intersect A9 C S minimally
into a collection of parallel spanning arcs. The arcs ¢, N S;, being disjoint from the

Algebraic & Geometric Topology, Volume 19 (2019)



2202 Luis G Valdez-Sdnchez

aT)

aoﬂA() aoﬂAO

I
2n

Figure 15: Generators of the arcs ¢, N A in the annulus Ay .

circle a; C §;, form a disjoint family of mutually parallel nontrivial arcs in S;. Since
lap Na;| = 1 it is possible to isotope c¢g, if necessary, so that the arcs ¢, N S; are
disjoint from the arc ag N S;, that is, so that the points ¢, N ag lie in the annulus Ay.
Also, as ¢, separates S, we must have |c, N S;| = 2n for some integer n > 1. The
situation so far is represented in Figure 14, center.

In the annulus A the endpoints of the spanning arcs c,N Ay C A are distributed around
049 = 051 U 0S5, and separated by the two arcs ag N A, as shown in Figure 15. Now,
the collection of arcs ¢, N A is uniquely determined by one spanning arc connecting
a point of ¢, NSy with a point of ¢, N.S,. It is not hard to see that the only collections
ca N Ao which intersect a N A, minimally in two points are the ones generated from
the arc connecting the points 1 and 2 or the arc connecting the points 3 and 4 indicated
in Figure 15, each of which in fact produces a separating circle ¢, in .S as shown in
Figure 14, center. Therefore part (1) holds, and (2) follows in a similar way. a

We now construct a diagram for the Heegaard splitting R 4 Uy Ry4,1 as follows.
Since R14 = Ry Ur, Ry 3 Ur, R34 is a handlebody, by Lemma 6.8(1)(b) the
circles a)’l C T, and w3 C T3 are basic circles in R; 3; therefore, as the pair
(R3.3, K) is simple, by Lemma 6.5(3), there are unique disks D, D', D” C R, 3
such that the 7—tuple (R 3, D, D', D", w}, w3, K) is homeomorphic to the 7-tuple
(H,D,D’,D",ay,a,,J) in Figure 9, bottom (where p, = p =2 is used for simplicity).

Since || N D"| =1, by Lemma 3.4 E; 3 =fr N(w; UD") C R, 3 is the unique disk
that separates the primitive circles @] and w3; moreover E; 3 intersects D minimally
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in one arc and the separating circle KX C 0R; 3 minimally in 4p; points (see Figure 9,
bottom, with J = K).

Therefore, by Lemma 7.6(2) with ay = dD", ay = dD’, by = D, by = 0], by = w3,
co = 0E, 3 and ¢, = K, the 7—tuple (R 3. D, D', D", 0}, w3, K) is homeomorphic
to the 7—tuple shown in Figure 16, top, where there are two choices for the circle K,
while the 6-tuple (0R3 3, 0D, ®}, w3, 0E3 3, K) is homeomorphic to the 6—tuple in
Figure 16, center, by Lemma 7.6(1), where there are two choices for the circle dE> 3.

Remarks 7.7 (1) If (H,J) is any basic pair and oy C 77 and «ap C T, are basic
circles in H then, by the 2-handle addition theorem and Lemma 3.4, «; and o,
are separated in H and so the compression disk of dH \ ¢; intersects «; minimally
in one point. It is not hard to see by the argument above that the pair (H, J) must
therefore be homeomorphic to the pair (R; 3, K) in Figure 16, top, obtained by any
valid connecting pattern between the endpoints of the arcs K MN.S; and KN S3, and that
(H, J) is simple if and only if it is constructed using the specific connecting schemes
in Figure 16, top.

(2) By Corollary 3.10 and Lemmas 3.5 and 6.3, any maximal pair (H, J) is homeo-
morphic to a manifold obtained by attaching solid tori V; and V, along annular
neighborhoods of basic circles oy C 7| and a, C T, respectively, of a nontrivial basic
pair (Hy, J) with dHy = T/ Uy T, in such a way that each circle «; runs at least
twice around V;.

By Lemmas 3.5(2) and 6.3, attaching the companion solid tori Vl/ CRipand V3C R34
to R; 3 along the circles a)’l and ws, respectively, yields a handlebody homeomorphic
to Ry 4 such that the 5—tuple (IR 4, wl,a);, 0E; 3, K) is homeomorphic to the 5—
tuple (dR3 3, ], w3, dE, 3, K) in Figure 16, center.

Notice that E; 3 C R 3 becomes a waist disk in Ry 4 which cuts R; 4 into two
solid tori V7, V3 C Ry 4, and such that dE 3 cuts dR; 4 into two once-punctured tori
Sy CdVy and Sy C V3, with w; C Sy and w; C Sy, and meridian disks Dy C V; and
D5 C V3 with dD; C 8¢ and dD3 C S4. Thus Dy and D3 are the compression disks in
Ry 4 of R} 4 \wg and R 4\ w, respectively, which are unique by Lemma 3.3(1)(b).
Since in 0R| 4 the circles w; and ] are disjoint from K UJE; 3 while w, and wy
are disjoint from K with |w; Nwg| = 1 = |wg N @}], it follows that the 7—tuple
(0R; 4, w1, a)g,a)4, a)g, 0E; 3, K) is homeomorphic to the one shown in Figure 16,
bottom.
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Figure 16: The circles K and 8E§i)3 in R, 3 and R 4.

Let 8E§Ig and 8E§2§ be the versions of the circle dE; 3 shown in Figure 16, bottom,
obtained by connecting the endpoints 1 and 2 or 3 and 4 in Figure 16, center, re-
spectively. It is not hard to see that the automorphism of dR; 4 obtained by reflecting
the surface dR; 4 across the plane that contains the circles a)éj U w4 maps 0F 51)3 onto

EY) for (i, j} ={1.2}.
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(1)

53> a8 shown

Therefore in the sequel we will assume for definiteness that dE; 3 = 0E
in Figure 17, top (where p; = 2).

In order to obtain the first half of the Heegaard diagram for Ry 4 U R4 1, it remains
to identify the circles dD; C S and D3 C Sy in the version of dR; 4 = S| Uy Sy
shown in Figure 17, top, where p, = 2 is used for simplicity. We do this with the help
of a specific homological frame for S; and Sy.

The oriented circles ay, b, indicated in Figure 17, center, lie in 77 and have the
minimal intersections |a; Nby| = |a; Nw;| = |b; Nwg| =1 and |b; Nw;| = 0. Since
ay and by are disjoint from 8E§1§ and |w; NdD1| = p1, homologically in S; we can
write dDy = p1ay + q1by for some integer g with ged(py,q1) = 1.

This and future arrangements can be described as follows: An oriented circle with a
box | k | on top represents a collection of |k| mutually disjoint, parallel circles, oriented
in the direction given by the arrows on the circle if k£ > 0, and in the opposite direction
if k <0; thus dD; is the circle obtained as the homological sum of the circle collections
with boxes p; and ¢; in Figure 17, center. The circle D3 is constructed in a similar
way as the homological sum of the collection of circles with boxes p3 and g3 with
gcd(ps3,q3) = 1, shown in Figure 17, bottom.

The second half of the Heegaard diagram for R; 4 U R4 ; is obtained similarly: A
waist disk E5s ¢ C Ry4,1 is constructed that separates Ry ;1 into solid tori that contain
the power circles w4 and a)é and have meridian disks D4 and Dg with minimal
intersections | D4 N 4| = p4, |De Nwg| = pe and | Dy Nwi| = 0 = | D Nw4|. We
then use the method of Lemma 7.6(2) (see Figure 14, bottom) to represent the circle
0FEs5,6 C 0R4,1 on top of the diagrams for dR; 4 = dR4,; of Figure 17.

We will call the diagram for dR4,; obtained by constructing the circle dEs ¢ = 0F glg
using the endpoints labeled 1 and 2 in Figure 14, bottom, a type 1 diagram, and a
type 2 diagram if 0Es ¢ = 0E gzg is constructed using the endpoints labeled 3 and 4
in Figure 14, bottom.

The Heegaard diagrams are now uniquely determined up to some number n € Z of
Dehn twists along the annulus A C dR; 4, which we consider in more detail in the
sequel. In the meantime, for n = 0, Figure 18, top, shows the circle 0F glg of a type 1
diagram for R4 with ps = 2, and the circles dD4 and 0D appear in Figure 18,
center and bottom, as obtained from the construction above.

We summarize our findings in this section in the following result:
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Figure 17: The circles (top) 0E» 3 =0F glg ( p2 =2) and (center and bottom)
3D1 and 3D3 in 8R1’4.

Lemma 7.8 If K C S3 is a genus one hyperbolic knot whose exterior Xg contains
6 mutually disjoint and nonparallel once-punctured tori, then S* admits a genus two
Heegaard splitting Ry 4 Uy Ry4,1 of type 1 or2 with K C dRy 4 = 0R4,; a separating
circle. a
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Figure 18: The circles BEglé (ps =2)and dD4 and 0Dg in dR4,1 = OR; 4
forn =0.
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7.4 The type 1 Heegaard diagrams for Ry 4 Uy R4 1

The identification of dR; 4 and dR4,; is completely determined by the images of the
circle pairs w; U a)’6 and a)g Ll w4 up to some number n € Z of Dehn twists along the
annular neighborhood Agx C dR; 4 of K shown in Figure 19, top; the Dehn twists
are applied only to the arcs Ag N (D4 LI dDg), where n > 0 is taken as the direction
indicated by the arrows along the arcs y and 6 in Agx shown in Figure 19, top.

Figure 19, top, shows the embeddings of the circles D and D3 in dR 4 obtained
with p, =2, and the embeddings of dD4 and dDg are shown in Figure 19, center and
bottom, respectively, with » =0 and ps = 3.

7.4.1 Fundamental group presentations, I In order to analyze the fundamental
group of the manifold Ry 4 Uy R4, 1 and properties of the words represented by circles
in the Heegaard surface dR; 4, we consider here the situation in more general terms.

Let H be a genus two handlebody; its fundamental group is isomorphic to the rank 2
free group I, . For i = 1,2, let y; C dH be disjoint separated power p; circles with
p1 =1 and p; =2, where if p; =1 then y; is taken to be a primitive circle. Thus
there is a waist disk D that cuts H into two solid tori V7 and V, with y; C aV; \ D,
and by Lemma 3.3(1)(b) the meridian disks D; C Vi \ D and D, C V, \ D are the
unique compression disks of dH \ y, and dH \ 1, respectively. Let x; be a core circle
of V; dual to D;, so that 7y (H,q) = (x1,x | —) forg e D.

By Lemma 3.3(2) the companion annulus A, C H of y, is unique and can be isotoped
away from D and into V3, hence D lies in the handlebody H,, C H|A; as a waist
disk; since by Lemma 3.5(1) the core circle t, C dHy, of A, is primitive in Hy,, we
have that 7y (Hy,,q) = (x1.12 | =) for g € D.

The next result now follows from van Kampen’s theorem.

Lemma 7.9 The map n((Hy,,q) — n1(H,q) (¢ € D) induced by the inclusion
Hy, C H is an injection given by x1 — Xx; and f > xzpz. In particular, if a circle
y C 0H \ y, is represented by the words w(x1,1;) € m1(Hy,,q) = (x1,t2 | —) and
W(x1,x2) € mi(H,q) = {(x1,x2 | =) for ¢ € y N D, then W(x1,x,) = w(xl,xfz).

O

Determining which words in the free group I, of rank two are primitive will be useful
in the sequel. The next result from [3] gives a simple condition satisfied by such words.
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dD U dD;3 (top),

Figure 19: The type 1 Heegaard circles for R; 4 U R4 1:

dD4 (center) and dDg (bottom) (with n =0, p, =2

ps =3).

)
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Lemma 7.10 [3] In any cyclically reduced primitive word in Fy = (x{,x, | —)
different from x?:l or xi‘zl , for some {i, j} = {1, 2} the exponents in x; are all equal
to 1 or all equal to —1, while the exponents in x; are all nonzero of the form m or

m+ 1 for some m € 7. O

7.4.2 Fundamental group presentations, II Recall that D;, D3 C R; 4 are the
compression disks of dRy 4 \ @} and IRy 4 \ w;, respectively. Therefore we have
that 7;(R1,4) = (Xx1.x3 | —) where the free generators x; and x3 represent the
circles in R; 4 dual to the disks D; and D3 constructed in Section 7.4.1, respectively;
similarly, 71 (R4,1) = (x4,X¢ | —), where x4 and x¢ represent the circles in Ry ;
dual to the disks D4 and Dg, respectively.

Set e =q; — p; fori =1,3,4,6.
Lemma 7.11 gcd(p;,si)=1fori=1,3,4,6,and ¢; =q; — p; € {1} fori =4,6.

Proof That gcd(p;,e;) = 1 follows from the fact that gcd(p;,q;) = 1.

From Figure 18 we have that, in 71 (R4,1) = (x4, X6 | =),

w; = (xf“xé"’)”rle“xg" and ) = (xé"’xf“)prlxé’ﬁxz4
relative to the basepoints w; Nwy and wjNwy4. By Proposition 7.5, )} is a Seifert circle
in R4 ; disjoint from the power circle a)g CT1 C Ry4,1. Therefore, by Lemmas 6.8(1)(d)
and 7.9 the word (xex2*)?5~!x¢x7* obtained by replacing x2® with x4 in the word
that represents w; must be primitive in the free group (x4, x6 | —). Since pg4 > 2, by
Lemma 7.10 we must have g4 = p4 £ 1, and hence that ¢4 € {£1}. That ¢¢ € {1}

follows in a similar way by considering the word for w . |

For convenience, in the sequel we will denote the generators x; and x3 of the free group
m1(Ry,4) = (x1,x3 | —) and their inverses by x and y, and X and Y, respectively.

Let F, = (x, y | —) denote the rank two free group generated by x and y, and M,
the monoid generated by x, X, y and Y. Denote the cyclic reduction of any word
w € F, by [w]. For any two words w; and w, in the monoid M, we denote their
equality in M, by w{ = w, and in the free group [, by wy = w,. Thus w{ = w,
implies that w; = w,, and x?y = xxy = [Xx3y] but x2y £ Xx3y £ x3Xy.

Cyclic permutations of a word w in [, are performed by treating w as an element
in M, that is, without performing any cancellations on w.
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For any two words w; and w, in F,, we say that

e w; is equivalent to w, and write w; = w; if w; is some cyclic permutation of

wp or wl_l;

e w; divides w, if wy, = a-w; -b for some (possibly empty) words a and b;

e w ||wy if there is a word u such that [w{] = u and [w;] = u - v, that is, if
some word equivalent to [w;] divides some word equivalent to [w,].

With this notation the following result follows from Kaneto’s theorem [15]:

Lemma 7.12 [15, Theorem 1] If (x, y |r,r2) is a presentation of 71(S3) obtained
from a genus two Heegaard splitting of S3 then, for some {i, j} = {1,2}, either
[ril =x and [rj] =y, orri|r;. o

Unlike the division relation, the relation || is not transitive: if w; = x2y, w, = x2y?
and w3 = xy?xY then w;||w, and wy = xp2x | w3; however, none of the cyclic
permutations x2y, xyx or yx2 of w; divides any of the cyclic permutations xy2xY,
y2xYx, yxYxy, xYxp? or Yxp2x of ws, from which it follows that w; ff ws. We
have however the following restricted version of transitivity for || :

Lemma 7.13 Suppose that w; and w, are cyclically reduced words in F, with
wq ||wy. If each cyclic permutation of w; is divisible by one of the words s,t € IF
then s || wy ort | wy.

Proof Without loss of generality we may assume that wy = u - v for some cyclic
permutation u of w;, and that s divides u; by definition it follows that s || w. a

7.4.3 Presentations for the group m1(Rq 4Uj R4,1) Inorder to apply Lemma 7.12
to the group presentation

71(R1,4 Uy Ry 1) = (x,y | 0Dy, D)

we need to determine the words represented by the circles dDy4, D¢ C 0R4,1 = 0R; 4
in the free group 71 (R 4) = (x, y | —). At this point we remind the reader that the
bound p; > 2 holds foreach 1 <i <6.

We shall see below that some of the circles representing dD4 or dDg contain disjoint
parallel copies of the oriented arcs y and & shown in Figure 19, top, obtained by
Dehn-twisting once a corresponding spanning arc in the annulus Ax C dR; 4 in the
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indicated directions. Reading the oriented intersections of y and § with the disks
Dy, D3 C R; 4 produces the words

y = (XPIyPS)PZ . (XPI YP3)P2 and § = (Yps XPI)PZ . (ypsxm)m,
which will appear as factors in some of the words for 0Dy, 0Dg € m1(R1,4) = (x, y|—).

Let o and 8 be oriented components of the collections with p4 and g4 circles shown
in Figure 19, center, respectively, so that homologically we have D4 = psa + g4 and
B = —wy. It follows that dD4 = wy(e, B) in w1 (R 4) = (x,y | —), where w4 (e, B)
is a cyclically reduced primitive word in the free group («, 8 | —) (which is unique up
to cyclic order) with abelianization pso + ¢48. Since we have by Lemma 7.11 that
qs = pa+e4 with g4 = £1, we can take 3Dy = ID; = (af)P*- B if e4 = +1 and
0Dy =03D, =a- (af)P4= 1 if g4 = —1.

In a similar way, in 7;(R,4), we have dD¢ = E)DgF = (uv)Pe - v if ¢ = +1 and
0D =0Dg =u- (uv)Ps~1 if ¢g = —1, where u and v are oriented components of the
collections in Figure 19, bottom, with pg and g¢ circles, respectively, so that v = wg.

Taking @ N B and u N v as basepoints, the words corresponding to o and f, and u
and v, in (R 4) after n € Z Dehn twists along the annulus A g , with n > 0 taken as
the direction indicated by the arrows on the arcs y and § in Figure 19, top, are given by
the following expressions obtained with the convention that «, say, reads x whenever
it intersects the oriented circle dD; from right to left, and x~1 = X otherwise:

o =[§"x91 P ynyps—qs]ps—l(gnqu—m Y xP1[pP3 x P ]pz—l
= [§"xE1 Y E3]Ps LN 1 P1 [ P3 x P1]P27 T
B = a)4_1 — (XPIYP3)P2_1XP1 yP3tes — (X PrYy P3)P2y€s,
af = [§"xE1y"Y 3PSy P3,
U= [ynym—qs(gnqu—pl]ps—l Yl yPITa Ny P3 (X P YP3)172—1
=[y"Y®3§" x®! ]Ps—l yrY eI §ny P3(X P YP3)P2—1 ,
vV=w; = (yP3xP1)P2—1yp3xP1+81 — (yP3xP1)P2x€l’
uv = [y e 8" xePs x P,
Therefore we obtain the following words for dD4 and dDg:
aDI = (af)P4B = [[8"xE1 Yy Y E3|PSY P3|P4 (X P1Y P3)P2Yy €3
Dy =a(ap)?*!

= [§"xE1y" Y63]P5—15nx81 Y x P pP3 x P ]Pz—l [8"x81y"Y €315 YP3]1’4_1,
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aD;_ = (uv)Poy = [[y" Y 83" xE1]P5 x P1]P6 (yP3 x P1)P2x®1
dDg = u(uv)Pe~!
— [y" Y E3§"x el ]Ps—l yn Y&3§ny P3 (XPI Yps)Pz—l [[)/n Y387 x €1 ]Psxpl ]P6_1 .
There are three cases to consider, depending on the value of n € Z.
7.4.4 The case n =0 We have the identities
oDt = [(x81 Y83)1J5 sz]m . (XPI YP3)P2 Yss’
4 —

N

8D; — (XS1Y€3)P5—1 xp1+81(y173x171)p2—1 J(x1 Y83)Ps YP3]P4—1’

s t

8D2_ = [(Y#3x81)P5xP1]P6 . (pP3xP1)P2xE1

3D6— — (Y€3x81)175—1yp3+83 _(XPIYPS)PZ_I ,[(YSSXSI)PSXPI]PE)_I‘
It is then not hard to see that

(1) any cyclic permutation of [[BDI]] is divisible by s = (x®1Y*3)P5YP3 but
s}oDE,

(2) any cyclic permutation of [dD, ] is divisible by
g = xP1te (yp3xP1)P2—1x€1 or =Y (x* Y83)P5—1 Y P3
but s,z } aDgIE .
Observe now that the words BDZE and 8DgE are related by the following symmetry:

(S) Foreach x € {£} there is a word w(x, y, X,Y;a,b,c,d,e) in the free group
(x,y,X,Y | =) depending on parameters a, b, c,d, e € Z such that

dD; = w(x,y, X,Y;e1, p1.€3, P3. Pa),
aDF = w(Y, X, p,X; €3, P3. €1, P1, D6)-

Similarly, in items (1) and (2) the words for s and 7 are each of the form
W(X,J/»X» Y;817P1»837P3)»

that is, independent of p4 and pg. Therefore, replacing s and ¢ in (1) and (2) above
with the words s’ and " corresponding to the transformation

W(x,y, X,Y;e1, p1.e3,p3) > WX, X, y,x;€3, p3,€1, P1)

and using the symmetry (S) above, statements (1) and (2) transform into the following
equivalent statements:
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(1) any cyclic permutation of |[8D;r]] is divisible by s’ = (Y®3x®1)P5xP1 but
s'}ODE,
(2') any cyclic permutation of [0D] is divisible by either
g/ = yP3tes (XPI YP3)P2—1Y€3 or t = x81(y83x81)p5—1x171
but s, ¢/ 0D .
We therefore have by Lemma 7.13 that [[BDii]] K [[BD]#]] for each {i, j} = {1, 2}.

In all cases that follow for type 1 or 2 Heegaard diagrams we will explicitly establish
the equivalent version of statements (1) and (2) above, and that the corresponding
equivalent versions of (1’) and (2’) also hold will follow by the argument above.

Remark 7.14 The values p; =2 for 1 <i <5, pg =4, et = +1 and ¢; = —1
for i = 3,4, 6 produce an integral homology 3—sphere R; 4 Uy R4 ; which by the
argument above is not homeomorphic to S* for n = 0. Thus in general integral
homology does not differentiate the manifolds R 4 Uy R4,1 from S3.

7.4.5 The case n >0 We have
BDI — ([[(Ym X P1yP2(yP3x PryP2] xE1[(x P1 yP3)P2 (X P1 yps)pz]nyb‘s]PS yps)P4
—_—
C A
,(XPIYPS)PZY&B’
B
- _ D3 Y P1\P2 (1,3 P1\P21 E1[(P1 1, P3\P2 (¥ P1Yy P3\ P2y €3]P5~]
ODy = [[(YP3XP1)P2(pP3xPL)P2] IO [(xP1yP3)P2 (X P1Y P3)P2]1Y 3]
. [(YP3 XPl)Pz (yP3xP1)P2]nx81
T(vP1,,P3\D2 D1y P3)\P211 1 P1(1,P3+P1)P2—1
[(xP1yP3)P2 (X PLY P3)P2] X PL(pP3xPT)

t

. ([[(YP3 XPl)Pz (yp3xm)1)z]nx€1
. [(xPI ylls)Pz (X7 Yps)Pz]n Y €3 ]PS YP3)1’4_1 ,
3Dgr — ([[(xpl YyP3)VP2 (X PLY P3) P2y 83[(Y P3 X P1)P2(1,P3 x P1)P2] €1 ]P5xp1 )P6
. (yPSXPI)szsl’
aDs_ — [[(xplym)pz (XPI YP3)P2]” Yes[(yps XPI)PZ (ypsxpl)pz]nx81]l’5_1
. [(xpl yps)Pz (XPI YPs)Pz]n Y &3
. [(YP3 ped )172 (yP3xPl )pz]n Y P3 (XPI sz)Pz—l
. ([[(xplyps)pz (XPI Yps)liz]n Y €3

.[(YP3 XPI)PZ(yP3xp1)p2]nx81]PSxpl)P6—1.
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(1) Any cyclic permutation of [[BDI]] is divisible by s = Y3P373 (located in AC)
or

t=ABC = (XPI YP3)P2 YP3+83 (Xpl YP3)P2 Y é3 (YP3 XPl)Pz’
but s,z } E)DgIE .
(2) Any cyclic permutation of [dD] is divisible by either
s=Yy3tes o 4 — (XP]YPS)Pprl(yP3xPl)P2_1

but 5.7 4 IDZE.

7.4.6 The case n <0 We use the identities
y = (y—1)|n| — [(yPSXPI)PZ(YP3XP1)P2]|”|’
s = (5—1)|n| =[(Xx™ YP3)P2(xplyP3)P2]|”|
to obtain the words

3D2_ — ([[(Xpl Y P3)P2 (xplyps)Pz]\n\xsl [(pP3xP1)P2(Y P3 XPl)Pz]lnl Y€3]p5 Yp3)P4
——————
S

. (XP1Yp3)P2 Yes,
Dy = [[(XP1YP3)P2(xP1 yP3)P2|Ml E1](P3 x P1YP2(Y P3 Xpl)p2]|n|Y€3]1’5_1

(X P1YyP3)P2 (xplyps)l’z]lnlxel [(yP3xP1)P2(Y P3 XPl)Pz]\n\ xP1 (ypsxpl)Pz—l

A
. ([[(XP] yp3)112(x1’1y113)172]\n|x81 [(yP3x171)PZ(YP3XP1)P2]|"| y83]P5 YP3)p4_1’
T N —— —
N

8D2r = ([[(pP3xP1)P2(Y P XPryP2|nlyes[(x P1yP3)p2 (xplyP3)P2]|n|x€1]p5xP1)p6
- (pP3xP1)P2xE1
dDg = [[(ypsxpl)m(ypsXpl)pz]\n\yss[(Xpl YP3)P2(XP1yP3)P2]|”|x31]P5_1
J(yP3xP1)P2(Y P3 X P1)P2]Inly e3[(X P1Yy P3)P2(xP1 yP3) P2y P3(x P1y P3)P2~]
([[(pP3xPr)P2(Y P3 X P1 VP2l y E3[(X PLY P3)P2 (xP1 P3)P2]I1l 21 ]pSXPI )P6—1'

(1) Any cyclic permutation of [dD; ] is divisible by s = Y P37¢3 but s ffdDZ.
(2) Any cyclic permutation of [dD,] is divisible by either
s=YP3tes o = AB = (yP3xP1)P2Y P3 (X PLY P3)P2

but S,IHE)D?.
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By Lemmas 7.13 and 7.12, we have therefore established the following result:

Lemma 7.15 If the Heegaard diagram of the manifold Ry 4 Uy R4 1 is of type 1 then
R1’4 Uy R4’1 7583 O

7.5 The type 2 Heegaard diagrams for Ry 4 Uy R4 1

We follow the outline of the analysis of type 1 Heegaard diagrams given in Section 7.4.

The circles 0F gzg’ 0Dy, 0D C 0R4,1 = OR; 4 are shown in Figure 20, and the circles

0D; COR; 4 fori =1, 3, 4, 6 that form the Heegaard diagram of type 2 for Rj 4Uj R4 1
are shown in Figure 21 (where n =0, p, =2 and ps = 3).

The circles o, B, u, v C 0R; 4 are defined and their words in 77 (R 4) = (x,y | —)
computed relative to the basepoints & N B and u Nv as in Section 7.4, obtaining the
identities

o = (xP1yP3)P2[§N x 1y E3|PS ) PITES

B=YS(YPixP)P2,
Ba =[Y o8 x5y "1P P,

u= (YP3IXP1)P2[)lye3ghxe1]Ps y Prter

v = x91yPs (xplyps)Pz—l = X1 (xP1yP3)P2,
vu = [x®1y"Y e s Ps x Pt

The conclusion of Lemma 7.11 applies in the present context, so we can take dD4 =
E)D‘;Ir = (Ba)P*B if ¢4 =+1 and dD4 = 0D, = a(Ba)P+~lif g4 = —1, and dDg =
E)DgIr = (vu)Pov if ¢ = +1 and dDg = 0D, = u(vu)Ps~ 1 if g5 = —1. This yields
the words

ADF = (B f = [5x4 Y pPs yPJPey S (Y P X PP,
D, = a(Ba)?+!
— (XPIyP3)P2[5nx€1 yn Yeg]psyp3+e3 [[Y835nx61 yn]psyps]pzt—l,
E)D;r = (vu)Pov = [[x®1y"YE3 5" P X P1]Po X 81 (x P1 yP3) P2
D¢ = u(vu)Po~!

— (Yps XPl)Pz[y" Y &3 5"x81]175 ped +81[[x81)/n Y835"]P5 XPI]P()_I’
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Figure 20: The circles BEgzg (n=0, ps =2)and 0D4 and dD¢ in dR4,; = R} 4.
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Figure 21: The type 2 Heegaard circles for Ry 4 Uy R4;1 (n =0, p;

ps =3).
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7.5.1 Thecase n =0 We have
8D:— = [(YE3xE1)P5 yP3]P4 . Y &3 (Y P3 X P1)P2
— (Y83 x81)P5 ) P3[(Y 83 xE1)P5,P3|Pa=1  y&3(yP3 x P1)P2
( )75y )75 P ( )
B s A
3D4_ = (xP1 yP3)P2(y1 Y63)P5yp3+83[(y83 xgl)PSyIU]PA_l’

N
aD;- = [(xE1Y®3)P5 X P1]P6 xE1(xP1)P3)P2

aD6_ — (YP3XPl)PZ(Y83x81)P5XP1+81[(X€1 Y83)P5XP1]P6—1'

(1) Any cyclic permutation of |[3Dj]] is divisible by
s=pP378 or =AB=x%1YBXPI(YP XPl)P2—1Y€3x81
but s,z } E)DgIE .

(2) Any cyclic permutation of [dD, ] is divisible by s = y#37%3 or t = Y #3x°1 yP3
but s, } aDéIE .

7.5.2 Thecase n >0 We have

oDt = ([Y83 [(Y P3 X P1)P2(pP3 xP1)P2] X E1[(xP1 pP3)P2(X P1 YPs)FZ]n]PSyP3)P4
4 — —
s SYE3(YPIXPL)P2,
aD; = (xP1yP3)r2 [[(YP3 X P1)P2(yP3 xPL)P2] xE1[(xP1 pP3)P2(X P ypz)Pz]nY€3]1’5
——

s

. yP3tes ([Y53 [(Y P3 X P1)P2(yP3 xP1)P2]" 61
(xP1yP3)P2 (Y P1Yy P3yP211]P5 ,p3) P4 ]
[(ePLyP3)P2 (X PLY P3)P2] )7 pP3) P00,
31)2- = ([x'” [(xP1 pP3)P2 (X PLY P3)P2|1y €3[(Y P3 X P1)P2 (yp3x171)172]n]1’5 XP1)1’6
XS (xP1yP3)P2,
8Dg = (YP3xP1)P2 [[(xpl yP3)VP2 (X PLY P3)P2Y E3[(Y P3 X P1)P2()P3 x P1)P2]" 51 ]1’5
. xpiter ([x81 [(xP1yP3)P2(X PLY P3)P2]"Y €3
(Y P3 X PL)P2 (yp3x1)1)P2]n]1’5 XPl)p6_1‘

In this case we have that any cyclic permutation of [[aDit]] is divisible by s = x2P1F¢1
(located in several disjoint sites) but s # 8Dgt.
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7.5.3 The case n <0 We have

BDI' = ([{?[(Xm Y P3)P2 (xplyps)P2]|n|x61 [(pP3xP1)P2(YP3 Xpl)pZ]\n\]PSym)P“

c A
CYEI(YPIXPL)P2,
D e e —

B
ID; = (xP1yP3)P2 [[(XPI Y P3)P2 (xmyps)pz]lnlxsl[(ypsxpl)pz (Y ?3 Xm)pz]lnlyss]l’s
\‘D,_.a 7
. yP3tes ([Y€3 [(XPLY P3)P2(xP1 yP3)P2]Inl (21
B P3P1)P2 (Y P3 Y P1yP21Inl1P5 |,p3)Pa~]
[(yP3xPr)P2(y P3 X P1)P2MES P3) B0,
c

(‘)D;‘ = ([x81[(yp3xP1)P2(YP3XP1)P2]|H|Y83[(XP1 YP3)P2(XP1yP3)P2]\n\]p5Xp1)1’6
. Xgl (xpl yl’ii)p27
dDg = (YP3XP1)P2 [[(yp3x171)172 (Y P3 XPl)P2]|n|Y83[(XP1 Y P3)P2 (Xﬂlyp3)172]|n|x51]1’5
.Y Piten ([xel[(ymxm)m (Y?3 XP1)P2]\n\Y83
J(XPLY P3)P2(xP1 yp3)pz]\n|]P5Xp1)P6—1.
(1) Any cyclic permutation of |[8DI]] is divisible by either
s=AC =yP3™% or t=ABC =Y&(XP1yPrs)p2-1xypPiyes
+
but s,z } 8D6 .
(2) Any cyclic permutation of [dD] is divisible by
s=AA' B = yp3—83 or t=CD = yl)3(x171y1)3)172
+
but s, 7 40D .
By Lemmas 7.13 and 7.12, we have therefore established the following result:

Lemma 7.16 If the Heegaard diagram of the manifold Ry 4 Uy R4 1 is of type 2 then
Ri4Ug Ry #S°. m

We are now ready to give the proof of the first main theorem of this paper:

Proof of Theorem 1 Let K CS? be a genus one hyperbolic knotand T = T U---LUTy
a collection of N > 1 disjoint, mutually nonparallel once-punctured tori in Xg . By
Lemma 4.3 we then have that N < 6, and if N = 6 then, by Lemma 7.8, S3 has
a genus two Heegaard splitting of type 1 or 2, contradicting Lemmas 7.15 and 7.16.
Therefore N < 5. a
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8 Examples of genus one hyperbolic knots in S3

By Lemmas 4.1 and 5.1, if K C S? is a hyperbolic knot with a collection T C Xk of
once-punctured tori then each complementary region of T is atoroidal and no circle in
any component 7; C T has a companion annulus in Xk on either side of 7;. The next
result shows that these two properties essentially characterize genus one hyperbolic
knots and gives properties of some of its surgery manifolds. For notation, a surface S
properly embedded in a manifold M is strongly knotted if the manifold obtained by
cutting M along S is irreducible and boundary irreducible. As usual, J C dXg
denotes the slope of the standard longitude of K.

Lemma 8.1 Let K C'S? be a genus one knot whose exterior Xg contains a collection
T=Tyu---UTny C Xg of N > 1 mutually disjoint and nonparallel once-punctured
tori.

(1) Ifforeach 1 <i < N the region R; ;4 is atoroidal and no circle in T; has
companion annuli in Xk on both sides of T; then either K is a hyperbolic knot
or N =1 and K is the trefoil knot.

(2) For K a hyperbolic knot and r C 0Xg any slope such that A(r, J) > 2,

(a) if some component T; C T is strongly knotted then the manifold Xk (r) is
Haken,

(b) if N > 4 then each component of T is strongly knotted and the manifold
Xk (r) is Haken and hyperbolic.

Proof For part (1), the hypotheses on the regions R;;y; imply that any essential
torus 7 C Xk can be isotoped so as to intersect T minimally with 7N 77, say, a
nonempty collection of circles which are nontrivial and mutually parallel in 7" and 7;.

For Ry,; =cl(Xg \ T1 x[—1, 1]), each component of 7'N R ; is therefore an annulus
which is either (a) a companion annulus in R ; for one of the slopes 7N (77 x{—1,1}),
or (b) a nonseparating annulus in R; ; with one boundary component in each of
Ty x{—1} and T; x {1}. By hypothesis not all the annuli in 7" N Ry ; can be of
type (a), while any annulus component of type (b) can be extended via an annulus in
T} x [—1, 1] to form a closed Klein bottle or nonseparating torus in Xx C S3, which
is impossible. Therefore K is not a satellite knot, so by [17] K is either a hyperbolic
or torus knot, and in the latter case K must be the trefoil knot and N = 1.
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For part (2)(a), assume for definiteness that 77 is strongly knotted. Let F =0R; ; C Xk
and let r C dXg be a slope with A(r, J) = 2. If Xg(r) = Xg Uy V;, where V. is
a solid torus and r bounds a disk in V,, then the annulus 4 = N(77) N 0Xg is
incompressible in the manifold M = N(T7) U4 V;, and we can write

Xg(r)=[Rij UN(T)]UV, =R 1 UF[N(T1)Ugq Vy]=Ri,1 UF M.

Since N (T7) ~ Ty x[—1, 1] with T corresponding to 77 x{0} and 4 to (d77)x[—1, 1],
if D C M is a compression disk for M = F then the minimal intersection of A
and D in M is nonempty, with 4 N D C A consisting of a collection of spanning arcs
of A. Hence if £ C D is an outermost disk cut out by an outermost arc of AN D C D
then E liesin N(7T;) or V, and 0F intersects the core J of A minimally in one point,
which is impossible since J, the core of A4, runs A(r, J) > 2 times around V, and
separates dN (7). Therefore M is irreducible and boundary irreducible and so the
manifold Xg (r) = Ry,; Ur M is Haken.

For part (2)(b), suppose that N > 4 and there is an incompressible torus Tin X k().
Since the manifold R;; contains the collection T \ 7} of N —1 > 3 once-punctured
tori, the once-punctured torus 77 is strongly knotted by Lemmas 3.9 and 4.1.

After an isotopy, T may be assumed to intersect V, minimally in a nonempty collection
of meridian disks, so that 7= 7'N X is an essential punctured torus which intersects T
minimally in essential graphs Gy =T NT CT and G=TNT CT.

If p = A(r, J) = 2 then each vertex of G has degree p/N > 8 and so, by the initial
part of Lemma 4.1 and by Lemma 4.2, both of which hold with 7 in place of the
many-punctured 2—sphere Q, for the reduced graph G (see Section 2.3) each of its
edges has size at most 2, so each of its V' = |dT'| > 2 vertices has degree at least
% pN > 4, and each of its d > 0 disk faces has at least 4 edges. Applying Euler’s
relation to the reduced graph Gr yields the relations

4V <2E <2V 4+2d = V <d,
4d <2E <2V +2d = d <V,

which imply that d = V, hence that p = 2 and N = 4, and that in G7 all vertices
have degree 4, all faces are 4—sided disk faces, and each edge e is the amalgamation
of two mutually parallel edges from Gr.

Soif f is a 4-sided disk face of Gr that lies in, say, the region R; >, then the union
of f and the bigon disk faces of Gt incident to each edge around f forms a 4-sided
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Figure 22: The graph Gr =T NT C T.

disk face f3* of the graph G.* = T N (T3 U Ty) C T which lies in the region
R43 D Ry (see Figure 22). Thus by Lemmas 2.1(3) and 4.1(2) the region R4 3 is
a genus two handlebody such that the disk f3* C R4 3 intersects K minimally in
4 points. By Lemma 6.1, (R4,3, K) must be a simple or double pair, contradicting
Lemma 6.8(2)(a) since the punctured tori 7, T, C R4 3 are neither boundary parallel
nor mutually parallel in R4 3. Therefore the Haken manifold Xg (r) is atoroidal, hence
hyperbolic by Thurston’s hyperbolization theorem [17; 18]. a

The type 1 Heegaard diagrams for the manifold M = R; 4 Uy R4 ; constructed in
Section 7.4 can be adapted to yield knots in M that bound 5 mutually disjoint and
nonparallel once-punctured tori, simply by setting ps = 1, so that 75 and 7T become
mutually parallel in R4 1, and 4 and 6 become consecutive labels.

After setting ps = 1, a simple strategy to obtain M = S3 consists in choosing some
of the parameters p; and ¢; in such a way that the circle 0Dy, say, is primitive in
R 4,50 that Ry 4(0Dy) is a solid torus and hence M = R 4(0D4 U dDg) is a lens
space. Choosing the remaining parameters so that the circles dD4 and D¢ represent
an integral homology basis for R 4 finally yields that M = S3.

We remark that the symmetry between the words of dD4 and dDg in 71 (R 4) dis-
cussed in Section 7.4.4 makes irrelevant which of these two circles is chosen to be
primitive in R 4, and also that it does not seem possible to implement this strategy
using a type 2 Heegaard diagram for R; 4 Uy Ry 1.

For the rest of this section we will use the notation set up in Section 7.4. We implement
the strategy outlined above by setting the standard parameters

n=0, gi==x1, pr=2, §3==%1, g3=—(p3+383), (ps.q4)=2,1), ps=1

on top of the generic conditions pp, p3, pe > 2 and ged(pi,q;) = 1.
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Figure 23: The knot K = KV (p1,q1, p3,83. ps. qs)-

As in Section 7.4, x and y, and x4 and xg, denote circles dual to the complete disk
systems Dy, D3 C Ry 4 and D4, Dg C Ry, 1, respectively, so that 71 (R 4) = (x, y | —)
and 71(R4,1) = (x4, X6 | —). Therefore, in 1 (R 4), we have
o =x111y173x171 , ,3 = XP1yP3 xPi Y‘]s’ u=Y8B x>, YP3’ V= yp3xl71 yP3XLI1
and hence 0D4 = 0D, = a?B = x71 yP3xq1 pP3+83 s primitive in 7 (R1,4).
From the proof of Lemma 7.11 we have that, in 7;(R4,1),
O _1 O 2 O
wy = (xPixlo)PsTIxPixe = xpxe,
P6 .Payps—1_.D6 4 P
wy = (xgxg )P Ix Xt = xax°,
while from Figure 19, top, we obtain, in 71 (R 4),
Wy = (xplyp3)172—1xp1y43 = xP1yP3xP1 yP3tis,
-1
a)g — (ypsxpl)Pz yp3xq1 — yp3x171yp3x¢h ,
relative to basepoints at the orientation arrows for w4 and wy indicated in Figure 17,
center. In particular, the circle a)g C T}y is primitive in Ry 1.

By construction we still have that w4 C T4 and a)g C T are power circles in Ry 1, so
Ts and T§ are the tori in R4 ; induced by the power circles w4 C T4 and a)g cT;.
Since the circle a); C Ty is primitive in Ry4 1, by Lemma 6.8(1)(d) 75 and T are
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indeed mutually parallel in R4 ; and can be identified with one another, whence by
Lemma 6.8(2)(b) we must have A(w},ws) =1 in Ts = Tg.

The knot K C 0R; 4 C M now depends on 6 parameters and will be denoted by

K = KD(p1.q1. p3.83. ps.q6) C M.

with the 5 once-punctured tori T = 77 U T, U T3 U T4 U Tg C Xg and the core
knots K; of the complementary regions of T represented by the diagram in Figure 23,
obtained by setting 7T's = T in Figure 12. Homologically, in R 4 we have

0Dy =20+ B =2q1x + (p3—q3)y =2q1x + (2p3 +683)y,
0D¢ = peu + q6v = [q6(p1 + q1) — P1P6]x +[2p3g6 + 83 pely.

and so

M =S? < 3D, and dDg form a basis for the first homology of R 4

2q4 2p3+03

< det
[(pl +q1)46 — P1P6 2396+ 03 ps

}zAp6+Bq6=se{i1},

where A = p1(2p3 +83) + 28391 and B = q1(2p3 —63) — p1(2p3 +63).

Lemma 8.2 gcd(A, B) = 1 for any of the standard values of p;, q; and §3; in
particular, there are infinitely many pairs (pe, q¢) With pg > 2 such that M = S3, for
which g > +pe > 1.

Proof Since 63,97 € {£1}, we have that A + B = ¢;(2p3 + 83) is odd and
A—q1p1(A+ B) =283q; = £2, hence that gcd(4, B) = 1. The estimates

A= pi(2p3+83)+283q1 >2Q2p3 —1)—2> 4,

—B=pi1(2p3+683)—q1(2p3—383) = p1(2p3—1)—(2p3 +1)
=(p1—-D2p3—-1)-2=1
show that g¢ > 1. The relations
_Aps—¢ _ ps(=B) + ps(A+ B)—¢
—-B —-B
q1ps(2p3 +33)—e P6(2p3 +683) —eqi
+ =ps+tqr-
—B P1(2p3 +33) —q1(2p3 —63)

qe
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imply that g¢ > pe for ¢; = +1, while for gy = —1, since ¢ < 1 <2p3 —§3, we have

Ps(2p3 +33) +¢ - Ps(2p3 +33) + (2p3 —63)
P1(2p3+683) +(2ps—33)  p1(2p3 +83) + (2p3 —83)
_ PsQp3+383) +@2p3s—383) _ pe
T 22p3+483)+(2p3—d3) T 2

and hence that

Ps . Ps Ps(2p3+33) +e
 — 28 D6

ol - >
2 2 p1(2p3+63) +(2p3—63)

0. O

Let K denote the family of all knots KM (py,q1, p3.83. pe.qe) C S? with standard
parameters such that Apg + Bgg = ¢ € {£1}.

Proof of Theorem 2 For each knot K € I there is a collection
T=T,UT,UT3UT,uTs C Xg

of 5 mutually disjoint once-punctured tori such that for each i the region R; ;11 is

a handlebody and the circles a)lf_l,
/

i1 w;) = 1. If there is a circle y in T; which is a power in Xg
on either side of 7; then, by Lemma 3.1 applied to R;;, y must be isotopic in 7; to
/

i—1

the knot K is hyperbolic and the slope r = a/b of any exceptional surgery on K
satisfies the condition |a| = A(r, J) <1, so Xk () is an integral homology 3—sphere.

w; C T; are power circles in R;_;; and R;;41,
respectively, with A(w

w and w;, contradicting the fact that A(a)lf_1 ,w;) = 1. Therefore, by Lemma 8.1

Moreover, each pair (R;;+1,J) is simple of index p; > 2 and so, by Lemma 6.2(4),
Xk (J) is the union of Seifert fiber spaces of the form AZ(p1), A%(p2), A%(p3),
A?(p4) and A2 (pg), hence the collection T produces the JSJ decomposition of Xg (J).
As the manifolds A?(p) and A2?(g) are not homeomorphic for p # ¢ (see [11, VI.16]),

if {p1. p3. pe} # {p}. P} pi} then for the knots
K=KY(p1,q1.p3.83. pe.q6) €K and K’ = KD (p}. g}, ps. 85, pg.qq) €K
the surgery manifolds Xg (J) and Xg/(J') are not homeomorphic, hence K and K’

are knots of different types and so by Lemma 8.2 the family of knots X is infinite. O

The following result establishes a connection between the hyperbolic knots in the
family K and the hyperbolic Eudave-Mufioz knots:
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Lemma 8.3 For each knot K = KM (py.q1. p3.83. ps.qe) € K the core knot K4 of
the simple pair (R4,6, K) is a hyperbolic Eudave-Muiioz knot; if (p1,q1) # (2,1)
then K, is also a hyperbolic Eudave—Mufioz knot, and otherwise it is a trivial or cable
knot.

Proof By construction, the power circles w; | CT; C R;—1; and @; C T; C R; 11
intersect minimally in one point, hence each region R 3, R34, R36, R4,1 and Rg
is a handlebody by Lemma 7.2(3).

2,96
476
and so by Lemma 3.5(1) R4 > is not a handlebody.

As w1 =x € m1(R4,1) and g > 2 by Lemma 8.2, w; is a Seifert circle in Ry ;

Since D; and D3 are the compression disks of dR 4 \a)g and 0R; 4 \ w1 in Ry 4,
respectively, the setup in Section 7.4.1 applies and so by Lemma 7.9 the circle
wg = xP1yP3xP1Y P3+8s ¢ m1(Ry,4) = (x,y | —) is represented by the word w4 =
zyP3zy P3tds iy 71(R2,4) = (z.y | =), where 0| = z. Since p3 483 =p3+1>1,
the word w4 = zyP3zY P393 jg not primitive in (z, y | —) by Lemma 7.10 and so
R; 6 is not a handlebody by Lemma 3.5(1). Therefore, by Lemma 7.1 applied to the
collection T, Ty, T¢ C X, it follows that Ky is a hyperbolic Eudave—Muioz knot.

Since wy = yP3xP1yP3x9 em(Ry,4)=(x,y|—) and g; = %1, by Lemmas 6.8(1)(d)
and 7.9 we have that

wg is a Seifert circle in Ry 4 <= wg=1xP'¢x9" is primitive in 71 (R 3) = (x,t]|—)
< (p1,91)=(2,1).

Thus, by Lemma 3.5(1), R 3 is a handlebody if and only if (py,q1) = (2, 1). There-
fore, if (p1.q1) # (2,1) then Rg 3 is not a handlebody and so K is a hyperbolic
Eudave—Muiioz knot by Lemma 7.1 applied to the collection 75, 73, Tg C Xg .

For the case (p1.¢1) = (2,1), since Rj 4 is a handlebody and the pair (R3 3, K) is
simple, by Lemmas 3.5 and 6.4 the circles a)i C T3 and w3 C T3 are basicin R; 3 and
there is an integral slope s, C N(K>) C Ry 3 which is coannular in R; 3 \ int N(K>)
to a circle s; COR2 3\ (a)g Ll w3) which intersects each of the power circles w, C 15
and @), C T3 minimally in one point, whence s intersects K C dR, 3 minimally in
two points; also, s; is a primitive circle in R, 3 and the circles w; and w3 run once
around the solid torus Rj 3(s%).

By Lemma 6.3, s; can be isotoped in R 4 onto a circle 122 in 0R; 4\ (w1 I_Ia)g) SO
that it intersects K C dR; 4 minimally in two points, hence each of the circles wy4
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and a)g minimally in one point. Thus K, must be the circle shown in Figure 19, top
or center (where p, = 2), modulo some number m € Z of Dehn twists along the
annulus Ag C 0R; 4.

Moreover, by Lemmas 6.3 and 6.4(4) the manifold R1,4(IZZ) is homeomorphic to the
union of the solid torus R 3(s5) and the companion solid tori of the power circles ]
and w3 in R; > and R34, respectively and hence it is a Seifert fiber space of the form
D2(py, ps), so 1%2 is a Seifert circle in Ry 4.

In the case of the circle K, in Figure 19, top, in 71 (R 4) = (x,y | —), the word
represented by K » is of the form

w(xz, yP3) = yp3x2[X2Yp3x2yp3x2yp3 XZYP3]m[X2yp3x2yp3x2Yp3 x?2 y p3m
and it is not hard to see that if m # 0 then the cyclic reduction of the word w(x, y¥3)
contains both x and X (and y#3 and Y #3) and hence it is not a primitive word by
Lemma 7.10, which by Lemmas 6.8(1)(d) and 7.9 implies that i<’2 is not a Seifert
circle in Ry 4, contradicting the above argument. Therefore we must have m = 0 and
SO IZZ C dRy 4 is isotopic to the circle shown in Figure 19, top. In the case of the
circle K » of Figure 19, center, a similar computation shows that the word w(x, y3)
is not primitive for any m € Z and so this case does not arise.

It follows that the circle D4 = psar + g4 =2+ C 0R; 4 = 0R4 1, obtained from
Figure 19, center, with ps = 1, intersects K2 minimally in one point and so K2 is
a primitive circle in R4 ;. The proof of Lemma 3.3(1) now shows that the unique
compression disk £ C Ry 1 for the surface dR4 1 \ K » can be made disjoint from Dy.
Since K, is isotopic in S3 to K, we can therefore identify the exterior X, C S* of
the knot K, with the manifold Ry 4(0F), so that dD4 C 0X, is the meridian slope
and K, C 3X, has integral slope.

Now, relative to the point 122 N 9Dy C Ry 4, the words in 7y (R14) = (x,y | —)
represented by the circles K » and dDy4 (oriented as in Figure 19, top and center) are

K, =yP3x? and 9D, = yP3xY%x.
If |g3| = p3+63 =1 then p3 =2, §3 =—1 and g3 = —1, in which case we have that
D4+ (Kp)™' 0Dy = pP3xY 3 x = (y2x)?

and hence 2-9dD4 — I?z C 0Rj 4 (written homologically) is a power circle in Ry 4,
while if |¢3| > 2 then
(K2)™'-0D4 = (XY x)%3
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and hence 0D4 — 122 C 0R 4 is a power circle in R 4. Therefore in all cases there
is a circle y C N(0D4 U IZZ) C 0R; 4 which is a power in R; 4 and is disjoint
from 0, hence the companion annulus and companion solid torus of y in R 4 lie in
X3 = Ry 4(0E) and so K is either a trivial or cable knot. a

Remarks 8.4 (1) Other infinite families of hyperbolic knots K in S* with a col-
lection T C Xgx of 5 once-punctured tori can be obtained using variations of the
construction above, for instance, by setting the parameters n = 0, (p4,q4) = (1,0)
and

(p1.q1)=Q2.1), pr=ps=2, p3#0mod3, g¢3==I,

along with the conditions p3, pg > 2 and gcd(pg,q¢) = 1 on a type 1 Heegaard
diagram, in which case the core knot K5 is always a hyperbolic Eudave—-Muiioz knot.

(2) The above process can also be modified to produce examples of hyperbolic knots
in S which bound a maximal collection of 4 mutually disjoint and nonparallel once-
punctured tori as follows. On top of the generic conditions pi, p3, p4, p¢ = 2 and
gcd(pi,qi) = 1, set the standard values

n=0, p2=1’ (p4’Q4)=(2’1)’ p5=1’
along with the condition
21— p1 =86 =+x1 or g3==1.

Then A = —(2¢g1 — p1)q3 and B = ¢1q3 + (241 — p1) p3 are relatively prime integers,
and an infinite family of hyperbolic knots K = KM (p1,q1, p3.q3. pe.qe) C S? is
produced by the condition 4 pg+ Bgeg = %=1, each of which has exterior that contains a
family of 4 mutually disjoint and nonparallel once-punctured tori T =77 UT,UT,UTg
that separate Xg into simple pairs, so that T produces the JSJ decomposition of Xg (J)
consisting of Seifert spaces of the form A%(p;), A%(p3), A%(p4) and A?(ps).

Now, any incompressible torus in X (J) can be isotoped away from T and into the
interior of some atoroidal cable space A?(py), whence it must be isotopic to some
component 7; C T of dA2(pg). Soif T/ = T/uT,uT,uT,uT; C Xk is a
5—component maximal family of once-punctured tori then, for some i # j, 7/ and
Tj/ must be mutually isotopic, hence parallel, in Xg (J), and hence by Lemma 3.7(4)
T/ and Tj’ must be mutually parallel in Xg, which is not the case. Therefore the

1
collection T is maximal.

Algebraic & Geometric Topology, Volume 19 (2019)



2230

Luis G Valdez-Sdnchez

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

[9]

(10]
(11]

[12]

[13]

[14]

[15]

[16]

(17]

F Bonahon, Cobordism of automorphisms of surfaces, Ann. Sci. Ecole Norm. Sup. 16
(1983) 237-270 MR

A J Casson, CM Gordon, Reducing Heegaard splittings, Topology Appl. 27 (1987)
275-283 MR

M Cohen, W Metzler, A Zimmermann, What does a basis of F(a,b) look like?,
Math. Ann. 257 (1981) 435-445 MR

M Eudave Muiioz, On nonsimple 3—manifolds and 2—handle addition, Topology Appl.
55 (1994) 131-152 MR

M Eudave-Muiioz, Non-hyperbolic manifolds obtained by Dehn surgery on hyperbolic
knots, from “Geometric topology” (W H Kazez, editor), AMS/IP Stud. Adv. Math. 2,
Amer. Math. Soc., Providence, RI (1997) 35-61 MR

C Frohman, Minimal surfaces and Heegaard splittings of the three-torus, Pacific J.
Math. 124 (1986) 119-130 MR

D Gabai, Foliations and the topology of 3—manifolds, 111, J. Differential Geom. 26
(1987) 479-536 MR

CM Gordon, J Luecke, Dehn surgeries on knots creating essential tori, I, Comm.
Anal. Geom. 3 (1995) 597-644 MR

CM Gordon, J Luecke, Non-integral toroidal Dehn surgeries, Comm. Anal. Geom.
12 (2004) 417-485 MR

J Hempel, 3—Manifolds, Ann. of Math. Studies 86, Princeton Univ. Press (1976) MR

W Jaco, Lectures on three-manifold topology, CBMS Regional Conference Series in
Mathematics 43, Amer. Math. Soc., Providence, RI (1980) MR

W Jaco, Adding a 2—handle to a 3—manifold: an application to property R, Proc.
Amer. Math. Soc. 92 (1984) 288-292 MR

W H Jaco, P B Shalen, Seifert fibered spaces in 3—manifolds, Mem. Amer. Math. Soc.
220, Amer. Math. Soc., Providence, RI (1979) MR

K Johannson, Homotopy equivalences of 3—manifolds with boundaries, Lecture Notes
in Mathematics 761, Springer (1979) MR

T Kaneto, On genus 2 Heegaard diagrams for the 3—sphere, Trans. Amer. Math. Soc.
276 (1983) 583-597 MR

S Lee, S Oh, M Teragaito, Reducing Dehn fillings and small surfaces, Proc. London
Math. Soc. 92 (2006) 203-223 MR

W P Thurston, Three-dimensional manifolds, Kleinian groups and hyperbolic geome-
try, Bull. Amer. Math. Soc. 6 (1982) 357-381 MR

Algebraic & Geometric Topology, Volume 19 (2019)


http://dx.doi.org/10.24033/asens.1448
http://msp.org/idx/mr/732345
http://dx.doi.org/10.1016/0166-8641(87)90092-7
http://msp.org/idx/mr/918537
http://dx.doi.org/10.1007/BF01465865
http://msp.org/idx/mr/639577
http://dx.doi.org/10.1016/0166-8641(94)90114-7
http://msp.org/idx/mr/1256216
http://msp.org/idx/mr/1470720
http://dx.doi.org/10.2140/pjm.1986.124.119
http://msp.org/idx/mr/850670
http://dx.doi.org/10.4310/jdg/1214441488
http://msp.org/idx/mr/910018
http://dx.doi.org/10.4310/CAG.1995.v3.n4.a3
http://msp.org/idx/mr/1371211
http://dx.doi.org/10.4310/CAG.2004.v12.n2.a1
http://msp.org/idx/mr/2074884
http://msp.org/idx/mr/0415619
http://msp.org/idx/mr/565450
http://dx.doi.org/10.2307/2045205
http://msp.org/idx/mr/754723
http://dx.doi.org/10.1090/memo/0220
http://msp.org/idx/mr/539411
http://dx.doi.org/10.1007/BFb0085406
http://msp.org/idx/mr/551744
http://dx.doi.org/10.2307/1999069
http://msp.org/idx/mr/688963
http://dx.doi.org/10.1017/S002461150501542X
http://msp.org/idx/mr/2192390
http://dx.doi.org/10.1090/S0273-0979-1982-15003-0
http://dx.doi.org/10.1090/S0273-0979-1982-15003-0
http://msp.org/idx/mr/648524

Seifert surfaces for genus one hyperbolic knots in the 3—sphere 2231

[18] WP Thurston, Hyperbolic structures on 3—manifolds, I: Deformation of acylindrical
manifolds, Ann. of Math. 124 (1986) 203-246 MR

[19] Y Tsutsumi, Universal bounds for genus one Seifert surfaces for hyperbolic knots
and surgeries with non-trivial JSJT-decompositions, Interdiscip. Inform. Sci. 9 (2003)
53-60 MR

[20] L G Valdez-Sanchez, Seifert Klein bottles for knots with common boundary slopes,
from “Proceedings of the Casson Fest” (C Gordon, Y Rieck, editors), Geom. Topol.
Monogr. 7, Geom. Topol. Publ., Coventry (2004) 27-68 MR

[21] Y-Q Wu, Dehn fillings producing reducible manifolds and toroidal manifolds, Topology
37 (1998) 95-108 MR

Department of Mathematical Sciences, University of Texas at El Paso
El Paso, TX, United States

lvsanchezQutep.edu

Received: 14 August 2017 Revised: 6 July 2018

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://dx.doi.org/10.2307/1971277
http://dx.doi.org/10.2307/1971277
http://msp.org/idx/mr/855294
http://dx.doi.org/10.4036/iis.2003.53
http://dx.doi.org/10.4036/iis.2003.53
http://msp.org/idx/mr/2023107
http://dx.doi.org/10.2140/gtm.2004.7.27
http://msp.org/idx/mr/2172478
http://dx.doi.org/10.1016/S0040-9383(97)00016-5
http://msp.org/idx/mr/1480879
mailto:lvsanchez@utep.edu
http://msp.org
http://msp.org




	1. Introduction
	Acknowledgements

	2. Preliminaries
	2.1. Graphs of intersection
	2.2. Essential surfaces in knot exteriors
	2.3. Planar graphs

	3. Genus two handlebodies and pairs
	3.1. Companion annuli and power circles in genus two handlebodies
	3.2. Pairs

	4. Genus one hyperbolic knots in S^3
	4.1. Complementary regions of T contained in X_K

	5. Toroidal surfaces in knot exteriors
	5.1. Once-punctured tori in X_K
	5.2. Twice-punctured tori in X_K

	6. Structure of pairs
	6.1. Cores of simple pairs
	6.2. Basic simple pairs and Seifert circles
	6.3. Double and maximal pairs
	6.4. Primitive pairs

	7. The case |T|=6
	7.1. Core knots and hyperbolic Eudave–Muñoz knots
	7.2. Heegaard splittings of S^3
	7.3. Heegaard diagrams
	7.4. The type 1 Heegaard diagrams for R_(1,4) joined with R_(4,1)
	7.4.1. Fundamental group presentations, I
	7.4.2. Fundamental group presentations, II
	7.4.3. Presentations for the group pi_1(R_(1,4) joined with R_(4,1)
	7.4.4. The case n=0
	7.4.5. The case n>0
	7.4.6. The case n<0

	7.5. The type 2 Heegaard diagrams for R_(1,4) joined with R_(4,1)
	7.5.1. The case n=0
	7.5.2. The case n>0
	7.5.3. The case n<0


	8. Examples of genus one hyperbolic knots in S^3
	References

