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Truncated Heegaard Floer homology and
knot concordance invariants

LINH TRUONG

We construct a sequence of smooth concordance invariants �n.K/ defined using
truncated Heegaard Floer homology. The invariants generalize the concordance
invariants � of Ozsváth and Szabó and �C of Hom and Wu. We exhibit an example
in which the gap between two consecutive elements in the sequence �n can be
arbitrarily large. We also prove that the sequence �n contains more concordance
information than � , � , �0, �C and �C

0
.

57M25, 57M27, 57R58

1 Introduction

Two knots, K0 and K1 , in S3 are smoothly concordant if there is a smooth proper
embedding of a cylinder S1� Œ0; 1� into S3� Œ0; 1� with boundary S1�f0g DK0 and
S1 � f1g D �K1 . The Heegaard Floer homology package of Ozsváth and Szabó has
led to a wealth of smooth concordance invariants. A survey on this topic can be found
in Hom [6].

Two concordance invariants motivate this article:

(1) �.K/, defined by Ozsváth and Szabó [14] using maps on Heegaard Floer homol-
ogy bHF induced by the two-handle cobordism corresponding to integral surgery
along K .

(2) �C.K/, defined by Hom and Wu [7] using maps induced by surgery on HFC .
Hom and Wu showed that �C.K/ produces arbitrarily better four-ball genus
bounds than �.K/.

We construct a sequence of concordance invariants �n.K/ for n 2Z which are defined
using maps induced by surgery on the truncated Heegaard Floer homology HFn . The
invariants �n.K/ generalize �.K/ and �C.K/, as �1.K/D�.K/ and �n.K/D�C.K/
for n sufficiently large. The properties of �n.K/ are stated below.
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Theorem 1.1 The knot invariants �n.K/, where n 2 Z, satisfy the following proper-
ties:

� �n.K/ is a concordance invariant.

� �1.K/D �.K/.

� �n.K/� �nC1.K/.

� For sufficiently large n, �n.K/D �C.K/.

� �n.�K/D���n.K/, where �K is the mirror of K .

� �n.K/� g4.K/.

By an extension of the large integer surgery formulas to truncated Floer homology (see
Propositions 3.1 and 3.2) the invariants �n.K/ can be computed from the Z˚Z–filtered
knot Floer chain complex CFK1.K/.

Homologically thin knots are a special class of knots whose knot Floer homology lies
in a single ıDA�M grading, where A is the Alexander grading and M is the Maslov
grading. We prove that �n.K/ of thin knots only depends on �.K/.

Proposition 4.1 Let K be a homologically thin knot with �.K/D � .

(i) If � D 0, �n.K/D 0 for all n.

(ii) If � > 0,

�n.K/D

8<:
0 for n� �1

2
.� C 1/;

� C 2nC 1 for �1
2
� � n� �1;

� for n� 0:

(iii) If � < 0,

�n.K/D

8<:
� for n� 0;
� C 2n� 1 for 1� n� �1

2
�;

0 for n� 1
2
.�� C 1/:

The computation of �n.K/ for thin knots illustrates that the gap between �n.K/ and
�nC1.K/ can be more than one. In fact, the gap between �n.K/ and �nC1.K/ can be
arbitrarily big.

Theorem 1.2 Let Tp;pC1 denote the .p; pC1/–torus knot. For p > 3,

��1.Tp;pC1/� ��2.Tp;pC1/D p:
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Finally, we show that the sequence �n contains more concordance information than � ,
� , �0, �C and �C

0

.

Proposition 1.3 There exist knots K and K 0 with equal � , � , �0, �C and �C
0

invari-
ants, but �n.K/¤ �n.K 0/ for some n 2 Z.

Organization of the paper In Section 2 we review the constructions of the con-
cordance invariants �.K/ and �C.K/. In Section 3 we define the invariants �n.K/
and prove their properties: monotonicity, stabilization and behavior under mirroring.
In Section 4 we compute �n.K/ for special families of knots and compare them
to �.K/ and �C.K/. In Section 5 we pose some questions about the concordance
invariants �n.K/.
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comments.
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2 Background on the invariants �.K/ and �C.K/

A four-dimensional cobordism equipped with a Spinc structure between two three-
manifolds induces a map on the Heegaard Floer homology groups [12]. In particular,
for a knot K in S3 , the 2–handle attachment cobordism from S3N .K/ or S3

�N .K/

to S3 induces maps

yvs;�W cHF.S3N .K/; ss/! cHF.S3/; yv0s;�W
cHF.S3/! cHF.S3�N .K/; ss/;(1)

vCs;�W HFC.S3N .K/; ss/! HFC.S3/; vC
0

s;�W HFC.S3/! HFC.S3�N .K/; ss/;(2)

v�s;�W HF�.S3N .K/; ss/! HF�.S3/; v�
0

s;�W HF�.S3/! HF�.S3�N .K/; ss/;(3)

where ss denotes the restriction to S3N .K/ or S3
�N .K/ of a Spinc structure t on the

corresponding 2–handle cobordism such that

hc1.t/; Œ yF �iCN D 2s; hc1.t/; Œ yF �i �N D 2s;

where yF is a capped-off Seifert surface for K . These cobordism maps on bHF and
HFC play a key role in defining the concordance invariants � and �C .

Algebraic & Geometric Topology, Volume 19 (2019)



1884 Linh Truong

Definition 2.1 [14, Section 9] The concordance invariant �.K/ is defined as

�.K/Dminfs 2 Z j yvs;� is surjectiveg:

Definition 2.2 The concordance invariant �0.K/ is defined as

�0.K/Dmaxfs 2 Z j yv0s;� is injectiveg:

For a rational homology 3–sphere Y with a Spinc structure s, HFC.Y; s/ can be
decomposed as the direct sum of two groups: the first group is the image of HF1.Y; s/Š
F ŒU; U�1� in HFC.Y; s/, which is isomorphic to TC D F ŒU; U�1�=UF ŒU �; the sec-
ond group is HFred.Y; s/D HFC.Y; s/=TC . That is,

HFC.Y; s/D TC˚HFred.Y; s/:

Definition 2.3 [7] The concordance invariant �C is defined as

�C.K/Dminfs j vCs;�W HFC.S3N .K/; ss/! HFC.S3/ sends 1 to 1g;

where 1 denotes the lowest-graded generator in the subgroup TC of the homology,
and N is sufficiently large that the integer surgery formula holds.

Equivalently, Hom [6] defines the invariant ��.K/ in terms of the map

v�s;�W HF�.S3NK; ss/! HF�.S3/:

Definition 2.4 [6] The concordance invariant

��.K/Dminfs 2 Z j v�s;� is surjectiveg

is equal to �C.K/.

Hom and Wu show that
�.K/� �.K/� �C.K/

and �C.K/� 0. In addition, �C gives a lower bound on the four-ball genus, �C.K/�
g4.K/. Furthermore, Hom and Wu provide a family of knots where �C.K/ is an
arbitrarily better bound on g4.K/ than �.K/.

The concordance invariants � and �C are easily computable from CFK1.K/ via the
large integer surgery formulas. Let CX denote the subgroup of CFK1.K/ generated
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by elements Œx; i; j � that lie in filtration level .i; j / 2X �Z˚Z. Consider the chain
maps

yvsW C fmax.i; j � s/D 0g ! C fi D 0g;

vCs W C fmax.i; j � s/� 0g ! C fi � 0g;

defined by taking the quotient by C fi < 0; j D sg or C fi < 0; j � sg, respectively,
followed by the inclusions. The large integer surgery formula of Ozsváth and Szabó [11]
asserts that the maps yvs and vCs induce the maps from (1) and (2). Similarly, consider
the chain maps

yv0sW C fi D 0g ! C fmin.i; j � s/D 0g;

vC
0

s W C fi � 0g ! C fmin.i; j � s/� 0g;

consisting of quotienting by C fi D 0; j � sg followed by the inclusion. Ozsváth and
Szabó [11] show that these maps induce the maps from (1) and (2).

We introduce a concordance invariant �C
0

, so that the pair �C and �C
0

is the HFC

analogue to the pair � and �0.

Definition 2.5 The concordance invariant �C
0

is defined as

�C
0

.K/Dmaxfs 2 Z j vC
0

s;�W HFC.S3/! HFC.S3�N .K/; ss/ is injectiveg;

where �N is sufficiently negative that the (negative) large integer surgery formula
holds.

We prove a mirroring property which relates �C
0

.K/ to the invariant �C.�K/ of the
mirror of K :

Lemma 2.6 �C
0

.K/D��C.�K/:

Proof Recall the symmetry of CFK1 under mirroring [11, Section 3.5],

CFK1.�K/' CFK1.K/�;

where CFK1.K/� is the dual complex HomFŒU;U�1�.CFK1.K/;F ŒU; U�1�/. There-
fore,

vC
0

�s;�W HFC.S3/! HFC.S3�N .K/; s�s/ is injective

() v�s;�W HF�.S3N .�K/; ss/! HF�.S3/ is surjective,

which implies the result.
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It follows from the above lemma that the invariant �C
0

exhibits properties similar
to �C ,

�C
0

.K/� �0.K/� �.K/� �.K/� �C.K/

and �C
0

.K/ � 0. In addition, the absolute value of �C
0

.K/ gives a lower bound on
the four-ball genus:

Theorem 2.7 j�C
0

.K/j � g4.K/:

Proof This follows from the fact that �C.K/� g4.K/ and Lemma 2.6.

3 The concordance invariants �n.K/

The construction of the concordance invariants �n.K/ uses truncated Heegaard Floer
homology HFn.Y; s/, described in [9; 13]. HFn.Y; s/ is the homology of the kernel
CFn.Y; s/ of the multiplication map

U nW CFC.Y; s/! CFC.Y; s/;

where n 2 ZC . The two-handle cobordism from S3NK or S3
�NK , respectively, to S3

induces a map on the truncated Floer chain complex,

vns W CFn.S3NK; ss/! CFn.S3/; v�ns W CFn.S3/! CFn.S3�NK; ss/;

and on the truncated Floer homology,

vns;�W HFn.S3NK; ss/! HFn.S3/; v�ns;�W HFn.S3/! HFn.S3�NK; ss/;

where ss denotes the restriction to S3N .K/ or S3
�N .K/, respectively, of a Spinc

structure t on the corresponding 2–handle cobordism such that

hc1.t/; Œ yF �iCN D 2s; hc1.t/; Œ yF �i �N D 2s;

where yF is a capped-off Seifert surface for K . These cobordism maps on bHF and
HFC play a key role in defining the concordance invariants � and �C .

We extend the large integer surgery formula of Ozsváth and Szabó to truncated Heegaard
Floer homology:

Algebraic & Geometric Topology, Volume 19 (2019)



Truncated Heegaard Floer homology and knot concordance invariants 1887

Proposition 3.1 (large negative integer surgery formula for HFn ) Consider the
subquotient complex

CFK�n.S3; K;m/D C f0�min.i; j �m/� n� 1g

of CFKC.S3; K;m/ generated by Œx; i; j � with 0�min.i; j �m/� n� 1. For each
m 2 Z, there is an integer N.m/ such that for all p �N.m/, the map ˆ of Ozsváth
and Szabó induces isomorphisms in the diagram

0 CFK�n.S3; K;m/ CFKC.S3; K;m/ CFKC.S3; K;m/ 0

0 CFn.S3�pK; Œm�/ CFC.S3�pK; Œm�/ CFC.S3�pK; Œm�/ 0

ˆ.n/

Un

ˆC ˆC

Un

Proof The map ˆC is an isomorphism of chain complexes by Theorem 4.1 of [11].
By the five lemma, so is ˆ.n/.

Proposition 3.2 (large positive integer surgery formula for HFn ) Consider the sub-
quotient complex

CFKn.S3; K;m/D C f0�max.i; j �m/� n� 1g

of CFKC.S3; K;m/ generated by Œx; i; j � with 0�max.i; j � s/� n� 1. For each
m 2 Z, there is an integer N.m/ such that for all p �N.m/, the map ‰ of Ozsváth
and Szabó induces isomorphisms in the diagram

0 CFn.S3pK; Œm�/ CFC.S3pK; Œm�/ CFC.S3pK; Œm�/ 0

0 CFKn.S3; K;m/ bCFKC.S3; K;m/ bCFKC.S3; K;m/ 0

‰.n/

Un

‰C ‰C

Un

Proof The map ‰C is an isomorphism of chain complexes by Theorem 4.4 of [11].
By the five lemma, so is ‰.n/.

Notation We sometimes use the notation, for n > 0,

Anm D C f0�max.i; j �m/� n� 1g; ACmD C f0�max.i; j �m/g;

A�nm D C f0�min.i; j �m/� n� 1g; AC
0

m D C f0�min.i; j �m/g

and
Bn D C f0� i � n� 1g;

BC D C f0� ig:
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The cobordism maps on truncated Heegaard Floer groups lead us to define concordance
invariants �n .

Definition 3.3 For n > 0, define

�n.K/Dmin
˚
s 2 Z j vns W CFn.S3N .K/; s/! CFn.S3/

induces a surjection on homology
	
;

and for n < 0, define

�n.K/Dmax
˚
s 2 Z j vns W CF�n.S3/! CF�n.S3�N .K/; s/

induces an injection on homology
	
;

where N is sufficiently large that the Ozsváth–Szabó large integer surgery formula
of [11] holds. For nD 0, we define �0.K/D �.K/.

Remark 3.4 For nD˙1, these invariants are already known as �1.K/D �.K/ and
��1.K/D �

0.K/.

Proposition 3.5 �n.K/ is a concordance invariant.

Proof Suppose K1 is concordant to K2 . Then S3N .K1/ is homology cobordant to
S3N .K2/. This implies that there exists a (smooth, connected, oriented) cobordism W

from S3N .K1/ to S3N .K2/ with Hi .W;Q/D 0 for i D 1; 2.

The map
HFn.S3N .K1/; s/! HFn.S3/

induced by the cobordism obtained by adding a two-handle along K1 factors through
HFn.S3N .K2/; s/. So, if it is surjective, then the map

HFn.S3N .K2/; s/! HFn.S3/

is also surjective. So we get that �n.K1/ � �n.K2/. The same argument with K1
and K2 switched shows the inequality �n.K2/ � �n.K1/. Therefore, �n.K1/ D
�n.K2/.

For negative n, that �n.K/ is a concordance invariant follows from a similar argument
to the above.

Proposition 3.6 (mirroring property) �n.�K/D���n.K/.
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Proof Recall the symmetry of CFK1 under mirroring [11, Section 3.5],

CFK1.�K/' CFK1.K/�;

where CFK1.K/� is the dual complex HomFŒU;U�1�.CFK1.K/;F ŒU; U�1�/. Let-
ting C D CFK1.S3; K/ and n > 0, the following conditions are equivalent:

� v�n�s;�.K/W HFn.S3/! HFn.S3
�N .K/; s�s/ is injective.

� v�n�s .K/W C f0� i � n�1g!C f0�min.i; j C s/� n�1g is injective on H� .

� U n�1vns .�K/W C f�.n� 1/ � max.i; j � s/ � 0g ! C f�.n� 1/ � i � 0g is
surjective on H� .

� vns .�K/W C f0�max.i; j �s/� n�1g!C f0� i � n�1g is surjective on H� .

� vns;�.�K/W HFn.S3N .�K/; ss/! HFn.S3/ is surjective.

Here U n�1 is a degree-shifting isomorphism on CFK1.K/. Therefore,

�n.�K/Dmin.s 2 Z j vns;�.�K/ is surjective/

D�max.�s 2 Z j v�n�s;�.K/ is injective/D���n.K/:

Proposition 3.7 (monotonicity) �n.K/� �nC1.K/.

Proof It is known that ��1.K/ � �.K/ � �1.K/, so we focus on the two separate
cases where n > 0 and n < 0.

For n > 0, consider the commutative diagram

HFnC1.S3NK; s/ HFnC1.S3/

HFn.S3NK; s/ HFn.S3/

v
nC1
s;�

�U �U

vn
s;�

where the vertical maps are given by multiplication by U. The vertical map on the
right is surjective. Thus, if vnC1s;� is surjective, then so is vns;� .

For n < 0, consider the commutative diagram

HF�n.S3/ HF�n.S3
�NK; s/

HF�.n�1/.S3/ HF�.n�1/.S3
�NK; s/

vn
s;�

i 0a i 0
b

vn�1
s;�

Algebraic & Geometric Topology, Volume 19 (2019)



1890 Linh Truong

where the vertical maps are induced by inclusion of chain groups. In particular, the
left map i 0a is injective on homology. Therefore, if vn�1s;� .K/ is injective, then so is
vns;�.K/. We conclude that �n�1.K/� �n.K/.

Proposition 3.8 (boundedness) �C
0

.K/� �n.K/� �
C.K/ for all n.

Proof It is known that �.K/� �C.K/ from [7]. For n� 1, consider the commutative
diagram

H�.A
�
k
/ H�.A

n
k
/

H�.B
�/ H�.B

n/

jA

v�
k;� vn

k;�

jB

The map jB is surjective, so if v�
k;�

is surjective, then so is vn
k;�

.

For n� �1, consider the commutative diagram

H�.B
n/ H�.B

C/

H�.A
n
k
/ H�.A

C0

k
/

iB

vn
k;�

v
C0

k;�

iA

The map iB is injective, so if vC
0

k;�
is injective, then so is vn

k;�
.

Proposition 3.9 (stabilization) For sufficiently large positive n, �n.K/ D �C.K/
and ��n.K/D �C

0

.K/.

Proof Let C1 D CF�.S3NK; s/ and C2 D CF�.S3/. There is a canonical degree-
shifting isomorphism

CFn.Y; s/Š CF�.Y; s/˝FŒU �
F ŒU �

U n
:

Moreover, the map

v�n;sW C1˝FŒU �
F ŒU �

U n
! C2˝FŒU �

F ŒU �

U n

is the same as the map vns W CFn.S3NK; s/! CFn.S3/. We show that if v�s;� is not
surjective, then neither is vns;� for sufficiently large n. By the universal coefficient
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theorem,

0!H�.C1/˝
F ŒU �

U n
H�

�
C1˝

F ŒU �

U n

�
Tor
�
H�C1;

F ŒU �

U n

�
! 0

0!H�.C2/˝
F ŒU �

U n
H�

�
C2˝

F ŒU �

U n

�
Tor
�
H�C2;

F ŒU �

U n

�
! 0

v�s;�˝id

i1

vn
s;� Tor.v�s /

i2

where all tensor products are taken over F ŒU �.

We note the following facts:

� For a rational homology 3–sphere Y , HF�.Y; s/=fU –torsiong D T� D F ŒX�.
So H�.C1/D T�˚

�L
F ŒU �=Umi

�
.

� T�˝ F ŒU �=U n D F ŒU �=U n and F ŒU �=Umi ˝ F ŒU �=U n D F ŒU �=Umi . So
H�.C1/˝F ŒU �=U n D F ŒU �=U n˚

�L
F ŒU �=Umi

�
.

� Tor.F ŒU �=Um;F ŒU �=U n/D F ŒU �=Um if m< n.

� H�.C2˝F ŒU �=U n/D F ŒU �=U n .

Assume n is sufficiently large that mi < n for all mi . So the above Tor groups are
n� 1 torsion.

If v�s is not surjective, we can further choose n sufficiently large that the image of
v�s;�˝ id is n� 1 U –torsion. By commutativity of the diagram, the image of vns;� ı i1
is n� 1 U�torsion.

Suppose � 2H�.C1˝F ŒU �=U n/ is such that vns;�.�/ is an element of order n. Then,
since the short exact sequence in the universal coefficient theorem splits, � D ˛Cˇ ,
where ˛ 2H�.C1/˝F ŒU �=U n and ˇ 2 Tor.H�C1;F ŒU �=U n/. But

U n�1 � vns;�.˛Cˇ/D v
n
s;�.U

n�1˛/C vns;�.U
n�1ˇ/D 0:

Since H�.C2˝F ŒU �=U n/D F ŒU �=U n , the invariant vns;� is not surjective. Therefore,
for sufficiently large n, �n.K/D �C.K/.

Finally, by the mirroring property, �n.K/ D �C
0

.K/ for sufficiently large negative
integers n.

The fact that �n.K/ are not concordance homomorphisms from C to Z can easily
be seen. Note �n.K/ is not additive under connected sum of knots. For nD 1, just

Algebraic & Geometric Topology, Volume 19 (2019)
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consider two knots with ".K/D ".K 0/D�1. Then

�.K/D �.K/C 1 and �.K 0/D �.K 0/C 1;

but
�.K #K 0/D �.K #K 0/C 1D �.K/C �.K 0/C 1 < �.K/C �.K 0/:

4 Computations

Knot Floer homology groups can be easily computed for certain special families of
knots. For example, homologically thin knots are knots with bHFK.K/ supported in
a single ı–grading, where ı D A�M. If the homology is supported on the diagonal
ı D�1

2
�.K/, where �.K/ denotes the knot signature, then we say the knot is � –thin.

The class of � –thin knots contains as a proper subset all quasialternating knots, and in
particular all alternating knots. The following theorem shows that �n.K/ of thin knots
only depends on �.K/:

Proposition 4.1 Let K be a homologically thin knot with �.K/D � .

(i) If � D 0, �n.K/D 0 for all n.

(ii) If � > 0,

�n.K/D

8<:
0 for n� �1

2
.� C 1/;

� C 2nC 1 for �1
2
� � n� �1;

� for n� 0:

(iii) If � < 0,

�n.K/D

8<:
� for n� 0;
� C 2n� 1 for 1� n� �1

2
�;

0 for n� 1
2
.�� C 1/:

Proof In [15, Theorem 4] Petkova constructs model complexes for CFK1.K/ of
homologically thin knots. She shows the model chain complex contains a direct
summand (called the “staircase”) isomorphic to�

CFK1.T2;2�C1/ if �.K/ > 0;
CFK1.T2;2��1/ if �.K/� 0:

The “staircase” summand supports H�.CFK1.K//; that is,

H�.CFK1.K//DH�.CFK1.T2;2��1//:
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The maps induced on homology by vns (or v�n;s ) will thus only depend on the “staircase”
summand and not the acyclic summands. Thus, �n.T2;2�˙1/D �n.K/.

Without loss of generality, assume �.K/ > 0. The chain complex CFK�.T2;2�C1/ is
generated over F ŒU � by generators fzpg2�C1pD1 with U –filtration levels i and Alexander
filtration levels j specified (for all 1� p � 2� C 1) by

j.zp/D

�
� � 1

2
.p� 1/ if p odd;

� � 1
2
.p� 2/ if p even;

i.zp/D

�1
2
.p� 1/ if p odd;
1
2
p if p even;

and differential
@zp D

�
0 if p odd;
zp�1C zpC1 if p even:

The above complex with generators fzpg2�C1pD1 and given differential maps forms the
generating “staircase” complex C� , and CFK1.T2;2�C1/DC�˝FŒU �F ŒU; U

�1�. The
U –action lowers i and j by one.

Computation of �C.T2;2�C1/ and �n.T2;2�C1/ for n > 0 Since

C fi < 0; j � �g D 0;

the map vC� is the same as the inclusion

C f0� i � n� 1; j � � Cn� 1g ! C f0� i � n� 1g D Bn:

Moreover, the generator with the highest Alexander grading in C f0 � i � n � 1g
is U n�1z1 , with

j.U n�1z1/D � Cn� 1:

Thus, C f0� i �n�1; j > �Cn�1gD 0. That is, the inclusion vC� is an isomorphism
of chain complexes, so �C.K/D �.K/. Therefore, �n.K/D �.K/ for all n� 0.

Computation of �C0
.T2;2�C1/ The homology of BC is generated by fŒU�iz1�g

for all i � 0. The subquotient complex AC
0

0 contains U�iC� for all i � 0, and the
homology of U�iC� is generated by the class ŒU�iz1�. Therefore, vC

0

0;�ŒU
�iz1�¤ 0

in H�.AC
0

0 /, and vC
0

0;� is injective. So �C
0

.T2;2�C1/ � 0. But since �C
0

.K/ � 0 for
any knot K , we conclude �C

0

.T2;2�C1/D 0.

Computation of �n.T2;2�C1/ for �1
2
��n��1 Consider the subquotient complex

An
k

where k D � C 2nC 1. For each 1� p � 2� C 1,

min.i.zp/; j.zp/� k/D
�

min
�
1
2
.p� 1/;�1

2
.p� 1/� 2n� 1

�
if p is odd;

min
�
1
2
p;�1

2
.p� 2/� 2n� 1

�
if p is even
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D

8̂̂̂<̂
ˆ̂:
1
2
.p� 1/ if p is odd and p � �2n� 1;
�
1
2
.p� 1/� 2n� 1 if p is odd and p > �2n;

1
2
p if p is even and p � �2n;
�
1
2
.p� 2/� 2n� 1 if p is even and p > �2n:

Using these formulas, it is straightforward to check that An
k

contains zp for 1� p �
�2n� 1 but z�2n … Ank . Therefore, Œz1�¤ 0 in An

k
. Similarly, for 1 � i � �n� 1,

An
k

contains U�izp for 1 � p � �2.n C i/ � 1 but z�2.nCi/ … Ank . Therefore,
ŒU�iz1�¤ 0 in H�.Ank/. Since H�.Bn/ is generated by ŒU�iz1� for 0� i ��n�1,
vn
k

is injective on homology.

To check that �n.T2;2�C1/D �C2nC1, consider the subquotient complex An�C2nC2 .
For each 1� p � 2� C 1,

min.i.zp/; j.zp/� k/D
�

min
�
1
2
.p� 1/;�1

2
.p� 1/� 2n� 2

�
if p is odd;

min
�
1
2
p;�1

2
.p� 2/� 2n� 2

�
if p is even

D

8̂̂̂<̂
ˆ̂:
1
2
.p� 1/ if p is odd and p � �2n� 1;
�
1
2
.p� 1/� 2n� 2 if p is odd and p > �2n;

1
2
p if p is even and p � �2n� 2;
�
1
2
.p� 2/� 2n� 2 if p is even and p � �2n:

Using the above, it is straightforward to check that An�C2nC2 contains zp for 1 �
p � �4n� 2 but z�4n�1 … An�C2nC2 . Therefore, Œz1�D 0 in H�.An�C2nC2/. Thus,
�n.T2;2�C1/D � C 2nC 1.

Computation of �n.T2;2�C1/ for n� �1
2
.�C 1/ Consider An

0

0 , where

n0 D

�
�
1
2
.� C 1/ if � is odd;

�
1
2
� � 1 if � is even:

For each 1� p � 2� C 1,

min.i.zp/; j.zp/� 0/D
�

min
�
1
2
.p� 1/; � � 1

2
.p� 1/

�
if p is odd;

min
�
1
2
p; � � 1

2
.p� 2/

�
if p is even

D

8̂̂̂<̂
ˆ̂:
1
2
.p� 1/ if p is odd and p � � C 1;
� � 1

2
.p� 1/ if p is odd and p > � C 1;

1
2
p if p is even and p � � C 1;
� � 1

2
.p� 2/ if p is even and p > � C 1:

These computations show that vn
0

0 is injective on homology:

� If � is odd, An
0

0 contains zp for 1 � p � �2n� 1 but z�2n … An
0

0 . Similarly,
for 1 � i � �n � 1, An

0

0 contains U�izp for 1 � p � �2.nC i/ � 1 but
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z�2.nCi/ … A
n0

0 . Therefore, ŒU�iz1�¤ 0 in H�.An
0

0 / for 0 � i � �n� 1. So
vn
0

0 is injective on homology.

� If � is even, An
0

0 contains all zp for 1� p � 2� C 1. Furthermore, for 1� i �
�n� 1, An

0

0 contains U�izp for 1 � p � �2.nC i/� 1 but z�2.nCi/ … An
0

0 .
Therefore, ŒU�iz1�¤ 0 in H�.An

0

0 / for 0� i � �n� 1. So vn
0

0 is injective on
homology.

Since �C
0

.T2;2�C1/D 0 is a lower bound on �n.T2;2�C1/, we conclude that

�n.T2;2�C1/D 0

for all n� �1
2
.� C 1/.

We have the following result for strongly quasipositive knots (see [4] for background
on strongly quasipositive knots):

Proposition 4.2 If K is strongly quasipositive, then �n.K/D �.K/D g4.K/D g.K/
for all positive n.

Proof Theorem 1.2 of [4] states that K is strongly quasipositive if and only if �.K/D
g4.K/Dg.K/. The result immediately follows since �.K/��n.K/��C.K/�g4.K/
for positive n. See also [7, Proposition 3].

Example 4.3 Figure 1 (top-left) shows the knot Floer chain complex CFK1 of the
.2; 9/–torus knot. The computation of ��2.T2;9/ is shown in Figure 1 (top-right and
bottom-left). We have

�n.T2;9/D

8̂̂̂<̂
ˆ̂:
4 for all n� 0;
3 for nD�1;
1 for nD�2;
0 for all n� �3:

The computation of �n.K/ for thin knots shows that the sequence �n can increase by
more than one at a time, in contrast to the local h–invariants defined by Rasmussen,
which jump by at most one [16, Proposition 7.6].

In fact, the gap between �n.K/ and �nC1.K/ can be arbitrarily big. For example, a
straightforward (partial) computation of �n.Tp;pC1/ using CFK1.Tp;pC1/ shows that
for p > 3,

��1.Tp;pC1/� ��2.Tp;pC1/D p:
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z9

z8z7

z6z5

z4z3

z2z1

z3

z2z1

U�1z1

z6z5

z4z3

z2z1

U�1z1

z8z7

z6z5

z3

z2z1

U�1z1

Figure 1: Top-left: Generating complex for CFK1 of the (2, 9)-torus
knot T2;9 . Top-right: The classes ŒU�1z1� and Œz1�D Œz3� generate HF2.S3/ .
Bottom-left: The classes Œz1� and Œz3� vanish in HF2.S3

�NK; [2]/ . Bottom-
right: The classes Œz1�D Œz3� and ŒU�1z1� survive in HF2.S3

�NK; [1]/ .

Theorem 4.4 Let Tp;pC1 denote the .p; pC1/–torus knot for p > 3. Let � D
�.Tp;pC1/D

1
2
.p� 1/p . Then

�n.Tp;pC1/D

8<:
� for n� 0;
� � 1 for nD�1;
� � 1�p for nD�2:

Thus, ��1.Tp;pC1/� ��2.Tp;pC1/D p .

Proof In [1], Allen shows that the staircase model chain complex for CFK1.Tp;pC1/
takes the form

Œ1; p� 1; 2; p� 2; : : : ; j; p� j; : : : ; p� 1; 1�;
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where the indices alternate between the widths of the horizontal and vertical steps.
From this staircase description, there exists a .i; j /–filtered basis for CFK1.Tp;pC1/
consisting of generators fblg

2.p�1/

lD0
lying in .i; j /–filtrations

b2m W

� mX
kD1

k; 1
2
.p� 1/p�

mX
kD1

.p� k/

�
;

b2mC1 W

�mC1X
kD1

k; 1
2
.p� 1/p�

mX
kD1

.p� k/

�
;

and differential
@b2m D 0; @b2mC1 D b2mC b2mC2:

The same argument for showing that �C.T2;2�C1/ D �.T2;2�C1/ in Proposition 4.1
holds for the knots Tp;pC1 . Moreover, in the terminology of [5], the basis fblg

2.p�1/

lD0

satisfies:

� b0 is the vertically distinguished element of a vertically simplified basis.

� b0 has a unique incoming horizontal arrow (from b1 ) (and no outgoing horizontal
arrows).

We immediately conclude that ".Tp;pC1/D 1 and ��1.Tp;pC1/D � � 1.

To show ��2.Tp;pC1/D � �p� 1, we observe:

� A�2��p�1 contains the generators b0 , b1 and b2 , but b3 … A�2��p�1 . Therefore,
Œb0� ¤ 0 in H�.A�2��p�1/. Moreover, ŒU�1b0� ¤ 0 in H�.A�2��p�1/. Thus,
v�2��p�1 is injective on homology.

� A�2��p contains the generators b0 , b1 , b2 and b3 , but b4 … A�2��p . Therefore,
Œb0�D 0 in H�.A�2��p/.

We show the concordance invariants f�n.K/g contain more concordance information
than the collection f� , � , �0, �C , �C

0

g:

Proposition 4.5 There exist knots K and K 0 with equal � , � , �0, �C and �C
0

invariants, but �n.K/¤ �n.K 0/ for some n 2 Z.

Proof The torus knot T4;5 and the torus knot T2;13 share the following invariants in
common:

�C
0

.T4;5/D 0D �
C0.T2;13/;

�0.T4;5/D 5D �
0.T2;13/;

�.T4;5/D �.T4;5/D �
C.T4;5/D 6D �.T2;13/D �.T2;13/D �

C.T2;13/:
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b6

b5b4

b3b2

b1b0

Figure 2: Generating complex for CFK1 of the left-handed .4; 5/–torus
knot T4;5 . CFK1.T4;5/ is generated over F ŒU; U�1� by the above chain
complex. The arrows, representing terms in the differential, are drawn to
scale, with lengths of arrows ranging between one and three.

However, the invariants �n.T4;5/ are different from �n.T2;13/:

�n.T4;5/D

8̂̂̂<̂
ˆ̂:
6 for n� 0;
5 for nD�1;
1 for nD�2;
0 for n� �3;

�n.T2;13/D

8̂̂̂̂
<̂̂
ˆ̂̂̂:

6 for n� 0;
5 for nD�1;
3 for nD�2;
1 for nD�3;
0 for n� �4;

where �n.T4;5/ is computed from the knot Floer chain complex CFK1.T4;5/ as shown
in Figure 2.

5 Further directions

One question is the effectiveness of �n.K/ when compared to other concordance
invariants such as ‡K.t/, coming from t –modified knot Floer homology [10], or Vk ,
coming from surgery formulas of Ozsváth and Szabó [13].

The invariants �n.K/ do not define concordance homomorphisms C! Z, where C

is the concordance group of knots. This implies that they do not necessarily vanish
on knots of finite concordance order. The existence of p–torsion, with p ¤ 2, in the
concordance group C is an open question. A related conjecture, based on a question of
Gordon [3], as phrased in [8] is:

Conjecture 5.1 (Gordon) A knot has order two in C if and only if K D �K is
negative amphichiral.
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Recently, Hendricks and Manolescu defined involutive Heegaard Floer concordance
invariants V0 and V0 , which detects the nonsliceness of the figure eight knot. The
nonsliceness of 41 was previously known through classical methods, but this is the
first method of detection coming from the Heegaard Floer package. By additivity of �
and the behavior of " under connected sums, �.K/ and �.K/ vanish for all knots K
of finite concordance order. This leaves open the cases �n.K/ for n > 1 and n < �1.
We pose the question:

Question 5.2 Does there exist a knot K of finite concordance order such that �n.K/¤
0 for some n?

Another question is how the invariants �n.K/ behave under connected sum. It is known
that �C.K/ is subadditive by [2]. That is,

�C.K #L/� �C.K/C �C.L/:

Using mirroring relations and subadditivity of �C.K/ shows that �C
0

.K/ is superad-
ditive:

Lemma 5.3 For any two knots K and L,

�C
0

.K #L/� �C
0

.K/C �C
0

.L/:

Proof By subadditivity of �C and the mirroring relations,

�C.�K #�L/� �C.�K/C �C.�L/;

��C
0

.K #L/� ��C
0

.K/C��C
0

.L/;

�C
0

.K #L/� �C
0

.K/C �C
0

.L/:

As pointed out to the author by Jen Hom, it can also be seen by additivity of � and
the behavior of " under connected sum that �.K/ is subadditive. A similar argument
shows that �0.K/ is superadditive. This leads us to ask the following two questions:

Question 5.4 Is �n.K #K 0/� �n.K/C �n.K 0/ for all positive integers n 2 ZC?

Question 5.5 Is �n.K #K 0/� �n.K/C �n.K 0/ for all negative integers n 2 Z�?

The next question was posed by Zhongtao Wu:
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Question 5.6 (Wu) If �n.K/ D �n.K
0/ for all n 2 Z, then is �C.K # �K 0/ D

�C.�K #K 0/D 0?

The condition that �C.K #�K 0/D �C.�K #K 0/D 0 implies that

CFK1.K #�K 0/' CFK1.U /˚A;

where A is an acyclic complex [6].
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