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Self-dual binary codes from
small covers and simple polytopes
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The work of Volker Puppe and Matthias Kreck exhibited some intriguing connections
between the algebraic topology of involutions on closed manifolds and the combi-
natorics of self-dual binary codes. On the other hand, the work of Michael Davis
and Tadeusz Januszkiewicz brought forth a topological analogue of smooth, real toric
varieties, known as “small covers”, which are closed smooth manifolds equipped with
some actions of elementary abelian 2—groups whose orbit spaces are simple convex
polytopes. Building on these works, we find various new connections between all
these topological and combinatorial objects and obtain some new applications to the
study of self-dual binary codes, as well as colorability of polytopes. We first show
that a small cover M" over a simple n—polytope P" produces a self-dual code in
the sense of Kreck and Puppe if and only if P" is n—colorable and n is odd. Then
we show how to describe such a self-dual binary code in terms of the combinatorics
of P™. Moreover, we can construct a family of binary codes B (P"), for 0 <k <n,
from an arbitrary simple n—polytope P". Then we give some necessary and sufficient
conditions for B (P") to be self-dual. A spinoff of our study of such binary codes
gives some new ways to judge whether a simple n—polytope P” is n—colorable
in terms of the associated binary codes By (P"). In addition, we prove that the
minimum distance of the self-dual binary code obtained from a 3—colorable simple
3—polytope is always 4.

57M60, 57R91, 57525, 94B05

1 Introduction

As described by Rains and Sloane in [23], self-dual codes are an important class of
linear codes for both theoretical and practical reasons. It is a fundamental problem to
classify self-dual codes of modest lengths and determine the largest minimum weight
among self-dual codes of that length. Much work has been done towards classifying
self-dual codes over [, for ¢ =2 and 3, where IF; denotes the finite field of order ¢ .

Codes over 5 are called binary and all codes in this paper are binary. The dual code C+
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of a binary code C of length [ is defined as C+ := {u € ]Fé | {u,cy=0forall ceC},
where () is the standard inner product. A binary code C is called self-dual if C = C+.

Puppe [22] found an interesting connection between closed manifolds and self-dual
binary codes. It was shown in [22] that an involution 7 on an odd-dimensional closed
manifold M with “maximal number of isolated fixed points” (ie with only isolated
fixed points and the number of fixed points satisfying |M *| = dimp, (EB: H' (M; Fz)))
determines a self-dual binary code of length |M®|. Such an involution t is called
an m-involution. Conversely, Kreck and Puppe [17] proved a somewhat surprising
theorem that any self-dual binary code can be obtained from an m—involution on
some closed 3-manifold. Hence it is an interesting problem for us to search for
m-involutions on closed manifolds. But in practice it is very difficult to construct all
possible m—involutions on a given manifold.

On the other hand, Davis and Januszkiewicz [8] introduced a class of closed smooth
manifolds M" with locally standard actions of the elementary 2—group Z7 , called small
covers, whose orbit space is an n—dimensional simple convex polytope P” in R”. They
showed that many geometric and topological properties of a small cover M” can be ex-
plicitly described in terms of the combinatorics of P” and some characteristic function
on P" determined by the Z%-action. For example, the k"™ mod 2 Betti number of M"
is equal to hi(P"), where (ho(P™),h1(P"),..., hy(P")) is the h—vector of P".

Note that any nonzero element g € Z7 determines a nontrivial involution on the small
cover M", denoted by t,. We call 1, a regular involution on M". So whenever tg
is an m—involution on M", where n is odd, we obtain a self-dual binary code from
(M", 1q).

Motivated by the work of Kreck and Puppe and the work of Davis and Januszkiewicz,
our purpose in this paper is to explore the connection between the theory of binary
codes and the combinatorics of simple polytopes via the topology of small covers. First,
we can tell when a small cover M™ over an n—dimensional simple polytope P" has a
regular m—involution by the following theorem.

Theorem 3.2 Let A be the characteristic function determined by a small cover M"
over a simple n—polytope P". Then the following statements are equivalent:

(a) There exists a regular m—involution on M™ .

(b) There exists a regular involution on M™ with only isolated fixed points.

(c) The image ImA C ZJ of A consists of exactly n elements (which implies that
P™ is n—colorable) and so they form a basis of 7 .

Algebraic & Geometric Topology, Volume 18 (2018)



Self-dual binary codes from small covers and simple polytopes 2731

A polytope is called n—colorable if we can color all the facets of the polytope by n
different colors so that any neighboring facets are assigned different colors. Note
if A and A’ are both characteristic functions over a simple polytope P" that satisfy
condition (c) in Theorem 3.2, the small covers M" and N" determined by (P", 1)
and (P", ') are equivalent in the sense that there is a homeomorphism f: M" — N”
and a 0 € GL(n, Z3) such that f(g-x)=0(g)- f(x) forany g € Z; and x € M". This
implies that up to equivalence of binary codes, the self-dual binary code Cps» obtained
from a regular m—involution on an n—dimensional small cover M" over P" (which has
to be n—colorable, with n odd) is essentially determined by the polytope P”. Moreover,
we can spell out the code Cysn directly from the combinatorics of P” as follows.

Let the vertex set of P” be {vq,...,vs,}. Here the number of vertices of P” must
be even because P”" is n—colorable (see Joswig [15]). Any face f of P” determines
an element §7 € F 27, where the i entry of & # is 1 if and only if v; is a vertex of f.
In particular,

Epn=1=(1,...,1) e F3,
and {&y,....,&y,, } is a linear basis of IFZZ’ . We define a sequence of binary codes by
B (P") := Spang, {&¢ | f is a codimension-k face of P"} C F?" for 0<k <n.

By a close examination of the localization of the equivariant cohomology of a small
cover M™ to its fixed-point set (in the proof of Theorem 4.3), we obtain in Corollary 4.5
that the self-dual binary code Cpsn is equivalent to B, _1)/2(P"). This builds a direct
connection between the combinatorics of simple polytopes and self-dual binary codes.
An interesting consequence of this connection is that we can detect various properties
of such self-dual binary codes from the combinatorics of the corresponding polytopes.
This might help us construct self-dual binary codes with certain prescribed properties.

The key idea of the proof of Theorem 4.3 is understanding the image of the localization
of the equivariant cohomology H gr (M™,Fy)—> H ér ((M™)C;TF,) to the fixed points,
where G is the Z,—subgroup generated by the regular m—involution on M”, in terms
of the localization map H%‘g (M";F) - H%g ((M™)Z2;F,) of the whole Z%—action
on M". Indeed, we have a commutative diagram (see (12))

Hgg(M";Fz) —r Hg (M";F>)

L% L%
14\[ ll:;

Hz, (M™)P5:F2) — = Hg (M™% )

Algebraic & Geometric Topology, Volume 18 (2018)



2732 Bo Chen, Zhi Lii and Li Yu

where we can show that ¢* is a group epimorphism. So the image of the localization
map i} is the image of the composite map ¥* oi;. Then we use some results on
small covers from Davis and Januszkiewicz [8] to give an explicit description of i,
and derive Theorem 4.3. The reader is referred to Allday and Puppe [2] for the basic
theory of equivariant cohomology, localization and classifying spaces.

Note that the definition of B (P") depends only on the combinatorial structure of P”
and makes perfect sense for general simple polytopes (not necessarily n—colorable). For
a general simple polytope P", we can show (see Proposition 5.3) that dimp, B (P") >
ho(P"™)+---+ hi(P") for any 0 < k <n. Moreover, we can detect some properties
of P" from the family of codes {By(P")}o<k<n. For example, it is shown in the
following proposition that we can tell whether P” is n—colorable by simply computing
the dimension of B1(P").

Proposition 5.5 Let P" be an n—dimensional simple polytope with m facets. Then
dimp, B1(P") =m —n + 1 if and only if P" is n—colorable.

There is a special class of binary codes called doubly even codes, which are intensively
studied by both mathematicians and engineers. A binary code C is called doubly even
if the Hamming weight of any codeword in C is divisible by 4. Doubly even self-dual
binary codes are of particular importance both theoretically and practically. We can
determine which kind of n—colorable simple n—polytopes can produce a doubly even
self-dual binary code in our approach. This gives us a purely combinatorial way to
construct doubly even self-dual binary codes. But unfortunately, we find that some
famous binary codes of this type such as the extended Golay code and the extended
quadratic residue code cannot be obtained from any n—colorable simple n—polytope.

The paper is organized as follows. In Section 2, we introduce the basic notions and facts
about binary codes and simple polytopes that we use. Additionally, we briefly explain
the procedure of obtaining self-dual binary codes, as described by Puppe in [22], from
m-involutions on closed manifolds. In Section 3, we first recall some basic facts of
small covers and then investigate when a small cover can admit a regular m—involution
(see Theorem 3.2). In Section 4, we spell out the self-dual binary code from a small
cover with a regular m—involution (see Corollary 4.5). It turns out that the self-dual
binary code depends only on the combinatorial structure of the underlying simple
polytope. In Section 5, we study the properties of the family of binary codes B (P"),
0 <k <n, associated to any simple n—polytope P”. A spinoff of our study produces
several new criteria to judge whether P” is n—colorable in terms of the associated
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binary codes B, (P") (see Proposition 5.5 and Proposition 5.6). In Section 6, we
will give some necessary and sufficient conditions for B, (P") to be self-dual codes
for general simple polytopes P" (see Theorem 6.2). In Section 7, we prove that the
minimum distance of the self-dual binary code obtained from any 3—colorable simple
3—polytope is always 4 (see Proposition 7.1). In Section 8, we investigate some special
properties of n—colorable simple n—polytopes. In Section 9, we study what kind of
doubly even binary codes can be obtained from n—colorable simple n—polytopes. In
particular, we show that the extended Golay code and the extended quadratic residue
code cannot be obtained from any n—colorable simple n—polytopes.

2 Preliminaries

Here we collect some necessary information about binary codes and simple polytopes
and briefly explain the construction of self-dual binary codes from m—involutions on
manifolds.

2.1 Self-dual binary codes

A (linear) binary code C of length [ is a linear subspace of the /—dimensional
linear space Fé over [, (the binary field). The Hamming weight of an element
u=ug,...,u;) € ]Fé, denoted by wt(u), is the number of nonzero coordinates u;
in u. Any element of C is called a codeword. The Hamming distance d(u, v) between
any two codewords u, v € C is defined by

d(u,v) =wt(u —v).

The minimum of the Hamming distances d(u, v) for all u,v € C, where u # v, is
called the minimum distance of C (which also equals the minimum Hamming weight of
nonzero elements in C ). A binary code C € Fé is called type [/, k,d] if dimp, C =k
and the minimum distance of C is d . We call two binary codes in IFé equivalent if
they differ only by a permutation of coordinates.

A generator matrix for a binary code C is a binary matrix whose rows form a basis
for C. Then the codewords of C are all of the linear combinations of the rows of this
matrix, that is, C is the row space of its generator matrix.

The standard bilinear form (, ) on é is defined by

I
(u, v) :=Zu,~v,~ for u = (uy,...,u;), v=(vy,...,v7) eFé.
i=1

Algebraic & Geometric Topology, Volume 18 (2018)



2734 Bo Chen, Zhi Lii and Li Yu

Note that {u, v) = %(Wt(u) + wt(v) — wt(u 4 v)) mod 2 for any u, v € F., and

I
(u,u)=2ui for u=(u1,...,u1)€IFé.

i=1
Any linear binary code C in ]Fé has the dual code C defined by
Ct:={ueF.|(u.c)y=0forallceC}.

It is clear that dimp, C + dimp, C L =1]. Wecall C self-dual if C = C+. For a
self-dual binary code C, we can easily show the following:

e The length / = 2dimp, C must be even.
e For any u € C, the Hamming weight wt(u) is an even integer since (u,u) = 0.

e The minimum distance of C is an even integer.

Self-dual binary codes play an important role in coding theory and have been studied
extensively (see [23] for a detailed survey).

2.2 Simple polytopes

A (convex) polytope P is the convex hull of a finite set of points in some Euclidean
space. The dimension of P is the dimension of the affine hull of these points. We refer
to n—dimensional convex polytopes simply as n—polytopes. Two polytopes P and Q
are combinatorially equivalent (P ~ Q) if there is a bijection between their faces
preserving the inclusion relation. An n—polytope P” is called simple if each vertex
of P" is the intersection of exactly n distinct facets (codimension-one faces) of P".
Any O-face of P" is called a vertex and any 1-face of P" is called an edge. Let
V(P") denote the set of vertices of P.

Let f; (P™) be the number of i—faces of P™. The vector ( fo(P"), f1(P"),..., fn(P"))
is called the f—vector of P™. Let hi (P™) be the coefficient of 7% in the polynomial
Yo fi(P™)(t — 1)". Then the vector (ho(P"), h1(P™), ..., hy(P™)) is called the
h—vector of P". It is easy to see that ho(P") =1, h1(P") = fr—1(P")—n and

n
> hi(P™) = fo(P") = [V(P™)],
i=0
where |V (P")] is the number of vertices of P™. For a general simple n—polytope P",
there are many relations among the Ay (P"). Indeed, the famous g—theorem (see [5,
Section 1.3]) characterizes all possible integer vectors that are the s—vector of some
simple polytope.
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Definition For positive integers a and i, define a!/) = (al-’fll) + (ai ; + 1) +-t (aJ’ _:11)

and 0) =0, where a = (al.") + (‘l”_— 1‘) 4+t (ajf) is the unique binomial i—expansion

of a witha; >a;—1>--->a; > j>1.

Theorem (g-theorem) An integer vector (hg, h1,...,hy) is the h—vector of a simple
n—polytope if and only if the following conditions are satisfied:

(i) Dehn-Sommerville relations h; = h,—; for 0 <i <n.
(i) ho=<hy <--=<hpy for0<i=<n/2.
(i) ho=1 and hj4x1 —h; < (hi —hi—)Y) for 1 <i <[n/2]—1.

Our study of binary codes in Section 5 leads to some new criteria to judge whether
a simple n—polytope is n—colorable. The following are some known descriptions of
n—colorable simple n—polytopes due to Joswig [15].

Theorem 2.1 [15, Theorem 16 and Corollary 21] Let P" be an n—dimensional
simple polytope, where n > 3. The following statements are equivalent:

(a) P" is n—colorable.
(b) Each 2—face of P" has an even number of vertices.

(c) Each face of P" with dimension greater than O (including P" itself) has an
even number of vertices.

(d) Any proper k—face of P" is k—colorable.

2.3 Binary codes from m—-involutions on manifolds

Let t be an involution on a closed connected n—dimensional manifold M which has
only isolated fixed points. Let G; = Z, denote the binary group generated by t. By
Conner [7, page 82], the number |M 7| of the fixed-point set M S+ of G, must be
even. So we assume that |M %7| = 2r, where r > 1, in the following discussion. By
[2, Proposition (1.3.14)], the following statements are equivalent:

(@) |MC|=Y"_,b;i(M;F,) (ie T is an m-involution).
(b) Hét (M ;) is a free H*(BG+;F;)-module, so
Hg (M;Fz) = H*(M;F2) ® H*(BGy; 7).
(c) The inclusion of the fixed-point set, t: M % <> M, induces a monomorphism

*HE (M Fy) — HE (MO TF,) = F3" @ Fyt].
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Next we assume that t is an m—involution on M. So the image of H éf (M;F,) in
F2" ® IF>[¢] under the localization map * is isomorphic to H, gr (M ;TF,) as graded
algebras. It is shown in [6; 22] that the image (* (H ér (M ;F3)) can be described in the
following way. For any vectors x = (x1,...,x2,) and y =(y1,..., y2r) in IFZZ’, define

X0y =(X1Y1,.... X2, Y2r).

It is clear that IFZZ’ forms a commutative ring with respect to the two operations + and o.
Actually, (F2", 4, o) is a boolean ring. Notice that x o x = x for any x € ]Fzzr . Let

2r
(1) Vor = x:(xl,...,XZr)EFzzr‘(X,x)zzxi:()EFz}.

i=1
Then V,, is a (2r—1)—dimensional linear subspace of Fzzr . Note that for any u € V5,

the Hamming weight wt(u) of u is an even integer. The following lemma is immediate
from our definitions.

Lemma 2.2 Let C be a binary code in ]F22r with dimg, C = r. Then the following
statements are equivalent:
(C1) C is self-dual.
(C2) (x,y)=0forany x,yeC.
(C3) xoyeVy, forany x,y € C.
Moreover, let
. VkM ={yeF? |y®t* eIm(*)} CFZ for k=0,....n;
VM — (o).

By the localization theorem for equivariant cohomology (see [2]), we have isomorphisms

3) HYM:Fo) = vM/vM for 0<k <n.
Theorem 2.3 [6, Theorem 3.1; 22, page 213] For any 0 <k <n, we have

k
dimp, VM =" b;j(M:TF>).
j=0

In addition, H, ét (M ;TF,) is isomorphic to the graded ring
Ry =VM +VvMr4 ...y M =2 Ly M =l L R2r(n 4 n Ty,

where the ring structure of Ry is given by the following:
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@ FoxVMcvMc...cvM, cvM =v, c VM =TF2, where VM is
generated by 1 = (1, ..., e ]Fzzr.

(b) Ford = Zl’-’;é id; <n with each d; > 0, the composition Vogy O 0 Vay, _,
1S in V;’I, where
Vg, = vgl) -ov[(;‘) for some v ) e VM
1

The operation o on F3" corresponds to the cup product in H a (M;F3).

Each VkM above can be thought of as a binary code in IFZZ’ . Theorem 2.3 and the
Poincaré duality of M imply that

n
4 dimp, VM +dimg, VY| = " b;j(M:Fy) =2r.
j=0
In addition, Vn]‘f 1 s perpendicular to VkM with respect to { , ). This is because
HEM;TFp) = VMiF and HEFY(M:Fo) = vM, k1L

So forany x € VkM and y € Vn]‘fk_l , we have that xtKUyr" k=1 = (xoy)r"~! belongs
to HE™Y(M;F2) = V,t"~! by Theorem 2.3(b). Then, by Lemma 2.2, x oy € V,,
implies (x,y) = 0. So we have VnAfl—k C (VkM)J-. Moreover, dimp, Vnﬂill—k =
dimp, (VM)+ by (4). This implies that

5) VHT=vY
Corollary 2.4 VMCF2" is self-dual if and only if dimp, VM= 3"5_, b;(M:F2)=r.

Proof The necessity is trivial. If dimp, VkM = r, then dimp, an‘f 1—x =T by (4).
But by Theorem 2.3(a), we have either VkM - Vn]‘f 1—k OF an‘f -k S VkM . Then
VM and VM _ must be equal since they have the same dimension. So by (5),
(VM)J- VM k= V . Hence VkM is self-dual. a

3 Small covers with m—involutions

3.1 Small covers

Following [8], an n—dimensional small cover is a closed n—manifold M" with a locally
standard Z%—action whose orbit space is homeomorphic to an n—dimensional simple
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convex polytope P", where “locally standard” means that this Z—action on M" is
locally isomorphic to the standard faithful representation of Z% on R” (ie the n—fold
Cartesian product of the natural representation of Z» on R). Let 7: M" — P" be
the orbit map. Let F(P") denote the set of all facets of P". For any facet F of P",
the isotropy subgroup of 7~ 1(F) in M" with respect to the Z%5—action is a rank-1
subgroup of Z7 generated by an element of Z%, denoted by A(F). Then we obtain
amap A: F(P") — Z7, called the characteristic function associated to M", which
maps the n facets meeting at each vertex of P” to n linearly independent elements
in Z% . Itis shown in [8] that up to equivariant homeomorphisms, M" can be recovered
from (P",A) in a canonical way (see (8)). Moreover, many algebraic topological
invariants of a small cover w: M"™ — P" can be easily computed from (P", 1). Here
is a list of facts on the cohomology rings of small covers proved in [8]:

(R1) Let b;(M";F,) be the i™ mod 2 Betti number of M”". Then
bi(M";F2) = h;i(P") for 0<i <n,
where (ho(P"),h1(P"),..., hy(P™)) is the h—vector of P".

(R2) Let (M™)Z2 denote the fixed-point set of the Z%5—action on M" . Then

[(M™Z2] =" bi(M™Fp) = > hi(P™) = [V(P")].
i=0 i=0

(R3) The equivariant cohomology H,(M";IF2) is isomorphic as graded rings to the
2
Stanley—Reisner ring of P”

(6) ;Q(M";Fz)EFQ(P")=F2[apl,...,apm]/an,

where Fy,..., Fy, are all the facets of P” and af,,...,aF,, are of degree 1,
and Zpn is the ideal generated by all square-free monomials of a Fj "t aF;
with F;, N---NF;; =< in P".

s

(R4) The mod 2 cohomology ring satisfies
H*(Mn;Fz) ~ Fz[aFl, - ,aFm]/Ip + Jy,

where J; is an ideal determined by A. In particular, H*(M";F,) is generated
by degree-1 elements.
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3.2 Spaces constructed from simple polytopes with Z’—colorings

Let P" be an n—dimensional simple polytope in R". For any r > 0, a Z}—coloring
on P" is amap u: F(P") — Z). For any facet F of P", we call u(F) the color
of F. Since P”" is simple, any codimension-k face of P” is the intersection of a
unique collection of k facets of P". Let f = FyN---N Fj be a codimension-k face
of P"*, where Fy,..., F, € F(P"). Define

@) G = the subgroup of Z} generated by ju(Fy), ..., n(Fg).

Additionally, let G* be the subgroup of Z/ generated by {u(F) | F € F(P")}. The
rank of G* is called the rank of |1, denoted by rank(u). It is clear that rank(u) <r.

For any point p € P", let f(p) denote the unique face of P” that contains p in its
relative interior. Then we define a space associated to (P”, i) by

®) M(P". )= P" X 24/ ~.
where (p,g) ~ (p’,g’) ifandonly if p=p’ and g'—g € G}L(p). Note the following:

e M(P", ) is a closed manifold if w is nondegenerate (ic w(Fy),..., w(Fy)
are linearly independent whenever F; N---N Fy # @).

o M(P", ) has 277k connected components. So M (P, i) is connected
if and only if rank(p) =r.

 There is a canonical Z%—action on M(P", i) defined by
h-[(x,2)]=[(x,g+h)] for xe P"and g,h € Z}.

Let m;: M(P", u) — P" be the map sending any [(x, g)] € M(P", ) to
x € P".

For any face f of P" with dim(f)>1,letr(f)=r —rank(GJ’f) and
ny: 24— 2%/ Gl = 25

. . : )
be the quotient homomorphism. Then w induces a Z;

—coloring s on f by
) ur(FNf):=nr(u(F)), where Fe F(P")and dim(FN f)=dim(f)—1.

It is easy to see that 71;1 (f) is homeomorphic to M(f, ur).
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Example 3.1 Suppose 7: M"™ — P" is a small cover with characteristic function 7.
Then M" is homeomorphic to M(P",A). For any face f of P", we have that
a W)= M(f. A #) is a closed connected submanifold of M™ (called a facial sub-
manifold of M™) which is a small cover over f.

3.3 Small covers with regular m—involutions

Let w: M"™ — P" be a small cover over an n—dimensional simple polytope P” and
A F(P™) — Z be its characteristic function. Let us discuss under what conditions
there exists a regular m—involution on M".

Theorem 3.2 The following statements are equivalent:

(a) There exists a regular m—involution on M™" .
(b) There exists a regular involution on M" with only isolated fixed points.

(c) The image ImA C Z7 of A consists of exactly n elements (which implies that
P™ is n—colorable) and so they form a basis of 7.} .

Proof (a)=(b) By definition, an m—involution only has isolated fixed point.

(b)=(c) Suppose there exists g € Z such that the fixed points of t; on M" are
all isolated. Let v be an arbitrary vertex on P” and Fiy,..., F, be the n facets
meeting at v. By the construction of small covers, 7~ 1(v) = p is a fixed point of
the whole group Z%. Let U € M be a small neighborhood of p. Since the action
of Z% on M" is locally standard, we observe that for h = A(F;,) +---+ A(F;,) € Z%,
where 1 <i; <--- <iy <n, the dimension of the fixed-point set of 77 in U is equal
to n —s. Then, since the fixed points of 7, are all isolated, we must have that
g=A(F1)+---+A(Fy,). Next, take an edge of P" with two endpoints v and v,. Since
P" is simple, there are n+ 1 facets Fi, ..., Fy, F,fl suchthat vy = F1N---NF,_1NF,
and v = Fi N---N Fp1 N F). Then A(F1) + - + A(Fy—1) + A(Fp) = g =
A(F1) 4+ A(Fy—1) + A(F,), which implies A(Fy,) = A(F,). Since the 1-skeleton
of P" is connected, we can deduce the image Im A of A consists of n elements of Z
which form a basis of Z7.

(c)=>(a) Suppose ImA = {g1,...,gxn} is a basis of ZJ. Then, by the construction
of small covers, the fixed-point set of the regular involution g, t..4g, on M" is

(M™?P2 = {z7(v) | v e V(P")}.

Algebraic & Geometric Topology, Volume 18 (2018)



Self-dual binary codes from small covers and simple polytopes 2741

So the number of fixed points of 7g,+..4¢, is equal to the number of vertices of P",
which is known to be hg(P") + h1(P") + --- + hy(P™). Then, by result (R1) in
Section 3.1, g, 4.4 g, is an m—involution on M". O

Remark It should be pointed out that for an n—colorable simple n—polytope P”",
the image of a characteristic function A: 7(P") — Z% might consist of more than
n elements of Z7 . In that case, the small cover defined by P" and A admits no regular
m—involutions. So Theorem 3.2 only tells us that if an n—dimensional small cover M"
over P" admits a regular m—involution, then P” is n—colorable. But the converse is
not true.

4 Self-dual binary codes from small covers

Let 7: M" — P" be an n—dimensional small cover which admits a regular m—
involution. By the proof of Theorem 3.2, P” is an n—dimensional n—colorable simple
polytope with an even number of vertices. Let {v1, ..., va,} be all the vertices of P”.
The characteristic function A of M" satisfies the following: Im(1) = {ey,...,e,}
is a basis of Z%. By Theorem 3.2, 7, +...4¢, is an m—involution on M". So by the
discussion in Section 2.3, we obtain a filtration

n n n n
Frx VM cvM' c...cyM) cvM] =v,, cVM" =F2".

According to Theorem 2.3 and property (R1) of small covers,

k k
dimg, VM" = " b;j(M":F2) = > hj(P") for 0<k <n.
Jj=0 J=0
So, since hj(P™) >0 forall 0 < j <n, we have VOMnngMng- . -_,C,_an‘f';_,C,_VnanFzzr.
Note that VM" is self-dual in F2" if and only if VM" = (VM")L =vM' by (5).
Then Van is self-dual if and only if k =n—1—k (ie n isodd and k = (n —1)/2).
So we have proved the following proposition:

Proposition 4.1 Let n: M" — P" be an n—dimensional small cover which admits
a regular m—involution. Then VkM " is a self-dual code if and only if n is odd and

k=m-1)/2.

In the remaining part of this section, we will describe each VkM ", for 0 <k <n,
explicitly in terms of the combinatorics of P”. First, any face f of P" determines an
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element &7 € F2", where the i entry of ¢ is 1 if and only if v; is a vertex of f.
Note that for any faces f1,..., fs of P, we have

(10) Efin-nfy, =6 0-0&f,

and define a sequence of binary codes By (P") C F 22r as follows:

(11) By (P") := Spang,{&r | f is a codimension-k face of P"} for 0 <k <n.

Remark Changing the ordering of the vertices of P" only causes the coordinate
changes in F}'. So up to equivalences of binary codes, each B (P") is uniquely
determined by P”".

Lemma 4.2 For any n—colorable simple n—polytope P" with 2r vertices, we have

Bo(P") S B1(P") S+ S Bp1(P") = Var C Bp(P") = F3".

Proof By definition, P" can be colored by n colors {e1,...,e,}. Choosing an
arbitrary color, say e;, we observe that each vertex of P” is contained in exactly one
facet of P" colored by e;. This implies that

%‘P” :S‘F] +"'+EFS,

where Fi,..., Fy are all the facets of P" colored by e;. So Bo(P") C B (P").
Moreover, by Theorem 2.1(d), the facets Fiy,..., Fy are (n—1)—dimensional simple
polytopes which are (n—1)—colorable. So by repeating the above argument, we can
show that B1(P") C B,(P") and so on. Now it remains to show B, _1(P"*) = Vs, .

By definition, 8,1 (P") is spanned by {£¢ | f is an edge (or 1-face) of P"}. So it
is obvious that B,_1(P") C V,,. Let {v1,...,v2,} be all the vertices of P". Tt is
easy to see that V, is spanned by {&,; + &y, | 1 <i # j < 2r}. Then, since there
exists an edge path on P" between any two vertices v; and v; of P", we have that
&v; + &y, belongs to B,—1(P"). So Vo € By—1(P"). This finishes the proof. O

Later we will prove that the condition in Lemma 4.2 is also sufficient for an n—
dimensional simple polytope to be n—colorable (see Proposition 5.6).

Theorem 4.3 Let w: M"™ — P" be an n—dimensional small cover which admits a
regular m—involution. For any 0 <k <n, the space VkM " coincides with By (P").
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Corollary 4.4 Let P" be an n—colorable simple n—polytope with 2r vertices. Then

k
dimg, B (P") =Y _hi(P") for 0<k <n.
i=0

If n is odd, then By (P") is a self-dual code in IF22’ ifandonly if k = (n—1)/2. If n
is even, By (P™) cannot be a self-dual code in F3" forany 0 <k <n.

Proof Let M" be asmall cover over P" whose characteristic function A: F(P")—Z7

satisfies the condition that the image Im(A) is a basis {eq,...,e,} in Z%. Then, by
Theorem 4.3, B (P") coincides with VkM . So this corollary follows from Theorem 2.3,
property (R1) in Section 3.1 and Proposition 4.1. a

Corollary 4.5 Let n: M"™ — P" be an n—dimensional small cover which admits
a regular m—involution, where n is odd. Then the self-dual binary code Cyn =
V(Zr‘l’l_nl)/2 = B (n—1)/2(P") is spanned by

{&r | f is any face of P" with dim(f) = (n +1)/2}.
So the minimum distance of Cyyn is less than or equal to
min{#(vertices of f) | f is an ((n + 1)/2)—dimensional face of P"}.

Problem For any n—dimensional small cover M" that admits a regular m—involution,
where n is odd, determine the minimum distance of the self-dual binary code Cayn .

We will see in Proposition 7.1 that when n = 3, the minimum distance of Cyy» is always
equal to 4. For higher dimensions, it seems to us that the minimum distance of Cpsn
should be equal to min{#(vertices of f)| f is an ((n+1)/2)—dimensional face of P"}.
But the proof is not clear to us. Some examples supporting this statement can be found
in Example 9.2.

In the following, we are going to prove Theorem 4.3. For brevity, let
T=Te 4te, and Gr=(e1+---+ey)=Zs.
By the construction of M, all the fixed points of 7 on M" are vy,..., Uz, Where

i = '(v)eM" fori=1,...,2r
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Proof of Theorem 4.3 According to result (R4) of Section 3.1, the cohomology
ring H*(M"™;F,) of M" is generated as an algebra by H!(M";F,). So as an
algebra over H*(BG;F,) =T;[t], the equivariant cohomology ring H ér (M"™;TFp) =
H*(M";F,) ® H*(BG<; ;) is generated by elements of degree 1. In addition, the
operation o on Fzzr corresponds to the cup product in H, ét (M";F3). So we obtain
from Theorem 2.3 that, forany 1 <k <n,

Vk " =V1Mno"'oV1 n.
k

On the other hand, there is a similar structure on B, (P") as well.

Claim 1 B (P") =B (P")o---0B;(P") for 1 <k<n.
k

Indeed, for any k different facets Fj,, ..., F;, of P", their intersection Fj, N---N Fj,
is either empty or a face of codimension k. So by (10), we have & F, 00 & F, =
§Fi1 n-NF;, € By (P"). If there are repetitions of facets in Fj,,..., Fj, , we have
g:Fil o-~-of§Fik € B;(P") for some [ < k (because x ox = x for any x € IF22’). But
since P" is n—colorable in our case, we have B;(P") C Br(P") by Lemma 4.2.
Conversely, any codimension-k face f of P" canbe written as f = F;, N---NF;, ,
where Fj, ..., Fj, are k different facets of P". So & :é:Fi]n"'mFik =EF, o---ofF. .
Claim 1 is proved.

So, to prove Theorem 4.3, it is sufficient to prove that VIM " =B (P"), ie VIM " is
spanned by the set {§f | F is any facet of P"}. Next, we examine the localization of
HZ1g (M™;TF,) to Hég ((M™)Z%;F,) more carefully. Let F(P") = {F},..., Fy} be
the set of all facets of P”. By our previous notation, the regular involution t =
Tey+-+e, ON M" only has isolated fixed points:

(M™% = (M™MZ2 = {31,..., 55}

Clearly the inclusion G; < Z/ induces diagonal maps Ag: EG; — EZ’ and
Ap: BG; — BZ% such that the following diagram commutes:

A
EG, —= EZ"

! !

A
BG, —2> BIZ
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Since (M™)G = (M™)%2 consists of isolated points, we have a commutative diagram

A g xid

EGyx (M™)Cr EZ} x (M™%

i1 i2

.
EGyx M" 2255 gy x mm

| |

EGy xg, M" —* EZ xz0 M"

2

EG: xg, (M™% EZE xgn (M™%

AB Xid=l,/f

where ¢ is the map induced by Ag xid, and iy, i, i3 and i4 are all inclusions.
Furthermore, we have the following commutative diagram, where i 0 ¢™ = ¢* oi;:

*

H 3y (M F2) —*— HE (M";F2)

(12) iz‘l l

Hzg ((Mn)Zg :TF) ? ng ((Mn)Gr :F,)
Note that i} and i, are injective, and
Zn . ~ 7.
23((Mn) zaFZ) = @ H%g(v,Fz),

veV(PN)

HE (MM F) = P HE, (5:Fa),
veV(Pn)

where © = 77! (v) is the fixed point corresponding to a vertex v € V(P"). Then, by

the facts that H, (0; F2) = H*(BZ%;F2) and Hg (V;F2) = H*(BGy;F2), we can
2 T

regard ¥* as a direct sum:

(13) v*= P a;

veV(P")

We know H*(BZ%;F,) =TF5[tq,....t,] with degt; =1, and H*(BG¢;F,) = Fyt]
with degt =1 (see [2, Section 1]). For each 1 <i <n, let G; = (e¢;) = Z,. Clearly,

H*(BG;;TFy) =F,[t;] for 1<i<n and 2 =Gy x--xGy.
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Forany 1 <i <n,let {;: G; — G be the group isomorphism sending e; —ej+---+e;,
and let p;: Z3 — G; be the projection sending e; to 0 forany 1 < j #i <n. Let
0: Gy — Z% be the inclusion map. It is clear that

piobol; =idg, for 1<i=<n.

Let B;;: BG; — BG. and B);: BZ — BG; be the maps between the classifying
spaces induced, respectively, by {; and p; . Then, since there is a functorial construction
of classifying spaces of groups (see [20]), we can assume By, o Ap o B¢, = idpg;
(recall that Ag: BG; — BZ is induced by 6). So for any 1 <i <n, we have

idpg,=BjoAoB: HY(BG;;F2)—>HY(BZ2:;F,)—>H'(BG:;F2)—H(BG;:F>).

Obviously, we have By (#;) =1; forany 1 <i <n. Inaddition, we can assert Bg‘i )=t
since B*l_ is an isomorphism, and ¢ and ¢; are the unique generators of H!(BG;TF>)
and H'(BG;;F,), respectively. Then t; = BZ‘i oARo By (1) = B; o A% (t;) implies
(14) AR@ti)=1t for 1 <i<n.

Our strategy here is to understand the image of the localization map i in terms of ¥ *
and iy . So we need to show that ¢* is surjective.

Claim 2 The homomorphism ¢* is surjective.

Indeed, according to [8, Theorem 4.12], the E»—term of the Serre spectral sequence of
the fibration EZ% x M " — BZ collapses and we have

Hyy(M":F3) = H*(M";F2) ® H*(BZ5: ).

This means that the small cover M" is equivariantly formal (see [10] for the definition).
Meanwhile, we already know that Héf (M"™; ) = H*(M";TF,) @ H*(BG.:;F3).
So the surjectivity of ¢* follows from the surjectivity of A%: H*(BZ}:F;) —
H*(BG;F;), which is implied by (14). Claim 2 is proved.

Remark The surjectivity of restriction map to the equivariant cohomology with respect
to a subgroup is known for many equivariant formal situations. For example, an explicit
statement of the surjectivity result in case of real torus actions is contained in [1,
Theorem 5.7].

By Claim 2, the image of the localization i3: Hg_ (M":F2) — Hg;_ (M™% F») is

(15) Im@i}) = Im(i ¥ o ¢*) = Im(y* 0 i)
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For any fixed point # € (M")Z2 | the inclusion iz: {#} < M" induces a homomorphism

i;: H%g(Mn,Fz) %Fz[aFl,...,aFm]/I
- H*g({5}2F2) =~ H*(BZ5:F2) =Fa[t1.....tal.

Then we can write

(16) ir= P i
veV(P")

Since we already know how to compute ¥ * from (13) and (14), it remains to understand
each i for us to compute Im(i3). This is given in the following lemma.

Lemma 4.6 Let A be the characteristic function of the small cover M" such that
Im(A) ={e1,...,en} is a basis of Z% . Suppose F is a facet of P" with A(F) =e; for
some 1 < j <n. Then, for any vertex v of P", the fixed point v = 7~ (v) € (M”)Zg
satisfies

t; ifveF

iXap)=1{" ’
T@H) =00 iy ¢F.

Proof Let Mp =n~'(F). Let Mgy = EZ)y xzn M™ and (MF)zn = EZ} xz1n MF
be the Borel constructions of M" and MF, respectively. According to the discussion
in [8, Section 6.1], aF is the first Stiefel-Whitney class w; (L ) of a line bundle L g
over Mz . Moreover, the restriction of Lr to Mzx \(MF) zz is a trivial line bundle.

For any fixed point v of M", let Ly denote the restriction of the line bundle L to
the Borel construction {0}z = E7Z% xzn {U}.

If a vertex v is notin F', so that U ¢ Mg, then Ly is a trivial line bundle over {5}23 .
So we have

0=wi(Lg) =iz (wi(LF)) =iz(ar).

For any vertex v € F, let pj: M"™ — {0} be the constant map. Clearly pg oiy = idp.
The induced maps p;i; and i li)" on the equivariant cohomology give

P iy »
id: HZIn({ﬁ})—>H%n(Mn) —>Hén({v})
2 2 2
o H H H
P} iy
id: span{ty,...,tp} —— span{af,,...,aF, } — span{f1,... 1y}
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Let A be the characteristic function of the small cover 7: M™ — P"™. We can regard A
as a linear map A: Z%' = span{Fiy,..., Fn} — Z% = span{ey,...,e,}, which is
represented by an n x m matrix A = (A(Fy),...,A(Fy)). Since ¥ is a fixed point
of the Z4—action on M", we can identify the map p7 in (17) with p*: HY(BZY) —
H%g (M"), where p: EZ) Xz M"™ — BZ7 is the projection. Then, by the analysis
of p* in [8, pages 438-439], we have

(18) Py =2 = )Y ar,
A(F)=e;
I<l<m
where A*: span{ty,...,t,} — span{aFr,,...,ar, } is the dual of A, which is repre-

sented by the transpose A’ of A. So we obtain

(19) tj=i}f(lﬂ§(fj))=i§( Z aF,)= Z iX(ap)= Z iZ(ar,).
A(F[)zej A(F[)Zej F/BU,A(F[)ZEJ'

1<l<m 1<l<m I<i=m

Observe that among all the n facets of P” containing v, there is only one facet (ie F')
colored by e;. So we obtain from (19) that

Z ig(aFl)Iig(aF)zl‘j.
Fisv, A(F)=e;

l<i<m

The lemma is proved. a

Now for an arbitrary facet F' of P", suppose A(F) =e;. We get from Lemma 4.6
that

(20) ifap)= @ ifar) =) ti-&=1;-F.

veV(P") veF

FYe")

Recall that &, denotes the vector in IFZZ’ = with 1 at the coordinate corre-

sponding to the vertex v and zero everywhere else. Combining (20) with (13) and (14),
we obtain

(21) vrijlar)=1-§F.

So w*iI(Hzln (M";F3)) =1t-B1(P") since ¥* and i, are graded ring homomor-
2

phisms. Then, by (15), we have Im(i}) = Im(y* 0iy) =t - B (P"). This implies

that VIM " = 9B1(P™"). So we complete the proof of Theorem 4.3. o
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5 Binary codes from general simple polytopes

The definition of B (P") in (11) clearly makes sense for an arbitrary n—dimensional
simple polytope P”. We call By (P") < IF;V(P ) the codimension-k face code of P".
It is obvious that Bo(P") = {0, 1} = F, and B, (P") = F)'""! where

0=(0,...,0) and 1=(1,...,1).

If we choose an ordering of all the vertices of P”, we can write down a generator
matrix for B (P").

Example 5.1 Under the labeling of the vertices of the 6-gon prism P3 in Figure 1,
the following 6 x 12 binary matrix is a generator matrix of B (P3), where the first
row of the matrix is the codeword corresponding to the top facet of P3:

111111000000
1170000110000
011000011000
001100001100
000110000110
000011000011

Next, we study some properties of B (P”"). The arguments in the rest of this section
are completely combinatorial and are independent from the discussion of equivariant
cohomology and small covers in the previous sections. First, note that the last part of
the proof of Lemma 4.2 indicates the following result for general simple polytopes.

Proposition 5.2 For any n—dimensional simple polytope P", we have
Bu_1(P")={ue FéV(P”)‘ | wt(u) is even}.

So dimp, B,_1(P") = |V(P")|—1.
5
Gy

11

10 5

Figure 1: A 6-gon prism
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Proof For any 1-face f of P", its Hamming weight satisfies wt(§s) = 2. So
B,_1(P™) is a linear subspace of {u € IFy/(Im)| | wt(u) is even}. Conversely, we have
that {u € IFQ/(P")' | wt(u) is even} is linearly spanned by {£, + & | v, v’ € V(P")},
where &, is defined similarly as in Section 4. Then, since there always exists an edge
path on P" between any two vertices v and v’ of P", we have that &, + &,/ belongs
to B,—1(P"). This proves the proposition. a

In the following proposition, we obtain a lower bound on the dimension of By (P").

Proposition 5.3 For any n—dimensional simple polytope P", we have

dimp, Br(P")>ho(P")+-+-+hi(P") for0<k <n.

Proof Using the Morse-theoretical argument in [4], we can define a generic height
function ¢ on P" that makes the 1-skeleton of P” into a directed graph by orienting
each edge so that ¢ increases along it. Then, for any face f of P” with dimension
greater than 0, the restriction ¢| assumes its maximum (or minimum) at a vertex.
Since ¢ is generic, each face f* of P” has a unique “top” and a unique “bottom” vertex.
For each vertex v of P", we define the index ind(v) of v to be the number of incident
edges of P" that point towards v. A simple argument (see [4, page 115 or 5, page 13])
shows that for any 0 < j <n, the number of vertices of P” withindex j equals /; (P").

Now fix an integer 0 < k < n. For any vertex v of P" with 0 <ind(v) <k, there are

exactly n—ind(v) incident edges of P" that point away from v. So there are (" _niidk(v))

ER)

codimension-k faces of P” that are incident to v and take v as their (unique) “bottom
vertex. Choose an arbitrary one such face at v, denoted by fv"_k.

Claim {éf#—k | 0 <ind(v) < k and v € V(P")} is a linearly independent subset
of By (P").

Otherwise there would exist vertices vq,...,vs of P" with 0 < ind(v;) < k for
1 <i <s, so that Efn —k+--+E ok = O Without loss of generality, we can assume
$(v1) <--- < ¢(vs). Then, among fI'7%, ..., f/'” —k  only Joy —k is incident to the
vertex v . From this fact, we obtain &, o (Eflle—k +-- '+$f151s—k) £, ogﬁﬁ_k =£, =0,
which is absurd.

This claim implies that dimp, B (P") is greater than or equal to the number of
vertices of P" whose indices are less than or equal to k. Hence dimp, By (P") >
ho(P") + -+ hi(P"). O
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Remark Suppose P” is an n—colorable simple n—polytope. Then the dimension
of B (P") is exactly ho(P") + -+ + hi(P") by Corollary 4.4. So by the claim in
the proof of Proposition 5.3, {f;‘fvn_k | 0 <ind(v) <k, v € V(P")} is actually a linear
basis for 2B, (P"). This gives us an interesting way to write a linear basis of B (P")
from a generic height function on P”. In particular when » is odd, we can obtain a
linear basis of the self-dual binary code B(,_1)/2(P") in this way.

Corollary 5.4 Let P" be an n—dimensional simple polytope with m facets. Then
dimp, B (P")>m—n+ 1.

Moreover, for any vertex v of P", let F,, be an arbitrary facet of P" containing v and
F1, ..., Fu—y be all the facets of P" not containing v. Then &f,.&F,,....§F,,_, €
B1(P") are linearly independent.

Proof Since ho(P") =1 and hy(P") = m —n, Proposition 5.3 tells us that
disz%l(Pn) >ho(P")+hi(P")=m—n+1.

For any vertex v of P", we can define a height function ¢ as in the proof of
Proposition 5.3 so that v is the unique “bottom” vertex of P”" relative to ¢. Then v
is the only vertex of index 0. For each 1 <i <m —n, let v; be the bottom vertex
of F; relative to ¢p. Then vy, ..., v,—, are exactly all the vertices of index 1 relative
to ¢. This is because the index of v; relative to ¢ is clearly 1 forany 1 <i <m —n
while the index 1 vertices of P” is equal to h;(P") = m —n. So by the claim in
the proof of Proposition 5.3 for k = 1, we have that éf, ,&F,,...,§F,,_, are linearly
independent in B, (P"). a

Next let us look at what happens when dimp, B1(P")=m —n +1.

Proposition 5.5 Let P” be an n—dimensional simple polytope with m facets. Then
dimp, B1(P") =m —n + 1 if and only if P" is n—colorable.

Proof Let {Fi,..., Fy,} be all the facets of P". Suppose P” is n—colorable. Then
we can use n different colors, say ¢, ..., ¢,, to color all the facets of P" so that any
neighboring facets have different colors. Define

Fi ={F € F(P")| F is colored by ¢;} fori=1,...,n.

By the definition of n—colorable, each vertex of P” is incident to exactly one facet
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in F;. So we have

(22) JvEe)=ve") and Y tr= > &=L
Fer FeF veV(P")
Without loss of generality, assume that the facets Fi, ..., F, meet at a vertex of P”

and that F; is colored by ¢; for 1 <i <n. So by our definition, F; € F; for 1 <i <n.
For each 1 <i <n—1, we claim that £z, can be written as a linear combination of

elements in {§F,.&F, ..., EF, . Indeed, it follows from (22) that
(23) Y Er+ Y Er=1+1=0
FeF; Fer,

Observe that forany 1 <i <n —1, we have

Yr|FeFiy CéF .6, EF - EF, )
r | FeFn <6F.5F,.5F, 1 - -5Fu )

So (23) implies that {F;.¢F,.&F,,,....£F,} is linearly dependent. In addition, we
know from Corollary 5.4 that {{f,.&F, . ,....£F,,} is linearly independent. So £F, is
a linear combination of éf,,&F, .. ..,&F, . This implies that {{F,.&F, . ....€F,}
is a basis of B (P"). So dimp, B1(P")=m—n+1.

Conversely, suppose dimp, B1(P") = m —n + 1. If P" is not n—colorable, by
Theorem 2.1 there exists a 2—face f2 of P" which has an odd number of vertices,
say v1,...,VUrs1. Without loss of generality, assume that f2 = FyN---N Fy_»
and vy = F1 N F> N---N F,. By Corollary 5.4, {£F,.§F,,,.-...§F,} is a basis
of B (P"). Without loss of generality, we may assume the following (see Figure 2):
v1 = 2N Fy_y N Fy,
Uzzfszann+1,

vi = 2N Fygica N Fygizi,

2
Vok = f7 N Fyyok—2 N Fyiok—1,
2
Vak+1 = J N Fyqok—10 Fp-1.

Assume that there exists ¢; € F, fori = 1,n,...,m such that

(24) €1$F1+€n$Fn+€n+lan+l—|—...+€m%‘Fm=Q_
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Figure 2: A 2-face f2 with an odd number of vertices

By taking the inner product with &, on both sides of (24) for each 1 <i <2k +1,

we get

(25)

€1+¢€,=0,
€1+ €n +€p41 =0,
€1 +ent1 +ept2 =0,

€1 +énti—2+€nti—1 =0,

€1+ €niok—2 +€nq2k—1 =0,
€1+ €pt2k—1 = 0.

The coefficient matrix of the above linear system is a (2k + 1) x (2k + 1) matrix

over [Fp:

—
S O = =

1
1
1

0
0
0

S = = O
—_— O O
- o O O

000 ---
0 ---
0 ---

0
0

0
0

S O O O
S O O O
S O O

1

011

0

—_
o

0 1} (2k+1)x(2k+1)

It is easy to show that the determinant of this matrix is 1. So the linear system (25) only

has the trivial solution, which implies that §f,,&F, . ..., &F, are linearly independent.

Then we have dimp, B1(P") > m —n + 2. But this contradicts our assumption that

dimp, B1(P") =m —n + 1. So the proposition is proved. o
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From the above discussion, we can derive several new criteria to judge whether
a simple n—polytope P" is n—colorable in terms of the associated binary codes

{%k (Pn)}OSksn .

Proposition 5.6 Let P" be an n—dimensional simple polytope with m facets. Then
the following statements are equivalent:

(1) P™ is n—colorable.

(2) There exists a partition F, ..., F, of the set F(P") of all facets such that for
each 1 <i <n, all the facets in F; are pairwise disjoint and ) . 7 Er =1 (ie
each vertex of P” is incident to exactly one facet from every F; ).

(3) Bo(P") CB1(P") S+ C By 1(P") € By(P") = FY P
(4) %n—Z(Pn) Cc sBn—l(Pn).
(5) dimp, B (P")=m—n+1.

Proof It is easy to verify the above equivalences when n < 2. So we assume n > 3
below. In the proof of Proposition 5.5, we have proved (1) = (2) and (1) < (5).

Now we show that (2) = (3). By (2), we clearly have
Bo(P") SB1(P") and B,_1(P") S Bu(P").

It remains to show that B (P") € By (P") foreach | <k <n—2. Let F7k pe
a codimension-k face of P". Without the loss of generality, we assume that

"k =F NFN---NF, where F;eFfori=1,.... k.

Foreach j =k +1,...,n, we have that

Z Epnfn—k = Z EFoErn—rk =8&pn—k 0( Z SF) =Emn—rkol =Epnr.

FeF; FeF; FeF;

In the above equality, if F N /"% = &, then Epnpn—k =E5=0.1f F N frk £ g
then F N f"¥ is a face of codimension k 4 1. So Epn ok € Brr1(P"). Thus we
get Epn—rk = ZFG]:j Epnpn—k € Br+1(P"). This completes the proof of (2) = (3).

It is trivial that (3) = (4). Next we show (4) = (1). Assume B, _»(P") CB,_1(P").
Notice that the number of nonzero coordinates in any vector in 8, _; (P") must be even.
So for any 2—face f2 of P", we have Er2 € By—2(P") € Bp_1(P"), which implies
that f2 has an even number of vertices. Hence P” is n—colorable by Theorem 2.1. O
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6 Self-dual binary codes from general simple polytopes

In this section we discuss under what conditions B (P"), where 0 <k <n, can be a
self-dual code in ]FéV(P ) 1t is clear that when the number of vertices [V(P™)| of P"
is odd, B (P") cannot be a self-dual code for any k.

Lemma 6.1 Let P" be an n—dimensional simple polytope with n > 3. Assume that
B (P") is a self-dual code. Then 1 € B (P") and 0 <2k <n.

Proof From [6, Corollary 3.1] it is easy to see that 1 € B (P"). Obviously, k =0
is impossible since dimBo(P") = ho(P") = 1 and n > 3. If 2k > n, then at any
vertex v of P" there exist two codimension-k faces f; and f> of P” such that
f1N fa=v.Butthen (§7,,£z,) = 1, which contradicts the assumption that By (P")
is self-dual. We can also prove 2k < n using Proposition 5.3. Indeed, since By (P")
is self-dual, we can deduce from Proposition 5.3 that

V(PP _ ho(P™)+++++hn(P")

(26) dimp, By (P") = >ho(P") 4+ hi (P").

2 2
Then, since h; (P") > 0 and h; (P") = h,—; (P") (Dehn—-Sommerville relations) for
all 0 <i <n, we must have 2k <n. a

Theorem 6.2 For an n—dimensional simple polytope P" with n > 3, the binary code
B (P") is self-dual if and only if the following two conditions are satisfied:

(a) |V(P")| is even and dimp, By (P") = |V(P")|/2.

(b) All faces of codimensions k, . ..,2k in P™ have an even number of vertices.

Proof If B;(P") is a self-dual code, then (a) obviously holds. Let |V(P")| = 2r.
For any face f of codimension /, where k <[ <2k, we can always write f = f1N f>,
where fi and f> are faces of codimension k. In particular if f is of codimension k,
we justlet fi = fo = f. Then &5 = &7, 0 &y, € Vo, since By (P") is self-dual (see
Lemma 2.2). This implies that the number of vertices of f is even.

Conversely, suppose B (P") satisfies (a) and (b). For any codimension-k faces
f and f’ of P", either f N f' = @ or the codimension of f N f’ is between
k and 2k. Then, by (b), the number of vertices of f N f’ is even, which implies
that (§,&¢/) = 0. Then, by Lemma 2.2, B (P") is self-dual in ]FéV(Pn)'. Note that
by (26), condition (a) implies 0 < 2k <n when n > 3. O
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Remark When k > (n —2)/2 (where n > 3), condition (b) in Theorem 6.2 implies
that the polytope P” is n—colorable. But if k < (n —2)/2, condition (b) cannot
guarantee that P" is n—colorable. For example let P = A2 x [0, 1]*~2, where n > 3
and A? is the 2—simplex. Then P” satisfies condition (b) for all k < (n—2)/2 because
any face of P" with dimension greater than 2 has an even number of vertices. But by
Theorem 2.1(b), P" is not n—colorable since A2 is a 2—face of P”.

Problem For an arbitrary simple polytope P”, determine the dimension of B (P")
forall 0 <k <n.

We have seen in Corollary 4.4 that when a simple n—polytope P” is n—colorable, the
dimension of By (P") can be expressed by the h—vector of P”. But generally, we
only know a lower bound of the dimension of 2B (P") from Proposition 5.3.

Proposition 6.3 Let P" be a simple n—polytope with 2r vertices, m facets and n > 3.
(@) B (P3) is a self-dual code if and only if k = 1 and P3 is 3—colorable.
(b) By (P*) is never self-dual for any 0 < k < 4.
(c) B (P?) is a self-dual code if and only if k = 2 and P> is 5—colorable.

(d) When n > 5, if B, (P") is a self-dual code and m > (n + 1)(n —2)/(n — 3),
then k > 2.

Proof For (a), by Corollary 4.4 it suffices to show that if By (P3) is a self-dual code,
then k = 1 and P3 is 3—colorable. Assume that By (P?3) is a self-dual code. Then,
by Theorem 6.2, k must be 1 and any 2—face of P3 has an even number of vertices.
So P3 is 3—colorable by Theorem 2.1. This proves (a).

For (b), assume that B (P*) is a self-dual code. By Theorem 6.2, kK must be 1 and
any 2—face has an even number of vertices. So P# is 4—colorable by Theorem 2.1.
Then (b) follows from Corollary 4.4.

Now let n > 5 and assume that 2B (P") is a self-dual code. Let fr_;(P") denote the
number of codimension-k faces in P™. Then, by [5, Theorems 1.33 and 1.37], we have

fi (P < (’Z) if 2k<n  and  fyu_1(P")=2r> (n—D)m—(n+1)(n-2).
By the fact that dimp, By (P") < fr—1(P"), we obtain
Q7 (m—Dm—@m+1)(n-2)<2r

= 2dimp, B (P") =ho(P") + -+ hp(P")

(7).
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Ifk=1,wehave m <(n+1)(n—2)/(n—3). Thus,if m > (n+1)(n—2)/(n —3),
then k > 2. This proves (d).

Next we consider the case n = 5 with k = 1. In this case, we have 6 <m < 9 and by
Lemma 6.1, all 3—faces and 4—faces of P" have an even number of vertices. Moreover,
dimp, B (P") < fr—1(P™") implies that

r=ho(P>)+hi1(P>)+hay(P°)=14+m—5+hy(P°) =m—4+hy(P>) <m.

So we have hy(P>) < 4. In addition, by the g—theorem, we have the following
restrictions:
ha(P%) = hi(P®) =m—5=ho(P®) = 1;

(h1(P?) = ho(P2) ) > hy(P%) —hy(P?),
SO
(m—6)" = (") = ha(P%) —(m—5),

which implies
(m—4)(m-5)
> .

Combining all these restrictions, we can list all such simple 5—polytopes in terms of

ha(P?) <

their h—vectors as follows:
h(PY)=(1,4,4,4,4,1) with m =9;
h(P7)=(1,3,4,4,3,1) with m=S8;
h(P3)=(1,3,3,3,3,1) with m=8;
h(P})=(1,2,3,3,2,1) with m=7;
h(P2) =(1,2,2,2,2,1) with m=7;
h(Pg)=(1,1,1,1,1,1) with m = 6.
Clearly, P65 is just a 5—simplex. So P65 should be excluded since each facet of P65 isa
4—simplex which has an odd number of vertices. By [5, Theorem 1.37], a direct check
shows that the dual polytopes of P, P35 and P55 are all stacked 5—polytopes. Then
they can also be excluded since they all have at least one 4-simplex as a facet. Recall
that a simplicial n—polytope S is called stacked if there is a sequence So, S1,...,57=S
of simplicial n—polytopes such that Sy is an n—simplex and S; 1 is obtained from S;

by adding a pyramid (ie gluing another n—simplex to one of its facets). Note that adding
a pyramid is dual to “cutting a vertex” of a simple polytope (see [5, Definition 1.36]).
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So a simple polytope dual to a stacked n—polytope can be obtained from an n—simplex
by a sequence of vertex cuttings, which implies that the polytope has at least one
n—simplex as a facet.

By [5, Theorem 1.33], we can directly check that Pf is the dual polytope of a cyclic
polytope C>(7). Let {Fy,..., F;} be the set of all facets of P45. By the main theorem
in [24], we can write all the 12 vertices vy,...,v12 of P45 explicitly in terms of the
intersections of its facets Fi, ..., Fy as follows:

vi=FINFNF3NFsNFs, va=F NF,NF3NFyNF,
v3a=FINF,NF3NFsNFy, v4=F NF,NFsNFsN F,
vs=FiNF4sNFsNFsNFy, veg=F3NFsNFsNFeN Fy,
v7=FINF3NF4sNFsNFs, vg=F>,NF3NF4NFsNF,
vo=FiNFNFsNFsNFy, vio=FiNF3NFsN FeN F,
vii=FiNF>,NF3sNFsNFs, via=F>yNF3NFsNFgN Fy.

We can easily see that each of Fy, F3, F5 and F7 has 9 vertices, and each of
F>, F4 and Fg has 8 vertices. Thus, P45 should be excluded as well.

Now the only case left to check is P25. Note that the dual polytope of P25 is a simplicial
5—polytope with 8 vertices and 16 facets. By the classification in [11, Section 6.3,
pages 108-112], there are exactly 8 simplicial 5—polytopes with 8 vertices up to combi-
natorial equivalence. They are listed in [11, Section 6.3, page 112] in terms of standard
contracted Gale diagrams. By examining those Gale diagrams, we find that only two
of them (shown in Figure 3) give simplicial 5—polytopes with 8 vertices and 16 facets.
Let Q1 be the simplicial 5—polytope corresponding to the left diagram, and Q5 to the
right, in Figure 3. A simple calculation shows that dimp, B1(Q7) =6 # 8 and Q7
has a facet with 11 vertices, where Q7 and Q3 are the dual polytopes of Q1 and Q»,
respectively. Hence P25 cannot be Q7 or Q5. So st should be excluded as well.

Figure 3: Two standard contracted Gale diagrams
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Combining the above arguments, we can conclude that B1(P?) is never self-dual.
Therefore, if By (P?) is self-dual, k must be 2 and so P> is 5—colorable by Lemma 6.1.
Then (c) follows from Corollary 4.4. a

Corollary 6.4 For an n—dimensional simple polytope P”" with 2r vertices and
m facets, if B (P") is a self-dual code in IFZZ’ and r > ( ) for some | < (m—1)/2,
thenk > 1.

Proof By (27), we have ( ) >r> ( ) Then, since 2k <n <m—1 (by Lemma 6.1),
we obtain k > 1. a

In general, judging the existence of self-dual codes B (P") for a simple n—polytope P”
that is not n—colorable seems to be a quite hard problem when n > 5. On the other
hand, Corollary 4.4 tells us that 2k—colorable simple 2k—polytopes cannot produce any
self-dual codes. Then considering the statements in Proposition 6.3, it is reasonable to
pose the following conjecture.

Conjecture Let P" be a simple n—polytope with 2r vertices and m facets, where
n > 3. Then By (P") is a self-dual code if and only if P" is n—colorable, n is odd
andk =(n—1)/2.

7 Minimum distance of self-dual codes from 3-dimensional
simple polytopes

Proposition 7.1 For any 3—dimensional 3—colorable simple polytope P3, the mini-
mum distance of the self-dual code B1(P?3) is always equal to 4.

Proof It is well known that any 3—dimensional simple polytope must have a 2—face
with fewer than 6 vertices. Then, since P2 is even, there must exist a 4—gon 2—face
in P3. So by Corollary 4.5, the minimum distance of B1(P3) is less than or equal
to 4. In addition, we know that the Hamming weight of any element in 281 (P?3) is an
even integer. So we only need to prove that for any collection of 2—faces {F1, ..., Fi}
of P3, the Hamming weight of & = £, + -+ £F, € B1(P3) cannot be 2. We will
use the following notation:

e Let V() denote the union of all the vertices of Fi,..., Fj.

e Let I'(«) denote the union of all the vertices and edges of Fi,..., Fi. So I'(«) is
a graph with vertex set V(«).
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A vertex v in V() is called type j if v is incident to exactly j facets in Fi,..., F.
Then, since P3 is simple, any vertex in V(a) is of type 1, type 2 or type 3 (see
Figure 4). Suppose there are /; vertices of type j in V(«) for j =1,2,3. Itis easy to
see that the Hamming weight of « is equal to /1 4+ /3. Assume that wt(a) =11 4+ 13 = 2.
Then we have three cases for /1 and [3:

(@) [y =2andl3=0; () [i=1andl3=1; (¢) [1=0and/3=2.

Note that any vertex of type 2 or type 3 in V() meets exactly three edges in I'(«). In
other words, I"(«) is a graph whose vertices are all 3—valent except the type-1 vertices.
Let I'(P3) denote the graph of P3 (the union of all the vertices and edges of P3) and
let T'(e) = T'(P3)\I' (). Observe that I' (o) meets I' () only at the type-1 vertices
in V().

We now argue that none of the three cases for /; and /3 is possible:

 In case (a), there are two type-1 vertices in V(«), denoted by v and v’. Then,
since T'(«) meets I'() only at {v,v’}, removing v and v’ from the graph
I'(P3) will disconnect I'(P3) (see Figure 4 for an example). But according to
Balinski’s theorem (see [3]), the graph of any 3—dimensional simple polytope
is a 3—connected graph (ie removing any two vertices from the graph does not
disconnect it). So (a) is impossible.

e In case (b), there is only one type-1 vertex in V(«), denoted by v. By an
argument similar to that for case (a), removing v from the graph I'(P3) will
disconnect I'(P3). This contradicts the 3—connectivity of I'(P3). So (b) is
impossible also.

e In case (c), there are no type-1 vertices in V(). So I'(«) is a 3—valent graph.
This implies that I'(«) is the whole 1-skeleton of P3, and so V(a) = V(P3).
Then the Hamming weight satisfies wt(a) = wt(§p, +--- +&p ) = wt(l) =
|V(P3)| > 4. But this contradicts our assumption that wt(a) = 2. So (c) is
impossible.

Therefore, the Hamming weight of any element of 81 (P3) cannot be 2. This finishes
the proof of the theorem. a

Remark It is shown in [14] that any 3—dimensional 3—colorable simple polytope can
be obtained from the 3—dimensional cube via two kinds of operations. So it might be
possible to classify all the self-dual binary codes obtained from 3—dimensional simple
polytopes. But the classification seems to be very complicated.
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type 1 F; é .

Figure 4: The graph of a simple 3—polytope

8 Properties of n—dimensional n—colorable simple polytopes

For brevity, we use the words “even polytope” to refer to an n—dimensional n—colorable
simple polytope. Indeed, this term has already been used by Joswig [15].

Definition [21; 16, Remark 2] Let F be a facet of a simple polytope P and V(F)
be the set of vertices of F'. Define amap Ef: V(F) — V(P)\ V(F) as follows. For
each v € V(F), there is exactly one edge e of P suchthat e  F and v € e (since P
is simple and F is codimension one). Let E r(v) be the other endpoint of e.

Example 8.1 Let P be the 6—gon prism in Figure 1 and F be the facet of P with ver-
tex set {3,4,9, 10}. Then, by definition, Ef: {3,4,9,10} — {1,2,5,6,7,8, 11, 12},
where

E(B3)=2, E@=5 EM=8 EN0)=I11.

Proposition 8.2 For an even polytope P, the map E f is injective for any facet F
of P.

Proof Assume E g is not injective. There must exist two vertices pi, p» € F and a
vertex v ¢ F such that v is connected to both p; and p, by edges in P (see Figure 5).
Fori =1,2, let f; be the edge with endpoints p; and v. Suppose the dimension of P

is n. Then there exist n facets Fy, F», ..., Fy,, distinct from F, such that
n n—1 n
v=(\F. fi=()F ad fr=[)F
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Figure 5: A facet F with 2 F noninjective

Then we have
n—1 n

plem((]ﬂ) md;usz((]ﬂ)
i=1 i=2
Since P is n—colorable, we can color all the facets of P by n—colors ey, ..., e, such

that no adjacent facets are assigned the same color. Suppose F; is colored by e;
fori =1,...,n. Then, at p;, the facet F has to be colored by e, , while at p;, the
facet F has to be colored by ey, a contradiction. O
Proposition 8.3 Let P be an even polytope. For any facet F of P, we have

[V(P)| = 2|V(F)|.

Moreover, |V(P)| = 2|V(F)| if and only if P ~ F x [0, 1], where [0, 1] denotes a
1-simplex.

Proof By Proposition 8.2, the map Ef: V(F) — V(P)\ V(F) is injective. Thus
V) = [V(P)\V(F)| = [V(P)| = |V(F)I.

So |V(P)| = 2|V(F)|. If |V(P)| = 2|V(F)|, the injectivity of Ef implies that
P~Fx[o1]. O

Corollary 8.4 Let f be a codimension-k face of an even polytope P . Then |V (P)|>
2K1V(f)|. Moreover, |V(P)| = 2X|V(f)| if and only if P ~ f x [0, 1]¥.

Corollary 8.5 For any n—dimensional even polytope P, we must have |V (P)| > 2".
In particular, |V (P)| =2" if and only if P >~ [0, 1]* (the n—dimensional cube).

Corollary 8.6 Suppose P is an n—dimensional even polytope, where n > 4. If
there exists a facet F' of P with |V (P)| = 2|V (F)|, then there exists a 3—face of P
combinatorially equivalent to a 3—dimensional cube.
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Proof Tt is well known that any 3—dimensional simple polytope must have a 2—face f
with fewer than 6 vertices. Now, since P is even, any 2—face of P must have an even
number of vertices. So there exists a 4—gon face f in F,ie f =~ [0, 1]%>. Then, since
[V(P)| = 2|V(F)|, we have P ~ F x [0, 1] by Corollary 8.4. So P has a 3-face
combinatorially equivalent to f x [0, 1] ~ [0, 1]3. a

Given any two even polytopes P and P,, we have the following constructions:

e The product Py x P, is also an even polytope.

e If P; has the same dimension as P,, we can choose a vertex v; of Py and
a vertex vy of P, to form a new simple polytope Pp #y, 4, P2, called the
connected sum of P1 and P;. Roughly speaking, P; #y,,v, P> is obtained by
cutting off v; from P; and v, from P, and gluing the rest of P; to the rest
of P, along the new simplex face (see [5, Construction 1.13]). By Theorem 2.1,
Py #y,,v, P> 1s also an even polytope.

9 Doubly even binary codes

A binary code C is called doubly even if the Hamming weight of any codeword in C
is divisible by 4. Doubly even self-dual codes are of special importance among binary
codes and have been extensively studied. According to Gleason [9], the length of any
doubly even self-dual code is divisible by 8. In addition, Mallows and Sloane [19]
showed that if C is a doubly even self-dual code of length /, it is necessary that the
minimum distance d of C satisfies d < 4[l/24] + 4. And C is called extremal if
equality holds.

A somewhat surprising result of Zhang [26] tells us that an extremal doubly even self-
dual binary code must have length less than or equal to 3928. However, the existence
of extremal doubly even self-dual binary codes is only known for the following lengths
(see [12] and [23, page 273]):

[ =8, 16, 24, 32, 40, 48, 56, 64, 80, 88, 104, 112, 136.

For example, the extended Golay code Go4 is the only doubly even self-dual [24, 12, 8]
code, and the extended quadratic residue code QR4g is the only doubly even self-dual
(48,24, 12] code (see [13]). In addition, the existence of an extremal doubly even self-
dual code of length 72 is a long-standing open question (see [25] and [23, Section 12]).
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The following proposition is an immediate consequence of Corollary 4.5 which gives
us a way to construct doubly even self-dual codes from simple polytopes.

Proposition 9.1 For an (2k+1)—dimensional even polytope P , the self-dual binary
code B (P) is doubly even if and only if the number of vertices of any (k+1)—
dimensional face of P is divisible by 4.

Definition We say that a self-dual binary code C can be realized by an even polytope
if there exists a (2k+1)—dimensional even polytope P such that C = B (P).

Example 9.2 Extremal doubly even self-dual binary codes of lengths 8 and 16 can be
realized by the 3—cube and the 8—gon prism (8—gon x [0, 1]), respectively. In addition,
the (2k+1)—dimensional cube realizes a doubly even code of type [22K+1 22k 2k+1]
which is the Reed—Muller code R(k,2k + 1) (see [18, Section 4.5]). Moreover, we
can use the product of an even polytope with the polytopes in the above examples to
realize more doubly even self-dual binary codes with larger minimum distances.

Proposition 9.3 The [24, 12, 8] extended Golay code G4 cannot be realized by any
even polytope.

Proof Assume G,4 can be realized by an n—dimensional even polytope P", where n
is odd. Then P™ has 24 vertices. By Corollary 8.5, we have 24 > 2" which implies
n=1orn=23. But n =1 is clearly impossible. And by Proposition 7.1, n = 3 is
also impossible since the minimal distance of G4 is 8. O

Proposition 9.4 The [48, 24, 12] extended quadratic residue code QR4 cannot be
realized by any even polytope.

Proof Suppose QRy4g can be realized by an n—dimensional even polytope P”. Then,
by Corollary 8.5, we must have n = 1,3 or 5. But by Proposition 7.1, n cannot be
1 or 3. If n = 5, since |V(P>)| = 48, any 3—face of P> has to be an even polytope
with 12 vertices by Corollary 8.4 and the fact that the minimum distance of QRy4g is 12.
Then P> is combinatorially equivalent to the product of a simple 3—polytope with [0, 1]?
by Corollary 8.4 again. This implies that P> has a 3—face combinatorially equivalent
to a 3—cube. But this contradicts the fact that any 3—face of P> has 12 vertices. 0O

Proposition 9.5 An extremal doubly even self-dual code of length 72 (if one exists)
cannot be realized by any even polytope.
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Proof Assume that C is an extremal doubly even self-dual binary code of length 72
and C can be realized by an even polytope P . Then, by the definition of extremity,
the minimum distance of C is 16 and P has 72 vertices. Moreover, we have that

(i) the dimension of P has to be 5 by Corollary 8.5 and Proposition 7.1;

(i) any 3-face of P must be an even polytope with 16 vertices by Corollary 8.4
and Proposition 9.1.

Then any 4—face of P must have 32 or 36 vertices by Corollary 8.4. But neither is
possible:

e If P hasa 4-face F with 32 vertices, then F' =~ f %[0, 1], where f is a 3—face with
16 vertices, by (ii) and Corollary 8.4. This implies that P has a 3—face combinatorially
equivalent to a 3—cube by Corollary 8.6. But this contradicts (ii).

e If P has a 4-face F with 36 vertices, then P >~ F x [0, 1] by Corollary 8.4.
So P has a 3—face combinatorially equivalent to a 3—cube by Corollary 8.6. This
contradicts (ii) again.

So by the above argument, such an even polytope P does not exist. a
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