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A classification of inverse limit spaces of tent maps
with a nonrecurrent critical point

BRIAN E RAINES
SONJA STIMAC

In this paper we prove the nonrecurrent case of the Ingram conjecture by showing that
if Ty and T; are two tent maps with nonrecurrent critical points then l(iLn{[O, 1], T}
is homeomorphic to 1(1111{[0 1], T;} if and only if s = ¢.

37B10; 37B45

1 Introduction

Inverse limits of unimodal maps arise naturally in many different settings; see Barge
and Martin [7]. They appear in discussions of the topology of one-dimensional non-
hyperbolic attractors such as the Hénon attractor as in Barge and Martin [8], Barge and
Diamond [3] and Bruin [13]. They arise as substitution tiling spaces (see Anderson and
Putnam [1], Barge and Diamond [5] and Barge, Jacklitch and Vago [6]) and recently
they have been studied in connection with certain models from macroeconomics (see
Kennedy, Stockman and Yorke [22; 21] and Medio and Raines [23; 24]).

A driving problem in the theory of unimodal inverse limit spaces is that of characterizing
the inverse limit space in terms of the dynamics of the associated bonding map. In
1992, W T Ingram stated the following conjecture:

Let T and T’ be tent maps. Then 1<iLn{[0, 1], T'} is homeomorphic to 1(111{[0, 1], T'} if,
and only if, T = T".

This conjecture has received a significant amount of attention in the last sixteen years,
with many special cases being established. Notably, in 1995 Barge and Diamond [4]
proved the Ingram Conjecture in the special case that the tent maps were one of the three
maps with a critical point on a period five orbit. Bruin [14] and Swanson and Volkmer
in [30] extended their results. In 2003 Kailhofer [19; 20] proved the Ingram conjecture
in the special case that the critical orbit is periodic (see also Block, Jakimovik, Kailhofer
and Keesling [10]). More recently Stimac [29] proved that the Ingram Conjecture is
true in the case that the critical orbit is finite (either periodic or preperiodic) (details for
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the periodic case were given in Stimac’s thesis [27]). Thus in the case that T is a tent
map with a finite critical orbit, it is known that Ingram’s Conjecture is true. Hence for a
countable collection of parameter values, Ingram’s Conjecture has been verified. These
spaces have many features in common. Each of them is locally almost everywhere the
product of a Cantor set and an open arc. They each have only finitely many points
where this local structure is not present (either at a finite collection of folding points
by Bruin [14] in the case that the critical orbit is preperiodic, or a finite collection of
endpoints by Barge and Martin [9] in the case that the critical orbit is periodic), and
every proper subcontinuum is an arc or a point. A folding point is any point, x, in
the inverse limit space with the property that its n—th coordinate, x,, is in w(1/2)
for all n € N; see Raines [25]. Alternatively, x is a folding point in the inverse limit
space provided there is no neighborhood of x that is homeomorphic to the product of
a zero-dimensional set and an arc.

Several papers have also been written studying the structure of these inverse limits
without the assumption that the critical orbit is finite; see Brucks and Bruin [11],
Bruin [15], Good, Knight and Raines [17] and Good and Raines [18] for the case that
the critical orbit is not dense, and see Barge, Brucks and Diamond [2] for the case that
the critical orbit is dense. A natural subdivision of the remaining case of the Ingram
Conjecture is into the case that the critical point is recurrent and the case that the critical
point is nonrecurrent. In the case that the critical point is recurrent the topology of the
inverse limit can be quite complicated. It can have subcontinua like sin 1/x curves
or other tent map inverse limit spaces [11] or it can even have the property that every
neighborhood contains a copy of every tent map inverse limit space [2].

We consider the case that the critical point is nonrecurrent but has an infinite orbit. This
implies that the bonding map is long-branched and that critical w—limit set is infinite.
Moreover these spaces have only arcs and points as proper subcontinua, but they have
infinitely many folding points and only one endpoint. The collection of inverse limit
spaces generated by tent maps with a nonrecurrent critical point includes the tent map
inverse limits with countably many folding points (such as those described in [17]) and
also many with an uncountable collection of folding points (such as those described
in [18]).

1.1 Our approach

In the rest of the paper we adopt a symbolic description of these inverse limit spaces,
and we use the symbolic description solely in all of our proofs. For that reason in this
subsection we give a brief heuristic account of our approach to the proof of Ingram’s
Conjecture. We use this symbolic approach to describe some of the structures found in
composants of these spaces in [28] and [26] which we use extensively in this paper.
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Let s, € (+/2, 2] be two parameters such that Ty and T} are tent maps with nonrecurrent
and non-preperiodic critical points. Let K denote l(iLn{[O, 1], T5} and let K; denote
1(iLn{[O, 1], Tt} . Suppose there is a homeomorphism /: K; — K. Let C C K be the
composant of K which contains the unique endpoint (...,0,0,0) for K, and let
C’ C K; be the composant which contains the unique endpoint (..., 0,0, 0) for K;.
Then 2(C") =C.

We let N stand for the positive integers and Z 4+ = N U {0}. We begin by describing
countably many coordinate schemes on each of these composants. We define them by,

given p € Z4,
o0
E, :cm( U n,;l(l/z)),

n=p

E,=C'n ( U nn_l(l/2)).
n=q

We call the points in £, p-points. Similarly, we call points in E 1,1 q—points. Given
P.q € Z, then each collection can be stratified into levels by saying, for x € Ej, the
p-level of x is L,(x) =k if, and only if, x € ﬂp_ik(l/2) and, for each x’ € E/ , the
g—level of x" is Lg(x") = k if, and only if, x’ € nq_ik(l/2), where k € Z . Notice
that each set, er__’l_ «(1/2) is a Cantor set plus a countable set (due to the inclusion
of the composant C') of points in Kj; however we restrict this set to only the one
endpoint-composant where it is a countable collection of points that are isolated with

respect to the “arclength” topology on that composant.

and given g € Z 4,

We then describe “canonical” chainings of these inverse limits in terms of cylinder sets
given by the symbolic representation of the space. Each of these chainings have two
parameters, ie, for p € Z and n € N we have a chaining C, ,. We show that given
a chaining Cp , of K, thereisa g € Z, m € N, and a chaining C;’m of K;, such
that h(C[Lm) refines Cp,, and such that every one of our coordinate points in C" with
g-level greater than zero is mapped into an arc component of a link of Cp , which
contains a unique coordinate point in C with p-level greater than zero. This allows
us to “redefine” the homeomorphism h: K; — K, to a map hy,,: C' — C that is
“pseudohomotopic” to . We accomplish this by “scooting” the image of the g—points
with g—level greater than O to line up precisely with the p—points which have p-level
greater than 0. We then extend the map between the ¢—points in a monotone manner to
get /4, p defined on the entire composant C’, and then show that &, , is both injective
and surjective. Since our main concern for /4, is that it maps g—points to p—points in
a regimented manner, we do not check if there is a homotopy H: C x[0, 1]— C from A
to /4, p . But the construction of 44, , is reminiscent of a homotopic transformation of /.
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For this reason we informally refer to /4, , as a “pseudohomotopic to /” rather than
homotopic. We also show that /1,4, , maps all the g—points in C’ with the same ¢g—level
to p—points in C with the same p-level. This allows us to show that, restricted to our
coordinate scheme, /44, , is a conjugacy between the induced shift homeomorphism on
K; and some iterate of the induced shift homeomorphism on K. This leads then to
the proof of our Main Theorem: K and K, are not homeomorphic if s # ¢.

1.2 Outline

In Section 2 we collect the preliminary definitions and background information required
for the rest of the paper. We recall the symbolic representation of these inverse limit
spaces given by Brucks and Diamond [12]. We give our definitions of the collection of
identification points (which we call p—points or g—points depending on the context),
and of canonical chainings (which we call Cp ).

In Section 3 we begin a description of the structure of the composant containing the
endpoint related to these chainings. We follow that with a discussion of how 4 maps
the identification points, and we construct a map /4, , that is “pseudohomotopic” to
but that sends our identification points from K; to identification points of K and
is monotone between these identification points. We show that /4, , is a conjugacy
between the induced shift maps restricted to the collection of identification points in the
composant containing the end point. Then we use this fact to prove our Main Theorem.

We end the paper with a technical Appendix where we collect many of the results
regarding the finer structure of the endpoint composant.

2 Preliminaries

Let N be the set of natural numbers {1,2,3,...} and Z 4+ be the set of nonnegative
integers {0,1,2,...}. We consider the family of tent maps parameterized by s €

(\/572]9
SX, if0<x=<1/2;
T5(x) = {s(l—x), if1/2<x<1;

with critical point 1/2. Let K denote the inverse limit of T, ie,
Ky =lim{[0, 11, Ty} = {(....& 5.6 2.61) € [0 1N 165 = To(6i-1)}-

Throughout this paper we assume that the parameters are chosen so that the maps we
consider have a nonrecurrent critical point, ie, 1/2 &€ w(1/2). This implies, among
other things, that the tent maps we consider are long-branched:
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Definition 2.1 The map f: [c,d]| — [c, d] is long-branched provided there is some
8 > 0 such that, for each n € N, if [a, b] is a maximal interval of monotonicity for f”
(a monotonic branch of f™) then | f"(a) — f™(b)| =§.

The spaces we consider all have a single endpoint 0 = (..., 0, 0).

Definition 2.2 A point x € K is called an endpoint if for any two subcontinua
A, B C K such that x € AN B, we have either A C B or BC A.

Since 1im{[0, 1], T} = 1im{[0, 5 /2], T§|[0,s/2]} and T§|[o,s/2] is surjection, from now
on, we will work with the restrictions Tilj0,s/2)- Note that Ti|(7,(s/2),s/2] 18 locally
eventually onto:

Definition 2.3 Let f: [c,d] — [c,d]. We say that [ is locally eventually onto (or
l.e.0.) provided that for every open set U C [c, d] there is some integer n such that

SHU) =|c.d].
The interval [T5(s/2), s/2] is called the core of the map 7. Notice also that for each
0 < € < 5/2 there exists an integer n such that 7} (e, s/2] = [T(s/2),s/2].

Now we recall a symbolic representation of the inverse limit space K provided by
Brucks and Diamond in [12]. Since we will work with several types of sequences, to
avoid confusion, we denote:

¢ left-infinite sequences by <= (X—j)jeN =" X_3X_2X_1,
¢ right-infinite sequences by ¥ = (Xi)iezy = XoX1X2+"",

¢ bi-infinite sequences by X = (X;)jez = -+- X_2X_1XoX1X2 " .
. : — <~
If A=ag---ay is a finite sequence, X = (x;j)iez, and y = (y—i)ieN, then

n—
A x:ao.-.ak...ao-..akxoxl-..’

n times
e
yAn :...y_zy_l ao-..ak..-ao...ak

n times

and y X =--y_o,y_1XoX1-".

Definition 2.4 For every point & € [0, 5/2] an itinerary of & under the map Ty is a
right-infinite sequences of zeros and ones X (§) = X = (x;)iez + €10, 112+ | where

[0, Ti® =1/2;
L T =12
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Note that every point £ € [0, 1] has at most two itineraries and the points which have
two itineraries are the preimages of the critical point. The kneading sequence of the
map Ty, denoted by ¢; = (ci)ieN . is the itinerary of Ty(1/2) = s/2. Note that for
i €N, ¢ =c¢iCiqy1Cipn-- is the itinerary of TI(1/2) and that the itinerary of the
point 0 is 0% = 000--- .

Since 1/2 is a nonrecurrent critical point, there exists a number R such that ¢q ---cg #
Ci+1 - Ci+R,forevery i € N, and such that R is minimal with respect to this property.

Definition 2.5 A sequence X € {0, 132+ is called allowed (with respect to Ty) if
there is some point & € [0, 1] such that X is the itinerary of £ under the map Tj.

By Theorem 11.3.8 in [16], X is allowed if and only if _O)°° <X and 6KX <€, for
every k € Z , where o is the one-sided shift ie, 0 ((X;)iez,) = (Xi+1)iez, » and =X
is the parity-lexicographic ordering on sequences. Let X, be the set of all allowed
= Z
sequences X € {0, 1}“+,
Xt = {X €{0,1}%+ : X is allowed}.

The metric d on the space X s+ is given as follows: For two sequences X = (Xi)iez n
and § = (yi)iez, - let
Ta i 3
d@ =10y o o
27%, if k=min{j € Zy : xj # yj}.
The one-sided shift o: X;- — Xt is continuous with respect to this metric. Define an
equivalence relation ~ on X, as follows:
- =
X~y

if either

(1) X=7 or

(2) there exists m € Z 4, such that
(@) XoX1-*Xm—1=YoV1"" Ym—1,
(b) Xm # Ym and . .
©) Xm+1 =Xmt1X¥m+2"" = IYm+1Vm+2"""= Vm+1 = C1.

Let [X] denote the equivalence class of X in the quotient space X, St~ I [X] e
X, /~ and there exists T e[X] with ¥ # X, we will write, for simplicity,

— 0_,
[X]=xox1 e Xme17 €
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The mapping 7: X;t/~ — [0,s/2], given by n[X] = £ if X is an itinerary of the
point &, is a homeomorphism, and (5 ([X])) = Ts (= ([X])), for every [X] € X;/~,
where &: Xt /~ — Xt /~ is given by &([X]) = [0 X]. For this reason, we will often
identify [0,s5/2] and X;©/~.

For a bi-infinite sequence X = (Xx;);ez, we denote the right-infinite sequence (also
called a right tail of X) XjXj{1Xj42--+ by

%. —_— .
Xj=XjXjH1Xj420

Definition 2.6 A bi-infinite sequence X € {0, 1} is called allowed (with respect to
Ty ), if all of its right tails ?J are itineraries (with respect to 7).

—
This is equivalent to assuming that for every right tail ?j, j € Z, we have 0° =<
Yj and ok?j < _c)l, for every k € Z . Let
Xy ={x €{0, 1}Z : X is allowed with respect to 7T}
denote the space of all bi-infinite allowed sequences with respect to 7.

The metric d on the space X is given as follows: Let X,y € X, X = (X}))iez,
V=Wi)iez- f X #y,let k =min{|j|: j € Z, xj # yj}. Then

_ 0, ifx=y;
d(x,y) = { 27k i X £ .
The shift map o: Xz — X, given by
(0X)i = Xi+1,

for every i € Z, is a homeomorphism. Define an equivalence relation &~ on the space
X; as follows: Two sequences X,V € X5, X = (Xj)iez, ¥ = (Vi)icz , are equivalent,

X~y
if either
(1) x=Yy,or
(2) if thereis k € Z with
(@ x;j=y, fori <k,

(b) f/;#ykgld N
©) Xk+1= Vk+1= (1.
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By [12, Theorem 2.5] there is a homeomorphism h: X5/~ — K; such that h(c ([X])) =
Ts(h([X])), for every [X] € X5/~ , where ¢: X/~ — X/~ is given by
o([x]) =[oX]
and YA"S: Ky — K is given by
Ty(oo b3 babo) = (oo b 61, To6)),

ie, the maps & and T s are conjugate. Note that the maps & and T, s are homeomorphisms.
We will often identify K and X/~. If there is a sequence y € [X] with y # X, itis
unique, and we denote it by X* = (x/);ez . If there is no such y € [X] with y # X,
we put Xx* = X. Let 7j: X;/~ — [0,5/2], j € Z4, be the projection on the j—th
coordinate, ie,

mj[x] = 7 (X)),
where 7(X_ j)=¢§&if X j is an itinerary of the point &.

For a bi-infinite sequence X = (x;);ez , we denote the left-infinite sequence (also called
the left tail of X) ---x;_2xj_1X; by

<«
Xj = Xj2Xj—1Xj.
Definition 2.7 A left-infinite sequence & = (x_;)jen is allowed if for every k € N,

there exists an itinerary, such that its initial segment of length k is the finite sequence
X_f"X-1.

Note that if X is allowed, then all of its left tails ()7] are allowed. Each left-infinite
allowed sequence S=- -X_3X_pX_1 corresponds to an arc, but we can also say that
it describes one arc component in K since two sequences ¥ and <)7 describe the
same arc component if and only if they have a common left tail [12, Corollary 2.10].
So, the arc component described by < s the set of allowed bi-infinite sequences whose
left tail eventually coincides with <.

Let U = -+-a_3a_pa—_q be allowed and let n € Z . The set
L ={X]eK;:Ixe[x]. Y=}
is an arc, and we call it a basic arc.

Let <)7 be a fixed left-infinite allowed sequence, ()7 =---y_3y_oy_1,andlet C' be
the corresponding arc component in K. Let A’ZU_ be some basic arc contained in C’.
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Then either

(1) Yoy =F,or
(2) there is some k € N with

(a) Uk # Vn—k+1 and
(®) V1= Von—k-

In the first case we write only A” instead of A’f_ or A” . In the second case, k >0,
we write only Ay instead of A%, where we take v to be the initial segment of ¥ that
disagrees with 37 ie, v = v_k -v_y, and we have that ¥_j_; = y_,,_k.

Before we can describe an ordering on the arc component C’ that has as its repre-
sentative the left-infinite allowed sequence <)7, we must first give an indication as to
the “orientation” of the basic arcs in C’. It will be evident that this orientation on C’
is dependent upon y , and there are many possible choices for ) . However, once a
representative left-infinite allowed sequence has been chosen for an arc component, we
can define an orientation. To begin, for n € N, let

Pmn)=card{i: y_;j=1,1=<i <n}.
If n=0,let P(0) =0. A basic arc
"={[x] e Ks:Ix €[X], S_pn = T_n}

is called even if P(n) is even and it is called odd if P(n) is odd. An arc A}, where
V=VU_g-"VU_1, V_f # V_n—k,is called even if

( l)P(n+k) 1_[( l)v_,

i=1
and it is called odd if

k
(=DPEEO £ TT =1,
i=1
In this case the parity of the arc depends on the initial segment of the left-infinite
sequence Y that disagrees with (JT and determines A7.

Note that if two basic arcs A’l_ and A” are adJacent ie, if two basic arcs A" and
A” have a common boundary point, then ¥ and ¥ disagree in only one coordinate.
Therefore for any pair of adjacent basic arcs of the arc component C’, one of them
is even and the other one is odd with respect to the previously defined orientation.
On the other hand, if [X],[y] are boundary points of A’ZU_ and [y],[z] are boundary
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points of A’}u_, then X_, < 7_,, if and only if T, < 7_,, (by < we mean the parity-
lexicographic ordering on sequences).

We now introduce an ordering on the arc component C’ with representative <)7 denoted
by =< and called generalized parity-lexicographical ordering, as follows: For [x],[z] €
C’, let

k =k(x],[zZ]) = max{i e N: x_; # y_;j or z; # y—i}.
Ifx_j=y_jand z_; =y, foralli e N, X € [x], Z € [Z], let Kk = 0. We say that
X < z if either

(1) (—HPOx_ < (=1)P®z_; or

(2) there exists / > —k, such that
(a) x; =z, for =k <i <[ and
b) (=1)P®ex; < (=1)P® ¢z, where

-1 -1

£ = ]_[ (=1)% = ]_[ (=1)% e {—1,1}.

i=—k i=—k
We say that [X] X [z]if X <Z or X =Z.
Let us explain the geometrical meaning of the above formula in an example.
Example For simplicity, let us consider the composant C containing the endpoint [0].
Let C be described by the left tail 0°°. Since every kneading Sequence starts with 10,
and since 00 < 01 < 11 < 10, the following holds: The left tail 0°° represents the basic
arc A! = A.lnoo containing the endpoint [0]. The adjacent basic arc Ai = A~1~001
represented (l&/ the left tail 0°°1. The next basic arc is A~1~0011 = Ail represe(lied by
the left tail 0°°11, and the fourth basic arc A~1~-0010 = A%O is represented by 0°°10;
see Figure 1.

is

The basic arc A! is even since we chose the left tail which represents A! as a represen-
tative of the composant. Also, since the composant is described by 0°°, then P(n) =0
for every n € N. The basic arc A{ is odd since P(1) =0 and (—1)° # (—1)'. The
arc Ail is even since P(2) =0 and (—1)° = (=1)!(=1)!. The arc A%O is odd since
P(2)=0and (-1)° # (-1)°(-1)!.

Let [x'], [x?],[x*] € C be chosen such that A' N 4] = {[X']}, A]NA], ={[X*]} and
A }1 N Aio = {[¥3]}; see Figure 1. Ac_cording to the definition of the gene@)lized parity-
lexicographical ordering, we have [0] < [x!] because A' is even and 0 _; < ?1_1.
Moreover, for every pair of points [7],[Z] € A', if ¥ _; < Z_; then [y] < [Z].
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[0] A

le

Ao S E

—
— — —
0_4 2 X3 X

Figure 1: Example

Next notice that [¥!] < [X2] even though ?31 < ?1_1 because the basic arc containing
them, Al, is odd. It is also the case that for every pair of points [y],[Z] € Ai if
¥ _1 < Z_; then [Z] < [¥] again because this arc is odd.

Proceeding, we see that for any two points [y],[z] € C there is an n € N and a finite
word v such that [y], [Z] € A7, a basic arc. As above, if A? is even and V<7 n
then [y] < [Z]. If instead though A7 is odd and YV _n < Z _p then [2] < [¥].

If C’ is an arc component which does not contain the endpoint, there exists an order-
preserving bijection ¢ between the real line, endowed with its natural order, and C’,
endowed with the ordering <. For the composant C containing the endpoint [0], there
exists an order-preserving bijection ¢ between the half line, endowed with its natural
order, and C, endowed with the ordering <. Therefore, the ordering < is natural.
Note that ¢ and ¢ are continuous, the inverse of ¢ is not continuous, whereas the
inverse of ¢ is continuous.

In this paper we focus on the distinguished composant containing the unique endpoint
[0] =[--00.00---], and from now on let C be the composant containing the point [0].
We define some special points as follows:

Definition 2.8 A point [x] € C is called an identification point if there is an m € Z 4
with X_u4+1 = ¢;. The level of an identification point [¥] is defined by L[X] = m if

Xem # x*,,. That is to say 7, ([X]) = 7(X_p) = 1/2.

The 1mportance of the identification g)mts and their levels gan be seen by considering the
following: Let @ = (a—;)ien and b = (b—;)ien, @ # b , be allowed sequences. For
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neN,let A’}_ and A” be the associated basic arcs. If there is a point [X] € A N A’(’b_ ,

then
(—* — b

Non=7 and X,

Hence, [X] is an identification point, and there is m > n with
<~ <= <«
X—m—1 = X_;—1 = An—m—2,

Xem #x*, and X_pi) = 7_*m+1 =7
implying that L[X] = m. Also, if [y] € A’}a_ is an identification point with L[y] > n,
then [y] € 8A’Z‘T.
Note that the restriction of 7; to A’Za_ is an injection, for all i > n— 1, and if A’Ia_ has
boundary points [X] and [y] with L[X] =/ and L[y]= k, then
TTn— 1(A<—)—{77n 1x]: [X]EA }

is a closed interval with boundary points 7/ ~"+1(1/2) and T,="+1(1/2). Let A"_
be another basic arc. Let {[)?0] < -+ < [X¥']} be the ordered set of all identification
points of A’}_, and {[#1°] < --- < [#/]} be the ordered set of all identification points of
A” If m,— 1(8A ) = my— 1(8A ), then i = j and either

(1) L[x™]= L[u™], forevery me{0,..., j},if A’(’a_ and A'fb_ have the same parity
or

(2) L[x™] = L[u/~™], for every m € {0, ..., j}, if they have different parity.

Forevery k €{0,....,n—1}, the arc AL is a union of arcs Ak e
_ k
=U4
w

where the union is computed over all finite sequences w of length n —k such that Tw
is allowed. Since T|[7,(s/2),s/2] is l.e.0. and w oo = Ts o 7 for every arc A, there is
an m € Z 4 such that

o™ (A) = {o"[x]:[x] € 4}
contains at least one identification point.

We stratify the collection of identification points into the following subcollections:
Definition 2.9 For every p € Z 4 a point [X] € C is called a p—point, if either there

is an m € Z4+ with [?—p—m+1] =[¢;] orif [¥] = [0]. A p—point [X] has p—level
Ly[X]=mif x_p_m # xfp_m. Define L,[0] = oo, forevery p € Z .
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For every p,m € Z 4, the set
Epm=1{xX]€C:3x€[X], ¥_pom+1 = 1}

is the set of all p—points of level m and

oo
Ep=J Epm {0}
m=0
is the set of all p—points of the composant C'. Note that £, C E, forevery p € Z.
Since there is an order-preserving bijection from (Z , <) to (Ep, <), suchthat 0 € Z 4

is mapped to [0] € E,, from now on, the points of E, will be indexed by Z . So,
Ep = {[x°],[x'],[¥?],...} and [x°] =[0].

Definition 2.10 The sequence of integers Lp[)?o], Lp[)_cl], LP[EZ], ... is called the
folding pattern of the composant C .

Letq€Z4,q> p,and Eg ={[7°],[¥'],[7],...}. Since &9~ is an order-preserving
homeomorphlsm on C, it is easy to see that, for every i € Z, 697 P([¥']) = [y'] and

Ly[x* 1= L4y 7]. Therefore, the folding pattern of the composant C does not depend
on p.

Note that the arc between any two adjacent p—points [x/], [¥/T!] is a basic arc
A? where $_, is a left tail of any point [J] between [x/], [¥/*!]. Also, for every
[xfe Int AI; either x_, =0,0r x_, = 1.

—Dp
Definition 2.11 Let AP be a basic arc. We say that AZ_ is a basic arc of sign 0
(respectively of sign 1), if x_ p = 0 (respectively x_, = 1) for every [X] € Int Ap

Remark 2.12 If A(p_ and Afy_ are two adjacent basic arcs and [z] € Af_ ﬂAfi_, then
A(p_ and Ap have the same sign if and only if L,[z] > 0. That is, A(p_ and Ap
have different signs if and only if L,[Z] =0.

Let A be an arc of the composant C such that d4 = {[u].[v]} and A N E, =
{[7°],....[7"]}. Let us assume that if a point from 94 is a p—point, then its p—
level is greater than zero. Then the first paragraph of this remark implies v, = v—
if and only if the number of p—points in A with zero p—level is even, ie, card{[y']:
Lp[fi] = 0,0 <i < n} is even. Similarly, if every p—point from 04 has p-level
which is not equal to /, then u_,_; = v_,_; if and only if the number of p—points
in A with p—level equal to / is even, ie, card{[¥'] : Lp[_’] =/,0<i <n}iseven.

In Figure 2 we have n = 4. Recall that every p—point [7] is “coded” by a pair of bi-
infinite sequences which agree in all coordinates except one. In the figure we represent
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every such pair by a horizontal line, where we emphasize some coordinates of particular
interest for this example by writing them explicitly. If the particular coordinate is the

coordinate where two bi-infinite sequences disagree, we write double coordinate as %
1
or 0"
[2] 0 0 1
=0
] n y 1
1
'] 0 1 1
(7] g t 0
3
] 1 u
-4
] 1 v 1
] 1 0 1
Coordinate: -p—2 —-p-—1 —p

Figure 2: Example for Remark 2.12.

Let A be an arc of the composant C and AN E), = {[7°.....[7"]}. We call the finite
sequence

FPy(A) = Lp[7°]..... Lp[7"]
the p—folding pattern of the arc A. We will write, for simplicity, FP(A) instead of
FP,(A), whenever it causes no confusion.

We now recall some definitions and properties introduced and proven in [26].
Definition 2.13 An arc A of the composant C such that 04 = {[u], [v]} and AN E, =
{7°].....[7"]} is called p—symmetric if

[—”)—p] = [_U)—p] and LP[J_’i] = Lp[yn_i]»

for every 0 <i <n.

Every p-symmetric arc is also g—symmetric, forevery 0 <g < p. If A CC is a
p-symmetric arc, and 4 N E, = {[x°],...,[X"]}, then n is even. For the p—point
[¥"/2], called the center of A, and denoted by [x“], we have

Lp[x) = max{L,[X]: [X] € E, N 4}.
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Definition 2.14 For p € Z an arc B of the composant C is called a p—bridge if
0B C Ep, Lp[x] =0, for every [X] € B, and L,[x]# 0, for every [X] e Int BN E,.

It is easy to see that p—bridges are p—symmetric, and that L p[)_(B] determines the
g—folding pattern of the p—bridge B, for all ¢ < p (see Lemma 3.8 in [29]).

Lemma 2.15 [26, Corollary 3.2] If c3 =0, then, for every n € N, there is a p—bridge
B C C such that Lp[)_(B] =n.

Lemma 2.16 [26, Lemma 3.3] For every n € N, there is a p—bridge B C C such
that L,[x®]=2n.

Lemma 2.17 [26, Lemma 3.4] Let C’ be a non-endpoint composant of K. Let
m =min{i € N :¢p;41 =0}. There is a p-bridge B C C’ such that Lp[)_(B] =2n—1
if, and only if, n > m.

Remark 2.18 The endpoint composant, in contrast, has a p—bridge with centers of
every level. However, the situation for Lemma 2.17 is not so different in the case that
B is a p-bridge in the endpoint composant. Even though the center of B could have
any level, in that case there is only one p-bridge B C C with Lp[)_(B ]=2n—1 with
n < m. So there is a point [X] € C such that if B is a p-bridge of C that occurs after
[X], then L p[)_(B ] =2n—1 if, and only if, n > m. We lose no generality in assuming
that all of the p-bridges in C that we consider occur in C after this point [X].

Theorem 2.19 [26, Theorem 3.6] Let p € Z . There exists M € N such that for
every p-bridge B C C and for every [x] € BN E,, [X] # %51, LylX]<M.

This means that, in the nonrecurrent case, every point [X] € E, with L,[X]> M is the
center of some p-bridge. This also means that the number of p—points of a p—bridge
is bounded, ie, there exists L € N such that fora p—bridge B C C, card(BNE,) < L.

Lemma2.20 [26,Lemma3.7] Let peZ4.Let BCC bea p-bridgeand BN E, =
{[x°],...,[x"]}. Let A be the arc between the points [x°] and [x']. Then we have
(Zp): X € 4} = ([Z-,): [¥] € B.

Now we recall the definition of a family of chains of K introduced in [29]. Let V"
be the set of all allowed sequences of length n ordered by the parity-lexicographical
ordering. This set is not empty and it is finite. Let k;,, = card(V'").
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Definition 2.21 Forme Z, n € N, let

ymtntl _ {vi = O,...,km+n+1 — 1.

Forie{l,... . kytny1 — 1}, let

Oy =K1 € Ky Vi € [X], - un € ' 01},
et Cm’":{an,":i:1"”»km+n+1—1}.

It is easy to see that Cy, , is an open chaining of K.

Let C and C’ be chainings. We write C’ < C to mean that C’ refines C. Although we
use < for the ordering on the composant C, this will not lead to confusion since from
the context it will be clear what category of objects we are comparing.

Lemma 2.22 If C is an arbitrary chain of open sets of Ky, then there exist m € Z 4,
neN,suchthat Cpyp <C.If m>1i andn > j, then Cpp <Cjj.

We omit the proof. We call the set
Lin,n ={[xX]e Ks:Vue[x],u_p - u, = vi}

the cylinder generated by the word v* . We also let Ly, ,, be the cylinder which contains
the point [X], and {3, ,, be a link which contains the point [X]. Note that if there is a
cylinder which contains the point [X], it is unique. Whereas for every point there is a
link which contains it, but this link is not always unique. There are at most two such
links, but for [X] € E, such that L,[x] =/ with / € {1,2}, we can choose n large
enough to ensure that the link K;,‘,n is unique (see below).

Remark 2.23 If a p—point [X] with L,[x] =/ satisfies —m < —p —[ < n, then
[xX] ¢ Lin,n for any 7, but the link £7, , which contains [¥] is unique. On the other hand,
if —p —/ > —m), then there is a unique cylinder L, , which contains [X]. In this case
L3, , is generated by the word Vi = x_p -+ Xp. Recall that if vt = vg -+ vy is
an adjacent word to v’ , then there is a unique j, 0 < j <m+n, such that Vi FE Xt
If j <m+n—1,thenalso vji1-  Vmtn = X—myj+1 " Xn =C1** Cntm—j. For
—p—1>—m wehave also Xx_;, -+ Xy, = ¢j *** Ci+m+m for some i € N. Since 71 is
not recurrent, then n +m — j < R, where R is the smallest natural number such that
€1+ "CRF Cit1--CitR,forevery i € N.

Since the critical point 1/2 of Ty is not recurrent, there exists an € > 0 such that
intervals (1/2—¢,1/2+€), (Ts(1/2)—¢, Ts(1/2)+e€) and (T2(1/2)—e€, T2(1/2)+¢€)
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do not contain T, si(l/ 2) for i > 2. Therefore, there exists some N € N such that
if n > N then the link of Cp, which contains all 0—points whose O—levels are 1
(respectively 2), does not contain O—points whose O—levels are not 1 (respectively 2).
In other words, O—points which project to 1 or &, in the 0—th coordinate are not in
a link of Cy , containing 0—points which project to i, i >2,in the 0-th coordinate.
Since E, C Eg and Cp < Co p, for every p > 0, then also for n > N, if [X] € E), is

such that L,[x] =/ with / € {1,2}, then for every [y] € Ep N L7 ,, Lp[y]=1.

Recall that T is long-branched, so there is some § > 0 such that for m € N if 4 =[x, y]
is a maximal interval of monotonicity for 7,” then |7,"(x) —7,"(y)| > 6. Choose
N € N large enough so that also if » > N then mesh(Cy ) < §. By mesh(Cp ) we
mean the largest diameter of all the links of Cg 5. Since Cp,,, < Cp , for every p >0,
then also mesh(Cp,,) < 4§ forevery p>0andn > N.

3 Pseudohomotopy construction

Assume that 5,7 € (\/5, 2] are such that Ty and 7; have nonrecurrent, nonpreperiodic
critical points, and such that

h: imi[0, 1], Tt § — lim{[0, 1], 7}

is a homeomorphism. Let K; = lir_n{[O, 1], Ty} with endpoint composant C’ and let
K =1im{[0, 1], T5} with endpoint composant C. As in the previous section, 7} is
long-branched, so there is a ' > 0 such that if m € N and A4’ is a maximal interval
of monotonicity for 77" then diam(7;"(A)) > &’. Since 1/2 is not recurrent for 7;,
choose R’ such that the initial segment of _c)l/ of length R’ never repeats in _c)l/ .

Let N' € N be such that mesh(C; ,,) <§ forall ¢ € Z4 and m = N'. Let N’ be
large enough so that also m > N’ implies that ¢—points which have g—levels 1 or 2
are not in a link of C’y,, with any g—points with different g—levels. In a similar
manner N € Z 4 is defined for T, § and R in the previous section (Remark 2.23).
Let S,S"eN, S> N and S’ > N’ be large enough so that all technical requirements
of Remark 4.7 from the Appendix are satisfied.

For this section we assume that ¢, p, g € Z4, m,e > S’ and n > S are such that

h(Clm) = Cpn 2 h(Cy ).

Lemma 3.1 If A is an arc component of E(J) n €Co,n, for some j € Z, then AN Eg
contains at most one point with positive 0—level.
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Proof Let Z(J)"n be some link of Cp, and let A be an arc component of that link.
Suppose that A N E( contains more than one point with positive 0—level, and let
[X].[¥] € AN E be such that /x, = Lo[X] > 0 and /,, = Lo[y] > 0 and such that there
are no O—points with positive 0—level between [X] and [y]. Without loss of generality
assume that /x < /,. Consider 7;,(A4), and let B be the interval with endpoints
X =% 1, and ' = J I, = o. Since there are no 0—points between [X] and [y] with
0—1eve1 greater than 0, then clearly we have 7,"|p is monotone for all m < /). Since
T b= *(x") =7y we have that B 1s a maximal interval of monotonicity for 7§ by=lxti
for all j </[. Thus d(Tj y(y’) T "(x’)) > 6. This implies that 7(A4) has diameter
greater than §. But A is an arc component of a link of Cg , which has mesh less than
8, a contradiction. O

Since Cp,n < Co,n and E, € Ey, the above lemma implies that if 4 is an arc component
of K{,,n for some j, then AN E}, can contain at most one p—point with nonzero p—level.
We summarize this in the following remark.

Remark 3.2 Let E};,n € Cpn, and let A be an arc component of Z{;,n. Then A
contains at most one point from E, with nonzero p-level. Moreover, d4 C E;’n
where i € {j — 1, j + 1} if, and only if, A contains a p—point with nonzero p-level.

Lemma 3.3 If A is an arc component of K{;,n such that h='(A) contains at least
one g —point with nonzero q—level, then A contains a p—point with nonzero p—level.
Moreover, h~!(A) contains precisely one q—point with nonzero g—level.

Proof Notice that we have
Chrm <h™ ' (Cpn) =C,

Let A’ = h=1(A), and suppose that [X'] € A" is a g—point with nonzero g—level. Pick
r,u € N such that

[XTet),, Sh™'(t,) Sy,
Since £ ,’1 CE g,, [X] is also a g—point with nonzero g-level. Since each arc component
of a link of Cg,’ . contains at most one g—point, we see that [X’] is the unique g—point on
its arc-component of Zg‘ »» and therefore, the unique g—point on 4~!(A) with nonzero
q-level.

Let B’ be the arc-component of £3’, containing A", and let ko, k1 € N with ko < k;
minimal such that

ki
B'c |
y=ko
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We see that ko <r < k. Without loss of generality, assume that B} = 4’ N E;’, m=
B' N4y ,, has 0B| C £y L. Then, if r —1 > k¢, since B’ contains only one g—point,
namely [X'], we see that B, = A" N (%”m U E;”;ll) has 0B} C E;”;Z. Continuing in

this manner we see that
j—1
Iyt r—y
=0 (U )

y=0
has BBJ/. C EZ,,_,/ for all j with r — j > ko. Since we have that

Chrm <h™ ' (Cpn) <Cp,

q,m —

there is some minimal k such that 0B; N h=! (ﬁ};’n) = @. Since dB; C E;”;k, and
since the chain C}, ,, refines 1~"(Cp,»), there is a link, £}, , such that 9B} C Eg;nk C
h_l(ﬁlv,’n). Since k was chosen minimal we see that v € {j + 1, j — 1}. Without loss
of generality assume that v = j — 1. Thus there is an arc, By = h(B)), containing
A with 8By C €)' So By N &}, = A has 94 C £},". This implies that A has a
p—point with nonzero p-level in E{,’n. |

3.1 Definition and basic properties of &, ,

From the previous lemma we see that every [X'] € E 1/1 with nonzero g-level is mapped

to an arc component of E;,‘,n containing a p—point with nonzero p-level.

We now define a map /g, , by first defining it on the g—points and then extending it
to the rest of C’. The map /gy, , sends the g—point [X'] with nonzero g—level to the
unique p—point [X] that is on the same arc component of a link of Cp 5 as 4([X']). In
other words:

Definition 3.4 Let [X'] € E; be such that Ly([X']) # 0, and let 2([X"]) = [u], for
some [u] € C. Let Zil‘:m € Cqm be a link which contains [X’], and let £ , € Cpn
be a link such that h(ﬁ;‘:m) C {5 - Then define hg,,([X']) = [¥] € Ep N L5 ,, where
< <« = 2= —

X_p_1 = U_p_1,forsome X € [X] and u € [u].

Next, let A’ C C’ be an arc with dA” = {[X’],[)’]} such that [X'] and [y’] are adjacent
g—points with nonzero g-levels. Define /g, ,(A’) = A to be the arc with endpoints

hq,p([xX']) and hg,p([¥']) such that kg, p|4 is monotone.

By the previous lemma, /g4 ,: C’ — C is a one-to-one function. The mapping
hq,p: C' — C has been defined using the homeomorphism /: K; — K. Since
h~': Ky — K, is also a homeomorphism, we can define a mapping h;,’g: C —-C"in
the same manner, using the homeomorphism /4 ~! instead of /. Clearly h;,,g has all
the properties of /14,,. Also, it is easy to see that /), . (hq,p([X])) = [X'], for every
g—point [X’] with nonzero g-level.
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Next we show that if we have arcs A" and D’ in C’ with the same projection under
7g and no g-points with nonzero g-level in the interior of A" and D’, then the
hgq, p—image of these arcs follows the same path through the links of C, , in the sense
that if there is a link that 4 = /4 ,(A’) “turns” in, then D = hg,,(D’) will also “turn”
in that link. Notice that by assuming that A" and D’ have no g—points with nonzero
g-level, we are assuming that A" and D’ “run straight” through the links of C ,, that
they “visit”. Hence their images will follow the same path through the links of Cp ;.

Lemma 3.5 Let A’ and D’ be arcs of C’ with
(1) 04’,0D' C E(/I with nonzero ¢ —level;
(2) 7q(A") =mq(D');
(3) if[¥']€ E;N(Int A" UInt D) then Ly[X']=0.

Lethqp(A)—A andhqp(D)—D Let j be such that (BAUBD)DE =2 and
(AUDYNL), # 2. LetA _anﬂAandletD —Klj,nﬂD Then 04, Cﬁj,n if,
and only if, dD; C €37 Similarly, d4; C €44 if. and only if, ID; czf“.

Proof Let a and b be such that h(U,-=a Eg,m) CK{,,H and h({g,, 1) ,ZE » and
h(ELEY) € £ 5. Let

b b
= ( g zg',m) NA' and D= ( U (z;",m) no'

Since A/ and DJ’ do not contain any g—points with nonzero g—level in their interiors,
there are points [’4] € Cl A, negds, Uand [#'P] e C1 DN, !, and there are also
points [v4] € Cl4;n ept "and [ ’D] e ClD; N epir Slnce h(ﬁ’“ y g ¢], and
RPN Z 6, then cither h(E) C U and h(e/b“) C zlf,ﬁ’, with i € {—1, 1},
or h(ﬁ"’ Y c ), and h(E/bH)Cﬁp,, ,Wlth i € {—1,1}. The result follows. O

Next we show that if 4’ and D’ are arcs with the same g—projection and again no
g—points in their interiors with nonzero g-level, then their /4, ,—images will have the
same number of p—points and the arrangement of these p—points will be similar.

Lemma 3.6 Let A” and D’ be arcs of C’ with
(1) 94',9D" C E with nonzero g-level;
(2) 7q(A") =mq(D');
(3) if[¥']€ Ej N (Int A’ UTnt D') then Ly[¥'] = 0.

If hg,p(A") N Ep = {[X°].[X']... [_k]} and hy, p(D )N Ep = (7L 7D

then k =1 and [x ]eﬁ;,’nor[x]eﬁk ,fori =0,...,k.
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Proof Let A’ and D’ be such arcs. Let A = hy, ,(A’) and D = hg, ,(D’). Suppose,
on the contrary, that k > /. Then there exists a link le,,n of Cpn which contains
a p-point [u] € A and which does not contain a p—point in D. By the previous
lemma, each arc A; enters and exits the link 3117 n from the same side as the arc D; .
This contradicts the assumption that one arc contains a p—pomt and one does not.
Thus k = [. The fact that either [X] € Zyn or [x'] e gy ,fori =0,...,k, follows
immediately. |

Definition 3.7 Let Elj,on, E{,ln, E’ ¥, be the links in Cp, ,, that are successively visited
by an arc A. (Hence £}, # le,’,}” , KJ’ ZJ’,“ # @ and E{,’n = ¢,/ is possible if
A turns in €55 .) We call A p—link-symmetric if for i =0,... .k, €5, = Z”‘ L

Note that every p-symmetric arc is p-link-symmetric by definition, but there are

p-link-symmetric arcs which are not p—symmetric. This occurs if A turns both at KIJ,’; n
and EIJ,",, ", but the p—point of 4 in Z » has different p—level than the p—point of 4 in
Klj,kn ’. Note also that if A’ and D’ from the previous lemma (Lemma 3.6) are such that
additionally A’N D’ =[X"] € E/, then lemma states that /14, ,(A4’) is p-link-symmetric.

3.2 Image of g—levels

Next we show that all g—points in C’ of some fixed level, say a, map to p—points of
some other fixed level, say b, in C. This fact will imply Ingram’s Conjecture.

Let A" be a g—symmetric arc with 94 € E/ and let A’ N E} = {[¥'°],....[¥""]}. Then
Ly"1=L [x’l 7], for every i €{0,...,1}. Let A = hqp(A) and let A rlj ll?p =
{[x°].....[x*]}. Then, by Lemma 3.6, A is p-link-symmetric, ie, [X'] € &, for

i =0,...,k. A natural question is if such an 4 is p—symmetric, ie, if the following,
much stronger property, holds:

(1) L[] = Lp[¥*],

for i = 0,...,k. The answer is yes, but the proof is not straightforward. Let us

explain the major problem. Let U be an arc such that for U N E, = {[3°],...,[ 7
we have L,[7'] = Lp[y/ "], fori =1,..., j—1. Itis clear that if [7°] ﬁyn 1mphed
Lp[7°] = Lp[7/], then a proof of (1) would be simple. Unfortunately, there are tent
map inverse limits for which the above implication does not hold, ie, there are spaces
which contain arcs U such that U N E, = {[7°],.. 771} with L p[)7i ]=L P[)_/j -],
fori=1,...,j—1,[p% € Z;,’n and L,[7°] # Lp[yj]. Such arcs we call guasi— p—
symmetric wnh respect to Cp , (see Definition 4.1). Since we can choose p and n
to generate chains with arbitrarily small mesh, we see that quasi— p—symmetric arcs
will not be an issue unless we are in a situation that allows p—points with different
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p-levels to be arbitrarily close. This can only happen when 1/2 is prerecurrent. The
subfamily of nonrecurrent tent maps which have prerecurrent critical points is large,
and among these there are many nonrecurrent tent maps which have quasi-symmetric
arcs in their inverse limit.

To get a proof of (1) in this case we give a much more detailed description of the
structure of the composant C. This part is technical and would break the flow of
the main argument. Therefore, we put all of the properties related to the structure
of the composant C which contains quasi—p—symmetric arcs for every p in the
Appendix. It suffices to say that nonrecurrent tent map inverse limits either contain
quasi— p—symmetric arcs with respect to Cp 5, for finitely many p € Z 1, or they contain
quasi— p—symmetric arcs with respect to Cp , for infinitely many p € Z . In the first
case there exists an integer S (as defined in Remark 4.7), such that for all » > S and
p € Z 4 there are no quasi— p—symmetric arcs with respect to Cp .

It is easy to see that in the second case, there exist quasi— p—symmetric arcs with respect
to Cp,, forevery p € Z, and n € N (Lemma 4.2). In this case we prove the following
proposition in the Appendix:

Proposition 3.8 For every quasi—q—symmetric arc A" of C’, the arc hy p(A’) is not
p—symmetric.

Armed with Proposition 3.8 we can prove the main results of this section. Specifically
we show that g—levels map to p—levels.

We prove the main result of this section in two steps. First in the absence of quasi-
symmetric arcs, and then in the general case. Recall that for this section we assume
that ¢, p,g € Z4+, m,e > S’ and n > S are such that

h(Cl ) =% Cpn < h(Cl ),

where S, S’ € N are large enough so that all technical requirements of Remark 4.7
from the Appendix are satisfied.

Theorem 3.9 Let K; and K be such that there are no quasi—q —symmetric arcs with
respect to Cy ,,, and no quasi- p —symmetric arcs with respect to Cp,n. Let [X'], [y'] € Ey
be such that Ly[X'] = Lg4[y']. Then Lp[X] = Lp[y], where [X] = hy,p([X']) and
7] = hq p (7).

Proof Suppose, on the contrary, that [X'],[y'] € E, are the closest g—points such

that Ly[X'] = Ly[y'] and Lp[X]# Lp[y]. Then there is no g—point between [x'] and
[¥’] which has the same g-level as the point [X’]. Denote by A’ the arc between
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[¥'] and [y'], A" N E, = {[X] = [x°],....[x"] = [7]}. Since between [X'] and
['] there are no g—points with g-levels equal to L4[x'], there is a g—point [Z']
between them such that L,[Z'] = max{Ly[x¥"]:i = 0,...,1}, [Z] = [¥*/?], and
Lg[x") = Ly[x""77], forevery i €{0,...,1}. Therefore, L,[X'] = L,[x'~], for every

x/1 n—1
% %0 N
hq,P .
Cykx — xlxl—l — %-l—ko

| | 1

|
Cx’i x'0 X\JJZ D XL‘; yo ykx+k\0.£9: y

Figure 3: The configuration in the proof of Theorem 3.9

3«

€

i€f{l,...,1—1}, where [¥'] = h, »([x¥"']), because we chose [X'] and [}'] to be the
closest two pomts where this fails. Denote by A4 the arc between [X] and [y], by Ay
the arc between [x!] and [x'~!], by A the arc between [¥] = [¥°] and [¥!] and by
Ay the arc between [)_cl ~1and [y] = [_l |. The arc Ag is p—symmetric. Let AN E, =
X = 7L ... %] =[], ... [R 1] = [pRethol, . [pRethoth] = [3]). Note
that /—1 <k and I+1 <k, +k0+k By Lemma 3.6 kx =k, and [y] e(ikaka g

for j = 1,...,kx. Since K does not contain any quasi—p symmetrlc arcs, then
L3/ 1=L, [p2kxtko=J] forevery j €{0, ..., ky}, which contradicts the assumption
that L,[x] # Lp[y]. ad

B

We next prove the previous theorem without the assumption that there are no quasi-
symmetric arcs in the inverse limit. We use Proposition 3.8 (proved in the Appendix).

Theorem 3.10 Let [X'],[y'] € E; be such that L4[X']= L4[y']. Then Lp[X]= Lp[y],
where [X] = hg, p([X']) and [¥] = hq,p ([V'])-
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Proof Suppose the theorem is not true, and let [X’] and [}’] be the closest g—points
for which the theorem is false. Then the arc between these points, call it A’, is
g—symmetric.

Suppose that /14,,(A") is not p—symmetric. Let A’ N E} = {[X'] = [¥' 0,....[xk=
[3']}, and let A = hy ,(A"). Let ANE, ={[7°],...,[¥']}, and suppose there is some
je{0,1,..., %— 1} such that L, [7/]# Lp[fl_j]. Without loss of generality, assume
j is the largest with this property. Let D be the arc from [7/] to [¥*~/]. Then D is
a quasi- p—symmetric arc, and let D" =/, ,(D). Let A'N E, = {Z°.....[Z°%}.
Since E, € Ej we see that Lg[Z] = Lg[7/9 ] forall i €{0,...,d}, butsince D is
quasi— p—symmetric, by Proposition 3.8, D’ cannot be ¢g—symmetric. Since D’ is an
arc centered at [z’ d/ 2] and contained in A’, it is a g—symmetric arc, a contradiction.

Therefore, A = hg,,(A’) is p—symmetric, but by our assumption the boundary points
of A, [X]= hg,p[X'] and [y] = hg,p[)’], have different p—levels, a contradiction. O

Combining the previous two theorems we have:

Corollary 3.11 If [ and k are such that hy ,([X']) € E, ) for [X] € E(,;l then
hq,p(E;J) =Epk.

Proof By our assumptions on £ and / and by Theorem 3.10, we see immediately that
hq’p(E;’l) g EP,k .

Let [y] ,6 E, . Since h/,g(hqp([__’/])) = [://] €E,, E;,q et then %), (7)) =
[Z'] e E gl Since /1), o (hq,p([Z ])) = [Z’] and hp ¢ 18 an injection, we also have

[V]= hq, p([Z ]). Thus hq p(Eq1) =Epk. o
3.3 hg,, , preserves the order of the levels

In this subsection, we consider how /4, , maps the various g—levels of E ;. We show
that there is some a € N such that

hq,p(E )— p.at+j
forall j € N.

From now on, let a € N be such that hq,p(E;’l) =Epat1-

Remark 3.12 Recall, for this section we have assumed that ¢, p,g € Z, m,e >
S’ and n > S are such that h(Cy,,) < Cpn = h(Cq,). Let b = q—g. Since
hy g(Epa+1) S E; \» then, by Corollary 3.11, hj, ,(Epa+1) = E;l. Since by

definition E"L =FE’ =E’ we have /), ,(Epa+1) = E

g.q9—g+1 ~— Tgb+1° gb+1
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Lemma 3.13 For each u € N let iy, € Z4 be defined such that h;,’g(Ep,a+u) =

E; btin - Then the subsequences (i2,)yeN and (iz,+1)yeN are increasing.
bl u

Proof We prove the lemma for the case of 2u. Suppose by way of contradiction that
u is minimal with i, > i5,4,. Lemma 2.16 implies that there is a p—symmetric arc
B C C with 0B = {[x],[y]} and Lp[X]=2u = Lp[y] and Lp[)_(B] =2u + 2. Then
h), ¢(B) = B’ is a g—symmetric arc, by Proposition 3.8, but Lg(h), ,[X]) = iz, =
Lg(h, g[¥]) while Le[x51= Lg(h;,’g[)_(B]) = isy+to <2y, acontradiction. The case
that i, 1 > ip,+3 for some u leads to a contradiction in a similar manner. a

We divide the main result of this section into two cases:

(1) e3=0o0rc;=0.

(2) Bothc3 =1and ¢§ = 1.
Theorem 3.14 If c3 =0, then foreach j € N, E; ; 1s mapped by hg,p to Epatj.

Proof Suppose the theorem is false. Choose the least j > 1 such that /g, P(Etlz =
Epqq1 With [ # j.

First suppose that / < j. Since han(Ec/;,i) =FEpqyifori=1,...,j—1and hg p is
an injection, then @ +/ < a. To see this, suppose instead that « <a+/ <a+ j. Then
by our assumption on j we would have hq,p(E;,j) =Epaq1 = hq’P(Ez/;,l)' Thus
hg,p is not injective, a contradiction.

By Lemma 2.15 there is a p-bridge which will shift under the a + /—power of the
shift map to a p—symmetric arc B C C with 0B = {[X],[y]}, Lp[X]=a+1 = Ly[y]
and Ly[xB]=a+ j—1 (recall that / <0 and j —1>1). Let B’ = I, ¢(B). Then,
by Theorem 3.10, B’ is a g—symmetric arc whose boundary points have level b +
while its center has level b + j — 1, where b = g — g as defined in Remark 3.12, a
contradiction. So we have instead that / > ;.

Let my € Z be such that ), o (Ep 44 j1k) = Eg py, for 0 <k <1—j—1. Since

h;,g(hq,p(E;’i)) = E(/g,b-{-i’ for all i € N, we have that

hpg(ha.p(Eq ;) = hp g (Epati) = Egp ;-
Also, since j was chosen to be minimal,
h;;,g(Ep,zH-i) = E(/g,b+i

foralli, 1 <i <j—1. Thus,forall k, 0 <k <I—j—1,cither my <bormy >b+j.
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Suppose first that there is some k, 0 <k </ — j —1 with my > b + j. Then by
Lemma 2.15, there is a p—symmetric arc B C C with dB = {[X],[y]}, such that

LylX]=a+ j+k = Lp[y] and Lp[)_(B] = a + [, where obviously / > j + k.
Since hy, o (Epa+tj+k) = Eg , We see that, by Theorem 3.10, B' = /] g(B) isa
g-symmetric arc with boundary points in E , but center in E ! . This is a
contradiction because we assumed that m > b + j. Thus my < b for all 0<k<
l—j—1.

By Lemma 2.15 there is a p—symmetric arc B C C such that the boundary points of
B have p-level a+ j —1 and the center of B has p-level a + j. Let B' = h}, ,(B).
Then B’ is a g—symmetric arc with boundary points in E’ g.btj , and center in E é mo -
Since j e N,weseethat b+ j—1>b>myg,a contradlctlon Thus in either case we

If instead c; =0 we can use 2~ ! and get the same result, so we now turn to the case
that both ¢3 = 1 and ¢ = 1.

For the remainder of this section we suppose ¢3 = 1 = cg. Let n’ = min{i € N :
c’zl.Jrl =0}, and let » = min{i € N : ¢; 41 = 0}. Without loss of generality assume
that n’ > n. Our goal now is to prove that /4 , maps the level E[’M. to Ep a4 forall
j € N. This is accomplished in several small steps.

Lemma 3.15 Let u € Zy. Then there is some | > 0 such that hg, ,(E’
Epatouti+i-

q, 2u+1)

Proof Let B’ C C’ be a g—symmetric arc with Lq[)_(B/] =3 and Ly[x'] =1 for
[X'] € 9B’. Then B = hy p(B’) is a p—symmetric arc with L,[X] = a + 1 for all
[X] € 9B, and so Lp[)_(B] >a+1.If Lp[)_(B] = a + 2 then we have a contradiction
because ¢3 # 0 and by Remark 2.18 there exists only one p—symmetric arc with this
property. So we see that Lp[)_(B] > a + 3, and hence hq,p(E;m) = E, g+341 With
[ > 0. By induction the lemma follows. a

This lemma combined with Lemma 3.13 gives that, in the case of ¢c3 =1 = c;, each
of the odd levels, Ec,],2u+1 , map to a level no lower than our goal of Ep 412,+1-
Similarly we have the following:

E

Lemma 3.16 Letu €Z . Then thereisan [ >0 suchthat hy ,(E’ pa+2u+l -

q, 2u)

Proof We show that hq,p(E; ,) issentto Ej 4454 with [ > 0. The result will
follow by induction and the fact that ¢; = 1.

Algebraic & Geometric Topology, Volume 9 (2009)



A classification of inverse limit spaces of tent maps with a nonrecurrent critical point 1075

Suppose that hq,p(E;’Z) = Ep q—u for some u € Z . By the previous lemma we have
for all v € Z 4 there is some ky € Z 4 such that

/
hq,p(Eq,varl) = Ep,a+2v+1+ku :

Let v be chosen such that 2v + 1 = 2n" — 1, where 7’ is as defined in the paragraph
above Lemma 3.15. Then

a+2v+1+ky—(a—u)=02n —1)+ky +u.

Since ky,u € Z4 and since n < n’, where n is as defined in the paragraph above
Lemma 3.15, we see that

a+2v+1+ky—(a—u)>2n"—1>2n—1.

By Lemma 2.17 and Remark 2.18 there is a p—symmetric arc, 4, in C with L,[x] =
a—u for all [X] € 04 and Lp[)_(A] = a+2v+ 1+ ky. This arc will map under 4, , to
a g-symmetric arc A’ in C’ with the property that Lg[x'] = b + 2 for all [X'] € 94’
but L g[)_(A/] = b +2n’—1. This implies that there is a g—bridge, B’, with the property
that L g[)_(B/] = 2n’ — 3 which is a contradiction to Lemma 2.17, Remark 2.18 and the
choice of n’. The lemma follows. ]

So also in the even case we see that the level £ ; ,, Maps to a level that is not below
our goal of E 445, . We next show that the level two g—points map to a p-level of
the same parity as a.

Lemma 3.17 hq’p(E; ,) = Epai2, forsome u e N.

Proof Suppose instead that for some v € N hq,p(E(’],Z) = Ej a42v+1. Then there is
a p—symmetric arc 4 in C with Ly[X]=a+1 and Lp[)_(A] =a+2v+1 (thisisa
shift of a p-bridge, B, with L p[)_(B] = 2v which we know exists by Lemma 2.16).
Let A" = h}, ,(A) then Lg[X'] =5 +1 for all [x'] € 94" and L¢[x4] = b+ 2. This
implies that there is a g—bridge in B C C’, with Lg[¥®] = 1, which contradicts the
fact that ¢j = 1. ]

We now combine the previous lemmas to show that odd levels are mapped to levels of
the opposite parity as @ and even levels are mapped to levels of the same parity as a.

Lemma 3.18 For d € N, there is i, j € Z4 such that hq’p(E; »d) = Epa+2i and
hq’p(El/l,2d+1) =Epat2j+1-
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Proof We have /g p(E, ) = Epatau and hq,p(E} |) = Epgi1. Solet k be the
least such that g ,(E ; ’ &) = Ep,a+w and the parity of k is different than the parity of
w, say k =2s and w = 27+ 1 for some s, € Z . Then hq’P(E;,k—l) = Epat2v+1
for some v € Z 4 since k —1 is odd. Then the difference between a+2v+1 and a+w
is even, so there is a p—symmetric arc A with L,[X] =a 4+ 2v + 1 for all [X] € 94
and Lp[)_(A] =a+w. Then A" = hp ¢(A) has the property that Lo[x'| =b+k — 1
for all [X'] € 34’ and Lg[x*4]=b + k. This arc A’ is then the shift of a g—bridge,
B’ with the property that L g[)_(B/] = 1. This contradicts the fact that ¢ = 1, ie we
have a bridge with center level 1 which can only occur when cg = 0; see Lemma 2.17
and Remark 2.18. |

Finally, we combine all of these lemmas to establish our desired theorem.

Theorem 3.19 Assume c¢; =1 and c3 = 1. Then hg p(E} ;) = Epa+ ;. for all
jeN.

Proof Suppose this is false and let j be the least such that Ay , (E[’“.) #Epatij,
say hq,p(E;,j) = Ep 4+ j+k for some k € N. By the previous lemmas we see that
k = 2v for some v € N (otherwise the parity of j + k would be different from the
parity of j.)

Enumerate the p-levels, a + j + k + r;, above or equal to a + j + k that satisfy:
(1) thereis a g—level that A, , maps to p—level a4 j +k +r;;
2) a+j+k+r—(a+j—1)isodd.

Notice that r; = 0, because Ej .y j1k satisfies these conditions. Notice that 1, will
have the property that 4 p (E:;,j+2) = Epa+j+k+r,» and by induction we see that
hq,p(E,;,/q_z,-) = Ep,a+j+k+r,- .

Choose r; to be the least such that a+ j +k+r;—(a+ j—1) > 2n—1. Then there is a
p-symmetric arc A with L,[X]=a+ j—1 forall [x]€ dA4 and Lp[)_(A] =a+j+k+r;.
Let A" = h), ,(A), and notice that A" is a g—symmetric arc with Lg[X'] =b+ j —1
for all [X'] € 94’ and Lg[)_(A/] = b + j + 2i. Then there is a g-bridge B’ with
L g[)_(B/] =2i—1, and we claim that 2i — 1 < 2n’—1. This will establish a contradiction
and hence the theorem.

Since r; is minimal, we see that

a+j+k+rig—@+j-)<2n—1<a+j+k+ri—(a+j-1).

So k+r_1+1<2n—1.
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We also know that ; > 2(i — 1), so combining this with the fact that k£ > 2 we see that
k +ri_1+1>2i—1. By the above equation, we get that 2i — 1 <2n—1<2n'—1. O

(’“. to Epgatj, for all j € N, ie,

hq,p(E"“.) = Epiq,j, for all j € N. This implies that /4 , also maps (¢ + 1)-
bridges to (p + a + 1)-bridges. Therefore, for every j € N, the projection of E (’1 41,
to the (¢ + 1)-st coordinate is above the critical point if, and only if, the projection
of Epyq41,j tothe p+a+ 1-st coordinate is above critical point. In other words,

clf =¢;, for all i € N and therefore, s = ¢. Thus we have proved:

Thus in both cases we get that /i, , maps E

Main Theorem Let Ty and T; be two tent maps with a nonrecurrent critical point
and with l(ir_n{[O, 1], Ts} homeomorphic to LiLn{[O, 11, 7¢}. Thent = s.

4 Appendix: Structure of the composant containing the end-
point and quasi-symmetric arcs

In this appendix we focus on the case that the inverse limit has quasi-symmetric arcs.
It is our principle aim to establish Proposition 3.8 mentioned in Section 3.2. We start
with the definition of quasi— p—-symmetric arcs.

Definition 4.1 For p,ne€Zy,n> N ,let Cp , be achain of K. Let U be an arc of
the composant C. We say that the arc U is quasi— p—symmetric if dU C E}, and for
UNE,=1{x°,....[x]} we have L,[¥'] = L,[x 7], forevery i =1,...,k—1,

Ly[x°] # Lp[)_ck] and [x*] e 61’,‘?”, where {7, is one of the two links that contain [x9].

That is to say, a quasi— p—symmetric arc A is “almost” p—symmetric:
(1) A is p—symmetric on its interior, but

(2) the boundary points of A have different p—levels even though they lie in the
same link of Cp .

Lemma 4.2 If for infinitely many p € Z, there are arcs A, C C which are quasi—
p—symmetric for Cp n , then for every q € Z+ there is an arc A4 C C that is quasi—q —
symmetric for Cy .

Proof Let g € Z and let p > g be such that C has a quasi— p—symmetric arc, U,
for Cp n. Then Lp[)_(U] = j for some j € N and if dU = {[X], [y]} then [X] € K;’N.
Clearly Lq[)_(U] =p—q+j=max{L4u]:[u] € E;NIntU} <max{Lg4[X], Ly[y]},
and, since Cp y < C4 N, we have [X] € EZ n- Thus U is quasi—g—symmetric for
Cq,N. O
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Now we provide an example of tent maps and their inverse limit spaces which contain
quasi— p—symmetric arcs for every p € Z 4.

Example Let A =ay ---aq be afinite odd word of length . Let B and G;, i € N, be
finite words of the same parity. Define a sequence of finite words D;, i € N, inductively
by D1 =aj---ag—1(1—ay)B and D; = D;_1G;—1 D;—;. Also define inductively a
sequence of finite words C;, i € N, by C; = ABG and C; = C;_1D;_1G;. Note
that C; is odd. Since D;_1G; = D;_»,G;—> D;_»G;,and all G;, i € N, have the same
parity, then D;_1G; is even, and hence all C;, i € N, are odd. Let A, B and G;,i € N,
be such that all C;, i € N, are 0 —maximal. Let y; = |C;|, for i € N. Then the sequence
(1 = (ci)ieN such that every initial part of length y; is the finite word C; is a kneading
sequence. Note that _C)l =ABG1D1G,D1G1D1G3D1G1D1G,D1G1D1Gy4--- and
this kneading sequence is prerecurrent, ie, there exists £ € N such that ) is recurrent.

o
5

ai---ag—1(1—ay)

-
RN [ |

(V]

Q +—r-q----q----4--1
0
Rl N
-}
D4

S <+—H-H----q4----4--1

Coordinate: ~ —y;j —
Figure 4: Example

Denote by K the corresponding continuum. For p,n € Z4, let Cp n be a chain
of Ky. Let j € N be such that |D | > p+n+a Let X = 0°°c1 be such
that Ly[X] =yj +a+1. Let y = O°°CJ ¢1 be such that L,[y] = « + 1. Since
x_P —yj—a—1=C;jDj--- and y_p yi—a—1 = CjCj -+ then x; = y;, forevery i <n,
i#—p—1,and x_,_; # y_,_1; see Figure 4. Therefore, the arc U between the
points [X] and [y] contains only one p—point, [Z], and Lp[z] = 1. Also, [y] € {5, and
the arc U is quasi— p—symmetric with respect to Cp 5.

Remark 4.3 Notice that if ¢; is not prerecurrent ie, if the corresponding inverse
limit K contains quasi— p—symmetric arcs for finitely many p € Z, then there is
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some P € Z 4 such that, for p > P, C does not have any quasi— p—symmetric arcs
for Cp n. Then C does not have any quasi—0—symmetric arcs for Co, ;4 p and thus
no quasi— p—symmetric arcs for all p € Z4 and n> N + P. Let S; = N + P. Then,
in the case that ¢ is not prerecurrent, for all p € Z4 and n > S, C does not have
any quasi—p—symmetric arcs for Cp .

In the next two lemmas we give a comparison of the p—levels of the boundary points
of a quasi— p—symmetric arc and its center. The next lemma is a consequence of the
nonrecurrence of 7'(1/2).

Lemma4.4 Let pnecZy andn > N. Let U be a quasi—p—symmetric arc of the
composant C with respect to Cp . Let U N Ep, = {[X°], ..., [x%]} and let I; = L,[x1].
Then for [ = min{ly, [y} we have [/, <! and [ -}/, < R.

Proof Without loss of generality we can assume that /o > /i . Therefore, I}/, < Iy
(lgy2 > lo would imply /o = [; ). So we have either lo > /5 > [} or Iy ;> <min{ly, [; }.
Assume, in order to achieve a contradiction, that /o > I/ > [;. Since X e 05 0y We
have

2) X0 L x0 K ~~-x,lf_p,
for some p < R. Since the arc between [X'] and [¥¥~!] is p—symmetric, ie, the
number of p-points of p-level /;, i # k/2,in IntU is even, then by Remark 2.12
we have

0 0 _ k k
€) X p—l+1" " Xep1 T A pp—1 7 A p1
Now (2) and (3) imply

0 0 _ .k ok

Xop—li+1" " Xn—p = X—p—f+1"" Fn—p-
On the other hand, L,[x°] =/, implies
4) x0 ex0 —o S

—p—lk+1 n—p — Clo—I+1 p+lo+n—p
and L,[xX*] = I; implies

k kK _

o) X p—li+1"""Xn—p = €1 Cpt+li+n—p-

Now (4) and (5) imply

Clo—li+1 " Cp+log+n—p = C1 " Cptl +n—p-
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Since p+ [ +n—p>n—p>n— R > R, this contradicts the assumption that the
critical point is not recurrent. Therefore, /i /, < min{/g, /;}. Since the arc between
[¥!] and [¥¥~!] is p-symmetric, then lgj2 = max{/y,..., [} and

-~ k
€L Cly—ly =1 =X pfj 41" X piy jp—1

— 40 0 =c
= X—P—lk+1 e x—p—lk/z—l = Cly—I;+1 clo—lk/z—l'

Since the critical point is not recurrent, then / — /> < R. ad

We use the nonrecurrence of 7(1/2) and T'2(1/2) to prove that the level of the center
of a quasi— p—symmetric arc is at least two lower than the levels of the boundary points.

Lemmad4.5 Let pne€Zy andn> N . Let A be a quasi—p—symmetric arc for Cp
with AN E, = {[x°],...,[x*]}. Then

Lp[*/?) < min{L,[%°] - 1, L,[¥*] - 1.
Proof Let /; = Lp[X'], and suppose tl})at Ikjp=1o—1. Leto[fo] =5 lk/21[x0] and
[£'] =& ~!k/2T1[xk]. Since there is £, such that [X¥] € £X, . then either
0 0_ .k k
X p—k/24+1 " Xn =X pkja+1" " Xn>

or there is p such that

0 0 _ Lk
X p—k/241 " Xn—p—1 = X_p—k/2+1" " Xn—p-1°
0 k
Xn—p 7 Xn—p>
0 0_ .k k
and Xn—p+1"""Xn = Xp—pt1°""Xn = €177 Cp

Therefore, either

0 0 11
Z o p U Intk/2—1 T F—p " Intk/2-1°

0 0 I
or I p  Intk/2—p—2 T F=p " Intk/2—p—2°
0 1
Zntk/2—p—1 # Zntk/2—p—1°
and ZO -..ZO —Zl .--Zl —C ..-C
n+k/2—p n+k/2—1 — “n+k/2—p n+k/2—1 — ¢1 p-

Since p < R, then p—k /2 < R. This implies that there exists Elz,?n such that [z1] € Klz,?n.
By our assumption that /x5 = lp — 1 we see that Lp[z°1=2. So ?_Op =0,. Since n
was chosen, among other things, to ensure that p—points which project to 7, in the
p—th coordinate cannot be in a link with any p—points with different levels (Remark

2.23), we have a contradiction because L p[El] #£2. ad
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In the next lemma we prove that the number of adjacent quasi— p—symmetric arcs
is bounded. This is a consequence of Theorem 2.19 which says that the number of
p—points in a p-bridge is bounded.

Lemma 4.6 Let p,n € Z4 and n > N . Then there exists an L € N such that if A
and D are arcs of the composant C with the following properties:

(1) A is quasi-p-symmetric with respect to Cp n, AN E, = {[X°],..., [x*]}, and
A does not properly contain any quasi— p —Symmetric arcs.

(2) DNE,={Z",..., [Z9]} and there exists j € {0, ...,d—k}, such that [/ T1] =
[X{], fori =0, ..., k, ie, the arc between [z/] and [27F¥] is A.

(3) [z/tk e 81’,‘?”, forl € 7 such that 0 < j +lk < d and for some K;‘?n.

(4) L[zl !+ =L %], fori €{l,...,k—1} and [€Z such that 0<j+1k+i<d.
Thend/k < L.

Note that (3) and (4) imply that the arc A; between [Z/1T4] and [z/FHU+Dk] jg
quasi— p—symmetric and FP(Int 4;) = FP(Int A). Also d/k is the number of quasi—
p—symmetric arcs A; contained in D.

Proof Since A4 is quasi— p—symmetric, then /i, > L [x'], forevery i €{1,..., %—1}
and g/ < min{Lp[)_co] -1, Lp[)_ck] —1}. Therefore, §%/271(4) is contained in a
p-bridge, ie, &kl (A) doesn’t contain any p—point with zero p-level. Since D
satisfies (3) and (4), @ ~%/271(D) is contained in the same p-bridge as 5 /k/271(4).
Denote this p—bridge by B. Note that [y'] = 5 /k/2=1([z/+!k]) € B, for every [ € Z
with 0 < j +/k < d. But the number of p—points of a p—bridge is limited by Theorem
2.19. Let us denote by L the largest number of p—points of a p—bridge. Although
the arc D contains more p—points then the arc 5/k/2=1(D), the number d/k of
p—points of D contained in links which contain [x°] is less than or equal L. ad

Remark 4.7 Note that, by Theorem 2.19, L, [7']< M, forall | € Z with 0 < j +1k <
d and [7'] # [x®B], where [y!] = /271 ([z7+!¥)) as in the proof of Lemma 4.6.
Therefore, there exists an S, > N such that for all arcs A and D which satisfy (1)—(4)
of Lemma 4.6, the following holds: There are at most two points [z%],[z°]€ DN E p
such that the arc between them is quasi— p—symmetric with respect to C, s, . Since for
all n >S5, Cp,n < Cp,s, this property holds for all larger 7.

Note also that [Z9] and [2?] have the following property: For one of them, let’s say
[29], we have [z9] = &/k/2+1([¥B]), and for the other one, let’s say [Z”], there exists /
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such that [22] = &%/2+1([7']) and Lp[_l] < M . Therefore, there exists some S3 > .S,
large enough so that whenever two points, [#] and [v], are boundary points of a quasi—
p-symmetric arc, then |L,[u] — Lp[v]| > M.

Let S = max{Sy, S,,S3}, where S is defined in Remark 4.3 for 7, which is not
prerecurrent.

Recall that the main result of this Appendix, Proposition 3.8, addresses the 4, ,—image
of a quasi—g—symmetric arc. One thing which is apparent about quasi—g—symmetric
arcs is that they are g-link-symmetric, and so it is simple to see that their images are
p-link-symmetric. So now we turn our attention to properties of p—link-symmetric
arcs.

In the next lemma we prove that every p-link-symmetric arc 4 is “almost” p—
symmetric, ie, there exists at most one link which contains a pair of p—points of
A that have different p-levels.

Lemma 4.8 Let p,n € Z4 and n > S. Let A be an arc such that AN E
{°L....[» ) ....[p¥]} and [y/ "] e Ey1+ foralli € {1,...,j}. Then there is at
mostone k < j such that Lp[_/ —k1 £ Lp[yf+k]

Proof For each i let /; = Lp[fi]. By Lemma 4.4 if [;_y <j then [; 1 =1[;_;.
Choose k < j.If [;_; <l; forall i <k then by the same lemma we get that /;_; =/; ;.
Suppose that k is minimal such that /;_; > /;. Then we also have that Livk > 1.
So we have that forall i <k, [j_; =1lj4; < I], and [/ K] e Ey It is easy to
see that /;_y # lj ;. Let G be the arc with 3G = {7k, [y1+k]} Then G is
quasi— p—symmetric.

Assume without loss of generality that /; yx > [;_x. Then, [jx —1; —1> M, by
Remark 4.7. Hence & /i—1[3/1k] is the center of some p—bridge, B, containing
L= [p7=*]. Since B is p-symmetric around its center &% ~'[3/1¥], there is
a p-symmetric arc H with dH = {54 ~'[3/=k], 54 ~1[37+3]}. Then consider
LU+ (H) = H'. This H' is a p—symmetric arc with dH’ = {[y/ %], [/ +3k]} and
with center [7/1X]. This implies that li—k =ljysk, lj = 4o, and [; < 1j y for all
i, j—k <i =< j+3k. Thus we have:

(1) foralli, 1 <i<k,lj—;j=1j4+; <l[j and

(2) for all i,1<i §2k, lj-i—k—i =ljtk+i-
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Hence for all i suchthat j —k <i < j+k or j+k <i < j+3k wehave [; </;.

Suppose there is a k, >k such that /;_j, > /; and [7/ 71 e ZIJ,’;,:” forall i €40, ..., k5}.
Suppose further that k, < 3k. Then [3/T*2] € 5li+1(H) which is a symmetric arc
with center of symmetry [37/ T4]. Then lj+k, <1Ij and hence [j g, = lj 4k, <;.

Next Suppose that k, > 3k. Then [/ 3] e ngnﬂk sand [;_p =1lj13. So [/ ke
E;,],,Jr‘k and [/ 4] efyH . Since n> S we haveeither [;_s3p =1; g orl; 3, =1; 1.
Either way we get a contradlction because this will lead to an arc with boundary points
with the same p-level but all of the interior p—points will have lower level. |

In the next lemma we show that symmetry around the boundary point of a quasi—p—
symmetric arc with lower level cannot be extended “too far”.

Lemma 4.9 Let p,n€ Z4 andn > S. Let A be a quasi—p—symmetric arc with
ANE, ={x,..., [x*]} and Lp[x°] > Lp[fk]. Let j be the largest number such
that L,[x**] = L,[x*] foralli €{0,...,j}. Then 0 < j <k.

Proof Since L,[x°] > L,[x¥], then L,[x°]> L,[x'] forall i € {l,...,k}. Assume
by contradiction that j > k. Then the arc D between [x°] and [x2K] is p—symmetric
and for its center of symmetry [X¥] we have L p [X¥]< L p[X°1=L, [x2], a contradic-
tion. Therefore, Lp[)?k+i] = Lp[)_ck_i] forall i €{0,...,j} implies j < k. O

Finally we prove Proposition 3.8 that for every quasi—g—symmetric arc A’ of C’, the
arc hg,p(A’) is not p—symmetric.

Proof of Proposition 3.8 Let A’ be a quasi-g—symmetric arc, and let A" N E;, =
{xX°L....[x,]}. Let A =hy p(A"), and let AN E, = {{7°],....[7']}. We want to
prove that the arc hg,,(A’) is not p—symmetric, or more pre01sely that there exists an
r, 0 <r <I,suchthat L,[y"]# L,y[¥'~"].

Without loss of generality we can assume that Lg4[X 01> L glx’ k1. Let j be the largest
number such that L,[x'**1] = L,[¥’*77], forall i € {0,..., j}, and Ly[¥'kT/+1] £
L4[X"*=/=1]. Then, by Lemma 4.9, we have 0 < j < k.

(1) Suppose that k/2 < j < k. Assume by contradiction that A" is mapped to a p—
symmetric arc, ie, L[] = L[] fori €{0,...,1}. Slnce L JX*T = LX)
fori € {1,...,j}, then by Lemma 3.6 we have [yl+’] € Ey "foralli e{l,...,a},
where « is such that hy ,((X**T7]) = [y/+9]. Obv1ously we have //2 < a < [;
see Figure 5. Since A is p-symmetric, Ly[7'/?] > L,[7'] and hence L,[7'/?] #
Lp[)73l/2]. This fact together with Lemma 4.8 implies that L,[y Pt = Lyly 1=
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g —symmetric

x/k—j x/k+ Jj
x/—k/z i x/k/z x/3k/2 i
x/—k /0 x/k
—_———
quasi—g—sym
¢ —symmetric
h‘IyP
p-link-symmetric
yl_“ quasi— p—sym yl+”
——
—1/2 i 1/2 3/ ZL
Y " M
— O — & —O—— 0 ———O———0—
-1 0 l 21
y Y Y y
~———
p-sym
59-8
p-link-symmetric
5—lo—1 l T Flo+1
Z0 Z1 Z2
h/ G ©
D8 Z—l Z3
4
1—d/2 rd/2 13d/2
v » 3
— O — @& — 6O — @& —O— 00—
1—d 0 rd r2d
y ¥ Y y

Figure 5: The configuration in part (1) of the proof of Proposition 3.8
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forall i € {1,...,a}, i # 1/2. Therefore, the arc between [3'/2] and [7>//?] is
quasi— p—symmetric.

By Remark 4.7 L4[X¥"°]—L,[x'*]> M and hence L,4[X'~!]= L,[X"]forie{l,... k}.
Therefore, by Lemma 3.6 we have [y /] € Egj:n for i € {lI,...,l}. Again, since
L,[¥"/2] # L,[y7!/?], Lemma 4.8 implies that L[y "] = L,[¥'] for i € {1,...,1},
i #1/2. Therefore, the arc between [y—!/2] and [y!/?] is also quasi— p—symmetric
and by Remark 4.7 Lp[fl/z] > Lp[f_l/z] = Lp[)73l/2].

Let /; = Lp[¥']. Let D be the arc from [7~1/2] to [73!/2]. Consider the arc ~0~1(D).
Let [2°] =& o~ 1[3~1/2], [2'] = 5/~ [3!/2] and [22] = 510~ '[33!/2]. The folding
pattern of ~0~1(D) is

I_ija—lo—1 lija—lo—1 lyyp—lo—1.

Let [z7!] be the p—point immediately before [z°] and let [Z®] be the p—point im-
mediately after [Z2]. By Lemma 4.5 we have [y —1lo—1#0# 13112 —ly—1.
Therefore, [z7'],[2°],[Z!], [2%], [Z°] all belong to the same p-bridge, say B. Since the
arc between [y—!/2] and [7'/2] is quasi— p—symmetric, then by Remark 4.7 we have
l1j2—1o > 112 —1_j/2 > M . This implies Ly(zh)= l1j2—lp—1>= M and by Theorem
2.19, [z'] is the center of B, ie, the arc B between [Z7!] to [23] is p-symmetric;
see Figure 5. Then &/0T1(B) is p—symmetric with center 0+1[z'] = [7*/2]. Since
I_; = Iy, then [y~!] € /o1 (B). Therefore, 50F1(B) contains [y?] and Lp[J_/ZI] =
Lp[7]= Lp[3° = Lp[77"].

Now let G be the arc from [y~] to [y?/]. The arc G is p—symmetric with center
of symmetry [y/?]. Let G' = hy, ¢(G), and let G' N E, = {79, ....[5}.
By construction and by Lemma 3.6 we see that [77~¢] = [x'~K], [(7~4/2] = [x'~*/2],
[)7/0] — [)_C/O], [y/d/Z] — [)—C/k/Z]’ [}_/d] — [)_C/k], [J7/3d/2] — [)_C/3k/2], and [}_/Zd] — [)_C/Zk].
Since G is p—symmetric, by Lemma 3.6 we have [774/211] ¢ %1:/2—1 for all i €
{1,...,3d/2}. Since Ly[X"°]# L4[X'*], then Lg[77°]# L¢[7?], and this fact together
with Lemma 4.8 implies that Lg[774/271] = Lg[774/2% ] for i € {1,...,3d/2}, i #
d/2. Particularly, Lg[y"¥+] = Lg[y"~'], for every i € {1,...,d}. Since the arc
between [x' %] and [¥’¥] is g—symmetric, then the arc between [y'~¢] and [y"¢] is
g—symmetric. Since the arc between [¥°] and [x'¥] is quasi—¢—symmetric, then the
arc between [77°] and ["¢] is quasi—g —symmetric Therefore, Lg[y"?1/] = L [77¢77],
forevery i € {1,...,d — 1} and every g—point between [7?] and [77%4] has a lower
g-level than [779]. But Lg[y"?] = L4[7"?9], a contradiction.

(2) Now suppose instead that j < k/2. Again we suppose for contradiction that A’
is mapped to a p—symmetric arc 4, ie, Lp[)7i] = Lp[fl_i] fori €{0,...,/}. Since

j < k/2, there is some a < [/2 with hq,p[)_c’k"'j] =[p'*9] and [y' 1] € K;,’H for

n
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i€{l,...,a}. Since Ly[¥']= Ly[x"] forallie{l,...,k} we seethat [y~ ’]EZ
forall i € {1,...,/}, and by Lemma 4.8 this implies that Lp[y~'1 = L,[y'] for all
ief{l,....1l} except for i = 1/2 So the arc from [y!/2] to [7"/?] is quasi—p—
symmetrlc Smce [yt e Ey fori €{1,...,a}, and Lp[fl_i] <L [)7 ] for every
iefl,. —1}, by Lemma48and Lemma44we see that Lp[yl'“]— ply Tiand
fori € {1, ...,a}. Now we have two subcases:

(a) LP[J_’I/Z] > Lp[J_’_l/z]’
(b) LP[J_)_I/Z] > Lp[yl/z]-

Suppose that we are in case (a). Then 5_10_1[)7[ / 2] is the center of some p—bridge
which contains & o—1 [)7_1 / 2], and by the same argument as given in case (1) we see
that L p[fl =L, [724]. This again yields a contradiction.

Suppose that we are in case (b). Then §—lo—1 [J_/_l / 2] is now the center of a p—bridge
which contains 01 [/2]. Since L,[7"/2*] < L,[p"/?] foralli e{l,...,1/24a},
this p—bridge will also contain & /0~ 1[ y!14]. So the boundary points of this p—bridge
extend past & /0~1[372/79]. Since the center of the symmetry of the /01 image
of this bridge is [y /2] we see that Lyly y 2 = Lp[y |. By considering /), , of this
arc we will reach the same contradiction as in case (1) but this time with [ y/ “2d ] and
[—/d ]. 0

Note that the above proof also shows that the following corollary holds:

Corollary 4.10 For every quasi—q—symmetric arc A" of C’, the arc hg, ,(A’) is
quasi— p —symmetric.
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