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A classification of inverse limit spaces of tent maps
with a nonrecurrent critical point

BRIAN E RAINES

SONJA ŠTIMAC

In this paper we prove the nonrecurrent case of the Ingram conjecture by showing that
if Ts and Tt are two tent maps with nonrecurrent critical points then lim

 �
fŒ0; 1�;Tsg

is homeomorphic to lim
 �
fŒ0; 1�;Ttg if and only if s D t .

37B10; 37B45

1 Introduction

Inverse limits of unimodal maps arise naturally in many different settings; see Barge
and Martin [7]. They appear in discussions of the topology of one-dimensional non-
hyperbolic attractors such as the Hénon attractor as in Barge and Martin [8], Barge and
Diamond [3] and Bruin [13]. They arise as substitution tiling spaces (see Anderson and
Putnam [1], Barge and Diamond [5] and Barge, Jacklitch and Vago [6]) and recently
they have been studied in connection with certain models from macroeconomics (see
Kennedy, Stockman and Yorke [22; 21] and Medio and Raines [23; 24]).

A driving problem in the theory of unimodal inverse limit spaces is that of characterizing
the inverse limit space in terms of the dynamics of the associated bonding map. In
1992, W T Ingram stated the following conjecture:

Let T and T 0 be tent maps. Then lim
 �
fŒ0; 1�;T g is homeomorphic to lim

 �
fŒ0; 1�;T 0g if,

and only if, T D T 0 .

This conjecture has received a significant amount of attention in the last sixteen years,
with many special cases being established. Notably, in 1995 Barge and Diamond [4]
proved the Ingram Conjecture in the special case that the tent maps were one of the three
maps with a critical point on a period five orbit. Bruin [14] and Swanson and Volkmer
in [30] extended their results. In 2003 Kailhofer [19; 20] proved the Ingram conjecture
in the special case that the critical orbit is periodic (see also Block, Jakimovik, Kailhofer
and Keesling [10]). More recently Štimac [29] proved that the Ingram Conjecture is
true in the case that the critical orbit is finite (either periodic or preperiodic) (details for
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the periodic case were given in Štimac’s thesis [27]). Thus in the case that T is a tent
map with a finite critical orbit, it is known that Ingram’s Conjecture is true. Hence for a
countable collection of parameter values, Ingram’s Conjecture has been verified. These
spaces have many features in common. Each of them is locally almost everywhere the
product of a Cantor set and an open arc. They each have only finitely many points
where this local structure is not present (either at a finite collection of folding points
by Bruin [14] in the case that the critical orbit is preperiodic, or a finite collection of
endpoints by Barge and Martin [9] in the case that the critical orbit is periodic), and
every proper subcontinuum is an arc or a point. A folding point is any point, x , in
the inverse limit space with the property that its n–th coordinate, xn , is in !.1=2/
for all n 2N ; see Raines [25]. Alternatively, x is a folding point in the inverse limit
space provided there is no neighborhood of x that is homeomorphic to the product of
a zero-dimensional set and an arc.

Several papers have also been written studying the structure of these inverse limits
without the assumption that the critical orbit is finite; see Brucks and Bruin [11],
Bruin [15], Good, Knight and Raines [17] and Good and Raines [18] for the case that
the critical orbit is not dense, and see Barge, Brucks and Diamond [2] for the case that
the critical orbit is dense. A natural subdivision of the remaining case of the Ingram
Conjecture is into the case that the critical point is recurrent and the case that the critical
point is nonrecurrent. In the case that the critical point is recurrent the topology of the
inverse limit can be quite complicated. It can have subcontinua like sin 1=x curves
or other tent map inverse limit spaces [11] or it can even have the property that every
neighborhood contains a copy of every tent map inverse limit space [2].

We consider the case that the critical point is nonrecurrent but has an infinite orbit. This
implies that the bonding map is long-branched and that critical !–limit set is infinite.
Moreover these spaces have only arcs and points as proper subcontinua, but they have
infinitely many folding points and only one endpoint. The collection of inverse limit
spaces generated by tent maps with a nonrecurrent critical point includes the tent map
inverse limits with countably many folding points (such as those described in [17]) and
also many with an uncountable collection of folding points (such as those described
in [18]).

1.1 Our approach

In the rest of the paper we adopt a symbolic description of these inverse limit spaces,
and we use the symbolic description solely in all of our proofs. For that reason in this
subsection we give a brief heuristic account of our approach to the proof of Ingram’s
Conjecture. We use this symbolic approach to describe some of the structures found in
composants of these spaces in [28] and [26] which we use extensively in this paper.
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Let s; t 2 .
p

2; 2� be two parameters such that Ts and Tt are tent maps with nonrecurrent
and non-preperiodic critical points. Let Ks denote lim

 �
fŒ0; 1�;Tsg and let Kt denote

lim
 �
fŒ0; 1�;Ttg. Suppose there is a homeomorphism hW Kt !Ks . Let C �Ks be the

composant of Ks which contains the unique endpoint .: : : ; 0; 0; 0/ for Ks , and let
C 0 �Kt be the composant which contains the unique endpoint .: : : ; 0; 0; 0/ for Kt .
Then h.C 0/D C .

We let N stand for the positive integers and ZC DN [f0g. We begin by describing
countably many coordinate schemes on each of these composants. We define them by,
given p 2 ZC ,

Ep D C \

� 1[
nDp

��1
n .1=2/

�
;

and given q 2 ZC ,

E0q D C 0\

� 1[
nDq

��1
n .1=2/

�
:

We call the points in Ep p–points. Similarly, we call points in E0q q–points. Given
p; q 2 ZC , then each collection can be stratified into levels by saying, for x 2Ep , the
p–level of x is Lp.x/D k if, and only if, x 2 ��1

pCk
.1=2/ and, for each x0 2E0q , the

q–level of x0 is Lq.x
0/D k if, and only if, x0 2 ��1

qCk
.1=2/, where k 2 ZC . Notice

that each set, ��1
pCk

.1=2/ is a Cantor set plus a countable set (due to the inclusion
of the composant C ) of points in Ks ; however we restrict this set to only the one
endpoint-composant where it is a countable collection of points that are isolated with
respect to the “arclength” topology on that composant.

We then describe “canonical” chainings of these inverse limits in terms of cylinder sets
given by the symbolic representation of the space. Each of these chainings have two
parameters, ie, for p 2 ZC and n 2N we have a chaining Cp;n . We show that given
a chaining Cp;n of Ks , there is a q 2 ZC , m 2N , and a chaining C0q;m of Kt , such
that h.C0q;m/ refines Cp;n and such that every one of our coordinate points in C 0 with
q–level greater than zero is mapped into an arc component of a link of Cp;n which
contains a unique coordinate point in C with p–level greater than zero. This allows
us to “redefine” the homeomorphism hW Kt ! Ks to a map hq;pW C

0 ! C that is
“pseudohomotopic” to h. We accomplish this by “scooting” the image of the q–points
with q–level greater than 0 to line up precisely with the p–points which have p–level
greater than 0. We then extend the map between the q–points in a monotone manner to
get hq;p defined on the entire composant C 0 , and then show that hq;p is both injective
and surjective. Since our main concern for hq;p is that it maps q–points to p–points in
a regimented manner, we do not check if there is a homotopy H W C �Œ0; 1�!C from h

to hq;p . But the construction of hq;p is reminiscent of a homotopic transformation of h.
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For this reason we informally refer to hq;p as a “pseudohomotopic to h” rather than
homotopic. We also show that hq;p maps all the q–points in C 0 with the same q–level
to p–points in C with the same p–level. This allows us to show that, restricted to our
coordinate scheme, hq;p is a conjugacy between the induced shift homeomorphism on
Kt and some iterate of the induced shift homeomorphism on Ks . This leads then to
the proof of our Main Theorem: Ks and Kt are not homeomorphic if s ¤ t .

1.2 Outline

In Section 2 we collect the preliminary definitions and background information required
for the rest of the paper. We recall the symbolic representation of these inverse limit
spaces given by Brucks and Diamond [12]. We give our definitions of the collection of
identification points (which we call p–points or q–points depending on the context),
and of canonical chainings (which we call Cp;n ).

In Section 3 we begin a description of the structure of the composant containing the
endpoint related to these chainings. We follow that with a discussion of how h maps
the identification points, and we construct a map hq;p that is “pseudohomotopic” to h

but that sends our identification points from Kt to identification points of Ks and
is monotone between these identification points. We show that hq;p is a conjugacy
between the induced shift maps restricted to the collection of identification points in the
composant containing the end point. Then we use this fact to prove our Main Theorem.

We end the paper with a technical Appendix where we collect many of the results
regarding the finer structure of the endpoint composant.

2 Preliminaries

Let N be the set of natural numbers f1; 2; 3; : : : g and ZC be the set of nonnegative
integers f0; 1; 2; : : : g. We consider the family of tent maps parameterized by s 2

.
p

2; 2�,

Ts.x/D

�
sx; if 0� x � 1=2;
s.1�x/; if 1=2� x � 1;

with critical point 1=2. Let Ks denote the inverse limit of Ts , ie,

Ks D lim
 �
fŒ0; 1�;Tsg D f.: : : ; ��3; ��2; ��1/ 2 Œ0; 1�

N
W ��i D Ts.��i�1/g:

Throughout this paper we assume that the parameters are chosen so that the maps we
consider have a nonrecurrent critical point, ie, 1=2 62 !.1=2/. This implies, among
other things, that the tent maps we consider are long-branched:
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Definition 2.1 The map f W Œc; d �! Œc; d � is long-branched provided there is some
ı > 0 such that, for each n 2N , if Œa; b� is a maximal interval of monotonicity for f n

.a monotonic branch of f n / then jf n.a/�f n.b/j � ı .

The spaces we consider all have a single endpoint x0D .: : : ; 0; 0/.

Definition 2.2 A point x 2 Ks is called an endpoint if for any two subcontinua
A;B �Ks such that x 2A\B , we have either A� B or B �A.

Since lim
 �
fŒ0; 1�;Tsg D lim

 �
fŒ0; s=2�;TsjŒ0;s=2�g and TsjŒ0;s=2� is surjection, from now

on, we will work with the restrictions TsjŒ0;s=2� . Note that TsjŒTs.s=2/;s=2� is locally
eventually onto:

Definition 2.3 Let f W Œc; d �! Œc; d �. We say that f is locally eventually onto .or
l.e.o./ provided that for every open set U � Œc; d � there is some integer n such that
f n.U /D Œc; d �.

The interval ŒTs.s=2/; s=2� is called the core of the map Ts . Notice also that for each
0< � < s=2 there exists an integer n such that T n

s .�; s=2�D ŒTs.s=2/; s=2�.

Now we recall a symbolic representation of the inverse limit space Ks provided by
Brucks and Diamond in [12]. Since we will work with several types of sequences, to
avoid confusion, we denote:

� left-infinite sequences by  �x D .x�i/i2N D � � �x�3x�2x�1 ,
� right-infinite sequences by �!x D .xi/i2ZC D x0x1x2 � � � ,
� bi-infinite sequences by xx D .xi/i2Z D � � �x�2x�1x0x1x2 � � � .

If AD a0 � � � ak is a finite sequence, �!x D .xi/i2ZC and  �y D .y�i/i2N , then

An�!x D a0 � � � ak � � � a0 � � � ak„ ƒ‚ …
n times

x0x1 � � � ;

 �y An
D � � �y�2y�1 a0 � � � ak � � � a0 � � � ak„ ƒ‚ …

n times

and  �y �!x D � � �y�2y�1x0x1 � � � .

Definition 2.4 For every point � 2 Œ0; s=2� an itinerary of � under the map Ts is a
right-infinite sequences of zeros and ones �!x .�/D�!x D .xi/i2ZC 2 f0; 1g

ZC , where

xi D

�
0 ; T i

s .�/� 1=2 I

1 ; T i
s .�/� 1=2 :
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Note that every point � 2 Œ0; 1� has at most two itineraries and the points which have
two itineraries are the preimages of the critical point. The kneading sequence of the
map Ts , denoted by �!c1 D .ci/i2N , is the itinerary of Ts.1=2/D s=2. Note that for
i 2 N , �!ci D ciciC1ciC2 � � � is the itinerary of T i

s .1=2/ and that the itinerary of the
point 0 is

�!
01 D 000 � � � .

Since 1=2 is a nonrecurrent critical point, there exists a number R such that c1 � � � cR¤

ciC1 � � � ciCR , for every i 2N , and such that R is minimal with respect to this property.

Definition 2.5 A sequence �!x 2 f0; 1gZC is called allowed .with respect to Ts / if
there is some point � 2 Œ0; 1� such that �!x is the itinerary of � under the map Ts .

By Theorem II.3.8 in [16], �!x is allowed if and only if
�!
01 ��!x and �k�!x ��!c1 , for

every k 2 ZC , where � is the one-sided shift ie, �..xi/i2ZC/D .xiC1/i2ZC , and �
is the parity-lexicographic ordering on sequences. Let XCs be the set of all allowed
sequences �!x 2 f0; 1gZC ,

XCs D f
�!x 2 f0; 1gZC W �!x is allowedg:

The metric d on the space XCs is given as follows: For two sequences �!x D .xi/i2ZC

and �!y D .yi/i2ZC , let

d.�!x ;�!y /D

�
0; if �!x D�!y ;
2�k ; if k Dminfj 2 ZC W xj ¤ yj g .

The one-sided shift � W XCs !XCs is continuous with respect to this metric. Define an
equivalence relation � on XCs as follows:

�!x ��!y

if either

(1) �!x D�!y or

(2) there exists m 2 ZC , such that
(a) x0x1 � � �xm�1 D y0y1 � � �ym�1 ,
(b) xm ¤ ym and
(c) �!x mC1 D xmC1xmC2 � � � D ymC1ymC2 � � � D

�!y mC1 D
�!c1 .

Let Œ�!x � denote the equivalence class of �!x in the quotient space XCs =�. If Œ�!x � 2
XCs =� and there exists �!y 2 Œ�!x � with �!y ¤�!x , we will write, for simplicity,

Œ�!x �D x0x1 � � �xm�1

0

1
�!c1:
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The mapping � W XCs =�! Œ0; s=2�, given by �Œ�!x � D � if �!x is an itinerary of the
point � , is a homeomorphism, and �.z�.Œ�!x �//D Ts.�.Œ

�!x �//, for every Œ�!x � 2XCs =�,
where z� W XCs =�!XCs =� is given by z�.Œ�!x �/D Œ��!x �. For this reason, we will often
identify Œ0; s=2� and XCs =�.

For a bi-infinite sequence xx D .xi/i2Z , we denote the right-infinite sequence (also
called a right tail of xx ) xj xjC1xjC2 � � � by

�!xj D xj xjC1xjC2 � � � :

Definition 2.6 A bi-infinite sequence xx 2 f0; 1gZ is called allowed .with respect to
Ts /, if all of its right tails �!xj are itineraries .with respect to Ts /.

This is equivalent to assuming that for every right tail �!xj , j 2 Z, we have
�!
01 �

�!xj and �k�!xj �
�!c1 , for every k 2 ZC . Let

Xs D fxx 2 f0; 1g
Z
W xx is allowed with respect to Tsg

denote the space of all bi-infinite allowed sequences with respect to Ts .

The metric d on the space Xs is given as follows: Let xx; xy 2 Xs , xx D .xi/i2Z ,
xy D .yi/i2Z . If xx ¤ xy , let k Dminfjj j W j 2 Z; xj ¤ yj g. Then

d.xx; xy/D

�
0; if xx D xy;
2�k ; if xx ¤ xy.

The shift map � W Xs!Xs given by

.� xx/i D xiC1;

for every i 2 Z, is a homeomorphism. Define an equivalence relation � on the space
Xs as follows: Two sequences xx; xy 2Xs , xx D .xi/i2Z , xy D .yi/i2Z , are equivalent,

xx � xy

if either

(1) xx D xy , or

(2) if there is k 2 Z with
(a) xi D yi , for i < k ,
(b) xk ¤ yk and
(c) �!xkC1 D

�!ykC1 D
�!c1 .
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By [12, Theorem 2.5] there is a homeomorphism hW Xs=�!Ks such that h.z�.Œxx�//D
yTs.h.Œxx�//, for every Œxx� 2Xs=�, where z� W Xs=�!Xs=� is given by

z�.Œxx�/D Œ� xx�

and yTsW Ks!Ks is given by

yTs.: : : ; ��3; ��2; ��1/D .: : : ; ��2; ��1;Ts.��1//;

ie, the maps z� and yTs are conjugate. Note that the maps z� and yTs are homeomorphisms.
We will often identify Ks and Xs=�. If there is a sequence xy 2 Œxx� with xy ¤ xx , it is
unique, and we denote it by xx� D .x�i /i2Z . If there is no such xy 2 Œxx� with xy ¤ xx ,
we put xx� D xx . Let �j W Xs=�! Œ0; s=2�, j 2 ZC , be the projection on the j –th
coordinate, ie,

�j Œxx�D �.
�!x�j /;

where �.�!x�j /D � if �!x�j is an itinerary of the point � .

For a bi-infinite sequence xxD .xi/i2Z , we denote the left-infinite sequence (also called
the left tail of xx ) � � �xj�2xj�1xj by

 �xj D � � �xj�2xj�1xj :

Definition 2.7 A left-infinite sequence  �x D .x�i/i2N is allowed if for every k 2N ,
there exists an itinerary, such that its initial segment of length k is the finite sequence
x�k � � �x�1 .

Note that if xx is allowed, then all of its left tails  �xj are allowed. Each left-infinite
allowed sequence  �x D � � �x�3x�2x�1 corresponds to an arc, but we can also say that
it describes one arc component in Ks since two sequences  �x and  �y describe the
same arc component if and only if they have a common left tail [12, Corollary 2.10].
So, the arc component described by �x is the set of allowed bi-infinite sequences whose
left tail eventually coincides with  �x .

Let  �a D � � � a�3a�2a�1 be allowed and let n 2 ZC . The set

An
 �
a
D fŒxx� 2Ks W 9xx 2 Œxx�;

 �x�n D
 �a g

is an arc, and we call it a basic arc.

Let  �y be a fixed left-infinite allowed sequence,  �y D � � �y�3y�2y�1 , and let C 0 be
the corresponding arc component in Ks . Let An

 �
v

be some basic arc contained in C 0 .
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Then either

(1)  �v�1 D
 �y�n or

(2) there is some k 2N with
(a) v�k ¤ y�n�kC1 and
(b)  �v�k�1 D

 �y�n�k .

In the first case we write only An instead of An
 �
v

or An
 �
y�n

. In the second case, k > 0,
we write only An

v instead of An
 �
v

, where we take v to be the initial segment of  �v that
disagrees with  �y , ie, v D v�k � � � v�1 , and we have that  �v�k�1 D

 �y�n�k .

Before we can describe an ordering on the arc component C 0 that has as its repre-
sentative the left-infinite allowed sequence  �y , we must first give an indication as to
the “orientation” of the basic arcs in C 0 . It will be evident that this orientation on C 0

is dependent upon  �y , and there are many possible choices for  �y . However, once a
representative left-infinite allowed sequence has been chosen for an arc component, we
can define an orientation. To begin, for n 2N , let

P .n/D card f i W y�i D 1; 1� i � ng:

If nD 0, let P .0/D 0. A basic arc

An
D fŒxx� 2Ks W 9xx 2 Œxx�;

 �x�n D
 �y�ng

is called even if P .n/ is even and it is called odd if P .n/ is odd. An arc An
v , where

v D v�k � � � v�1 , v�k ¤ y�n�k , is called even if

.�1/P.nCk/
D

kY
iD1

.�1/v�i

and it is called odd if

.�1/P.nCk/
¤

kY
iD1

.�1/v�i :

In this case the parity of the arc depends on the initial segment of the left-infinite
sequence  �v that disagrees with  �y and determines An

v .

Note that if two basic arcs An
 �
v

and An
 �
u

are adjacent, ie, if two basic arcs An
 �
v

and
An
 �
u

have a common boundary point, then  �v and  �u disagree in only one coordinate.
Therefore, for any pair of adjacent basic arcs of the arc component C 0 , one of them
is even and the other one is odd with respect to the previously defined orientation.
On the other hand, if Œxx�; Œxy� are boundary points of An

 �
v

and Œxy�; Œxz� are boundary
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points of An
 �
u

, then �!x�n �
�!y�n if and only if �!z�n �

�!y�n (by � we mean the parity-
lexicographic ordering on sequences).

We now introduce an ordering on the arc component C 0 with representative �y denoted
by � and called generalized parity-lexicographical ordering, as follows: For Œxx�; Œxz� 2
C 0 , let

k D k.Œxx�; Œxz�/Dmaxfi 2N W x�i ¤ y�i or z�i ¤ y�ig:

If x�i D y�i and z�i D y�i , for all i 2N , xx 2 Œxx�, xz 2 Œxz�, let k D 0. We say that
xx � xz if either

(1) .�1/P.k/x�k < .�1/P.k/z�k or

(2) there exists l > �k , such that
(a) xi D zi , for �k � i < l and
(b) .�1/P.k/"xl < .�1/P.k/"zl , where

"D

l�1Y
iD�k

.�1/xi D

l�1Y
iD�k

.�1/zi 2 f�1; 1g:

We say that Œxx�� Œxz� if xx � xz or xx D xz .

Let us explain the geometrical meaning of the above formula in an example.

Example For simplicity, let us consider the composant C containing the endpoint Œx0�.
Let C be described by the left tail

 �
01 . Since every kneading sequence starts with 10,

and since 00� 01� 11� 10, the following holds: The left tail
 �
01 represents the basic

arc A1 D A1
���00

containing the endpoint Œx0�. The adjacent basic arc A1
1
DA1

���001
is

represented by the left tail
 �
011. The next basic arc is A1

���0011
DA1

11
represented by

the left tail
 �
0111, and the fourth basic arc A1

���0010
DA1

10
is represented by

 �
0110;

see Figure 1.

The basic arc A1 is even since we chose the left tail which represents A1 as a represen-
tative of the composant. Also, since the composant is described by

 �
01 , then P .n/D 0

for every n 2N . The basic arc A1
1

is odd since P .1/D 0 and .�1/0 ¤ .�1/1 . The
arc A1

11
is even since P .2/D 0 and .�1/0 D .�1/1.�1/1 . The arc A1

10
is odd since

P .2/D 0 and .�1/0 ¤ .�1/0.�1/1 .

Let Œxx1�; Œxx2�; Œxx3� 2C be chosen such that A1\A1
1
D fŒxx1�g, A1

1
\A1

11
D fŒxx2�g and

A1
11
\A1

10
DfŒxx3�g; see Figure 1. According to the definition of the generalized parity-

lexicographical ordering, we have Œx0� � Œxx1� because A1 is even and
�!
0 �1 �

�!x 1
�1

.
Moreover, for every pair of points Œxy�; Œxz� 2A1 , if �!y �1 �

�!z �1 then Œxy�� Œxz�.
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rŒx0� A1

A1
1

�
�rŒxx2� A1

11

�
r Œxx3�A1
10

��r

Figure 1: Example

Next notice that Œxx1�� Œxx2� even though �!x 2
�1
�
�!x 1
�1

because the basic arc containing
them, A1

1
, is odd. It is also the case that for every pair of points Œxy�; Œxz� 2 A1

1
if

�!y �1 �
�!z �1 then Œxz�� Œxy� again because this arc is odd.

Proceeding, we see that for any two points Œxy�; Œxz� 2 C there is an n 2N and a finite
word v such that Œxy�; Œxz� 2An

v , a basic arc. As above, if An
v is even and �!y �n �

�!z �n

then Œxy�� Œxz�. If instead though An
v is odd and �!y �n �

�!z �n then Œxz�� Œxy�.

If C 0 is an arc component which does not contain the endpoint, there exists an order-
preserving bijection � between the real line, endowed with its natural order, and C 0 ,
endowed with the ordering �. For the composant C containing the endpoint Œx0�, there
exists an order-preserving bijection ' between the half line, endowed with its natural
order, and C , endowed with the ordering �. Therefore, the ordering � is natural.
Note that � and ' are continuous, the inverse of � is not continuous, whereas the
inverse of ' is continuous.

In this paper we focus on the distinguished composant containing the unique endpoint
Œx0�D Œ� � � 00:00 � � � �, and from now on let C be the composant containing the point Œx0�.
We define some special points as follows:

Definition 2.8 A point Œxx� 2 C is called an identification point if there is an m 2 ZC
with �!x�mC1 D

�!c1 . The level of an identification point Œxx� is defined by LŒxx�Dm if
x�m ¤ x��m . That is to say �m.Œxx�/D �.

�!x�m/D 1=2.

The importance of the identification points and their levels can be seen by considering the
following: Let �a D .a�i/i2N and

 �
b D .b�i/i2N , �a ¤

 �
b , be allowed sequences. For
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n2N , let An
 �
a

and An
 �
b

be the associated basic arcs. If there is a point Œxx�2An
 �
a
\An
 �
b

,
then

 �x�n D
 �a and  �x ��n D

 �
b :

Hence, Œxx� is an identification point, and there is m� n with

 �x�m�1 D
 �x �
�m�1 D

 �an�m�2;

x�m ¤ x��m and �!x�mC1 D
�!x �
�mC1 D

�!c1

implying that LŒxx�Dm. Also, if Œxy� 2An
 �
a

is an identification point with LŒxy� > n,
then Œxy� 2 @An

 �
a

.

Note that the restriction of �i to An
 �
a

is an injection, for all i � n� 1, and if An
 �
a

has
boundary points Œxx� and Œxy� with LŒxx�D l and LŒxy�D k , then

�n�1.A
n
 �
a
/D f�n�1Œxx� W Œxx� 2An

 �
a
g

is a closed interval with boundary points T l�nC1
s .1=2/ and T k�nC1

s .1=2/. Let An
 �
b

be another basic arc. Let fŒxx0� � � � � � Œxxi �g be the ordered set of all identification
points of An

 �
a

, and fŒxu0�� � � � � Œxuj �g be the ordered set of all identification points of
An
 �
b

. If �n�1.@A
n
 �
a
/D �n�1.@A

n
 �
b
/, then i D j and either

(1) LŒxxm�DLŒxum�, for every m2 f0; : : : ; j g, if An
 �
a

and An
 �
b

have the same parity
or

(2) LŒxxm�DLŒxuj�m�, for every m 2 f0; : : : ; j g, if they have different parity.

For every k 2 f0; : : : ; n� 1g, the arc An
 �
a

is a union of arcs Ak
w , ie,

An
 �
a
D

[
w

Ak
w

where the union is computed over all finite sequences w of length n�k such that  �a w
is allowed. Since TsjŒTs.s=2/;s=2� is l.e.o. and � ı � D Ts ı� for every arc A, there is
an m 2 ZC such that

z�m.A/D fz�mŒxx� W Œxx� 2Ag

contains at least one identification point.

We stratify the collection of identification points into the following subcollections:

Definition 2.9 For every p 2 ZC a point Œxx� 2 C is called a p–point, if either there
is an m 2 ZC with Œ�!x�p�mC1� D Œ

�!c1� or if Œxx� D Œx0�. A p–point Œxx� has p–level
Lp Œxx�Dm if x�p�m ¤ x��p�m . Define Lp Œx0�D1, for every p 2 ZC .
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For every p;m 2 ZC , the set

Ep;m D fŒxx� 2 C W 9xx 2 Œxx�; �!x�p�mC1 D
�!c1g

is the set of all p–points of level m and

Ep D

1[
mD0

Ep;m[fŒx0�g

is the set of all p–points of the composant C . Note that EpC1�Ep for every p 2ZC .
Since there is an order-preserving bijection from .ZC;�/ to .Ep;�/, such that 02ZC
is mapped to Œx0� 2 Ep , from now on, the points of Ep will be indexed by ZC . So,
Ep D fŒxx

0�; Œxx1�; Œxx2�; : : : g and Œxx0�D Œx0�.

Definition 2.10 The sequence of integers Lp Œxx
0�;Lp Œxx

1�;Lp Œxx
2�; : : : is called the

folding pattern of the composant C .

Let q 2ZC , q>p , and EqDfŒxy
0�; Œxy1�; Œxy2�; : : : g. Since z�q�p is an order-preserving

homeomorphism on C , it is easy to see that, for every i 2ZC , z�q�p.Œxxi �/D Œxyi � and
Lp Œxx

i �DLq Œxy
i �. Therefore, the folding pattern of the composant C does not depend

on p .

Note that the arc between any two adjacent p–points Œxxj �, ŒxxjC1� is a basic arc
A

p
 �
y�p

, where  �y�p is a left tail of any point Œxy� between Œxxj �, ŒxxjC1�. Also, for every
Œxx� 2 Int A

p
 �
y�p

either x�p D 0, or x�p D 1.

Definition 2.11 Let A
p
 �
y

be a basic arc. We say that A
p
 �
y

is a basic arc of sign 0

(respectively of sign 1), if x�p D 0 (respectively x�p D 1), for every Œxx� 2 Int A
p
 �
y

.

Remark 2.12 If A
p
 �
x

and A
p
 �
y

are two adjacent basic arcs and Œxz� 2A
p
 �
x
\A

p
 �
y

, then
A

p
 �
x

and A
p
 �
y

have the same sign if and only if Lp Œxz� > 0. That is, A
p
 �
x

and A
p
 �
y

have different signs if and only if Lp Œxz�D 0.

Let A be an arc of the composant C such that @A D fŒxu�; Œxv�g and A \ Ep D

fŒxy0�; : : : ; Œxyn�g. Let us assume that if a point from @A is a p–point, then its p–
level is greater than zero. Then the first paragraph of this remark implies u�p D v�p

if and only if the number of p–points in A with zero p–level is even, ie, cardfŒxyi � W

Lp Œxy
i � D 0; 0 � i � ng is even. Similarly, if every p–point from @A has p–level

which is not equal to l , then u�p�l D v�p�l if and only if the number of p–points
in A with p–level equal to l is even, ie, cardfŒxyi � WLp Œxy

i �D l; 0� i � ng is even.

In Figure 2 we have nD 4. Recall that every p–point Œxyi � is “coded” by a pair of bi-
infinite sequences which agree in all coordinates except one. In the figure we represent
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every such pair by a horizontal line, where we emphasize some coordinates of particular
interest for this example by writing them explicitly. If the particular coordinate is the
coordinate where two bi-infinite sequences disagree, we write double coordinate as 0

1

or 1
0

. ss
s
s
s
ss

Œxu�

Œxv�

Œxy0�

Œxy1�

Œxy2�

Œxy3�

Œxy4�

0

1

0

0

1

1

�p� 2

0
1

0

0

1

1

�p� 1

1

1

0
1

1

1
0

�p

0

1
0

1

0
1

1

Coordinate:

Figure 2: Example for Remark 2.12.

Let A be an arc of the composant C and A\Ep D fŒxy
0�; : : : ; Œxyn�g. We call the finite

sequence
FPp.A/DLp Œxy

0�; : : : ;Lp Œxy
n�

the p–folding pattern of the arc A. We will write, for simplicity, FP.A/ instead of
FPp.A/, whenever it causes no confusion.

We now recall some definitions and properties introduced and proven in [26].

Definition 2.13 An arc A of the composant C such that @ADfŒxu�; Œxv�g and A\EpD

fŒxy0�; : : : ; Œxyn�g is called p–symmetric if

Œ�!u�p �D Œ
�!v�p � and Lp Œxy

i �DLp Œxy
n�i �;

for every 0� i � n.

Every p–symmetric arc is also q–symmetric, for every 0 � q � p . If A � C is a
p–symmetric arc, and A\Ep D fŒxx

0�; : : : ; Œxxn�g, then n is even. For the p–point
Œxxn=2�, called the center of A, and denoted by Œx�A�, we have

Lp Œx�
A�DmaxfLp Œxx� W Œxx� 2Ep \Ag:
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Definition 2.14 For p 2 ZC an arc B of the composant C is called a p–bridge if
@B �Ep , Lp Œxx�D 0, for every Œxx� 2 @B , and Lp Œxx�¤ 0, for every Œxx� 2 Int B \Ep .

It is easy to see that p–bridges are p–symmetric, and that Lp Œx�
B � determines the

q–folding pattern of the p–bridge B , for all q � p (see Lemma 3.8 in [29]).

Lemma 2.15 [26, Corollary 3.2] If c3D0, then, for every n2N , there is a p–bridge
B � C such that Lp Œx�

B �D n.

Lemma 2.16 [26, Lemma 3.3] For every n 2N , there is a p–bridge B � C such
that Lp Œx�

B �D 2n.

Lemma 2.17 [26, Lemma 3.4] Let C 0 be a non-endpoint composant of Ks . Let
mDminfi 2N W c2iC1D 0g. There is a p–bridge B �C 0 such that Lp Œx�

B �D 2n�1

if, and only if, n�m.

Remark 2.18 The endpoint composant, in contrast, has a p–bridge with centers of
every level. However, the situation for Lemma 2.17 is not so different in the case that
B is a p–bridge in the endpoint composant. Even though the center of B could have
any level, in that case there is only one p–bridge B � C with Lp Œx�

B �D 2n� 1 with
n<m. So there is a point Œxx� 2 C such that if B is a p–bridge of C that occurs after
Œxx�, then Lp Œx�

B �D 2n� 1 if, and only if, n�m. We lose no generality in assuming
that all of the p–bridges in C that we consider occur in C after this point Œxx�.

Theorem 2.19 [26, Theorem 3.6] Let p 2 ZC . There exists M 2N such that for
every p–bridge B � C and for every Œxx� 2 B \Ep , Œxx�¤ Œx�B �, Lp Œxx� <M .

This means that, in the nonrecurrent case, every point Œxx� 2Ep with Lp Œxx��M is the
center of some p–bridge. This also means that the number of p–points of a p–bridge
is bounded, ie, there exists L2N such that for a p–bridge B�C , card.B\Ep/�L.

Lemma 2.20 [26, Lemma 3.7] Let p2ZC . Let B�C be a p–bridge and B \EpD

fŒxx0�; : : : ; Œxxn�g. Let A be the arc between the points Œxx0� and Œxx1�. Then we have
fŒ�!x�p � W Œxx� 2Ag D fŒ�!x�p � W Œxx� 2 Bg.

Now we recall the definition of a family of chains of Ks introduced in [29]. Let V n

be the set of all allowed sequences of length n ordered by the parity-lexicographical
ordering. This set is not empty and it is finite. Let kn D card.V n/.
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Definition 2.21 For m 2 ZC , n 2N , let

V mCnC1
D fvi

W i D 0; : : : ; kmCnC1� 1g:

For i 2 f1; : : : ; kmCnC1� 1g, let

`i
m;n D fŒxx� 2Ks W 8xu 2 Œxx�;u�m � � �un 2 fv

i�1; vi
gg:

Let Cm;n D f`
i
m;n W i D 1; : : : ; kmCnC1� 1g:

It is easy to see that Cm;n is an open chaining of Ks .

Let C and C0 be chainings. We write C0 � C to mean that C0 refines C . Although we
use � for the ordering on the composant C , this will not lead to confusion since from
the context it will be clear what category of objects we are comparing.

Lemma 2.22 If C is an arbitrary chain of open sets of Ks , then there exist m 2 ZC ,
n 2N , such that Cm;n � C . If m� i and n� j , then Cm;n � Ci;j .

We omit the proof. We call the set

Li
m;n D fŒxx� 2Ks W 8xu 2 Œxx�;u�m � � �un D v

i
g

the cylinder generated by the word vi . We also let Lx
m;n be the cylinder which contains

the point Œxx�, and `x
m;n be a link which contains the point Œxx�. Note that if there is a

cylinder which contains the point Œxx�, it is unique. Whereas for every point there is a
link which contains it, but this link is not always unique. There are at most two such
links, but for Œxx� 2 Ep such that Lp Œxx� D l with l 2 f1; 2g, we can choose n large
enough to ensure that the link `x

p;n is unique (see below).

Remark 2.23 If a p–point Œxx� with Lp Œxx� D l satisfies �m � �p � l � n, then
Œxx� 62Li

m;n for any i , but the link `x
m;n which contains Œxx� is unique. On the other hand,

if �p� l >�m, then there is a unique cylinder Lx
m;n which contains Œxx�. In this case

Lx
m;n is generated by the word vi D x�m � � �xn . Recall that if viC1 D v0 � � � vmCn is

an adjacent word to vi , then there is a unique j , 0� j �mCn, such that vj ¤x�mCj .
If j � mC n� 1, then also vjC1 � � � vmCn D x�mCjC1 � � �xn D c1 � � � cnCm�j . For
�p� l > �m we have also x�m � � �xn D ci � � � ciCmCm for some i 2N . Since �!c1 is
not recurrent, then nCm� j <R, where R is the smallest natural number such that
c1 � � � cR ¤ ciC1 � � � ciCR , for every i 2N .

Since the critical point 1=2 of Ts is not recurrent, there exists an � > 0 such that
intervals .1=2��; 1=2C�/, .Ts.1=2/��;Ts.1=2/C�/ and .T 2

s .1=2/��;T
2
s .1=2/C�/
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do not contain T i
s .1=2/ for i > 2. Therefore, there exists some N 2 N such that

if n � N then the link of C0;n which contains all 0–points whose 0–levels are 1

.respectively 2 /, does not contain 0–points whose 0–levels are not 1 .respectively 2 /.
In other words, 0–points which project to �!c1 or �!c2 in the 0–th coordinate are not in
a link of C0;n containing 0–points which project to �!ci , i > 2, in the 0–th coordinate.
Since Ep �E0 and Cp;n � C0;n , for every p > 0, then also for n�N , if Œxx� 2Ep is
such that Lp Œxx�D l with l 2 f1; 2g, then for every Œxy� 2Ep \ `

x
p;n , Lp Œxy�D l .

Recall that Ts is long-branched, so there is some ı>0 such that for m2N if AD Œx;y�

is a maximal interval of monotonicity for T m
s then jT m

s .x/�T m
s .y/j > ı . Choose

N 2N large enough so that also if n�N then mesh.C0;n/ < ı . By mesh.C0;n/ we
mean the largest diameter of all the links of C0;n . Since Cp;n � C0;n , for every p > 0,
then also mesh.Cp;n/ < ı for every p > 0 and n�N .

3 Pseudohomotopy construction

Assume that s; t 2 .
p

2; 2� are such that Ts and Tt have nonrecurrent, nonpreperiodic
critical points, and such that

hW lim
 �
fŒ0; 1�;Ttg ! lim

 �
fŒ0; 1�;Tsg

is a homeomorphism. Let Kt D lim
 �
fŒ0; 1�;Ttg with endpoint composant C 0 and let

Ks D lim
 �
fŒ0; 1�;Tsg with endpoint composant C . As in the previous section, Tt is

long-branched, so there is a ı0 > 0 such that if m 2N and A0 is a maximal interval
of monotonicity for T m

t then diam.T m
t .A// > ı

0 . Since 1=2 is not recurrent for Tt ,
choose R0 such that the initial segment of �!c 0

1
of length R0 never repeats in �!c 0

1
.

Let N 0 2 N be such that mesh.C0q;m/ < ı0 for all q 2 ZC and m � N 0 . Let N 0 be
large enough so that also m�N 0 implies that q–points which have q–levels 1 or 2
are not in a link of C0q;m with any q–points with different q–levels. In a similar
manner N 2 ZC is defined for Ts , ı and R in the previous section (Remark 2.23).
Let S;S 0 2N , S �N and S 0 �N 0 be large enough so that all technical requirements
of Remark 4.7 from the Appendix are satisfied.

For this section we assume that q;p;g 2 ZC , m; e � S 0 and n� S are such that

h.C0q;m/� Cp;n � h.C0g;e/:

Lemma 3.1 If A is an arc component of `j
0;n
2 C0;n , for some j 2 ZC , then A\E0

contains at most one point with positive 0–level.
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Proof Let `j
0;n

be some link of C0;n and let A be an arc component of that link.
Suppose that A \E0 contains more than one point with positive 0–level, and let
Œxx�; Œxy� 2A\E0 be such that lx DL0Œxx� > 0 and ly DL0Œxy� > 0 and such that there
are no 0–points with positive 0–level between Œxx� and Œxy�. Without loss of generality
assume that lx < ly . Consider �ly .A/, and let B be the interval with endpoints
x0D�!x�ly and y0D�!y�ly D

�!c0 . Since there are no 0–points between Œxx� and Œxy� with
0–level greater than 0, then clearly we have T m

s jB is monotone for all m� ly . Since
T

ly�lx

s .x0/D�!c0 we have that B is a maximal interval of monotonicity for T
ly�lxCj
s

for all j � lx . Thus d.T
ly
s .y

0/;T
ly
s .x

0//� ı . This implies that �0.A/ has diameter
greater than ı . But A is an arc component of a link of C0;n which has mesh less than
ı , a contradiction.

Since Cp;n�C0;n and Ep�E0 , the above lemma implies that if A is an arc component
of `j

p;n for some j , then A\Ep can contain at most one p–point with nonzero p–level.
We summarize this in the following remark.

Remark 3.2 Let `j
p;n 2 Cp;n , and let A be an arc component of `j

p;n . Then A

contains at most one point from Ep with nonzero p–level. Moreover, @A � `i
p;n

where i 2 fj � 1; j C 1g if, and only if, A contains a p–point with nonzero p–level.

Lemma 3.3 If A is an arc component of `j
p;n such that h�1.A/ contains at least

one q–point with nonzero q–level, then A contains a p–point with nonzero p–level.
Moreover, h�1.A/ contains precisely one q–point with nonzero q–level.

Proof Notice that we have

C0q;m � h�1.Cp;n/� C0g;e:

Let A0 D h�1.A/, and suppose that Œxx0� 2A0 is a q–point with nonzero q–level. Pick
r;u 2N such that

Œxx0� 2 `0rq;m � h�1.`j
p;n/� `

0u
g;e:

Since E0q�E0g , Œxx0� is also a g–point with nonzero g–level. Since each arc component
of a link of C0g;e contains at most one g–point, we see that Œxx0� is the unique g–point on
its arc-component of `0ug;e , and therefore, the unique q–point on h�1.A/ with nonzero
q–level.

Let B0 be the arc-component of `0ug;e containing A0 , and let k0; k1 2N with k0 < k1

minimal such that

B0 �

k1[
yDk0

`0yq;m:
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We see that k0 � r � k1 . Without loss of generality, assume that B0
1
DA0\ `0rq;m D

B0\ `0rq;m has @B0
1
� `0r�1

q;m . Then, if r � 1� k0 , since B0 contains only one g–point,
namely Œxx0�, we see that B0

2
D A0\

�
`0rq;m[ `

0r�1
q;m

�
has @B0

2
� `0r�2

q;m . Continuing in
this manner we see that

B0j DA0\

� j�1[
yD0

`0r�y
q;m

�
has @B0j � `

0r�j
q;m for all j with r � j � k0 . Since we have that

C0q;m � h�1.Cp;n/� C0g;e

there is some minimal k such that @B0
k
\ h�1.`

j
p;n/ D ∅. Since @B0

k
� `0r�k

q;m , and
since the chain C0q;m refines h�1.Cp;n/, there is a link, `vp;n such that @B0

k
� `0r�k

q;m �

h�1.`vp;n/. Since k was chosen minimal we see that v 2 fj C 1; j � 1g. Without loss
of generality assume that v D j � 1. Thus there is an arc, Bk D h.B0

k
/, containing

A with @Bk � `
j�1
p;n . So Bk \ `

j
p;n D A has @A � `j�1

p;n . This implies that A has a
p–point with nonzero p–level in `j

p;n .

3.1 Definition and basic properties of hq;p

From the previous lemma we see that every Œxx0� 2E0q with nonzero q–level is mapped
to an arc component of `x

p;n containing a p–point with nonzero p–level.

We now define a map hq;p by first defining it on the q–points and then extending it
to the rest of C 0 . The map hq;p sends the q–point Œxx0� with nonzero q–level to the
unique p–point Œxx� that is on the same arc component of a link of Cp;n as h.Œxx0�/. In
other words:

Definition 3.4 Let Œxx0� 2 E0q be such that Lq.Œxx
0�/ ¤ 0, and let h.Œxx0�/ D Œxu�, for

some Œxu� 2 C . Let `x0

q;m 2 C0q;m be a link which contains Œxx0�, and let `x
p;n 2 Cp;n

be a link such that h.`x0

q;m/� `
x
p;n . Then define hq;p.Œxx

0�/D Œxx� 2Ep \ `
x
p;n , where

 �x�p�1 D
 �u�p�1 , for some xx 2 Œxx� and xu 2 Œxu�.

Next, let A0 � C 0 be an arc with @A0 D fŒxx0�; Œxy0�g such that Œxx0� and Œxy0� are adjacent
q–points with nonzero q–levels. Define hq;p.A

0/D A to be the arc with endpoints
hq;p.Œxx

0�/ and hq;p.Œxy
0�/ such that hq;pjA0 is monotone.

By the previous lemma, hq;pW C
0 ! C is a one-to-one function. The mapping

hq;pW C
0 ! C has been defined using the homeomorphism hW Kt ! Ks . Since

h�1W Ks!Kt is also a homeomorphism, we can define a mapping h0p;gW C ! C 0 in
the same manner, using the homeomorphism h�1 instead of h. Clearly h0p;g has all
the properties of hq;p . Also, it is easy to see that h0p;g.hq;p.Œxx

0�// D Œxx0�, for every
q–point Œxx0� with nonzero q–level.
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Next we show that if we have arcs A0 and D0 in C 0 with the same projection under
�q and no q–points with nonzero q–level in the interior of A0 and D0 , then the
hq;p –image of these arcs follows the same path through the links of Cp;n in the sense
that if there is a link that AD hq;p.A

0/ “turns” in, then D D hq;p.D
0/ will also “turn”

in that link. Notice that by assuming that A0 and D0 have no q–points with nonzero
q–level, we are assuming that A0 and D0 “run straight” through the links of C0q;m that
they “visit”. Hence their images will follow the same path through the links of Cp;n .

Lemma 3.5 Let A0 and D0 be arcs of C 0 with

(1) @A0; @D0 �E0q with nonzero q–level;

(2) �q.A
0/D �q.D

0/;

(3) if Œxx0� 2E0q \ .Int A0[ Int D0/ then Lq Œxx
0�D 0.

Let hq;p.A
0/DA and hq;p.D

0/DD . Let j be such that .@A[ @D/\ `j
p;n D∅ and

.A[D/\ `
j
p;n ¤∅. Let Aj D `

j
p;n\A and let Dj D `

j
p;n\D . Then @Aj � `

j�1
p;n if,

and only if, @Dj � `
j�1
p;n . Similarly, @Aj � `

jC1
p;n if, and only if, @Dj � `

jC1
p;n .

Proof Let a and b be such that h.
Sb

iDa `
0i
q;m/� `

j
p;n and h.`0a�1

q;m /ª `
j
p;n and

h.`0bC1
q;m /ª `

j
p;n . Let

A0j D

� b[
iDa

`0iq;m

�
\A0 and D0j D

� b[
iDa

`0iq;m

�
\D0:

Since A0j and D0j do not contain any q–points with nonzero q–level in their interiors,
there are points Œxu0A� 2 Cl A0j \ `

0a�1
q;m and Œxu0D � 2 Cl D0j \ `

0a�1
q;m , and there are also

points Œxv0A� 2 Cl A0j \ `
0bC1
q;m and Œxv0D � 2 Cl D0j \ `

0bC1
q;m . Since h.`0a�1

q;m / ª `
j
p;n and

h.`0bC1
q;m /ª `

j
p;n , then either h.`0a�1

q;m /� `
j�i
p;n and h.`0bC1

q;m /� `
jCi
p;n , with i 2 f�1; 1g,

or h.`0a�1
q;m /� `

j�i
p;n and h.`0bC1

q;m /� `
j�i
p;n , with i 2 f�1; 1g. The result follows.

Next we show that if A0 and D0 are arcs with the same q–projection and again no
q–points in their interiors with nonzero q–level, then their hq;p –images will have the
same number of p–points and the arrangement of these p–points will be similar.

Lemma 3.6 Let A0 and D0 be arcs of C 0 with

(1) @A0; @D0 �E0q with nonzero q–level;

(2) �q.A
0/D �q.D

0/;

(3) if Œxx0� 2E0q \ .Int A0[ Int D0/ then Lq Œxx
0�D 0.

If hq;p.A
0/\Ep D fŒxx

0�; Œxx1�; : : : ; Œxxk �g and hq;p.D
0/\Ep D fŒxy

0�; Œxy1�; : : : ; Œxyl �g

then k D l and Œxxi � 2 `yi

p;n or Œxxi � 2 `yk�i

p;n , for i D 0; : : : ; k .
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Proof Let A0 and D0 be such arcs. Let AD hq;p.A
0/ and D D hq;p.D

0/. Suppose,
on the contrary, that k > l . Then there exists a link `j

p;n of Cp;n which contains
a p–point Œxu� 2 A and which does not contain a p–point in D . By the previous
lemma, each arc Aj enters and exits the link `j

p;n from the same side as the arc Dj .
This contradicts the assumption that one arc contains a p–point and one does not.
Thus k D l . The fact that either Œxxi � 2 `yi

p;n or Œxxi � 2 `yk�i

p;n , for i D 0; : : : ; k , follows
immediately.

Definition 3.7 Let `j0
p;n; `

j1
p;n; : : : ; `

jk
p;n be the links in Cp;n that are successively visited

by an arc A. .Hence `ji
p;n ¤ `

jiC1
p;n , `ji

p;n\ `
jiC1
p;n ¤∅ and `ji

p;n D `
jiC2
p;n is possible if

A turns in `jiC1
p;n ./ We call A p–link-symmetric if for i D 0; : : : ; k , `ji

p;n D `
jk�i
p;n .

Note that every p–symmetric arc is p–link-symmetric by definition, but there are
p–link-symmetric arcs which are not p–symmetric. This occurs if A turns both at `ji

p;n

and `jk�i
p;n , but the p–point of A in `ji

p;n has different p–level than the p–point of A in
`

jk�i
p;n . Note also that if A0 and D0 from the previous lemma (Lemma 3.6) are such that

additionally A0\D0D Œxx0�2E0q , then lemma states that hq;p.A
0/ is p–link-symmetric.

3.2 Image of q–levels

Next we show that all q–points in C 0 of some fixed level, say a, map to p–points of
some other fixed level, say b , in C . This fact will imply Ingram’s Conjecture.

Let A0 be a q–symmetric arc with @A2E0q and let A0\E0q D fŒxx
00�; : : : ; Œxx0l �g. Then

Lq Œxx
0i �DLq Œxx

0l�i �, for every i 2 f0; : : : ; lg. Let A D hq;p.A
0/ and let A\Ep D

fŒxx0�; : : : ; Œxxk �g. Then, by Lemma 3.6, A is p–link-symmetric, ie, Œxxi � 2 `xk�i

p;n , for
i D 0; : : : ; k . A natural question is if such an A is p–symmetric, ie, if the following,
much stronger property, holds:

(1) Lp Œxx
i �DLp Œxx

k�i �;

for i D 0; : : : ; k . The answer is yes, but the proof is not straightforward. Let us
explain the major problem. Let U be an arc such that for U \Ep D fŒxy

0�; : : : ; Œxyj �g

we have Lp Œxy
i �DLp Œxy

j�i �, for i D 1; : : : ; j �1. It is clear that if Œxy0� 2 `
yj

p;n implied
Lp Œxy

0�DLp Œxy
j �, then a proof of (1) would be simple. Unfortunately, there are tent

map inverse limits for which the above implication does not hold, ie, there are spaces
which contain arcs U such that U \Ep D fŒxy

0�; : : : ; Œxyj �g with Lp Œxy
i �DLp Œxy

j�i �,
for i D 1; : : : ; j � 1, Œxy0� 2 `

yj

p;n and Lp Œxy
0�¤Lp Œxy

j �. Such arcs we call quasi–p–
symmetric with respect to Cp;n (see Definition 4.1). Since we can choose p and n

to generate chains with arbitrarily small mesh, we see that quasi–p–symmetric arcs
will not be an issue unless we are in a situation that allows p–points with different
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p–levels to be arbitrarily close. This can only happen when 1=2 is prerecurrent. The
subfamily of nonrecurrent tent maps which have prerecurrent critical points is large,
and among these there are many nonrecurrent tent maps which have quasi-symmetric
arcs in their inverse limit.

To get a proof of (1) in this case we give a much more detailed description of the
structure of the composant C . This part is technical and would break the flow of
the main argument. Therefore, we put all of the properties related to the structure
of the composant C which contains quasi–p–symmetric arcs for every p in the
Appendix. It suffices to say that nonrecurrent tent map inverse limits either contain
quasi–p–symmetric arcs with respect to Cp;n for finitely many p 2ZC , or they contain
quasi–p–symmetric arcs with respect to Cp;n for infinitely many p 2 ZC . In the first
case there exists an integer S (as defined in Remark 4.7), such that for all n� S and
p 2 ZC there are no quasi–p–symmetric arcs with respect to Cp;n .

It is easy to see that in the second case, there exist quasi–p–symmetric arcs with respect
to Cp;n for every p 2ZC and n 2N (Lemma 4.2). In this case we prove the following
proposition in the Appendix:

Proposition 3.8 For every quasi–q–symmetric arc A0 of C 0 , the arc hq;p.A
0/ is not

p–symmetric.

Armed with Proposition 3.8 we can prove the main results of this section. Specifically
we show that q–levels map to p–levels.

We prove the main result of this section in two steps. First in the absence of quasi-
symmetric arcs, and then in the general case. Recall that for this section we assume
that q;p;g 2 ZC , m; e � S 0 and n� S are such that

h.C0q;m/� Cp;n � h.C0g;e/;

where S;S 0 2 N are large enough so that all technical requirements of Remark 4.7
from the Appendix are satisfied.

Theorem 3.9 Let Kt and Ks be such that there are no quasi–q–symmetric arcs with
respect to C0q;m and no quasi–p–symmetric arcs with respect to Cp;n . Let Œxx0�; Œxy0�2E0q
be such that Lq Œxx

0� D Lq Œxy
0�. Then Lp Œxx� D Lp Œxy�, where Œxx� D hq;p.Œxx

0�/ and
Œxy�D hq;p.Œxy

0�/.

Proof Suppose, on the contrary, that Œxx0�; Œxy0� 2 E0q are the closest q–points such
that Lq Œxx

0�DLq Œxy
0� and Lp Œxx�¤Lp Œxy�. Then there is no q–point between Œxx0� and

Œxy0� which has the same q–level as the point Œxx0�. Denote by A0 the arc between
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Œxx0� and Œxy0�, A0 \ E0q D fŒxx
0� D Œxx00�; : : : ; Œxx0l � D Œxy0�g. Since between Œxx0� and

Œxy0� there are no q–points with q–levels equal to Lq Œxx
0�, there is a q–point Œxz0�

between them such that Lq Œxz
0� D maxfLq Œxx

0i � W i D 0; : : : ; lg, Œxz0� D Œxx0l=2�, and
Lq Œxx

0i �DLq Œxx
0l�i �, for every i 2 f0; : : : ; lg. Therefore, Lp Œxx

i �DLp Œxx
l�i �, for every
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Figure 3: The configuration in the proof of Theorem 3.9

i 2 f1; : : : ; l � 1g, where Œxxi �D hq;p.Œxx
0i �/, because we chose Œxx0� and Œxy0� to be the

closest two points where this fails. Denote by A the arc between Œxx� and Œxy�, by A0

the arc between Œxx1� and Œxxl�1�, by Ax the arc between Œxx�D Œxx0� and Œxx1� and by
Ay the arc between Œxxl�1� and Œxy�D Œxxl �. The arc A0 is p–symmetric. Let A\Ep D

fŒxx� D Œxy0�; : : : ; Œxykx �D Œxx1�; : : : ; Œxxl�1�D ŒxykxCk0 �; : : : ; ŒxykxCk0Cky �D Œxy�g. Note
that l�1�k0 and lC1�kxCk0Cky . By Lemma 3.6 kxDky and Œxyj �2`y2kxCk0�j

p;n ,
for j D 1; : : : ; kx . Since Ks does not contain any quasi–p–symmetric arcs, then
Lp Œxy

j �DLp Œxy
2kxCk0�j �, for every j 2f0; : : : ; kxg, which contradicts the assumption

that Lp Œxx�¤Lp Œxy�.

We next prove the previous theorem without the assumption that there are no quasi-
symmetric arcs in the inverse limit. We use Proposition 3.8 (proved in the Appendix).

Theorem 3.10 Let Œxx0�; Œxy0�2E0q be such that Lq Œxx
0�DLq Œxy

0�. Then Lp Œxx�DLp Œxy�,
where Œxx�D hq;p.Œxx

0�/ and Œxy�D hq;p.Œxy
0�/.

Algebraic & Geometric Topology, Volume 9 (2009)



1072 Brian E Raines and Sonja Štimac

Proof Suppose the theorem is not true, and let Œxx0� and Œxy0� be the closest q–points
for which the theorem is false. Then the arc between these points, call it A0 , is
q–symmetric.

Suppose that hq;p.A
0/ is not p–symmetric. Let A0\E0q D fŒxx

0�D Œxx00�; : : : ; Œxx0k �D

Œxy0�g, and let AD hq;p.A
0/. Let A\Ep D fŒxy

0�; : : : ; Œxyl �g, and suppose there is some
j 2 f0; 1; : : : ; l

2
�1g such that Lp Œxy

j �¤Lp Œxy
l�j �. Without loss of generality, assume

j is the largest with this property. Let D be the arc from Œxyj � to Œxyl�j �. Then D is
a quasi–p–symmetric arc, and let D0 D h0p;g.D/. Let A0 \E0g D fŒxz

00�; : : : ; Œxz0d �g.
Since E0q �E0g we see that LgŒxz

0i �DLgŒxz
0d�i � for all i 2 f0; : : : ; dg, but since D is

quasi–p–symmetric, by Proposition 3.8, D0 cannot be q–symmetric. Since D0 is an
arc centered at Œxz0d=2� and contained in A0 , it is a q–symmetric arc, a contradiction.

Therefore, AD hq;p.A
0/ is p–symmetric, but by our assumption the boundary points

of A, Œxx�D hq;p Œxx
0� and Œxy�D hq;p Œxy

0�, have different p–levels, a contradiction.

Combining the previous two theorems we have:

Corollary 3.11 If l and k are such that hq;p.Œxx
0�/ 2 Ep;k for Œxx0� 2 E0

q;l
then

hq;p.E
0
q;l
/DEp;k .

Proof By our assumptions on k and l and by Theorem 3.10, we see immediately that
hq;p.E

0
q;l
/�Ep;k .

Let Œxy� 2Ep;k . Since h0p;g.hq;p.Œxx
0�// D Œxx0� 2E0

q;l
DE0

g;q�gCl
, then h0p;g.Œxy�/ D

Œxz0� 2E0
g;q�gCl

. Since h0p;g.hq;p.Œxz
0�//D Œxz0� and h0p;g is an injection, we also have

Œxy�D hq;p.Œxz
0�/. Thus hq;p.Eq;l/DEp;k .

3.3 hq;p preserves the order of the levels

In this subsection, we consider how hq;p maps the various q–levels of E0q . We show
that there is some a 2N such that

hq;p.E
0
q;j /DEp;aCj

for all j 2N .

From now on, let a 2N be such that hq;p.E
0
q;1
/DEp;aC1 .

Remark 3.12 Recall, for this section we have assumed that q;p;g 2 ZC , m; e �

S 0 and n � S are such that h.C0q;m/ � Cp;n � h.C0g;e/. Let b D q � g . Since
h0p;g.Ep;aC1/ � E0

q;1
, then, by Corollary 3.11, h0p;g.Ep;aC1/ D E0

q;1
. Since by

definition E0
q;1
DE0

g;q�gC1
DE0

g;bC1
, we have h0p;g.Ep;aC1/DE0

g;bC1
.
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Lemma 3.13 For each u 2 N let iu 2 ZC be defined such that h0p;g.Ep;aCu/ D

E0
g;bCiu

. Then the subsequences .i2u/u2N and .i2uC1/u2N are increasing.

Proof We prove the lemma for the case of 2u. Suppose by way of contradiction that
u is minimal with i2u > i2uC2 . Lemma 2.16 implies that there is a p–symmetric arc
B � C with @B D fŒxx�; Œxy�g and Lp Œxx�D 2uD Lp Œxy� and Lp Œx�

B �D 2uC 2. Then
h0p;g.B/ D B0 is a g–symmetric arc, by Proposition 3.8, but Lg.h

0
p;gŒxx�/ D i2u D

Lg.h
0
p;gŒxy�/ while LgŒx�

B0 �DLg.h
0
p;gŒx�

B �/D i2uC2 < i2u , a contradiction. The case
that i2uC1 > i2uC3 for some u leads to a contradiction in a similar manner.

We divide the main result of this section into two cases:

(1) c3 D 0 or c0
3
D 0.

(2) Both c3 D 1 and c0
3
D 1.

Theorem 3.14 If c3 D 0, then for each j 2N , E0q;j is mapped by hq;p to Ep;aCj .

Proof Suppose the theorem is false. Choose the least j > 1 such that hq;p.E
0
q;j /D

Ep;aCl with l ¤ j .

First suppose that l < j . Since hq;p.E
0
q;i/DEp;aCi for i D 1; : : : ; j �1 and hq;p is

an injection, then aC l � a. To see this, suppose instead that a< aC l < aC j . Then
by our assumption on j we would have hq;p.E

0
q;j / D Ep;aCl D hq;p.E

0
q;l
/. Thus

hq;p is not injective, a contradiction.

By Lemma 2.15 there is a p–bridge which will shift under the aC l –power of the
shift map to a p–symmetric arc B � C with @B D fŒxx�; Œxy�g, Lp Œxx�D aC l DLp Œxy�

and Lp Œx�
B �D aC j � 1 (recall that l � 0 and j � 1� 1). Let B0 D h0p;g.B/. Then,

by Theorem 3.10, B0 is a g–symmetric arc whose boundary points have level bC j

while its center has level bC j � 1, where b D q � g as defined in Remark 3.12, a
contradiction. So we have instead that l > j .

Let mk 2 ZC be such that h0p;g.Ep;aCjCk/D E0g;mk
for 0 � k � l � j � 1. Since

h0p;g.hq;p.E
0
q;i//DE0

g;bCi
, for all i 2N , we have that

h0p;g.hq;p.E
0
q;j //D h0p;g.Ep;aCl/DE0g;bCj :

Also, since j was chosen to be minimal,

h0p;g.Ep;aCi/DE0g;bCi

for all i , 1� i � j �1. Thus, for all k , 0�k � l�j �1, either mk � b or mk > bCj .
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Suppose first that there is some k , 0 � k � l � j � 1 with mk > b C j . Then by
Lemma 2.15, there is a p–symmetric arc B � C with @B D fŒxx�; Œxy�g, such that
Lp Œxx� D a C j C k D Lp Œxy� and Lp Œx�

B � D a C l , where obviously l > j C k .
Since h0p;g.Ep;aCjCk/ D E0g;mk

we see that, by Theorem 3.10, B0 D h0p;g.B/ is a
g–symmetric arc with boundary points in E0g;mk

but center in E0
g;bCj

. This is a
contradiction because we assumed that mk > bC j . Thus mk � b for all 0 � k �

l � j � 1.

By Lemma 2.15 there is a p–symmetric arc B � C such that the boundary points of
B have p–level aC j �1 and the center of B has p–level aC j . Let B0 D h0p;g.B/.
Then B0 is a g–symmetric arc with boundary points in E0

g;bCj�1
and center in E0g;m0

.
Since j 2N , we see that bC j � 1� b �m0 , a contradiction. Thus in either case we
see that hq;p.E

0
q;j /DEp;aCj .

If instead c0
3
D 0 we can use h�1 and get the same result, so we now turn to the case

that both c3 D 1 and c0
3
D 1.

For the remainder of this section we suppose c3 D 1 D c0
3

. Let n0 D minfi 2 N W
c0

2iC1
D 0g, and let nDminfi 2N W c2iC1 D 0g. Without loss of generality assume

that n0 � n. Our goal now is to prove that hq;p maps the level E0q;j to Ep;aCj for all
j 2N . This is accomplished in several small steps.

Lemma 3.15 Let u 2 ZC . Then there is some l � 0 such that hq;p.E
0
q;2uC1

/ D

Ep;aC2uC1Cl .

Proof Let B0 � C 0 be a q–symmetric arc with Lq Œx�
B0 � D 3 and Lq Œxx

0� D 1 for
Œxx0� 2 @B0 . Then B D hq;p.B

0/ is a p–symmetric arc with Lp Œxx� D aC 1 for all
Œxx� 2 @B , and so Lp Œx�

B � > aC 1. If Lp Œx�
B � D aC 2 then we have a contradiction

because c3 ¤ 0 and by Remark 2.18 there exists only one p–symmetric arc with this
property. So we see that Lp Œx�

B � � aC 3, and hence hq;p.E
0
q;3
/ D Ep;aC3Cl with

l � 0. By induction the lemma follows.

This lemma combined with Lemma 3.13 gives that, in the case of c3 D 1D c0
3

, each
of the odd levels, E0

q;2uC1
, map to a level no lower than our goal of Ep;aC2uC1 .

Similarly we have the following:

Lemma 3.16 Let u2ZC . Then there is an l � 0 such that hq;p.E
0
q;2u

/DEp;aC2uCl .

Proof We show that hq;p.E
0
q;2
/ is sent to Ep;aC2Cl with l � 0. The result will

follow by induction and the fact that c0
3
D 1.
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Suppose that hq;p.E
0
q;2
/DEp;a�u for some u2ZC . By the previous lemma we have

for all v 2 ZC there is some kv 2 ZC such that

hq;p.E
0
q;2vC1/DEp;aC2vC1Ckv

:

Let v be chosen such that 2vC 1D 2n0� 1, where n0 is as defined in the paragraph
above Lemma 3.15. Then

aC 2vC 1C kv � .a�u/D .2n0� 1/C kvCu:

Since kv;u 2 ZC and since n � n0 , where n is as defined in the paragraph above
Lemma 3.15, we see that

aC 2vC 1C kv � .a�u/� 2n0� 1� 2n� 1:

By Lemma 2.17 and Remark 2.18 there is a p–symmetric arc, A, in C with Lp Œxx�D

a�u for all Œxx� 2 @A and Lp Œx�
A�D aC2vC1Ckv . This arc will map under h0p;g to

a g–symmetric arc A0 in C 0 with the property that LgŒxx
0�D bC 2 for all Œxx0� 2 @A0

but LgŒx�
A0 �D bC2n0�1. This implies that there is a g–bridge, B0 , with the property

that LgŒx�
B0 �D 2n0� 3 which is a contradiction to Lemma 2.17, Remark 2.18 and the

choice of n0 . The lemma follows.

So also in the even case we see that the level E0
q;2u

maps to a level that is not below
our goal of Ep;aC2u . We next show that the level two q–points map to a p–level of
the same parity as a.

Lemma 3.17 hq;p.E
0
q;2
/DEp;aC2u for some u 2N .

Proof Suppose instead that for some v 2N hq;p.E
0
q;2
/DEp;aC2vC1 . Then there is

a p–symmetric arc A in C with Lp Œxx�D aC 1 and Lp Œx�
A�D aC 2vC 1 (this is a

shift of a p–bridge, B , with Lp Œx�
B �D 2v which we know exists by Lemma 2.16).

Let A0 D h0p;g.A/ then LgŒxx
0�D bC 1 for all Œxx0� 2 @A0 and LgŒx�

A�D bC 2. This
implies that there is a g–bridge in B0 � C 0 , with LgŒx�

B0 �D 1, which contradicts the
fact that c0

3
D 1.

We now combine the previous lemmas to show that odd levels are mapped to levels of
the opposite parity as a and even levels are mapped to levels of the same parity as a.

Lemma 3.18 For d 2 N , there is i; j 2 ZC such that hq;p.E
0
q;2d

/D Ep;aC2i and
hq;p.E

0
q;2dC1

/DEp;aC2jC1 .
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Proof We have hq;p.E
0
q;2
/DEp;aC2u and hq;p.E

0
q;1
/DEp;aC1 . So let k be the

least such that hq;p.E
0
q;k
/DEp;aCw and the parity of k is different than the parity of

w , say kD 2s and wD 2tC1 for some s; t 2ZC . Then hq;p.E
0
q;k�1

/DEp;aC2vC1

for some v 2ZC since k�1 is odd. Then the difference between aC2vC1 and aCw

is even, so there is a p–symmetric arc A with Lp Œxx�D aC 2vC 1 for all Œxx� 2 @A
and Lp Œx�

A�D aCw . Then A0 D hp;g.A/ has the property that LgŒxx
0�D bC k � 1

for all Œxx0� 2 @A0 and LgŒx�
A0 �D bC k . This arc A0 is then the shift of a g–bridge,

B0 with the property that LgŒx�
B0 �D 1. This contradicts the fact that c0

3
D 1, ie we

have a bridge with center level 1 which can only occur when c0
3
D 0; see Lemma 2.17

and Remark 2.18.

Finally, we combine all of these lemmas to establish our desired theorem.

Theorem 3.19 Assume c0
3
D 1 and c3 D 1. Then hq;p.E

0
q;j / D Ep;aCj , for all

j 2N .

Proof Suppose this is false and let j be the least such that hq;p.E
0
q;j / ¤ Ep;aCj ,

say hq;p.E
0
q;j /D Ep;aCjCk for some k 2 N . By the previous lemmas we see that

k D 2v for some v 2N (otherwise the parity of j C k would be different from the
parity of j .)

Enumerate the p–levels, aC j C kC ri , above or equal to aC j C k that satisfy:

(1) there is a q–level that hq;p maps to p–level aC j C kC ri ;

(2) aC j C kC ri � .aC j � 1/ is odd.

Notice that r1 D 0, because EpCaCjCk satisfies these conditions. Notice that r2 will
have the property that hq;p.E

0
q;jC2

/D Ep;aCjCkCr2
, and by induction we see that

hq;p.E
0
q;jC2i

/DEp;aCjCkCri
.

Choose ri to be the least such that aCjCkCri�.aCj �1/� 2n�1. Then there is a
p–symmetric arc A with Lp Œxx�DaCj�1 for all Œxx�2@A and Lp Œx�

A�DaCjCkCri .
Let A0 D h0p;g.A/, and notice that A0 is a g–symmetric arc with LgŒxx

0�D bC j � 1

for all Œxx0� 2 @A0 and LgŒx�
A0 � D b C j C 2i . Then there is a g–bridge B0 with

LgŒx�
B0 �D 2i�1, and we claim that 2i�1< 2n0�1. This will establish a contradiction

and hence the theorem.

Since ri is minimal, we see that

aC j C kC ri�1� .aC j � 1/ < 2n� 1� aC j C kC ri � .aC j � 1/:

So kC ri�1C 1< 2n� 1:
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We also know that ri � 2.i �1/, so combining this with the fact that k � 2 we see that
kCri�1C1� 2i�1. By the above equation, we get that 2i�1< 2n�1� 2n0�1.

Thus in both cases we get that hq;p maps E0q;j to Ep;aCj , for all j 2 N , ie,
hq;p.E

0
q;j / D EpCa;j , for all j 2 N . This implies that hq;p also maps .q C 1/–

bridges to .pCaC 1/–bridges. Therefore, for every j 2N , the projection of E0
qC1;j

to the .qC 1/–st coordinate is above the critical point if, and only if, the projection
of EpCaC1;j to the pC aC 1–st coordinate is above critical point. In other words,
c0i D ci , for all i 2N and therefore, s D t . Thus we have proved:

Main Theorem Let Ts and Tt be two tent maps with a nonrecurrent critical point
and with lim

 �
fŒ0; 1�;Tsg homeomorphic to lim

 �
fŒ0; 1�;Ttg. Then t D s .

4 Appendix: Structure of the composant containing the end-
point and quasi-symmetric arcs

In this appendix we focus on the case that the inverse limit has quasi-symmetric arcs.
It is our principle aim to establish Proposition 3.8 mentioned in Section 3.2. We start
with the definition of quasi–p–symmetric arcs.

Definition 4.1 For p; n 2ZC , n>N , let Cp;n be a chain of Ks . Let U be an arc of
the composant C . We say that the arc U is quasi–p–symmetric if @U �Ep and for
U \Ep D fŒxx

0�; : : : ; Œxxk �g we have Lp Œxx
i �D Lp Œxx

k�i �, for every i D 1; : : : ; k � 1,
Lp Œxx

0�¤Lp Œxx
k � and Œxxk � 2 `x0

p;n , where `x0

p;n is one of the two links that contain Œxx0�.

That is to say, a quasi–p–symmetric arc A is “almost” p–symmetric:

(1) A is p–symmetric on its interior, but

(2) the boundary points of A have different p–levels even though they lie in the
same link of Cp;n .

Lemma 4.2 If for infinitely many p 2 ZC , there are arcs Ap � C which are quasi–
p–symmetric for Cp;N , then for every q 2ZC there is an arc Aq � C that is quasi–q–
symmetric for Cq;N .

Proof Let q 2 ZC and let p > q be such that C has a quasi–p–symmetric arc, U ,
for Cp;N . Then Lp Œx�

U �D j for some j 2N and if @U D fŒxx�; Œxy�g then Œxx� 2 `y
p;N

.
Clearly Lq Œx�

U �D p� qC j DmaxfLq Œxu� W Œxu� 2Eq \ Int U g <maxfLq Œxx�;Lq Œxy�g,
and, since Cp;N � Cq;N , we have Œxx� 2 `y

q;N
. Thus U is quasi–q–symmetric for

Cq;N .

Algebraic & Geometric Topology, Volume 9 (2009)



1078 Brian E Raines and Sonja Štimac

Now we provide an example of tent maps and their inverse limit spaces which contain
quasi–p–symmetric arcs for every p 2 ZC .

Example Let ADa1 � � � a˛ be a finite odd word of length ˛ . Let B and Gi , i 2N , be
finite words of the same parity. Define a sequence of finite words Di , i 2N , inductively
by D1 D a1 � � � a˛�1.1� a˛/B and Di DDi�1Gi�1Di�1 . Also define inductively a
sequence of finite words Ci , i 2 N , by C1 D ABG1 and Ci D Ci�1Di�1Gi . Note
that C1 is odd. Since Di�1Gi DDi�2Gi�2Di�2Gi , and all Gi , i 2N , have the same
parity, then Di�1Gi is even, and hence all Ci , i 2N , are odd. Let A, B and Gi , i 2N ,
be such that all Ci , i 2N , are � –maximal. Let 
iDjCi j, for i 2N . Then the sequence
�!c1D .ci/i2N such that every initial part of length 
i is the finite word Ci is a kneading
sequence. Note that �!c1 DABG1D1G2D1G1D1G3D1G1D1G2D1G1D1G4 � � � and
this kneading sequence is prerecurrent, ie, there exists k 2N such that �!ck is recurrent.

s
s
s

Œxx�

Œxz�

Œxy�

0
1

1
0

0
1

Cj‚ …„ ƒ Dj‚ …„ ƒ

„ ƒ‚ …
Cj

„ ƒ‚ …
Cj

? ?? ? ?

a1 � � � a˛�1.1� a˛/

a1 � � � a˛�1 a˛

�
j �˛�p �˛�p �p� 1 �p nCoordinate:

Figure 4: Example

Denote by Ks the corresponding continuum. For p; n 2 ZC , let Cp;n be a chain
of Ks . Let j 2 N be such that jDj j > p C n C ˛ . Let xx D

 �
01�!c1 be such

that Lp Œxx� D 
j C ˛ C 1. Let xy D
 �
01Cj

�!c1 be such that Lp Œxy� D ˛ C 1. Since
�!x�p�
j�˛�1DCj Dj � � � and �!y�p�
j�˛�1DCj Cj � � � , then xiDyi , for every i �n,
i ¤ �p � 1, and x�p�1 ¤ y�p�1 ; see Figure 4. Therefore, the arc U between the
points Œxx� and Œxy� contains only one p–point, Œxz�, and Lp Œxz�D 1. Also, Œxy� 2 `x

p;n and
the arc U is quasi–p–symmetric with respect to Cp;n .

Remark 4.3 Notice that if �!c1 is not prerecurrent ie, if the corresponding inverse
limit Ks contains quasi–p–symmetric arcs for finitely many p 2 ZC , then there is
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some P 2 ZC such that, for p � P , C does not have any quasi–p–symmetric arcs
for Cp;N . Then C does not have any quasi–0–symmetric arcs for C0;NCP and thus
no quasi–p–symmetric arcs for all p 2ZC and n�N CP . Let S1 DN CP . Then,
in the case that �!c1 is not prerecurrent, for all p 2 ZC and n� S1 , C does not have
any quasi–p–symmetric arcs for Cp;n .

In the next two lemmas we give a comparison of the p–levels of the boundary points
of a quasi–p–symmetric arc and its center. The next lemma is a consequence of the
nonrecurrence of T .1=2/.

Lemma 4.4 Let p; n 2 ZC and n > N . Let U be a quasi–p–symmetric arc of the
composant C with respect to Cp;n . Let U \Ep D fŒxx

0�; : : : ; Œxxk �g and let li DLp Œxx
i �.

Then for l Dminfl0; lkg we have lk=2 < l and l � lk=2 �R.

Proof Without loss of generality we can assume that l0 > lk . Therefore, lk=2 < l0
(lk=2> l0 would imply l0D lk ). So we have either l0> lk=2> lk or lk=2<minfl0; lkg.
Assume, in order to achieve a contradiction, that l0 > lk=2 > lk . Since Œxx0� 2 `xk

p;n , we
have

(2) x0
�p � � �x

0
n�� D xk

�p � � �x
k
n��;

for some � < R. Since the arc between Œxx1� and Œxxk�1� is p–symmetric, ie, the
number of p–points of p–level li , i ¤ k=2, in Int U is even, then by Remark 2.12
we have

(3) x0
�p�lkC1 � � �x

0
�p�1 D xk

�p�lk�1 � � �x
k
�p�1:

Now (2) and (3) imply

x0
�p�lkC1 � � �x

0
n�� D xk

�p�lkC1 � � �x
k
n��:

On the other hand, Lp Œxx
0�D l0 implies

(4) x0
�p�lkC1 � � �x

0
n�� D cl0�lkC1 � � � cpCl0Cn��

and Lp Œxx
k �D lk implies

(5) xk
�p�lkC1 � � �x

k
n�� D c1 � � � cpClkCn��:

Now (4) and (5) imply

cl0�lkC1 � � � cpCl0Cn�� D c1 � � � cpClkCn��:
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Since pC lk C n� � > n� � > n�R >R, this contradicts the assumption that the
critical point is not recurrent. Therefore, lk=2 < minfl0; lkg. Since the arc between
Œxx1� and Œxxk�1� is p–symmetric, then lk=2 Dmaxfl1; : : : ; lk�1g and

c1 � � � clk�lk=2�1 D xk
�p�lkC1 � � �x

k
�p�lk=2�1

D x0
�p�lkC1 � � �x

0
�p�lk=2�1 D cl0�lkC1 � � � cl0�lk=2�1:

Since the critical point is not recurrent, then lk � lk=2 �R.

We use the nonrecurrence of T .1=2/ and T 2.1=2/ to prove that the level of the center
of a quasi–p–symmetric arc is at least two lower than the levels of the boundary points.

Lemma 4.5 Let p; n 2 ZC and n>N . Let A be a quasi–p–symmetric arc for Cp;n

with A\Ep D fŒxx
0�; : : : ; Œxxk �g. Then

Lp Œxx
k=2� <minfLp Œxx

0�� 1;Lp Œxx
k �� 1g:

Proof Let li DLp Œxx
i �, and suppose that lk=2 D l0� 1. Let Œxz0�D z��lk=2C1Œxx0� and

Œxz1�D z��lk=2C1Œxxk �. Since there is `x0

p;n such that Œxxk � 2 `x0

p;n , then either

x0
�p�k=2C1 � � �x

0
n D xk

�p�k=2C1 � � �x
k
n ;

or there is � such that

x0
�p�k=2C1 � � �x

0
n���1 D xk

�p�k=2C1 � � �x
k
n���1;

x0
n�� ¤ xk

n��;

x0
n��C1 � � �x

0
n D xk

n��C1 � � �x
k
n D c1 � � � c�:and

Therefore, either

z0
�p � � � z

0
nCk=2�1 D z1

�p � � � z
1
nCk=2�1;

z0
�p � � � z

0
nCk=2���2 D z1

�p � � � z
1
nCk=2���2;or

z0
nCk=2���1 ¤ z1

nCk=2���1;

z0
nCk=2�� � � � z

0
nCk=2�1 D z1

nCk=2�� � � � z
1
nCk=2�1 D c1 � � � c�:and

Since �<R, then ��k=2<R. This implies that there exists `z0

p;n such that Œxz1� 2 `z0

p;n .
By our assumption that lk=2 D l0�1 we see that Lp Œxz

0�D 2: So �!z 0
�p D

�!c2 . Since n

was chosen, among other things, to ensure that p–points which project to �!c2 in the
p–th coordinate cannot be in a link with any p–points with different levels (Remark
2.23), we have a contradiction because Lp Œxz

1�¤ 2.
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In the next lemma we prove that the number of adjacent quasi–p–symmetric arcs
is bounded. This is a consequence of Theorem 2.19 which says that the number of
p–points in a p–bridge is bounded.

Lemma 4.6 Let p; n 2 ZC and n > N . Then there exists an L 2 N such that if A

and D are arcs of the composant C with the following properties:

(1) A is quasi–p–symmetric with respect to Cp;n , A\Ep D fŒxx
0�; : : : ; Œxxk �g, and

A does not properly contain any quasi–p–symmetric arcs.

(2) D\EpDfŒxz
0�; : : : ; Œxzd �g and there exists j 2f0; : : : ; d�kg, such that ŒxzjCi �D

Œxxi �, for i D 0; : : : ; k , ie, the arc between Œxzj � and ŒxzjCk � is A.

(3) ŒxzjClk � 2 `x0

p;n , for l 2 Z such that 0� j C lk � d and for some `x0

p;n .

(4) Lp Œxz
jClkCi �DLp Œxx

i �, for i 2f1; : : : ; k�1g and l2Z such that 0�jClkCi�d .

Then d=k �L.

Note that .3/ and .4/ imply that the arc Al between ŒxzjClk � and ŒxzjC.lC1/k � is
quasi–p–symmetric and FP.Int Al/D FP.Int A/. Also d=k is the number of quasi–
p–symmetric arcs Al contained in D .

Proof Since A is quasi–p–symmetric, then lk=2>Lp Œxx
i �, for every i 2f1; : : : ; k

2
�1g

and lk=2 < minfLp Œxx
0�� 1;Lp Œxx

k �� 1g. Therefore, z��lk=2�1.A/ is contained in a
p–bridge, ie, z��lk=2�1.A/ doesn’t contain any p–point with zero p–level. Since D

satisfies .3/ and .4/, z��lk=2�1.D/ is contained in the same p–bridge as z��lk=2�1.A/.
Denote this p–bridge by B . Note that Œxyl �D z��lk=2�1.ŒxzjClk �/ 2B , for every l 2Z
with 0� jC lk � d . But the number of p–points of a p–bridge is limited by Theorem
2.19. Let us denote by L the largest number of p–points of a p–bridge. Although
the arc D contains more p–points then the arc z��lk=2�1.D/, the number d=k of
p–points of D contained in links which contain Œxx0� is less than or equal L.

Remark 4.7 Note that, by Theorem 2.19, Lp Œxy
l �<M , for all l 2Z with 0� jClk�

d and Œxyl � ¤ Œx�B �, where Œxyl � D z��lk=2�1.ŒxzjClk �/, as in the proof of Lemma 4.6.
Therefore, there exists an S2 �N such that for all arcs A and D which satisfy (1)–(4)
of Lemma 4.6, the following holds: There are at most two points Œxza�; Œxzb � 2D\Ep

such that the arc between them is quasi–p–symmetric with respect to Cp;S2
. Since for

all n� S2 , Cp;n � Cp;S2
this property holds for all larger n.

Note also that Œxza� and Œxzb � have the following property: For one of them, let’s say
Œxza�, we have Œxza�D z� lk=2C1.Œx�B �/, and for the other one, let’s say Œxzb �, there exists l
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such that Œxzb �D z� lk=2C1.Œxyl �/ and Lp Œxy
l � <M . Therefore, there exists some S3�S2

large enough so that whenever two points, Œxu� and Œxv�, are boundary points of a quasi–
p–symmetric arc, then jLp Œxu��Lp Œxv�j>M .

Let S D maxfS1;S2;S3g, where S1 is defined in Remark 4.3 for �!c1 which is not
prerecurrent.

Recall that the main result of this Appendix, Proposition 3.8, addresses the hq;p –image
of a quasi–q–symmetric arc. One thing which is apparent about quasi–q–symmetric
arcs is that they are q–link-symmetric, and so it is simple to see that their images are
p–link-symmetric. So now we turn our attention to properties of p–link-symmetric
arcs.

In the next lemma we prove that every p–link-symmetric arc A is “almost” p–
symmetric, ie, there exists at most one link which contains a pair of p–points of
A that have different p–levels.

Lemma 4.8 Let p; n 2 ZC and n > S . Let A be an arc such that A \ Ep D

fŒxy0�; : : : ; Œxyj �; : : : ; Œxy2j �g and Œxyj�i � 2 `yjCi

p;n for all i 2 f1; : : : ; j g. Then there is at
most one k � j such that Lp Œxy

j�k �¤Lp Œxy
jCk �.

Proof For each i let li D Lp Œxy
i �. By Lemma 4.4 if lj�1 < lj then ljC1 D lj�1 .

Choose k� j . If lj�i < lj for all i <k then by the same lemma we get that lj�iD ljCi .
Suppose that k is minimal such that lj�k > lj . Then we also have that ljCk > lj .
So we have that for all i < k , lj�i D ljCi < lj , and Œxyj�k � 2 `yjCk

p;n . It is easy to
see that lj�k ¤ ljCk . Let G be the arc with @G D fŒxyj�k �; ŒxyjCk �g. Then G is
quasi–p–symmetric.

Assume without loss of generality that ljCk > lj�k . Then, ljCk � lj � 1 �M , by
Remark 4.7. Hence z��lj�1ŒxyjCk � is the center of some p–bridge, B , containing
z��lj�1Œxyj�k �. Since B is p–symmetric around its center z��lj�1ŒxyjCk �, there is
a p–symmetric arc H with @H D fz��lj�1Œxyj�k �; z��lj�1ŒxyjC3k �g. Then consider
z� ljC1.H /DH 0 . This H 0 is a p–symmetric arc with @H 0 D fŒxyj�k �; ŒxyjC3k �g and
with center ŒxyjCk �. This implies that lj�k D ljC3k , lj D ljC2k , and li � ljCk for all
i , j � k � i � j C 3k . Thus we have:

(1) for all i , 1� i � k , lj�i D ljCi < lj and

(2) for all i , 1� i � 2k , ljCk�i D ljCkCi .
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Hence for all i such that j � k < i < j C k or j C k < i < j C 3k we have li � lj .

Suppose there is a k2>k such that lj�k2
> lj and Œxyj�i � 2 `

yjCi

p;n for all i 2f0; : : : ; k2g.
Suppose further that k2 < 3k . Then ŒxyjCk2 � 2 z� ljC1.H / which is a symmetric arc
with center of symmetry ŒxyjCk �. Then ljCk2

� lj and hence lj�k2
D ljCk2

< lj .

Next suppose that k2 � 3k . Then Œxyj�3k � 2 `yjC3k

p;n , and lj�k D ljC3k . So Œxyj�k � 2

`
yjC3k

p;n and ŒxyjCk �2`yjC3k

p;n . Since n�S we have either lj�3kD lj�k or lj�3kD ljCk .
Either way we get a contradiction because this will lead to an arc with boundary points
with the same p–level but all of the interior p–points will have lower level.

In the next lemma we show that symmetry around the boundary point of a quasi–p–
symmetric arc with lower level cannot be extended “too far”.

Lemma 4.9 Let p; n 2 ZC and n > S . Let A be a quasi–p–symmetric arc with
A\Ep D fŒxx

0�; : : : ; Œxxk �g and Lp Œxx
0� > Lp Œxx

k �. Let j be the largest number such
that Lp Œxx

kCi �DLp Œxx
k�i � for all i 2 f0; : : : ; j g. Then 0� j < k .

Proof Since Lp Œxx
0� >Lp Œxx

k �, then Lp Œxx
0� >Lp Œxx

i � for all i 2 f1; : : : ; kg. Assume
by contradiction that j � k . Then the arc D between Œxx0� and Œxx2k � is p–symmetric
and for its center of symmetry Œxxk � we have Lp Œxx

k � <Lp Œxx
0�DLp Œxx

2k �, a contradic-
tion. Therefore, Lp Œxx

kCi �DLp Œxx
k�i � for all i 2 f0; : : : ; j g implies j < k .

Finally we prove Proposition 3.8 that for every quasi–q–symmetric arc A0 of C 0 , the
arc hq;p.A

0/ is not p–symmetric.

Proof of Proposition 3.8 Let A0 be a quasi–q–symmetric arc, and let A0\E0q D

fŒxx00�; : : : ; Œxx0k �g. Let AD hq;p.A
0/, and let A\Ep D fŒxy

0�; : : : ; Œxyl �g. We want to
prove that the arc hq;p.A

0/ is not p–symmetric, or more precisely that there exists an
r , 0� r � l , such that Lp Œxy

r �¤Lp Œxy
l�r �.

Without loss of generality we can assume that Lq Œxx
00� >Lq Œxx

0k �. Let j be the largest
number such that Lq Œxx

0kCi �DLq Œxx
0k�i �, for all i 2 f0; : : : ; j g, and Lq Œxx

0kCjC1�¤

Lq Œxx
0k�j�1�. Then, by Lemma 4.9, we have 0� j < k .

(1) Suppose that k=2� j < k . Assume by contradiction that A0 is mapped to a p–
symmetric arc, ie, Lp Œxy

i �DLp Œxy
l�i � for i 2 f0; : : : ; lg. Since Lq Œxx

0k�i �DLq Œxx
0kCi �

for i 2 f1; : : : ; j g, then by Lemma 3.6 we have ŒxylCi � 2 `yl�i

p;n for all i 2 f1; : : : ; ag,
where a is such that hq;p.Œxx

0kCj �/ D ŒxylCa�. Obviously we have l=2 � a < l ;
see Figure 5. Since A is p–symmetric, Lp Œxy

l=2� > Lp Œxy
l � and hence Lp Œxy

l=2� ¤

Lp Œxy
3l=2�. This fact together with Lemma 4.8 implies that Lp Œxy

lCi � D Lp Œxy
l�i �
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s
x0�k

cx0�k=2 s
x00

cx0k=2 s
x0k
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?

x0k�j

?

x0kCj

„ ƒ‚ …
quasi–q –sym„ ƒ‚ …

q –symmetric

q –symmetric‚ …„ ƒ

@
@
@
@R

hq;p

s
y�l

cy�l=2 s
y0

cyl=2 s
yl

cy3l=2 s
y2l

� �
?

yl�a

?

ylCa

„ ƒ‚ …
p –sym„ ƒ‚ …

p –link-symmetric

quasi–p –sym‚ …„ ƒ
p –link-symmetric‚ …„ ƒ

�
�
�
�
�
�
�
�
�
���

h0p;g

?z��l0�1 6z� l0C1

cz0 cz1 cz2c
z�1

c
z3

s
y0�d

cy0�d=2s
y00
cy0d=2 s

y0d
cy03d=2 s

y02d

?

z�q�g

Figure 5: The configuration in part (1) of the proof of Proposition 3.8
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for all i 2 f1; : : : ; ag, i ¤ l=2. Therefore, the arc between Œxyl=2� and Œxy3l=2� is
quasi–p–symmetric.

By Remark 4.7 Lq Œxx
00��Lq Œxx

0k �>M and hence Lq Œxx
0�i �DLq Œxx

0i � for i 2f1; : : : ; kg.
Therefore, by Lemma 3.6 we have Œxy�i � 2 `yi

p;n for i 2 f1; : : : ; lg. Again, since
Lp Œxy

l=2�¤Lp Œxy
�l=2�, Lemma 4.8 implies that Lp Œxy

�i �DLp Œxy
i � for i 2 f1; : : : ; lg,

i ¤ l=2. Therefore, the arc between Œxy�l=2� and Œxyl=2� is also quasi–p–symmetric
and by Remark 4.7 Lp Œxy

l=2� >Lp Œxy
�l=2�DLp Œxy

3l=2�.

Let liDLp Œxy
i �. Let D be the arc from Œxy�l=2� to Œxy3l=2�. Consider the arc z��l0�1.D/.

Let Œxz0�D z��l0�1Œxy�l=2�, Œxz1�D z��l0�1Œxyl=2� and Œxz2�D z��l0�1Œxy3l=2�. The folding
pattern of z��l0�1.D/ is

l�l=2� l0� 1 ll=2� l0� 1 l3l=2� l0� 1:

Let Œxz�1� be the p–point immediately before Œxz0� and let Œxz3� be the p–point im-
mediately after Œxz2�. By Lemma 4.5 we have l�l=2 � l0 � 1 ¤ 0 ¤ l3l=2 � l0 � 1.
Therefore, Œxz�1�; Œxz0�; Œxz1�; Œxz2�; Œxz3� all belong to the same p–bridge, say yB . Since the
arc between Œxy�l=2� and Œxyl=2� is quasi–p–symmetric, then by Remark 4.7 we have
ll=2� l0 > ll=2� l�l=2>M . This implies Lp.z

1/D ll=2�l0�1�M and by Theorem
2.19, Œxz1� is the center of yB , ie, the arc B between Œxz�1� to Œxz3� is p–symmetric;
see Figure 5. Then z� l0C1.B/ is p–symmetric with center z� l0C1Œxz1�D Œxyl=2�. Since
l�l D l0 , then Œxy�l � 2 z� l0C1.B/. Therefore, z� l0C1.B/ contains Œxy2l � and Lp Œxy

2l �D

Lp Œxy
l �DLp Œxy

0�DLp Œxy
�l �.

Now let G be the arc from Œxy�l � to Œxy2l �. The arc G is p–symmetric with center
of symmetry Œxyl=2�. Let G0 D h0p;g.G/, and let G0 \ E0g D fŒxy

0�d �; : : : ; Œxy02d �g.
By construction and by Lemma 3.6 we see that Œxy0�d �D Œxx0�k �, Œxy0�d=2�D Œxx0�k=2�,
Œxy00�D Œxx00�, Œxy0d=2�D Œxx0k=2�, Œxy0d �D Œxx0k �, Œxy03d=2�D Œxx03k=2�, and Œxy02d �D Œxx02k �.
Since G is p–symmetric, by Lemma 3.6 we have Œxy0d=2Ci � 2 `y0d=2�i

g;e for all i 2

f1; : : : ; 3d=2g. Since Lq Œxx
00�¤Lq Œxx

0k �, then LgŒxy
00�¤LgŒxy

0d �, and this fact together
with Lemma 4.8 implies that LgŒxy

0d=2�i �DLgŒxy
0d=2Ci � for i 2 f1; : : : ; 3d=2g, i ¤

d=2. Particularly, LgŒxy
0dCi � D LgŒxy

0�i �, for every i 2 f1; : : : ; dg. Since the arc
between Œxx0�k � and Œxx0k � is q–symmetric, then the arc between Œxy0�d � and Œxy0d � is
g–symmetric. Since the arc between Œxx00� and Œxx0k � is quasi–q–symmetric, then the
arc between Œxy00� and Œxy0d � is quasi–g–symmetric Therefore, LgŒxy

0dCi �DLgŒxy
0d�i �,

for every i 2 f1; : : : ; d � 1g and every g–point between Œxy0d � and Œxy02d � has a lower
g–level than Œxy0d �. But LgŒxy

0d �DLgŒxy
02d �, a contradiction.

(2) Now suppose instead that j < k=2. Again we suppose for contradiction that A0

is mapped to a p–symmetric arc A, ie, Lp Œxy
i �DLp Œxy

l�i � for i 2 f0; : : : ; lg. Since
j < k=2, there is some a < l=2 with hq;p Œxx

0kCj �D ŒxylCa� and ŒxylCi � 2 `yl�i

p;n for
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i 2 f1; : : : ; ag. Since Lq Œxx
0�i �DLq Œxx

0i � for all i 2 f1; : : : ; kg we see that Œxy�i �2 `yi

p;n

for all i 2 f1; : : : ; lg, and by Lemma 4.8 this implies that Lp Œxy
�i � D Lp Œxy

i � for all
i 2 f1; : : : ; lg except for i D l=2. So the arc from Œxy�l=2� to Œxyl=2� is quasi–p–
symmetric. Since ŒxylCi � 2 `yl�i

p;n for i 2 f1; : : : ; ag, and Lp Œxy
l�i � <Lp Œxy

l � for every
i 2 f1; : : : ; l � 1g, by Lemma 4.8 and Lemma 4.4 we see that Lp Œxy

lCi �D Lp Œxy
l�i �

for i 2 f1; : : : ; ag. Now we have two subcases:

(a) Lp Œxy
l=2� >Lp Œxy

�l=2�,

(b) Lp Œxy
�l=2� >Lp Œxy

l=2�.

Suppose that we are in case (a). Then z��l0�1Œxyl=2� is the center of some p–bridge
which contains z��l0�1Œxy�l=2�, and by the same argument as given in case (1) we see
that Lp Œxy

l �DLp Œxy
2l �. This again yields a contradiction.

Suppose that we are in case (b). Then z��l0�1Œxy�l=2� is now the center of a p–bridge
which contains z��l0�1Œxyl=2�. Since Lp Œxy

l=2Ci �<Lp Œxy
l=2� for all i 2f1; : : : ; l=2Cag,

this p–bridge will also contain z��l0�1ŒxylCa�. So the boundary points of this p–bridge
extend past z��l0�1Œxy�2l�a�. Since the center of the symmetry of the z� l0C1 image
of this bridge is Œxy�l=2� we see that Lp Œxy

�2l �DLp Œxy
l �. By considering h0p;g of this

arc we will reach the same contradiction as in case (1) but this time with Œxy0�2d � and
Œxy0d �.

Note that the above proof also shows that the following corollary holds:

Corollary 4.10 For every quasi–q–symmetric arc A0 of C 0 , the arc hq;p.A
0/ is

quasi–p–symmetric.
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