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About the macroscopic dimension of certain PSC-Manifolds

DMITRY BoLoOTOV

In this note we give a partial answer to Gromov’s question about macroscopic dimen-
sion filling of a closed spin PSC—Manifold’s universal covering.

57R19; 57R20

1 Introduction
The following definition was given by M Gromov in [3].

Definition 1.1 Let V' be a metric space. We say that dim, V' < k if there exists a
k —dimensional polyhedron P and a proper uniformly co-bounded map ¢: V — P
such that Diam( ¢~ (p)) <& forall p € P. A metric space V has the macroscopic
dimy, V < k if dimg V' < k for some possibly large ¢ < co. If k is as minimal as
possible, we say that dimy,. V = k.

Gromov also posed the following conjecture.

Conjecture C1 Let (M", g) be a closed Riemannian n—manifold with torsion free
fundamental group and (M " ) be the universal covering of M" with the pull-back
metric. Suppose that dimmC(Mn, ¢) <n. Then dimmC(Mn, g)<n—1.

Remark 1.2 In fact the macroscopic dimension dimmc(]\7 " ¢) of the universal
covering M~ of M does not depend on a particular choice of a Riemannian metric g
on M , since the Riemannian manifolds (M ", %) and (M ", ") are quasi-isometric
for any two metrics g and g’ on M .

This conjecture is true for n = 3 (see Bolotov [1]). In [2] the author shown that it fails
for n > 3.

Actually this question arose in M Gromov’s works in connection with the study of
PSC—manifolds, ie manifolds admitting a Positive Scalar Curvature metric.

The following is Gromov’s PSC—conjecture.
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Conjecture C2 Let (M",g) be a closed Riemannian PSC—manifold with torsion
free fundamental group, and let (M , 2) be the universal covering of M" with the
pull-back metric, then dimpe(M ", ) <n—1.

Let us also recall the Gromov—-Lawson—Rosenberg conjecture.

Conjecture 1.3 Let M" be a closed spin manifold, 7 =ty M", and let f: M" —
B be a classifying map. Then M"™ admits a PSC-metric if and only if

Ao fi((M"]k0) =0

in KOy (C} (1)), where [M"|go € KOn,(M™") is the corresponding fundamental class
in KO —theory, C) () is the reduced C* —algebra of the group n, and

A: KOy (Br) — KO«(C/ (7))

is the assembly homomorphism of homology theories.

Remark 1.4 f.[M"]xo depends only on the bordism class [M", f] € Qflp in (Brm)
(see Hitchin [5], Gromov—Lawson [4]).

The following important theorem is proved by J Rosenberg.

Theorem 1.5 (Rosenberg [6]) Let M" be a spin manifold, 7 =y M", and f: M"—
B be a classifying map. If M" is a PSC-manifold then Ao fy[M"]gxo =0.

Recall that the Strong Novikov Conjecture asserts the following.

Conjecture 1.6 The assembly map A: KOx(Br) — KO« (C/(rr)) is a monomorph-
ism.

In this paper we prove the following theorem.

Main Theorem Let M" be a closed spin PSC—manitfold and &= = w1 M™" . Suppose
that cdm <n—1 and that the Strong Novikov Conjecture holds for . Then Conjecture
C2 is true for M" as well.

Remark 1.7 Clearly, for the proof of this result it is sufficient to show that the
classifying map f: M" — B can be deformed into the (n —2)—skeleton of Bx. In
this case the covering map f M — Br®2 would yield the result. Also notice
that the Main Theorem is nontrivial only in the case cdm =n —1.
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2 Proof of Main Theorem

Proof Let M be an oriented, closed, n—dimensional, spin manifold with torsion free
fundamental group 7. Notice that the Main Theorem is trivial for n = 2. Moreover,
since cdm # 2 for n =3, we will assume that n > 4. Suppose also that cd 7 =n—1
and [M]=0e 2" (%).

Consider the following composition of maps:

ML Bx 25 Ba/BrD),

where p is the factor-map to the factor-space Br/Bw "2 of Bx by its (n —2)—
skeleton.

Since cdm =n —1, we can assume that dim Br =n—1 and BJT/BJT(n_z) is homeo-
morphic to a bouquet of (n — 1)—dimensional spheres.

We can also assume that M is endowed with cellular decomposition having only one cell
in each dimensions 0 and 7, and that f is a cellular map. Let 12 be the restriction
of f tothe (n—2)—skeleton of M . The first obstruction class [07_1] for the extension

of =2 to the (n — 1)—skeleton belongs to the group H" (M, 7, (Bw®#2)).
Notice that by Hurewicz’s theorem

T2 (Bx ") = H, (Bx"?, Z[x))
is a free Z[mw]-module. Hence by Poincaré duality with twisted coefficients
HY(M. @ ZIn)) = HE (M . ®:7) = H,_ (M. & ). (+)
Since Hy (M, ®;Z)=0, wecanextend /@2 toamap f@D; M@= pr(-2)

changing (if necessary) f®~2) on the (n — 2)—skeleton, but not changing /' ®~2 on
the (n — 3)—skeleton.

Since B is a K(r, 1)—space, we can also extend f =1 to the map f: M — Brm.
In the sequel we will denote this map f by f.

Notice that the first obstruction c} € C"(M, my—; (B "=2))) for an extension of
F=1 to all of M can be represented as a composition of Z[]-module homomor-

phisms:

9 >’En—l)
c?: Co(M, Z[r]) = mn(M, M V) = 7, (M @D f—> Tp_1 (B2,
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Consider the following commutative diagram:

(M, M #=1)) AN 7n(Bw, B #=2)

[ L
(n—1)

Tnot (M@)o (B 7))

a
Notice that 77, (B, Br"=2) — 7,_; (Bx®~?) is an isomorphism. This can easily
be seen from the exact sequence of the pair (B, Bw®#~2)) since 7;(Br) = 0 for
i=2.

Recall that » > 4 and
7a(Brr, B ") =~ 7,(Br, Bn" ) =~ n,(Br/Br ")
is a free Z,[m]-module.

Using Poincaré duality for the Z[w]-module A = JTn(E w/ Br (=2)) it is not hard to
verify that
H'"(M,A) = A ®zZ[r] 7= ®;7,.

Consider the following commutative diagram:

Tn(M, M @=D) ﬁ> 7n(Bm, Br"=2))

RZ l@Z

(M, M7 AR 7y (Br, B )@ Z

Clearly, (M, M@ V)Y QZ =~ 7,(M/M® D) = 7,,(S") and

7a(Brr, Bn ") Q Z = (B /Br ") =~ ma(v 8™,
l

We conclude that [cf] = ( f+« 0 ®Z)(c), where ¢ is a generator of free module
(M, M@=V and [cr] is represented by the map (as an element of the homotopy
group 7, (v S"71)):

l

My/M@D = 5m Ly BB &y 5771,
1
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Consider the following commutative diagram:

ML> S"i—d>S”

7] |7 L ()

P _ DI _
Bn—)\_/S”l—(>S"1
1

Suppose that for some k the map py o f_ is not null-homotopic, where pj is the
projection on the k—factor of the bouquet. The map

propofi M — S
induces a composition of homomorphisms
Pk © Px © fx: KOp(M) — KOu(S" 7).

Clearly, if
Pix© P+ o [x[M]go = (hoq)«[M]go # 0,
then fi[Mlxo # 0 as well.

Lemma 2.1 Let szﬁpi“(S"—l) be the n th bordism group of S"~!. Then [(M, hogq)] =
[(S". )] in Q""(S"").

Proof Since [M]=0¢ Q,S,pin(*), there exists an (n 4+ 1)—dimensional spin manifold
W with W = M . Let B C W be a small open ball and
i: D"xI—W\B

be a regular normal neighborhood of the transversal segment i: 0 x I — W \ B, such
that i (0,0) € M and i (0, 1) € 0B =~ S™. Define the following map:

retraction uotient

h
i(D"x 1) 2S5 (D" x 0) "5 i (D" x 0)/i (AD" % 0) = S" = "1
We can extend it to the map F: W\ B — S§”~! which is constant outside i (D" x I).

Clearly, the restriction F'|ps is homotopic to 40q in M and the restriction F|yg is
homotopic to /4 in dB. O

Since (h10q)«[M]xo depends only on the bordism class in Q57" (S"~!) (Hitchin [5]),
we obtain from Lemma 2.1 that

(hoq)«[M]go = h«[S"]ko-

We will now show that[/] € 7§ represents a non-zero element /1x[S"]xo in KOy (S n=1y,
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By assumption / is not homotopic to zero. Therefore & must be homotopic to the Hopf
(n—3)—suspension H: S” — §"~! which induces a homomorphism Hy: KO, (S™)—
KO,(S"1). But Hy[S"|xo # 0. Indeed, let S! be a circle with nontrivial spin
structure and pr: S"~! x S — §” be the natural projection. Using framed surgery
along generating circle S! it is easy to verify that:

[(S™, H)] =[(S""' x 8!, pr)] € @P"(s" 7).
But
KOp(S™™1) = KOp(R"™™1) @ KOy (%).

Moreover, pr«[(S"~! x S|k o is equal to the generator of
KO,R" )= KO 1(R" Q@ KO (x) 2 Z Q7 =7

and
h[S"ko = Hi[S"Iko = pr«[(S""' x §H]go #0.
Thus both (ho¢q)«[M]go and f«[M]go are non-zero.

Therefore if the Strong Novikov Conjecture is true, then by Theorem 1.5. M does not
admit a PSC—metric.

We conclude that if M is a PSC—manifold, then [ /] = 0. Therefore f can be deformed
to the (n — 2)—skeleton of Bmr and by Remark 1.7 dimy,c M <n—2.

In the case when [M]#0 € Q,S,p in (%) we can consider the manifold M xS! representing

0e Q,Sf_)il_nl (%). Clearly, M x S! is a PSC-manifold whenever M is a PSC—manifold.

Let us consider the following diagram:

S Sq id

M x S! SM sntl =, gntl

fl le lsf lSh
S !

BrxS' -2 sBx 27 v .S LN

1
where the symbol S means a suspension.
For the natural cell decomposition of M x S! the result for M follows from the

previous discussion of M x S! taking into account that if # ~ H, then Sh~ SH. O

Corollary 2.2 The counterexamples to the Conjecture C1 constructed in [2] do not
admit PSC—metrics.

I would like to thank professors A Dranishnikov, M Gromov, J Rosenberg and S Stolz
for their professional help. I thank the management of IHES for their hospitality during
my visit in November 2007.
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