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Exotic iterated Dehn twists

PAUL SEIDEL

Consider cotangent bundles of exotic spheres with their canonical symplectic structure.
They admit automorphisms that preserve the part at infinity of one fiber and which
are analogous to the square of a Dehn twist. Pursuing that analogy, we show that they
have infinite order up to isotopy (inside the group of all automorphisms with the same
behavior).

53D40, 57S05

1 Introduction

Let M D T �L be the cotangent bundle of a closed connected oriented n–manifold L

with its standard symplectic structure !M D d�M . This is a Liouville manifold, mod-
eled at infinity on the positive part of the symplectization of the contact sphere bundle
@1M D S�L. Let Symp.M / be the group of symplectic automorphisms � which
are of contact type at infinity, or equivalently such that ���M � �M is closed and has
compact support. Fix some point q 2L. Write F D T �q L�M for the cotangent fiber
at that point, and K D S�q LD @1F � @1M for the corresponding sphere fiber. Let

(1-1) SympK.M /� Symp.M /

be the subgroup of those � such that the submanifolds F and �.F / agree outside
a compact subset, including their orientations; equivalently, the associated contact
diffeomorphism @1� of @1M maps K to itself and preserves its orientation.

Theorem 1.1 Let L be an exotic n–sphere, n¤ 4. Then �0.SympK.M // contains
an element of infinite order.

By an exotic n–sphere, we mean a homotopy sphere not diffeomorphic to Sn . There
are no such spheres for nD 1; 2; 3; 5; 6, so Theorem 1.1 concerns n� 7. We will give
two parallel but logically independent constructions of elements of SympK.M /: one
using Riemannian geometry and the geodesic flow, and the other via Lefschetz fibrations
and monodromy. Each of them imitates a certain interpretation of the square of a Dehn
twist �2 on the cotangent bundle of the standard sphere. We will not actually prove
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that the two approaches have the same outcome, but we will provide a Floer-theoretic
proof of Theorem 1.1 which, with minor adjustments, applies to either of them. The
main constructions are contained in Sections 6 and 10, respectively; the rest of the
paper explains the relevant background material (which is not new, but included for
convenience).

Acknowledgments Matthias Kreck helped me to clarify the discussion of homotopy
spheres. Ailsa Keating suggested the heuristic argument from Section 5. Xin Jin and the
anonymous referee contributed helpful comments on the first version of this manuscript.
(That version eventually turned out to have a serious flaw; see Remark 9.2.) I am
grateful to all of them. This work was partially supported by a Simons Investigator
grant from the Simons Foundation, as well as by NSF grant DMS-1005288.

2 Homotopy spheres

A homotopy n–sphere is a closed oriented manifold S homotopy equivalent to Sn .
From now on, when talking about such manifolds, we always assume that n � 6.
Let ‚n be the set of diffeomorphism classes of homotopy n–spheres. This is a finite
abelian group under connected sum, with the inverse map being orientation-reversal
S 7! �S ; see Kervaire and Milnor [12]. Given f 2 DiffC.Sn�1/, one can form the
homotopy n–sphere

(2-1) Sf D B�[f BC:

Here, B� and BC are two copies of the closed unit ball in Rn , and one identifies
q 2 @B� with f .q/ 2 @BC . (To fix the differentiable structure on Sf explicitly, let’s
say that we use radial collar neighborhoods of @B˙ .) Equip Sf with the orientation
coming from B� (the opposite of the orientation coming from BC ). This yields a
group homomorphism

(2-2) �0.DiffC.Sn�1// �!‚n:

The h–cobordism theorem shows that (2-2) is onto, and Cerf’s theorem [6] that it
is injective. Here are two useful consequences of the representability of homotopy
spheres in the form (2-1):

Lemma 2.1 There is a Riemannian metric on Sf with the following property. For
q 2 Sn�1 D @B˙ , consider the path which consists of a straight line segment (with its
standard parametrization) from q�D02B� to q2@B� and another such segment from
f .q/ 2 @BC to qC D 0 2 BC . Then all those paths are geodesics (of the same speed).
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This is due to Weinstein, see [21] and [3, Appendix C] for expositions. For greater
compatibility with the standard sphere case, we will assume that the unit speed geodesics
are those which take time � to go from q� to qC . This is unproblematic, since it can
be achieved simply by rescaling the metric.

Lemma 2.2 Take f 2 DiffC.Sn�1/ and an orientation-reversing r 2 O.n/. Then
rf r�1 is isotopic to f �1 .

Proof Applying r to both hemispheres in (2-1) yields a diffeomorphism

�Sf �! Srf r�1 :

On the other hand �Sf Š Sf �1 , by exchanging the hemispheres. Because of the
injectivity of (2-2), this implies the desired result.

3 Cotangent bundles

Consider a cotangent bundle M D T �L. Here L is closed connected oriented, as
in Section 1, and we again fix a point q together with the associated submanifolds
F �M , K � @1M . Consider the map

(3-1)
Symp.M / �!K.@1M /;

� 7�! @1�.K/;

where K.@1M / is the space of oriented Legendrian spheres in @1M . Clearly,
SympK.M / is the fiber of (3-1) over K . Since that map has the lifting property with
respect to smooth paths, one gets a boundary homomorphism

(3-2) �1.K.@1M /;K/ �! �0.SympK.M //:

Any element of SympK.M / induces an orientation-preserving diffeomorphism of K .
This yields a sequence (exact at the middle terms)

(3-3) �1.DiffC.Sn�1// �! �0.SympK ;fix.M //

�! �0.SympK.M // �! �0.DiffC.Sn�1//;

where SympK ;fix.M / � SympK.M / is the subgroup of those � such that �jF is a
radial rescaling outside a compact subset, or equivalently @1�jK D id.

Remark 3.1 If Diffc.Rn/ is the group of compactly supported diffeomorphisms, then
the inclusion Diffc.Rn/� DiffC.Sn/ induces an isomorphism on �0 . Hence one can
define a homomorphism

(3-4) �0.DiffC.Sn// �! �0.SympK ;fix.M //
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by realizing classes as diffeomorphisms of Rn which are the identity outside a ball,
embedding that ball into Lnfqg and then taking the induced symplectic automorphism
of the cotangent bundle.

4 Topological and symplectic invariants

Write M DM [ @1M . Consider the short exact sequence

(4-1)

0 // Hn.L/ // Hn.M ;K/ // Hn�1.K/ // 0

0 // Z

Š

OO

// Z2

Š

OO

// Z

Š

OO

// 0:

The generators for the middle group in (4-1) are the classes of the zero section L

and the fiber F D F [K . Moreover, Hn.M ;K/ carries a nonsymmetric intersection
pairing, defined as follows: given two relative cycles, we perturb the first one so that its
boundary moves in the direction of a Reeb vector field on @1M , and then intersect that
perturbed version with the (unperturbed) second cycle. Let’s choose the orientations
of L and F in such a way that ŒL� � ŒF �D .�1/n.nC1/=2 . Then the intersection pairing
is given by

(4-2) .�1/n.nC1/=2

�
�.L/ 1

.�1/n 1

�
:

Any element of SympK.M / induces an automorphism of Hn.M ;K/, which acts
trivially on the quotient Hn�1.K/ and is compatible with (4-2). Hence, the induced
map is necessarily of the form

(4-3)
�

1 �

0 1

�
if n is odd, and of the form

(4-4)
�
�1 �2=�.L/

0 1

�
or

�
1 0

0 1

�
if n is even (and where the first possibility in (4-4) can only happen if 2 is divisible by
the Euler characteristic of L).

Let DiffK.M / be the topological analogue of SympK.M /, which we define to be the
group of orientation-preserving diffeomorphisms of M which map K � @M D @1M

to itself and preserve its orientation. Obviously, if �� is not the identity, then Œ�� 2
�0.DiffK.M // is nontrivial.
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Lemma 4.1 Suppose that L is a homotopy sphere with n � 6 even. Then any
Œ�� 2 �0.DiffK.M // has finite order.

Sketch of proof Since � is not symplectic, �� does not a priori have to be compatible
with all of (4-2), but it still preserves part of it, namely the pairing between Hn.M /

and Hn.M ;K/. This is enough to ensure, after possibly passing to the square, that ��
is the identity. Let’s assume that is the case.

Again after passing to an iterate, we may assume that �jK is the identity by look-
ing at the topological analogue of (3-3). Because �� D id, the intersection number
between �.F / and another fiber F 0 is zero. After applying the Whitney trick and
a compactly supported isotopy, we may therefore assume that �.F /\F 0 D ∅. At
this point, one can think of �jF as a “higher-dimensional long knot”, which means
an embedding Bn! Bn �Bn whose restriction to the boundary is the standard map
Sn�1! f0g �Sn�1 . Since the space of such embeddings is connected [5, Propo-
sition 3.9(2)], we may apply another isotopy and achieve that �jF is in fact the
identity. Next, the action of � on the normal bundle to F is described by a map
Bn! GLC.n;R/, which we can homotop to a constant. By extending this homotopy,
one can arrange that � is the identity in a neighborhood of F .

At this point, we can think of �.L/ as another “long knot”, where this time Bn �Bn

appears as the complement of a neighborhood of F . One can therefore deform �

(keeping it the same near F ) until it becomes equal to the identity on L. Then the action
of � on the normal bundle to L is described by a map .Bn;Sn�1/! .GLC.n;R/; id/.
But under our assumptions �n.SO.n// is finite, hence after passing to a further iterate
one can assume that this map is nullhomotopic. The final outcome is that � can be
made equal to the identity in a neighborhood of L[F .

The remaining possibly nontrivial part of � can be thought of as a pseudoisotopy on
Bn �Sn�1 , which is a simply connected compact .2n� 1/–manifold with boundary.
The pseudoisotopy theorem [6] (or rather its mild generalization to manifolds with
boundary) applies, providing a deformation of the pseudoisotopy to the identity.

We now turn to symplectic topology. For simplicity, let’s assume that H 1.L/ D 0.
Then one can introduce the notions of graded symplectic automorphism and graded
Lagrangian submanifold of M , in an essentially unique way [18]. There are analogous
notions of a graded Legendrian submanifold and a graded contact diffeomorphism in
@1F (in fact, both can be defined via the symplectization, where they reduce to their
counterparts from symplectic geometry). An automorphism � 2 SympK.M / has a
canonical grading �] , which is characterized by that (for any grading F ] of the fiber)

(4-5) F ] D �].F ]/ outside a compact subset.
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Lemma 4.2 Let .Kt / be a loop in K.@1M / based at K . Suppose that it does not
lift to a loop in the space of graded Legendrian spheres. Then its image under (3-2) has
infinite order in �0.SympK.M //.

Proof Embed the Legendrian isotopy .Kt / into one of contact diffeomorphisms of
@1M , denoted by .@1�t /, and then extend that to an isotopy .�t / in Symp.M /.
Then the image of .Kt / under (3-2) is the map � D �1 2 SympK.M /.

The isotopy .�t / has a unique grading .�]t / such that �]
0

carries the trivial grading (is
the identity in the graded symplectic automorphism group). We then have

(4-6) �
]
1
.F ]/D F ]Œk� outside a compact subset,

where Œk� is the notation for k–fold downward shift in the grading. The (even) integer k

is nonzero in our case, because otherwise we would get a graded lift of the loop .Kt /,
contradicting the assumption. By comparing this with (4-5), one sees that the preferred
grading of � 2 SympK.M / satisfies

(4-7) �] D �
]
1
Œ�k�:

One can choose .�t / to be the constant isotopy on an arbitrary large compact subset
of M , in particular on a neighborhood of L. Then �]

1
.L]/DL] , which in combination

with (4-7) shows that �].L]/DL]Œ�k�. Hence

(4-8) HF�.L]; �].L]//Š HF��k.L];L]/:

On the other hand, if Œ�� 2 �0.SympK.M // were trivial, �] would be isotopic to the
identity as a graded symplectic automorphism, which would imply that

(4-9) HF�.L]; �].L]//Š HF�.L];L]/:

But HF�.L];L]/ is a nonzero finite-dimensional graded group (isomorphic to the
ordinary cohomology of L), hence that is a contradiction. The same applies to the
iterates of � .

5 The Dehn twist

At this point, it is helpful to recall the situation for the cotangent bundle of the standard
sphere, so let’s temporarily set LD Sn and M D T �Sn . The Dehn twist (or Picard–
Lefschetz transformation) � is a symplectic automorphism of the cotangent bundle M .
It is compactly supported, hence in our notation belongs to SympK ;fix.M / for any q .
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The square �2 is particularly easy to describe geometrically. Equip L with the round
metric. Use that metric to identify M Š TL, and consider the Hamiltonian function

(5-1) H.x/D h.kxk2/;

where kxk is the length of a tangent vector and the function h satisfies h.r2/D r for
r � 0. At infinity, the Hamiltonian flow .�t / of H is the normalized geodesic flow,
moving each tangent vector by parallel transport along its unit speed geodesic. We
then set

(5-2) ��2
D �2� :

To define ��1 itself, one composes �� with the involution of M induced by the
antipodal map on L.

Let’s look at the topological aspect first. In terms of (4-3) or (4-4), the Picard–Lefschetz
formula says that

(5-3) �� D

�
1 �1

0 1

�
for odd n, �� D

�
�1 �1

0 1

�
for even n.

If n is odd, �� has infinite order. For nD 2; 6, it is known that �2 is isotopic to the
identity by a compactly supported isotopy (of diffeomorphisms). This is not true for
other even n (in those cases, �2 is not even homotopic to the identity by a compactly
supported homotopy [2, Theorem 1.21]), but after passing to some power �2k , one
can again find a compactly supported isotopy to the identity [11, Theorem 3] (in fact,
k D 4 suffices; see the discussion in [13, Introduction], which summarizes the relevant
parts of [11; 20]).

From the viewpoint of symplectic geometry, the situation is as follows. The canonical
grading �] has the property that [18, Lemma 5.7]

(5-4) �].L]/DL]Œ1� n�:

As in Lemma 4.2, this implies that Œ� � 2 �0.SympK.M // has infinite order for all
n> 1 (leaving nD 1 as an elementary exercise).

It is instructive to look a little closer at how � acts on Lagrangian submanifolds. By
[17, Appendix],

(5-5) �.F /'L # F:

Here # is Lagrangian connected sum (also called Lagrangian surgery [15]) and ' stands
for compactly supported Lagrangian isotopy. Since �.F / intersects L transversally
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and in a single point, the argument can be iterated, yielding in particular

(5-6) �2.F /' ..�1/n�1L/ # L # F:

The sign .�1/n�1 is intended to keep track of orientations (which is not strictly neces-
sary, since forming # does not require orientations, but is helpful for our argument): if n

is odd, the two copies of the zero section Sn contribute to (5-6) with the same orientation,
while for even n the orientations are opposite. This of course agrees with (5-3).

Now let’s suppose that L is an exotic n–sphere, and engage in some speculation.
Both F and L # F are diffeomorphic to Rn , but such a diffeomorphism is necessarily
nontrivial at infinity. Hence, if one has some � 2 SympK.M / for which the analogue
of (5-5) holds, then �jF must be nontrivial at infinity. Indeed, with suitable choices
of orientations, it follows that its image under (3-3) is precisely the class ŒL� 2‚n Š

�0.DiffC.Sn�1//. Similarly, if one looks at �2 and supposes that the analogue of
(5-6) holds, then the image of � under (3-3) must be Œ.�1/n�1L#L�. If n is even, this
would contradict the previous suggestion, unless ŒL� 2‚n has order 2. The conclusion
is then that for even n, one should not expect to obtain an analogue of � in SympK.M /,
unless ŒL� 2 ‚n has order 2; on the other hand, if there is an analogue of �2 , one
can expect this to lie in SympK ;fix.M /. The same line of argument leads us to the
following: for odd n, there is no fundamental obstruction to having an analogue of �
itself; however, one does not expect the analogue of �2 to lie in SympK ;fix.M /, unless
ŒL� 2‚n has order 2. These are purely heuristic considerations (so the words should
and expect are probably too strong), but they are useful as intuitive guideposts.

6 Construction via geodesic flow

Let L be an exotic n–sphere. We write it as LD Sf , as in (2-1). Take F˙ �M to be
the cotangent fibers at the centers q˙ D 0 2 B˙ , and K˙ � @1M the corresponding
spheres at infinity. Equip L with a Riemannian metric as in Lemma 2.1. If we identify
@1M with the unit sphere tangent bundle for that metric, the associated Reeb flow
equals the geodesic flow. Denoting that flow by .@1�t /, we find that

(6-1) .@1��/.K˙/DK�:

More precisely, if we use the coordinates B˙ �Rn to identify K˙ D Sn�1 , then

(6-2)
@1�� jK� D af;

@1�� jKC D af �1;

where a 2O.n/� Diff.Sn�1/ is the antipodal map. In particular, @1�2� maps K˙
to itself in an orientation-preserving way. Set q D q� (hence F D F� and K DK� ).
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Definition 6.1 Define Œ�� 2 �0.SympK.M // to be the image of the homotopy class
of the loop .@1�t .K//0�t�2� in K.@1M / under (3-2).

Taking H 2 C1.M;R/ as in (5-1) and its Hamiltonian flow .�t /, one finds that the
associated family of contactomorphisms at infinity is the previously considered .@1�t /.
Hence, an explicit representative can be defined as in (5-2):

(6-3) �D �2� :

This makes it clear that � generalizes the inverse square Dehn twist ��2 . Let’s draw
some immediate conclusions from the definition:

� Since the representation LD Sf is not intrinsic, the class Œ�� is unique only up
to conjugation with elements of �0.DiffC.L//! �0.Symp.M //. It is unknown at
present whether these conjugations act nontrivially. (Note that a similar issue already
arises for the standard Dehn twist.)

� By (6-2), the image of Œ�� under (3-3) is

(6-4) Œaf �1af � 2 �0.DiffC.Sn�1//:

If n is even, a is isotopic to the identity, hence so is af �1af , which means that one
can find a representative of Œ�� lying in SympK ;fix.M /. If n is odd, then af �1af

is isotopic to f 2 by Lemma 2.2. Hence, a representative of Œ�� in SympK ;fix.M /

exists if and only if ŒL� is of order 2 in ‚n . This is in line with the expectations from
Section 5.

� One can assume that the function h appearing in (5-1) has the property that
k.r/D dh.r2/=dr D h0.r2/2r has positive derivative, k 0.r/ > 0, for all r > 0 such
that k.r/ < 1. In that case, if zF D T �

zq
L is another cotangent fiber close to F , the

intersection �2�.F / \ zF consists of two (transverse) points, corresponding to the
two geodesics of length less than 2� going from q to zq . The local sign of each
such intersection point is determined by the Morse index of the geodesic mod 2: it is
.�1/n.nC1/=2 if the Morse index is even and .�1/n.nC1/=2�1 otherwise. In our case,
the Morse indices are 0 and n� 1, hence

(6-5) ��.F / � zF D

�
.�1/n.nC1/=2 � 2 n odd;
0 n even.

This, together with the fact that �jL is the identity, implies that the induced map ��
on Hn.M ;K/ agrees with the inverse square of (5-3), namely

(6-6) �� D

�
1 2

0 1

�
for odd n, �� D

�
1 0

0 1

�
for even n.
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In particular, if n is odd then Œ�� 2 �0.DiffK.M // has infinite order, just like for a
standard Dehn twist. On the other hand, for even n, it follows from Lemma 4.1 that
the order of Œ�� 2 �0.DiffK.M // must be finite.

� If we equip F˙ with the orientations induced by an orientation of L itself, then
the maps in (6-2) preserve orientations if n is odd and reverse them if n is even. If n

is odd, we can take any  2 DiffC.L/ which maps xC to x� and is isotopic to the
identity, and consider

(6-7) .T � /�� 2 SympK.M /;

which is an analogue of ��1 . If n is even and ŒL� 2 ‚n has order 2, there are
orientation-reversing diffeomorphisms of L. We can then define (6-7) as before, but
with an orientation-reversing  (which is no longer unique up to isotopy). It is not
clear in either case whether the square of (6-7) would be isotopic to the previously
defined � ; for that reason, we will not pursue these constructions further.

We now add gradings to our discussion. As in the proof of Lemma 4.2, there is a unique
lift .�]t / of .�t / to the graded symplectic automorphism group such that �]

0
is the

identity. With respect to the natural action of graded symplectic automorphisms on
graded Lagrangian submanifolds, we then have the following for any grading of F ] :

Lemma 6.2 Outside a compact subset, �]
2�
.F ]/ agrees with F ]Œ2� 2n�.

Proof It is convenient to choose a particular way of thinking about gradings, namely
that which starts by specifying a Lagrangian subbundle F � TM ; see [18, Exam-
ple 2.10]. In our case, this will be the tangent bundle along the fibers of the projection
M ! L. To determine the amount of shift of �]

2�
.F ]/ with respect to F ] , one

proceeds as follows. Take a point x D .p; q/ 2 F sufficiently close to infinity, and its
orbit c.t/ D �t .x/, t 2 Œ0; 2��. We have Lagrangian subbundles ƒ0; ƒ1 � c�TM ,
namely

(6-8)
ƒ0;t DD�t .TFx/;

ƒ1;t D Fc.t/:

These agree at the endpoints t D 0; 2� . Take I.ƒ0; ƒ1/ 2 Z to be the Maslov index
for paths from [16, Section 3]. Then, essentially by definition of .�]t /, one has

(6-9) �
]
2�
.F ]/D F ]Œ�I.ƒ0; ƒ1/�

locally near x . Everywhere along our path, the radial tangent direction Zc.t/ is
contained in ƒ0;t \ƒ1;t . We can consider the reduced spaces

TM D fX 2 TM W !M .X;Z/D 0g=RZ

Algebraic & Geometric Topology, Volume 14 (2014)
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at the points c.t/ and the corresponding Lagrangian subspaces ƒk;t Dƒk;t=RZ . Then
I.ƒ0; ƒ1/ D I.ƒ0; ƒ1/. Next, by definition, I.ƒ0; ƒ1/ is a sum of contributions
from points t where ƒ0;t \ ƒ1;t ¤ 0, with endpoints weighted by 1

2
. These are

precisely the conjugate points along the geodesic starting at q and going in direction p

(with unit speed), and they contribute with their multiplicity [8]. In our case, because
of the properties of the geodesic flow, t D 0; �; 2� are the relevant conjugate points,
with multiplicity n� 1 each, giving I.ƒ0; ƒ1/D 2n� 2.

Lemma 6.2 says that if we lift .@1�t .K// to a path of graded Legendrian submanifolds,
then the two endpoints will have gradings which differ by 2n� 2. Lemma 4.2 then
shows that Œ�� 2 �0.SympK.M // has infinite order, which proves Theorem 1.1 for this
construction.

7 Weinstein handles

Let M 2n be a symplectic manifold which is Liouville. By this we mean that M carries
a Liouville (symplectically expanding) vector field Z , whose flow exists for all times,
and an exhausting function h such that Z:h > 0 outside a compact subset. In the
special case where h is Morse and Z is gradient-like on all of M , we say that M

is Weinstein. The Weinstein structure gives rise to a description of M by iterated
attachment of Weinstein handles [22]. (A recent comprehensive reference is [7].)

We will be interested in a very special class of Weinstein manifolds, namely those for
which h has only two critical points x0 , x1 , of index 0 and n, respectively. In that case,
the resulting description of M has the following particularly simple form: Start with
the closed ball B2n �R2n , with its standard symplectic structure; attach a Weinstein
handle along a Legendrian sphere K � S2n�1 D @B2n ; and then complete the result
by adding an infinite cone along the boundary, which recovers M up to symplectic
isomorphism. More precisely, what one needs for the handle attachment process is a
Legendrian sphere K together with a parametrization, which means an element

(7-1) f 2 Diff.K;Sn�1/=O.n/:

One can describe the handle data more explicitly in terms of the flow of Z . Namely,
let M.x0;x1/ be the space of (unparametrized) flow lines of Z with asymptotics
x0 , x1 . For technical simplicity, suppose that there are Darboux coordinates around
x0 in which Z D 1

2
p@pC

1
2
q@q and similarly Darboux coordinates around x1 in which

Z D�1
2
p@pC

3
2
q@q . Then by intersecting flow lines with small spheres in those

coordinates, one obtains two maps

(7-2) �0; �1WM.x0;x1/ �! S2n�1:
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Each is an embedding whose image is a Legendrian sphere. However, while the image
of �1 is always the same, namely Sn�1DfqD 0g �S2n�1 , that of �0 is the sphere K

used in the handle attachment process. The parametrization (7-1) is given (up to isotopy
within that group) by

(7-3) f D �1�
�1
0 :

Lemma 7.1 Let L be a homotopy n–sphere. Then T �L is an instance of the previ-
ously described handle attachment process, where K D Sn�1 � S2n�1 is the standard
Legendrian sphere, and the parametrization (7-1) is the preimage of L under (2-2).

The proof is elementary, and we will only describe its strategy. Take a Morse function
on L which has only two critical points, a minimum x0 and a maximum x1 . Starting
from that, one constructs a Morse function on T �L and a Liouville vector field which
is gradient-like for that function. This is done so that all flow lines on M.x0;x1/ lie
inside the zero section L and will be gradient flow lines of the original Morse function.
Then the construction of the parametrization from (7-2) recovers the description of L

as in (2-1).

Remark 7.2 Weinstein manifolds M in our class carry a specific noncompact La-
grangian submanifold, namely the unstable manifold of x1 under the flow of Z . From
the argument for Lemma 7.1 it follows that in the case M DT �L, this can be identified
with a cotangent fiber.

8 Lefschetz fibrations

Let � W E!D be an exact symplectic Lefschetz fibration over the closed unit disc
D � C . (The definition of Lefschetz fibration used here is as in [19, Section 15],
except that we require the smooth fibers to be Liouville domains.) We pick the base
point �D 1 2 @D and denote the fiber over that point by P . As mentioned before, this
is a Liouville domain, while the total space E itself is an exact symplectic manifold
with corners.

Recall that a vanishing path is an embedded path in D starting from one of the critical
values, ending at � and which otherwise avoids all critical values. To each such path
belongs a Lefschetz thimble, which is an embedded Lagrangian disc ��E fibered
over that path, and its vanishing cycle, which is the Lagrangian sphere V D @�� P .
Because of the way in which it arises as a boundary, the vanishing cycle comes with a
parametrization in the sense of (7-1). To be precise, the parametrization is unique up to
deformation in Diff.V;Sn�1/=O.n/.
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We will often work with a fixed basis of vanishing paths .
0; : : : ; 
r / (called a
distinguished basis in the Picard–Lefschetz theory literature; see for instance [19,
Section 16d]). This determines associated bases of Lefschetz thimbles .�0; : : : ; �r /,
and of vanishing cycles .V0; : : : ;Vr / with their parametrizations .f0; : : : ; fr /. The
classes of .�0; : : : ; �r /, for some choice of orientations, form a basis of

(8-1) Hn.E;P /Š ZrC1:

From P and a basis of Lefschetz thimbles, one can reconstruct the symplectic Lefschetz
fibration up to a suitable notion of deformation [19, Lemma 16.9].

One can turn the total space into a Liouville manifold, as follows. The given exact
symplectic form !E D d�E comes with a Liouville vector field, which points inwards
along the fiberwise boundary (called the horizontal boundary @hE in [19]). By adding
a multiple of the pullback of an exact symplectic form on the base D , one can achieve
that the Liouville vector field for the modified symplectic form also points inwards
along the vertical boundary @vED��1.@D/. At this point, rounding the corners yields
a Liouville domain, to whose boundary one can then attach a semi-infinite cone. Denote
the resulting Liouville manifold by M . This is specified uniquely (up to isomorphism
of Liouville manifolds) by the same data as before (P and a basis of vanishing cycles).

Lemma 8.1 Take a Lefschetz fibration whose fiber P is the ball cotangent bundle
B�Sn�1 and which has two vanishing cycles .V0;V1/, which are both copies of the
zero section Sn�1 but with arbitrary parametrizations .Œf0�; Œf1�/. Then the asso-
ciated Liouville manifold M can also be obtained by taking the standard ball B2n

and attaching a handle along the standard Legendrian sphere Sn�1 � S2n�1 , with
parametrization f1f

�1
0

.

This is the result of applying a general translation process [4, Section 8], which
interprets the way in which M is built from vanishing cycle data as a special case
of Weinstein handle attachment. We omit the details and only give an outline of the
argument. As a preliminary observation, note that passing from .f0; f1/ to .f0g; f1g/

for any g 2 Diff.Sn�1/ does not change M ; it merely changes the way in which
one thinks of the fiber P as being identified with B�Sn�1 . Hence, we may assume
without loss of generality that .f0; f1/ D .id; f /. Applying the strategy from [4]
directly yields a slightly more complicated Weinstein handle decomposition, which
is as follows. Start with D �B�Sn�1 , and round off its corners to obtain a Liouville
domain U . Then one obtains M by attaching handles along the Legendrian spheres
K0 D fz0g�Sn�1 , K1 D fz1g�Sn�1 in @U (and then adding an infinite cone to the
boundary). Here z0 ¤ z1 are points on S1 D @D ; both Sn�1 are the zero section; and
one additionally equips K0 , K1 with the parametrizations .f0; f1/D .id; f /. A simple
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handle cancellation argument (see [7, Proposition 12.22] for the general notion) shows
that attaching a handle along K0 results in a Liouville domain which is deformation
equivalent to B2n . The deformation happens in such a way that K1 becomes the
standard Legendrian sphere Sn�1 � @B2n , still carrying the parametrization f .

Lemma 8.2 In the situation of Lemma 8.1, M is symplectically isomorphic to the
cotangent bundle T �L of the homotopy n–sphere associated to f1f

�1
0
2 Diff.Sn�1/,

in the sense of (2-1). (Note that since f0 , f1 are a priori only determined up to left
composition with O.n/, one can always choose representatives such that f1f

�1
0

is
orientation-preserving.)

This is immediate by combining Lemmas 7.1 and 8.1. Alternatively, one can view
it as an instance of a more general relation between real and complex Morse theory,
explored in [9; 10]. However, while it is highly plausible that the total spaces of the
complexified Morse functions constructed in those papers are cotangent bundles, that
fact has not actually been proved [9, Remark 1.3]. This is the reason why we have
adopted an approach which is less direct, but uses only standard tools.

From an exact Lagrangian submanifold V � P n @P , one can construct a Legendrian
submanifold of @1M . This is obvious in the case where

(8-2) �P jV D 0;

since then one can just round off the corners of E as before, and V becomes Legendrian
in the resulting Liouville domain. In the general case, one has to first deform the one-
form on E by an exact amount to achieve (8-2), and then compensate that by another
deformation at the end of the process (using Gray’s theorem). As suggested by the
notation, the main application is to vanishing cycles V D @�. In that case, we actually
get a Lagrangian submanifold Rn Š F � M which, outside a compact subset, is
modeled on our Legendrian.

Lemma 8.3 In the situation of Lemma 8.2, consider the vanishing cycle V D V1 and
its Lefschetz thimble �D�1 . Then the associated Lagrangian submanifold F �M

can be identified with a cotangent fiber under M Š T �L.

This follows from Remark 7.2 and inspection of the argument for Lemma 8.1.

9 Monodromy

Let’s return to general exact Lefschetz fibrations. Take a vector field on the base D

which equals the (anticlockwise) rotational vector field along @D and which vanishes
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in a neighborhood of the critical values. One can lift the flow .bt / of that vector field
via parallel transport to a family of fiberwise symplectic automorphisms .ˇt / of E .
By construction, ˇ2� maps P to itself. We note two properties:

� ˇ2� jP is the global monodromy of the Lefschetz fibration. In terms of a basis
of vanishing cycles, the Picard–Lefschetz theorem then says that

(9-1) ˇ2� jP ' �V0
� � � �Vr

;

where ' is an isotopy in Symp.P; @P /. (In fact it is Hamiltonian rel @P ,
meaning that it is induced by a time-dependent Hamiltonian function which
vanishes on @P .) Also, this isotopy is itself essentially canonical, meaning
unique up to deformation rel endpoints.

� With respect to (8-1), the induced map on H�.E;P / is given by

(9-2) .ˇ2�/� D .�1/n.At /�1A:

Here, A is a lower-triangular matrix with entries determined by the intersection
numbers of the vanishing cycles, as follows:

(9-3) Aij D

8<:
.�1/.nC1/n=2 Vi �Vj i > j ;

1 i D j ;

0 i < j:

This is a form of the classical monodromy formula; see [1, Theorem 2.6] or [14,
Hauptsatz].

Assumption 9.1 Fix a vanishing cycle V with the following property: there is an
isotopy of oriented exact Lagrangian spheres in P ,

(9-4) �V0
� � � �Vr

.V /' V:

From such an isotopy, one constructs a symplectic isomorphism � 2 SympK.M /,
where M is the Liouville manifold obtained from the total space E , and K � @1M

the Legendrian submanifold associated to V . The construction is simple and can be
thought of as a parametrized version of that of K : as a consequence of (9-1),

(9-5) ˇ2�.V /' �V0
� � � �Vr

.V /:

By combining .ˇt .V //0�t�2� with (9-5) and (9-4), one gets a loop of oriented exact
Lagrangian submanifolds, each lying in a boundary fiber of the Lefschetz fibration.
One turns these into a loop of oriented Legendrian submanifolds of @1M (starting
and ending at K ); then embeds that loop into a contact isotopy; and finally extends
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that to a symplectic isotopy of M . The map obtained at the endpoint of that isotopy is
the desired � . We note the following:

� While � depends on auxiliary choices made during the construction, the class
Œ�� 2 �0.SympK.M // is well-defined. This means that it depends only on the
given Lefschetz fibration, the choice of V and the isotopy (9-4).

� If (9-4) can be lifted to an isotopy of Lagrangian embeddings Sn! P , one can
achieve that � 2 SympK ;fix.M /.

� There is a commutative diagram

(9-6)

H�.M ;K/

��

��

Š // H�.E;V / // H�.E;P /

.ˇ2� /�

��
H�.M ;K/

Š // H�.E;V / // H�.E;P /:

Remark 9.2 At this point, it may be worthwhile discussing under what circumstances
one can get symplectic automorphisms of M which are actually compactly supported.
Suppose that (9-4) can be strengthened to the following: there are isotopies (of exact
Lagrangian spheres, compatible with parametrizations in the sense of (7-1))

(9-7) �V0
� � � �Vr

.Vi/' Vi for i D 0; : : : ; r .

In that case, one can construct a diffeomorphism of E which maps each fiber to itself,
is fiberwise symplectic, and whose restriction to P is the inverse of (9-1). (To be
precise, this may only be possible if the symplectic form near the critical points is
chosen to be standard in holomorphic Morse charts; we assume from now on that this
technical condition is satisfied.) Composing this with ˇ2� yields another lift of b2� to
a fiberwise symplectic automorphism, whose restriction to P is the identity. Let’s
denote this lift by ž2� .

By looking at how ž2� behaves on the boundary fibers, one gets a class

(9-8)
�
t 7! .ˇt jP /

�1
ı . ž2� j�

�1.eit // ı .ˇt jP /
�
2 �1.Symp.P; @P //:

Let’s also suppose for simplicity that H 1.P; @P /D 0, so that there is no difference
between symplectic and Hamiltonian isotopy rel @P . If the class (9-8) is trivial,
one can deform ž2� to be the identity on ��1.@D/. From that, one can then produce
a compactly supported symplectic automorphism of the Liouville manifold M .

In terms of the original data entering the construction, the class (9-8) can be described
as follows. For each i , the choice of an isotopy (9-7) gives rise to an isotopy inside
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Symp.P; @P /,

(9-9) ��1
Vi
.�V0
� � � �Vr

/�Vi
' �V0

� � � �Vr
:

The composition of all those isotopies yields an isotopy between �V0
� � � �Vr

and itself,
which is related to (9-8) by composition with �V0

� � � �Vr
. (In the first version of this

paper, it was erroneously assumed that (9-8) would automatically be contractible.)

We now add gradings to our discussion.

Assumption 9.3 Assume that c1.E/D 0 and H 1.E/D 0, so that we can introduce
gradings on E in an essentially unique way. (These then induce gradings on P .)
Suppose that we have a vanishing cycle V D @� satisfying (9-4), as well as a closed
Lagrangian submanifold L�E with H 1.L/D 0.

Lemma 9.4 In the situation of Assumption 9.3, suppose that the graded lift of (9-4) to
an isotopy

(9-10) �
]
V0
� � � �

]
Vr
.V ]/' V ]Œk�

has k ¤ 2. Then Œ�� 2 �0.SympK.M // has infinite order.

Proof Suppose for simplicity that .bt / is a rotation near @D . From ˇt .�/ and (9-10),
we get a path of Lagrangian submanifolds in the total space E , whose endpoints (at
times t D 0 and t D 2� ) agree near the boundary. If we lift that to a path of graded
Lagrangian submanifolds, then the gradings at the endpoints differ by k � 2; the k

comes from (9-10), and the additional 2 comes from the fact that near the boundary,
the paths bt .�.�// undergo a full rotation.

The same holds for gradings of the loop of Legendrian submanifolds associated to our
Lagrangian submanifolds. Hence, assuming k¤ 2, the same argument as in Lemma 4.2
applies (using the Lagrangian submanifold from Assumption 9.3 instead of the zero
section) and yields the desired result.

10 Construction via Lefschetz fibrations

Take the Lefschetz fibration � W E ! D from Lemma 8.1, where the fiber is P D

B�Sn�1 and the two vanishing cycles V0 D V1 D Sn�1 are parametrized by f0 D id
and f1Df , respectively. By Lemmas 8.2 and 8.3, the associated Liouville manifold M

is the cotangent bundle T �L of the homotopy sphere LD Sf associated to f .
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To determine the global monodromy of our Lefschetz fibration, we write down the
Dehn twists along the vanishing cycles:

(10-1)
�V0
D �;

�V1
D .T �f /�1 � .T �f /;

where as usual T �f is the symplectic automorphism induced by f . Hence, if we take
V D Sn�1 to be another copy of the zero section (seen as an oriented Lagrangian
sphere in P ), then

(10-2) �V0
�V1
.V /D V

so Assumption 9.1 is satisfied (with the constant isotopy). As explained there, this
leads to the construction of a class in �0.SympK.M //, which we denote by Œ� � in this
particular case. Here are some consequences of the definition:

� The construction of � depends (roughly speaking) on writing M D T �L as the
total space of a Lefschetz fibration, which in turn is the complexification of a
Morse function on L. This means that Œ� � 2 �0.SympK.M // is not necessarily
unique.

� From (10-1) one sees that �V0
�V1
jV D af �1af 2 DiffC.Sn�1/. This is the

image of Œ� � under the map �0.SympK.M //! �0.DiffC.Sn�1// from (3-3),
and that has the same implications as in (6-4).

� Since ŒV � generates Hn.P /, the horizontal maps in (9-6) are isomorphisms.
Hence we can use (9-2) to determine the action of � on H�.M ;K/. The
intersection of the two vanishing cycles V0 �V1 vanishes if n is even and is ˙2

if n is odd. In the latter case, the sign is arbitrary, since it depends on the choice
of orientations. The outcome is

(10-3) �� D

�
3 ˙2

�2 �1

�
for odd n, �� D

�
1 0

0 1

�
for even n.

These matrices are conjugate to those in (6-6). This shows that if n is odd, Œ� � 2
�0.DiffK.M // has infinite order. In contrast, for even n, Œ� � 2 �0.DiffK.M //

has finite order by Lemma 4.1.

Lemma 10.1 With respect to the canonical gradings of Dehn twists, one has

(10-4) �
]
V0
�
]
V1
.V ]/D V ]Œ4� 2n�:
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This follows immediately from (5-4), here applied to spheres of dimension n� 1. In
view of Lemma 9.4 (with L the zero section), we see that Œ� � 2 �0.SympK.M // has
infinite order, which yields our second proof of Theorem 1.1.

Remark 10.2 Suppose that n is even. Take a compactly supported symplectic isotopy
. t / with  0 D � and such that  1 D id on a neighborhood of the zero section. (This
exists because a2O.n/ can be deformed to the identity.) By making that neighborhood
sufficiently large, one can achieve that  1 commutes with (the compactly supported
maps) � and .T �f /˙1�.T �f /�1 . This yields a loop in the compactly supported
symplectic automorphism group Sympc.T �Sn�1/, namely

(10-5) t 7! ��1.T �f /��1.T �f /�1 �1
t .T �f / �1

t �.T �f /�1�.T �f / t .T
�f /�1 t :

Its homotopy class is a concrete instance of the element of �1.Sympc.T �Sn�1//Š

�1.Symp.P; @P // appearing in (9-8), which is an obstruction for constructing a com-
pactly supported version of � . Note that this homotopy class corresponds to one
particular choice of isotopies (9-7) and is not an invariant of the problem itself.
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