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Finite type invariants of rational homology 3—spheres

DELPHINE MOUSSARD

We consider the rational vector space generated by all rational homology spheres up
to orientation-preserving homeomorphism, and the filtration defined on this space by
Lagrangian-preserving rational homology handlebody replacements. We identify the
graded space associated with this filtration with a graded space of augmented Jacobi
diagrams.

57M27; 5TN10, 57N65

1 Introduction

1.1 Finite type invariants

The greatest achievements in the theories of finite type invariants are theorems that
express the graded spaces associated with topological filtrations of vector spaces
generated by knots or manifolds as combinatorial vector spaces generated by Feynman
diagrams. The two main examples of these theorems, that are useful to classify invariants
and to evaluate their power, concern the Vassiliev filtration of the space generated by the
knots in S3, and the Goussarov—Habiro filtration of the space generated by the integral
homology 3-spheres (ZHS), that are oriented compact 3—manifolds with the same
integral homology as S3. The graded space associated with the Vassiliev filtration
was identified with a space of Jacobi diagrams by an isomorphism induced by the
Kontsevich integral [6] (see Bar-Natan [2]). Several filtrations of the space generated by
the ZHSs were defined. In [3], Garoufalidis, Goussarov and Polyak compared various
filtrations, and defined a surjective map from a graded space of Jacobi diagrams to the
graded space associated with the Goussarov—Habiro filtration. In [8], Le proved that
this map is an isomorphism by showing that the LMO invariant that he constructed
in [9] with the help of Murakami and Ohtsuki is a universal finite type invariant of
ZHSs. In [1], Auclair and Lescop defined the Goussarov—Habiro filtration and the
properties of the graded space, algebraically, using Lagrangian-preserving integral
homology handlebody replacements.

In this article, we will consider the rational vector space generated by all the rational
homology spheres (QHS), that are the oriented compact 3—manifolds with the same
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rational homology as S3. We will define a filtration on this space by means of LP—
surgeries, that are Lagrangian-preserving rational homology handlebody replacements.
Our main result (Theorem 1.7) identifies the graded space associated with this filtration
with a graded space of diagrams. The role of the LMO invariant in the integral case
will be held here by the KKT invariant of rational homology spheres constructed by
Kontsevich, and proved to be a universal finite type invariant of ZHSs by Kuperberg and
Thurston in [7]. Lescop has proved in [10] that the KKT invariant Zxkr = (Z,, kk1)neN
satisfies a universality property with respect to LP—surgeries. Massuyeau has proved
in [11] that the LMO invariant Zyy0 = (Zn,1m0)neN satisfies the same property. As
we prove at the end of Section 6, these results and our main theorem imply that Z; 0
and Zggr are equivalent in the following sense.

Theorem 1.1 Let M and N be QHSs such that |H{ (M ;Z)| = |H (N ;Z)|, where
| - | denotes the cardinality. Then, for any n € N,
(Zikmo(M) = Zy tmo(N) for all k < n)

i= (Zk,KKT(M) = Zk,KKT(N) for all k < l’l)

1.2 The Goussarov—Habiro filtration

Throughout the article, the manifolds will be compact, connected and oriented. When
it does not seem to cause confusion, we will use the same notation for a curve and its
homology class.

internal vertex

X (T)

Figure 1: The standard Y-graph

The standard Y-graph is the graph 'y C R? represented in Figure 1. With Ty is
associated a regular neighborhood X (I"g) of Iy in the plane.

Consider a 3—manifold M and an embedding /: X(I'g) — M . The image ' of 'y
is a Y-graph, and X(T") = h(X(Ty)) is the associated surface of T'. The Y—-graph T’
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Finite type invariants of rational homology 3—spheres 2391

is equipped with the framing induced by X(I"). The looped edges of a Y—graph are
called leaves. The vertex incident to three different edges is the internal vertex.

G
-

Figure 2: Y—graph and associated surgery link

Consider a Y-graph I' in a 3—manifold M . Associate with I' the six-component
link L represented in Figure 2. The Borromean surgery on I' is the surgery along the
framed link L. As proved by Matveev in [12], a Borromean surgery can be realized by
cutting a genus 3 handlebody (a regular neighborhood of the Y—graph) and regluing it
another way. A Y-link in a 3—manifold is a collection of disjoint Y—graphs.

Consider the rational vector space ]-'OZ generated by all ZHSs up to orientation-
preserving homeomorphism. Let .7-"”Z denote the subspace generated by all the

[M:T]= ) (—U"'M(U rl-),
IC{1,...,n} iel
where M isa ZHS, T; are disjoint Y-graphs in M, I' = J7_, T, and M (;¢; T)
is the manifold obtained from M by surgery on the I'; for i € I. Here and in

all the article, |/| stands for the cardinality of the set /. The associated quotients
GL =FL/ ]-"HZJrl can be described in terms of Jacobi diagrams.

N A

Figure 3: AS and IHX relations

A Jacobi diagram is a trivalent graph with oriented vertices. An orientation of a vertex
of such a diagram is a cyclic order of the three half-edges that meet at this vertex. In the
pictures, this orientation is induced by the cyclic order U . The degree of a Jacobi

diagram is half the number of its vertices. Note that it is an integer. Let .4, denote the
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2392 Delphine Moussard

rational vector space generated by all degree n Jacobi diagrams, quotiented out by the
AS and THX relations (Figure 3). The space Ag is generated by the empty diagram.
Let A{, denote the subspace of A, generated by the connected diagrams.

Let ' be a Jacobi diagram of degree n. Let ¢: I' = R3 be an embedding such that
the orthogonal projection on R? x {0} of ¢(I") is regular, and hence induces a framing
of ¢(I'). Now associate a Y-link [in S3 with T by replacing all edges of ¢(I") as
indicated in Figure 4.

- D - (D)

Figure 4: Replacement of an edge

T

Figure 5: Jacobi diagram and associated Y-link

Lemma 1.2 (Garoufalidis, Goussarov and Polyak [3, Corollaries 4.2, 4.6, Theo-
rem 4.11]) The bracket [S3;T] € QZZn only depends on the class of I in A, . Hence it
defines

@ Ay — GE
[ [S3:T]:=[S3T].

Theorem 1.3 (Garoufalidis, Goussarov and Polyak [3], Habiro [4], Le [8]) For n
odd, gnZ = 0. For n even, the map ®: .A% — g,,Z is an isomorphism.

1.3 Statement of the results

We first define the filtration on the rational vector space F generated by all QHSs up
to orientation-preserving homeomorphism.

Definition 1.4 For g € N, a genus g rational (respectively integral) homology han-
dlebody (QHH, respectively ZHH) is a 3—manifold which is compact, oriented, and
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Finite type invariants of rational homology 3—spheres 2393

which has the same homology with rational (respectively integral) coefficients as the
standard genus g handlebody.

Such a QHH (respectively ZHH) is connected, and its boundary is necessarily home-
omorphic to the standard genus g surface.

Definition 1.5 The Lagrangian L4 of a QHH A is the kernel of the map
ix: H(04;Q) —> H1(4;Q)

induced by the inclusion. Two QHHs A and B have LP-identified boundaries if we
have a homeomorphism /: A — dB such that h«(L4) = Lp.

The Lagrangian of a QHH A is indeed a Lagrangian subspace of H;(dA4;Q) with
respect to the intersection form.

Considera QHS M ,a QHH A C M ,and a QHH B whose boundary is LP—identified
with dA. Set M(B/A) = (M \ Int A) Uy4—3p B. We say that the QHS M (B/A)
is obtained from M by Lagrangian preserving surgery, or LP—surgery. Note that a
Borromean surgery is a special type of LP—surgery. If (A4;)1<;j<p is a family of disjoint
QHHs in M, and if, for each i, B; is a QHH whose boundary is LLP—identified
with d4;, we denote by M ((B;/A;)1<i<n) the manifold obtained from M by the n
LP-surgeries (B;/A;).

Let F,, denote the subspace of F( generated by the

()l 2 o (3),)

I1c{1,...,n}

for all QHSs M and all families of QHHs (A;, B;)1<i<n, where the 4; are embedded
in M and disjoint, and each dB; is LP-identified with the corresponding dA4;. Since
Fn+1 C Fu, this defines a filtration. Set G, = Fp/Fp+1 and G = P, cn Gn-

Definition 1.6 A finite type invariant of degree at most n of rational homology spheres
is a linear map A: Fo — Q such that A(F,41) = 0. It is said to be additive if
AMBN)=A(M)+A(N) for all QHSs M and N.

Let Z,, (respectively Z5) denote the rational vector space of all invariants (respectively

additive invariants) of degree at most n. Set H, = Z,/Z,—; and H = P, e Hn-

Note that Z,, is canonically isomorphic to (Fo/Fp+1)* := Hom(Fo/Fp+1, Q). We
have an exact sequence

Fo Fo

_ —

F n+1 F n

— 0.

0— Gy —
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2394 Delphine Moussard

Since the functor Hom( -, Q) is exact, the dual sequence
0—>Zp 1 =Ty — (G)* =0
is also exact. Thus H, = (G,)*.

We will call augmented diagram of degree n the union of a Jacobi diagram of degree
k < % and of (n—2k) weighted vertices, where the weights are prime integers.

e

Figure 6: Augmented diagram of degree 13

Note that the degree of an augmented diagram is equal to its number of vertices.
Let A3" denote the rational vector space generated by all augmented diagrams of
degree n, quotiented out by the AS and IHX relations. The main goal of this article is
to prove the following theorem.

Theorem 1.7 Forne N, Ay¢ ~G,.

This result will follow from Propositions 1.8, 1.11 and 6.9. An isomorphism can be
described in the following way. Consider an augmented diagram I', of degree n given
by a Jacobi diagram I' of degree k, and (n —2k) vertices with weights (p;)1<i<n—2k -
Define ¢(I') C S? and the associated Y-link [ as before. For each i, consider a
rational homology ball Bj,; such that H(Bp,;Z) = 7/ p;Z. Then define the image
of I'q as [S3§ f, (Bpi/B3)1$iSn—2k] €Gn.

Since connected sums are LP—surgeries of genus 0, one can easily see that Gy = QS3.

In Section 4, we give a description of G .

Proposition 1.8 For any prime integer p, fix a QHS M), such that |H,(Mp)| = p.
Then (M), — S3)p prime 18 a basis for G .

Remark The QHSs M), are not unique in Fy, but we will see in Section 4.1 that
they are unique modulo F.

We will show in Section 4.1 that the family (M, —S3), prime generates Gp. To see
that it is a basis, we will prove the following proposition in Section 4.2.

For a prime integer p, let v, denote the p—adic valuation, defined on N \ {0} by
vp(pkn) =k if n is prime to p.
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Proposition 1.9 For any prime integer p, define a linear map v, on F¢ by setting
vp(M) =v,(|H(M)|) when M isa QHS. Then v, is a degree 1 invariant of QHSs.

Since v,(Mp) = 1, vy(My) = 0 for any prime ¢ # p, and v,(S?) = 0 for any
prime p, this result shows that the family (M, — S 3) p prime 18 free.

Corollary 1.10 7 /Zy = Z{ =[], prime QVp-
In Section 5, we prove the following.

Proposition 1.11 Forn > 1, 7, /T¢ | = (Afl/z)* if n is even, and 7 / T¢
is odd.

_, =0ifn

In this proof, we will use the description of finite type invariants of degree 1 of framed
rational homology tori given in Section 5.1.

In Section 6, we use the structures of graded algebras on G and H in order to show that
any finite type invariant A such that A(S3) = 0 can be written as a sum of products of
additive invariants. More precisely, let Z7 denote the subspace of Z, generated by all
the products [ [, <;<x Ai, where k > 1, the A; are additive invariants of degree k; <n,
and ), <; < ki <n. Our version of the Milnor-Moore theorem about the structure of
Hopf algebras implies the following.

Proposition 1.12 Foralln> 0,7, =Zo®Z ®L;.

We will obtain this result as a consequence of Proposition 6.9.

In order to describe the spaces of additive invariants, we shall prove that LP—surgeries
can be reduced to more specific moves.

Definition 1.13 Consider a positive integer d. We call d—torus a rational homology
torus such that:

Hy(0Ty:Z) = Za & L, with (a, B) = 1;
da=0in H{(T;:Z);

B=dy in Hi(Tyz;7Z), where y is a curve in Ty;
H\(Tg:Z) =Zgoa® ZLy.

Definition 1.14 An elementary surgery is an LP—surgery among the following ones:
(1) connected sum (genus 0);
(2) LP-replacement of a standard torus by a d—torus (genus 1);

(3) Borromean surgery (genus 3).
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In Section 2, we prove the following.

Theorem 1.15 If A and B are two QHHs with LP-identified boundaries, then B
can be obtained from A by a finite sequence of elementary surgeries and their inverses
in the interior of the QHHs.

This proposition generalizes a result of Auclair and Lescop [1, Lemma 4.11] which says
that any two ZHHs with LP-identified boundaries can be obtained from one another
by a finite sequence of Borromean surgeries in the interior of the ZHHs.

In Section 3, we recall some facts about Borromean surgeries proved by Garoufalidis,
Goussarov and Polyak in [3], and we give consequences of these facts that are useful
in the sequel.

Acknowledgements I wish to thank the referee for his careful reading. My thanks
also go to my advisor, Christine Lescop, for her helpful advice and rigorous supervision.

2 Elementary surgeries

2.1 Homological properties of QHHs

Definition 2.1 Consider the genus g compact surface Xg. A basis (o;, Bi)1<i<g
of Hi{(Xg:Z) is called symplectic if the matrix in («q,...,ag, B1,...,Bg) of the
intersection form is ( I, Iog .

Notation We denote by Tors(H) the torsion submodule of a module H .

Lemma 2.2 If A is a genus g QHH, then
e H((A;7) =78 ®Tors(H (A4;7));
* Hy(A;Z)=0;
o Hy(A,0A4:7) = (H\(A;Z)/Tors(H{(A;7Z)))* = 75.

Proof The first point is given by H{(A;Z) @ Q = H;(A4; Q) = QS.

By the Poincaré duality, we have H,(A;7Z) = H'(A, dA4;Z). The universal coefficient
theorem gives H'(A,0A4;7Z) =~ Hom(H; (A, dA;7Z),7). Hence H,(A;Z) is torsion
free. Since H,(A4;Q) =0, we get the second point.

The last point also follows from the Poincaré duality and the universal coefficient

theorem:
Hy(A,0A4:7) =~ H'(A;Z) =~ Hom(H,(A; Z),7) =~ 75. i
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Lemma 2.3 Consider a genus g QHH A and the map i: H{(0A;7Z) — H{(A;Z)
induced by the inclusion. Set

LL =Keriy, L1 = ()" (Tors(H,(4;Z))).

Then there is a symplectic basis (@;, Bi)1<i<g of Hi(04;Z), a family (y;)1<i<g of
curves in A, and positive integers d;, 1 <i < g, such that

[,%: @ Z(d,-oz,-), EZI": @ Za;, M— @ Zy;,

1<i<g 1<i<g Tors(Hy(4; Z)) 1<i<g
and B; = d;y; in H(A;7Z)/Tors(H{(A;Z)) for1 <i <g.

In particular,
cl H(A;7)
L% Tors(Hi(A:2)) & (D <i<g ZBi)

are isomorphic to [[,<;<, Z/d;iZ.

’

Proof The exact sequence over Z associated with (A, dA) yields the exact sequence

0 — Hy(A,94) — Hy(04) —> Hy(A).

Thus E% is a free submodule of rank g of H;(dA4;7Z). Hence there exist a basis
(@i, Bi)1<i<g of H1(0A;Z), and integers d; > 0, 1 <i < g, such that (d;a;)1<i<g
is a basis of E%. It follows that ££ =P << g Zaj . Since the intersection form is
trivial on EZ;, we can choose the B; in such a way that the basis (o;, Bi)1<i<g is
symplectic.

The boundary map H,(A,d4) — H;(dA) in the above exact sequence induces
an isomorphism H,(A, 04;7) =~ E%. Thus we can choose a basis (S;)i1<j<g of
H>(A,0A4;7Z) such that dS; = d;a; for 1 <i < g. Let (¥;)1<i<g denote the basis of
H,(A;Z)/Tors(H;(A;Z)) Poincaré dual to (S;)1<i<g-

For 1 <i,j <g, (Sj.Bi)a=(dja;j,Bi)yq = Sijd;, where §;; is the Kronecker delta,
equal to 1 if i = j and O otherwise. Thus B8; = d;y; in H{(A;Z)/Tors(H{(A;7Z)). O

Corollary 2.4 Let A be a QHH. If the map Hy(0A; Z) — H(A;Z), induced by the
inclusion 04 — A, is surjective, then A is a ZHH.

Algebraic & Geometric Topology, Volume 12 (2012)



2398 Delphine Moussard

Figure 7: The handlebody A4

2.2 d-tori

Lemma 2.5 For any positive integer d , there exists a d —torus Ty .

Proof Consider the standard genus 2 handlebody A4 represented in Figure 7.

Consider a curve ¢ on dA4 such that ¢ = a; + db, in H1(04;7Z). According to
Meyerson in [13], since ¢ is primitive, it can be chosen simple and closed. The
torus 7; will be obtained from A by adding a 2-handle to 4 along ¢ as follows.
Define T; = A |J,(D?x[—1, 1]), where h: dD? x[—1, 1]— 94 is an embedding such
that 7(0D? x {0}) = ¢. We have H,(T3;Z) = (b;, by |dby = 0).

QQ

Figure 8: The surface 94

Moreover, we can define curves «, B, y, on d4, with « = by, B = —a, — db;
and y = —b; in H;(0A4;Z) such that the boundary of A4 is homeomorphic to the
surface represented in Figure 8. Then we get that H,(Ty;7Z) = (y,« | da = 0) and
H (0T, 7)) =Za®ZB. O

Given a curve y in a 3—manifold M, we will call exterior of y in M the complement
of the open tubular neighborhood of y in M.

Lemma 2.6 Let d be a positive integer. Let T be a d —torus. Let y be a curve in T
whose homology class generates Hy(Ty;7)/Tors(H(T4;7Z)). Let m(y) and £(y)

Algebraic & Geometric Topology, Volume 12 (2012)
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be respectively a meridian and a parallel of y . For any integer k , there is a symplectic
basis («, B) of H1(0T,; Z) such that do = 0 in Hy(Ty;Z), and such that the curve
B —dL(y) + km(y) bounds a surface in the exterior of v in T} .

Proof Let X be the exterior of y in Ty;. Consider a symplectic basis («, Bg) of
H(0T;;7Z) such that dae = 0 and B¢ = dy in H{(T4;7Z). There is an integer kg
such that 8o — d€(y) + kom(y) bounds a surface in X, ie, is trivial in H{(X;Z).
Since do bounds a surface in Ty that y meets once, do—m(y) is trivial in Hy(X;Z).
Let k& be any integer, and set 8 = Bg + (ko —k)da. The curve 8 —d{(y) +km(y) =
(Bo—dLl(y) + kom(y)) + (ko —k)(da —m(y)) is trivial in Hy{(X;Z). O

2.3 Relating Q HHs by elementary surgeries

In this subsection, we prove Theorem 1.15.

Definition 2.7 Considera Q HH A. Consider a simple closed curve ¥ C A. Consider
adisk D C dA4. Consider two distinct points y and z in Int D, and a path s from z
to y in Int D. Consider a cylinder C = h(D? x [0, 1]) C 4, where / is an embedding
such that:

o h(D?x{0}) (respectively 1(D?x{1}))is adisk Dy (respectively D) in Int D;

e /1(0,0) =y and h(0,1) = z;

e ({0} x[0, 1]) Us is homologous to y in 4.

We will call tunnel around y such a cylinder C.

Lemma 2.8 Let A be a QHH of genus g. Let y be a simple closed curve in A.
Let C be a tunnel around y. Set B = A\ C. Then B is a QHH of genus g + 1.

Proof Consider the pair (4, B). By excision, for i € N,
H;i(4, B;Q) = H;(C,C N B;Q).

Since (C,C N B) = (D? x [0, 1], (dD?) x [0, 1]), it follows that H;(A, B; Q) = 0 if
i #2,and Hy(A, B; Q) = Q. The exact sequence over Q associated with the pair
(A, B) yields the exact sequence

0— Hy(B) - 0— Hy(A,B)=~Q — H{(B) —> H{(A) = Q% — 0.
Hence H,(B;Q) =0 and H;(B;Q) =~ Q8*!. a
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Lemma 2.9 Let A be a QHH of genus g. The quotient H,(A;Z)/ H(0A4;7Z) is a
torsion module. Set Hy(A;Z)/ Hy(04;Z) = @}_, Z/diZw;. Let C;, 1 <i <n, be
pairwise disjoint tunnels around the p;. Then B = A\ (U <;<, Ci) is a ZHH of
genus g +n.

Proof The factthat Hy(A;Z)/H1(dA4; Z) is atorsion module follows from Lemma 2.3.

By Lemma 2.8, B is a QHH of genus g + n. Hence, by Corollary 2.4, it suffices to
show that the map H;(dB;Z) — H;(B;Z) induced by the inclusion is surjective, or,
equivalently, that H{ (B, dB;Z) is trivial. By excision, H; (B, dB; Z) is isomorphic
to H; (A, d0A U (UlsiSn C,-); Z), which is trivial by definition of the C;’s. O

For a 3—manifold A, let lk4: Tors(H(A;7Z)) x Tors(Hy(A; Z)) — Q/Z denote the
linking form on A, defined in the following way. Consider disjoint representatives «,
of two homology classes in Tors(H;(A4;Z)). Consider a surface S C A, transverse
to B, such that S = ko for some positive integer k. Then lky(x, B) = %(S,ﬂ),
where (-, -) is the algebraic intersection number in 4. Fora QHS M , the linking form
lkpg is defined on H{(M;Z) x H{(M;Z), and it is known to be bilinear, symmetric
and nondegenerate.

Lemma 2.10 Let A be a QHH of genus g. Assume Ei/ﬁz = 0. Then there exists
a QHS M such that (H{(M ;7Z), lkpy) is isomorphic to (Tors(H1(A4; 7)), lky).

Proof By Lemma 2.3, there is a symplectic basis (¢;, Bi)1<i<g of H{(3dA;Z) such
that the o; are null-homologous in A, and H;(A; Z)=Tors(H,(A))® (D, <;<, ZBi)-
Consider a standard handlebody Hy, and a symplectic basis

(ai,bi)1<i<g of Hi(0Hg:Z),

where each a; bounds a disk in Hg. Construct a QHS M by gluing A and Hg along
their boundaries, in such a way that, for 1 <i < g, «; is identified with b;, and B; is
identified with a;. We have H;(M ;Z) = Tors(H;(A;Z)). Moreover, the linkings of
the curves in A are preserved, thus the linking forms on H; (M) and Tors(H;(A))
are isomorphic. a

Lemma 2.11 Let A and A’ be QHHs of genus g with LP-identified boundaries.
Assume L’Z/E% = 0 and Eg,/ﬁz, = 0. If (Tors(H{(A)),lk4) is isomorphic to
(Tors(H{(A’)).lky), then A and A’ can be obtained from one another by a finite
sequence of Borromean surgeries.

Algebraic & Geometric Topology, Volume 12 (2012)
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Proof Consider a basis (14;)1<;<n of Tors(H;(A)), and its image (1}) <<, under an
isomorphism (Tors(H;(A)), lky) = (Tors(H;(A’)), Ik4). Fix framed representatives
of the yu; and p such that [k(u;, puj) = lk(/L;-,,bL}) € Q for 1 <i, j <n. Consider
pairwise disjoint tunnels C; (respectively C/) around the j; (respectively u}). Set
B=A\ (U <i<xGCi) and B’ = A"\ (U, <;<,C/) . Extend the identification 94 2= dA’
to an identification dB = dB’ so that the longitude of each p; is identified with the
longitude of the corresponding j1;. By Lemma 2.9, B and B’ are ZHHs of genus

g +n. The equality between the linking numbers ensures that the identification of their
boundaries preserves the Lagrangian. Thus, by [1, Lemma 4.11], B can be obtained
from B’ by a finite sequence of Borromean surgeries. Gluing back the cylinders, we
get that 4 can be obtained from A’ by a finite sequence of Borromean surgeries. [

Corollary 2.12 Consider a QHH A such that Ei / E% = 0. Let Hg be a standard
handlebody such that 0H, and 0A are LP-identified. Then there exists a QHS M
such that A is obtained from Hg ff M by a finite sequence of Borromean surgeries.

Lemma 2.13 Let A be a genus g QHH. Let Hy be a standard handlebody such
that 0Hg and 0A are LP-identified. Assume there are a symplectic basis («;, Bi)1<i<g
of Hi(0A:;Z), acurve y in A, and a positive integer d such that

Hy(4:2) = =01 8Ty & ( D Z,Bi)

2<i<g

and 1 = dy . Then there are a solid torus T, embedded in Hg, a d —torus T;, and
an LP-identification 0Ty = 9Ty, such that A is obtained from Hg(T;/Ty) by a finite
sequence of Borromean surgeries.

Proof Consider a tunnel C around y in 4. Set B= A\ C. By Lemma 2.9, B isa
ZHH of genus g + 1. There is a surface S C B such that .S C dB is homologous to
B1—dl+km in 0B, where m is a meridian of y, £ is a longitude of y, and k is an
integer. Consider simple closed curves o7 and o, in dB such that 0y = m —da; and
02 =pB1—dl+km in H{(0B). Then (01,02,a2,...,0g) is a basis of E%.

Consider the symplectic basis (a;,b;)1<i<g of H{(0Hyg;Z) image of (i, Bi)i<i<g
by the LP—identification 04 =~ 0H,. Consider a simple closed curve represent-
ing by in Int Hy and a tubular neighborhood Ty of this curve. Consider a d—
torus T, a symplectic basis («’, ') of H{(dT;;7Z) and a curve y’ in T; such
that H{(T;;7Z) = (Z/dZ)o' @ Zy' and B’ = dy’. By Lemma 2.6, B’ can be
chosen so that B’ — d{(y’) + km(y’) bounds a surface in the exterior of y’ in T,
(where k is the integer that appears when tunneling 4). Choose an LP-identification
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0T, = 0T, that identifies B’ with a curve on 97 homologous to b; in Hg \ Int 7.
Set A" = Hy(Ty/Ty).

Consider a tunnel C’ around y’ in A’. Set B’ = A’\ C’. By Lemma 2.9, B’
is a ZHH of genus g + 1. Like in B, there is a surface S’ in B’ bounded by
by —dL(y") + km(y'), and we can define a basis of ﬁ%, similarly. Hence the LP-
identification 04 =~ dH, = dA’ extends to an LP—identification 0B = dB’. By [I,
Lemma 4.11], B can be obtained from B’ by a finite sequence of Borromean surgeries.
Gluing back the cylinders, we get that A can be obtained from A’ = H,(T;/T,) by a
finite sequence of Borromean surgeries. |

Proof of Theorem 1.15 It suffices to prove the result when B is a standard handlebody.
We will proceed by induction on |££ /L’%l. The case |££ / £§| = 1 is given by
Corollary 2.12.

Consider a QHH A of genus g with |££ / £%| > 1, and a standard genus g handle-
body Hg whose boundary is LP—identified with d4. By Lemma 2.3, there is a sym-
plectic basis («;, Bi)1<i<g of Hi(04;Z), positive integers d;, and a basis (y;)1<i<g
of H(A4;7)/ Tors(H{(A;Z)), such that, in H(A;Z), dia; =0 and B; = d;y; + t;,
with #; € Tors(H{(A4;Z)). Note that |££/L‘%| =[l1<i<g di- Assume dy > 1.

Consider a tubular neighborhood T of ¢{, with a meridian m(¢;). Consider a d;—
torus Ty, , abasis (o, B) of H{(0Ty,:Z),and acurve ¢ in Ty, , such that dyo =0 and
B =dit in H{(T4,;Z). Define an LP-surgery (T, /T by identifying o with m(t;)
and B with ;. Set A" = A(Ty,/T). In A’, t; = d,t, thus we have B; = d;y with
y=v1+L.

Consider a tunnel C around y. Set B = A’\ C. By Lemma 2.8, B is a QHH
of genus g + 1. There is a surface S C B such that S C dB is homologous to
B1—diL+km in 0B, where m is a meridian of y, £ is a longitude of y, and k is an
integer. Consider simple closed curves o; and o, in dB such that 0; = m —d «; and
0, =PB1—di€+km in H{(0B). The curves o1 and o, are null-homologous in B,
and (01,072,3,...,0g) is a basis of L'%. Hence |£g/£%| < |/J£/L’%|.

Consider a genus g + 1 standard handlebody H, 4 of boundary 0B, where the o; and
the «; bound disks in Hg 1. By induction, B can be obtained from Hg . by a finite
sequence of elementary surgeries or their inverses. Gluing back the cylinder C to Hg 1,
we get a genus ¢ QHH A satisfying H, (A) = (Z)d\Z)o, & Zy & (@ZSngZ,B,-),
such that A’ can be obtained from A by a finite sequence of elementary surgeries or
their inverses. Hence A can be obtained from A by a finite sequence of elementary
surgeries or their inverses. Since d4 and dH, are both LP—identified with 4, they
are LP-identified with each other. By Lemma 2.13, A can be obtained from Hg by a
finite sequence of elementary surgeries or their inverses. a
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Remark We could have defined elementary surgeries by restricting the genus 1 case
to LP—replacements of standard tori by p—tori, for p prime, and keep Theorem 1.15
true. Indeed, consider a d—torus T; and the usual curve y in Ty that generates
H\(Ty;Z)/Torsion. One can check that an LP-replacement of a tubular neighborhood
of y by a d’—torus produces a dd’—torus. Hence, for any positive integer d, a d —torus
T, can be obtained from a standard torus by a finite sequence of “prime” elementary
surgeries of genus 1. Use then the “tunneling method” to see that any d—torus can
be obtained from this 7;, with the right choice of longitude, by a finite sequence of
Borromean surgeries.

3 Borromean surgeries and clasper calculus

Fix a 3—manifold M, possibly with boundary. Let ]-'OZ (M) denote the rational vector
space generated by all the 3—manifolds that can be obtained from M by a finite
sequence of Borromean surgeries, up to orientation-preserving homeomorphism. Let
f,,Z (M) denote the subspace generated by the [M ; I'] for all m—component Y-link I’
in M, with m > n. Let “=,” denote the equality modulo .7-"nZJrl (M).

Lemma 3.1 [3, Corollary 4.3] Let I' be an n—component Y-link in a 3—manifold
M. Let £ be aleaf of T'. Let y be a framed arc starting at the vertex incident to {
and ending in another point of £, embedded in M as the core of a band glued to the
associated surface of " as shown in Figure 9. The arc y splits the leaf { into two leaves
¢ and {". Denote by T’ and T the Y-links obtained from T by replacing the leaf {
by ¢’ and {" respectively. Then [M;T] =, [M;T']+[M;T"].

oo 77

Figure 9: Cutting a leaf

~
<

Lemma 3.2 [3, Lemma 4.8] Let I" be an n—component Y-link in a 3—manifold M .
If T has a leaf { that bounds a disk in M \ (I' \ £) and has framing 1, then [M ;T'] = 0.
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These two lemmas imply that the class of [M ; I'] modulo .7-'nZ+1 (M) does not depend
on the framing of the leaves.

Lemma 3.3 [3, Corollary 4.2] Let I' be an n—component Y-link in a 3—manifold
M . Let K be a framed knotin M \ T'. Let T'" be obtained from T" be sliding an edge
of " along K (see Figure 10). Then [M ;T']| =, [M :T"].

r ) I’
) R 7N
\\\K \\\\\‘ /
S ()

Figure 10: Sliding an edge

Lemma 3.4 [3, Lemma4.4] Let I" be an n—component Y-link in a 3—manifold M .
Let T’ be obtained from T by twisting the framing of an edge by a half twist. Then
[M.T)=, —[M;T].

In the following, we will consider oriented Y-links, defined as follows. A Y—graph is
oriented if its associated surface is oriented. An orientation of a Y—graph induces an
orientation of its leaves and of its internal vertex, as shown in Figure 11, where the
surface drawn is given the standard orientation of the plane. A Y-link is oriented if its

Figure 11: Oriented Y-graph

components are oriented. In this setting, one can twist the framing of an edge only by
an integral number of twists. A half twist corresponds to a change of orientation of the
adjacent leaf.
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Let I' be an oriented Y-link in a 3—manifold M . The above results imply that the
class of [M ;'] modulo .7-'nZ+1(M ) does not depend on the edges of I and on the
incident vertices of the leaves of I". We shall see that, in some sense, it only depends
on the homology classes of the leaves.

Lemma 3.5 [3, Lemma 2.2] Let " be a Y-graph in a 3—manifold M , which has a
O0—framed leaf £ that bounds a disk in M \ (I' \£). Then M(T') = M .

Lemma 3.6 Let I' be an oriented n—component Y-link in a 3—manifold M . Assume
I" has a leaf £ which is trivial in Hi(M \ (' \£);Z). Then [M;T'] =, 0.

Proof We can assume that £ is 0—framed. The leaf £ bounds a surface ¥ whose
interior does not meet I'. First assume ¥ has a positive genus. Thanks to Lemma 3.1,
we can assume X has genus 1. Apply Lemma 3.1 to decompose £ into four leaves,
and apply it again to reglue them by pairs, as shown in Figure 12. This leads us to the

Figure 12: Decomposing a leaf
case of a leaf which bounds a disk. The result follows then from Lemma 3.5. O

Lemma 3.7 Let I" be an n—component Y-link in a 3—manifold M . Let £ be a leaf
of I'. Fix I' \ £. Then the class of [M ;'] mod ]—"nZH(M) is a linear function of

te Hi(M\(I'\£):Q).

Proof Consider an n—component Y-link I'/ that has a leaf ¢ such that T \ ¢
coincides with T\ £ and ¢’ is homologous to £ in M \ (I" \ £). Construct another
n—component Y-link T'® by replacing the leaf £ by £ — ¢’ in " (see Figure 13). By
Lemma 3.6, [M ;%] = 0. Thus Lemma 3.1 implies [M; '] =, [M;T’]. Hence, for
'\ fixed, [M; T'| mod ]-'nZ+1 (M) only depends on the class of £ in Hy (M \(I'\{);Z).
The linearity follows from Lemma 3.1. Since the ]-'nZ (M) are rational vector spaces,
[M;T] mod ]-'nZ_'_1 (M) only depends on the rational homology class of £. O

In the case of QHSs, we want to restrict the set of generators of ]-",,Z (M)/ ]:nZ+1 (M)
to brackets defined by Jacobi diagrams.

Lemma 3.3 implies the following.
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Figure 13: The leaf ¢ — ¢’

Lemma 3.8 Let J be a Jacobi diagram of degree n/2. Equip J with a framing
induced by an immersion of J in the plane. Embed the framed diagram J in a 3—
manifold M . Let I be the oriented n—component Y-link obtained from J by replacing
its edges as shown in Figure 14. Then the class of [M ; T'] modulo .7-",1Z+1 (M) does not
depend on the embedding and framing of J .

- )

Figure 14: Replacement of an edge

In the sequel, we will denote by [M; J] the class of [M; I'] modulo ]:nZ+1 (M).

Lemma 3.9 Let I' be an oriented n—component Y-link in a 3—manifold M . Assume
that all the leaves of T" are trivial in H{(M ; Q). Then [M ;'] is equal to a Q—linear
combination of terms [M ; J] for some Jacobi diagrams J , modulo .7-"nZ+1 (M).

Proof Suppose I' has a leaf £ which is nontrivial in H{(M ;Z). Then there is a
positive integer k such that k¢ = 0 in H,(M ;7). Denote by I'” the Y-link obtained
from I' by replacing the leaf £ by a leaf homologous to k£ in H; (M \ (I"'\ £); Z). By
Lemma 3.7, we have [M ;'] =, %[M; I'’]. Thus we can assume that all the leaves of
T" are null-homologous in M . As we have seen above, we also can assume that they
are O—framed.

Such leaves bound embedded surfaces in M . Thanks to Lemma 3.3, we can assume
that the interior of these surfaces do not meet the edges of I'. Consider a leaf £ of
I'. Apply Lemma 3.1 to cut £ into some leaves which are meridians of other leaves,
and one leaf which bounds a surface in M \ (I" \ £). The last one can be excluded
by applying Lemma 3.6. Cutting similarly each leaf of I', we obtain Y-links whose

Algebraic & Geometric Topology, Volume 12 (2012)



Finite type invariants of rational homology 3—spheres 2407

leaves are linked by pairs, in the pattern of Hopf links. Since Lemma 3.7 allows us to
change the orientation of a leaf, modulo a sign, we get Y-links obtained from Jacobi
diagrams. a

Corollary 3.10 Let M be a QHS. Then .F,lZ (M )/]—"nZH(M ) is generated by the
[M; J] for all Jacobi diagrams J of degree n/2. In particular, if n is odd, ]-',ZZ (M) =
Fia (M),

We end the section by focusing the case of Y—graphs.

Lemma 3.11 Let I" be an oriented Y-graph in a 3—manifold M . Suppose that I" has
two leaves { and {' that bound disks in M \ (I' \ (£ U ¢’)) and that form a positive
Hopf link. Then [M ;'] =5 0.

Proof If the curve a obtained from the leaves £ and ¢’ and their adjacent edges, as
shown in Figure 15, is 0—framed and bounds a disk whose interior does not meet I",
then, according to [3, Lemma 2.3], the surgery on I" preserves the homeomorphism
class of M . Lemma 3.3 allows us to reduce the proof to this case. a

TN TN

e v

Figure 15: The Y—graph I' and the associated curve o

Lemma 3.12 Let I be an oriented Y-graph in a 3—manifold M . If ' has a leaf {
which is trivial in Hy (M ;Q), then [M ;T] =, 0.

Proof As in the proof of Lemma 3.9, we can assume that £ is null-homologous in M
and 0—framed. Then £ bounds a surface ¥. Using Lemma 3.3, we can assume that
its interior 3 does not meet the edges of I'. However, it can meet the other leaves.
Using Lemma 3.1 to decompose the different leaves of I", we can restrict to two cases.
Either 3 does not meet T , or £ is linked with another leaf in the pattern of a Hopf link.
Conclude with Lemma 3.6 in the first case. In the second case, since Lemma 3.7 allows
us to change the orientation of a leaf, modulo a sign, conclude with Lemma 3.11. O
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Lemma 3.13 Let I' be an oriented Y-graph in a 3—manifold M . The class of
[M; T'] modulo ]-'ZZ (M) only depends on the classes of the leaves of I in H{(M; Q).
Moreover, the dependance is trilinear and alternating.

Proof Consider a leaf £ of I". Consider an oriented Y-graph I'" and a leaf ¢’ of I/
such that '\ ¢’ coincides with '\ £ and ¢’ = ¢ in H{(M;Q). Construct another
Y—graph ré by replacing the leaf £ by £ — ¢’ in T (see Figure 13). By Lemma 3.12,
[M:;T% = 0. Thus Lemma 3.1 implies [M ;'] =, [M;T"]. Hence, for T\ ¢ fixed,
[M;T] mod .FZZ (M) only depends on the class of £ in H{(M;Q). The linearity
follows from Lemma 3.1. To get the alternating property, note that exchanging two
leaves is equivalent to changing the orientation of the three leaves. a

4 Finite type invariants of degree 1

4.1 The family (M, — S3), prime generates Gy

We denote by “=," the equality modulo F,. Note that F; is generated by the
(M — S3). For any QHS M, let lkps: Hy(M:;Z) x H{(M;Z) — Q/Z be the
linking form on Hy(M;Z).

Lemmad4.1 Let M and N be QHSs such that (Hy (M ;Z),lkyr) = (H{(N;Z),lky).
Then M =, N .

Proof By [12, Theorem 2], N can be obtained from M by a finite sequence of
Borromean surgeries. It suffices to show that M (B’/B) =, M for one Borromean
surgery (B’/B). This follows from Corollary 3.10. O

We call linking a pair (H, ¢), where H is a finite abelian group, and ¢ is a nondegener-
ate symmetric bilinear form on H , with values in Q/Z . Consider the abelian semigroup
N of all linkings under orthogonal sum. We have a homomorphism H from the semi-
group of all QHSs under connected sum to 91, given by H(M ) = (H1(M ; Z), lkar).
By Kawauchi and Kojima [5, Theorem 6.1], this homomorphism is onto. So we can
define an equivalence relation on 9t by Hy ~, H, if Hy = H(M,), Hy = H(M>),
and Ml —S3 =2 Mz—S3.

Note that
(%) M#N—-83=,(M -S>+ (N -5%.

Thus, by Lemma 4.1, in order to prove that (M, — S 3) p prime generates Gy, it suffices
to show that any H € 91 is 2—equivalent to a direct sum of groups Z, := Z/ pZ, with

Algebraic & Geometric Topology, Volume 12 (2012)



Finite type invariants of rational homology 3—spheres 2409

p prime, independently of the associated bilinear form. Since 1 is the direct sum of
the abelian semigroups 91, of linkings on p—groups, we restrict ourselves to the study
of p—groups.

Lemma 4.2 Any linking in N, is 2—equivalent to an orthogonal sum of linkings on
cyclic p—groups. Two linkings defined on the same cyclic group are 2—equivalent.

Proof In the case of odd primes p, by Wall [16, Theorem 4], 91, has generators A
Bk, k =1, and sole relation 24,k = 2B,k (R,k), where

o Apk = (Zpk.ba). p4(1.1) =1/ pk;
* By =(Zyk,¢B), ¢p(1,1) = x/pk with x nonsquare modulo pk.

Pk

The relations () and (R ,«) show that A,k ~2 B .

In the case of 2—groups, we will use the presentation of 91, given by Miranda in
the introduction of [15], which is an alternative version of the description of 91,
obtained in [5]. The generators are 4 linkings Ay, By, Ck., Dy, defined on Z
and 2 linkings Ey, Fy, defined on Z,kx X Z,k . The relation Ay + Ey =2Ay + By,
implies Ey ~» Ay + By, and the relation 2Ey = 2 Fj implies Ej ~, Fj. So we are
lead to the cyclic case. The relations 24 = 2Cy, 2By = 2Dy, 44y = 4By, give
Ag ~2 B ~2 C ~2 D a

Lemma 4.2 reduces our study to the case of cyclic groups with arbitrary linkings.

Lemma 4.3 Denote by G« any linking on Z i« . We have G picqir ~2 Gpre + G 10

for any prime p and any positive integers k and k'. It follows that G ,x ~2 k Gp.
Proof We will use the following easy result.

Sublemma 4.4 Let d be a positive integer. Let T; be a d —torus. Let (o, ) be a
symplectic basis of Hy(0Ty; Z) such that o generates L1, and B =dy in H{(Ty;Z).
Let T be a standard solid torus trivially embedded in S3. Define an LP-identification
0T, = 3T that identifies B with the preferred longitude of T . Then H,(S3(T;/T)) =
Zgo ®Zgy .

In S3, consider two disjoint, trivially embedded, tori 7" and 7", linked in the pattern
of a Hopf link. Consider the LP—surgeries given by Sublemma 4.4 for d = p¥ and for
d = pK' . We still denote by «, B, y (respectively o, ', y') the curves defined in
the lemma. We have

T k T K’
H,; (S3(%)) = ZpkOl X Zpk)/, H, (53(%)) = Zpk’o/ % Zpk/)//,
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Now, in S3(Tpk /T, Typ+' /T"), we have o' = f = p¥y and @ = g’ = pK'y’. Thus

Ty Ty

T T
Conclude with the following equality:

$3 &’Tp"' _S§i=, (53 ﬁ _s3) 4 (s3 Tyr _s3) -
T T’ T T’

This achieves the proof of the first part of Proposition 1.8, namely the fact that the
family (Mp —S3)p prime generates Gy .

4.2 The invariants v,

In this subsection, unless otherwise mentioned, all the homology modules are con-
sidered with integral coefficients. We prove the following proposition that implies
Proposition 1.9.

Proposition 4.5 Consider a QHS M, two disjoint genus g QHHs A and B in
M , and two QHHs A’ and B’ whose boundaries are LP-identified with 0A and 0B
respectively. Then
[Hi(M)]  _ |Hi(M(B'/B))|
|Hi(M(A'/A))|  |H(M(A'/A, B'/B))|

Proof The exact sequence associated with (M, 4A) gives
0— Hy(M,A) — Hi(A) - H(M) — H{(M, A) — 0.

Set X = M \ Int A. By excision, we have H;(M, A) = H;(X,dX) for any integer i .
So the above exact sequence can be rewritten as follows:

0— Hy(X,3X) 25 Hy(A) 2 H (M) L H (X, 0X) — 0.

Since H;(M) is finite, H{(X, 0X) also is, and we have |H;(M)| = |H; (X, 0X)|-
| Im @5 .

Similarly, we have an exact sequence

0 — Hy(X,0X) — Hy(4)) 22 H{(M(A'/A)) 25 H,(X,9X) — 0.

We get
|[Hi(M)|  |Imgy]

|H\(M(A'/A)|  |Ime}|’
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Similarly arguing with M (B’/B) instead of M , and setting X’ = X(B’/B), we have
the exact sequences

0— Hy(X',0X") 25 Hy(4) > H (M(B'/B)) 2> H (X', 9X") — 0,

0— Hy(X',0X") ﬂ H (A" &) Hi(M(A'/A, B'/B)) & Hi(X',0X") — 0,
and we get
|Hi(M(B'/B))|  _ |Imyn]
|Hi(M(A'/A,B'/B)| — [Imyj]|’
We now relate |Img;| and |Imy,|. Since Img, = Hi(A)/Im¢; and Imy, =
H{(A)/ITm 1, we shall study Im ¢; and Im /.

The following sublemma gives us additional information about X .

Sublemma 4.6 If M isa QHS andif A isagenus g QHH in M, then X = M \Int A
also is a genus g QHH.

Proof It is clear that H3(X;Q) =0 and Hy(X;Q) = Q.
The Mayer—Vietoris sequence associated with M = A U X gives
0— H3(M:Q) — H3(04; Q) — Hx(4;Q) & H2(X: Q) — 0.

Since H3(M;Q) — H,(0A4;Q) is an isomorphism that identifies the fundamental
classes, we have Hy(X;Q) =0.

The Mayer—Vietoris sequence also gives an isomorphism H;(04; Q) = H;(A4;Q) &
Hy(X;Q), thus Hy(X;:Q) = Q8. O

We have the following commutative diagram, where i, is the map induced by the
inclusion i: d4 <> A. Denote the images of H,(X,dX) and H,(X’,0X”) in H{(dA)

Hy(X.0X) —2o H04) < Hy(x',ox)

P

H)

by F and F’ respectively. Since ¢ and v are injective, the two boundary operators
also are. Thus, by Sublemma 4.6 and Lemma 2.2, F and F’ are free submodules
of H{(dA), of rank g. Consider bases y of F and y’ of F’. Over Q, F generates
the Lagrangian Ly, and F’' generates Ly-. Since X’ is obtained from X by an
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LP-surgery, we have Ly = Ly’. Hence we have a matrix R € GLg(Q) of change of
basis from y to y’. Thus
Hy(A)
Im v

Since the same submodules F and F’ occur in the decomposition of goi and V], we
also have

Hy(A)
ix(F")

Hi(A)
iv(F)

| Im 2| =

=|det R|-

' = |det R|-|Im@,]|.

|Im 5| = |det R|- | Im ¢} |.
Finally,

(Hi(M(B'/B))|  _ |Imys| _ [detR|-[Imgy|  [H\(M)]
|H{(M(A’/A,B'/B))| |Imy)| |detR|-[Img)| |H{(M(A'/A))|

5 Additive invariants of degree n > 1

5.1 Degree 1 invariants of framed rational homology tori

Fix a genus 1 surface ¥; and a symplectic basis (ag, Bg) of Hi(X1;Z). Define
Fo(X1) as the rational vector space generated by all the rational homology tori 7,
equipped with an oriented longitude £(7"). Denote by m(T) the meridian of 7' that
satisfies (m(T),£(T))or = 1. The data of the framing is equivalent to the data of an
orientation-preserving homeomorphism /: X1 — 97 such that /4« (Qwg) = L7, the
equivalence being given by m(T) = h(wg) and £(T) = h(Bo). In particular, given
two framed rational homology tori, we have a canonical LP—identification of their
boundaries, which identifies the fixed longitudes. Define a filtration (F,(X1))neN,
and quotients (G, (21))neN, as in the case of QHSs. Note that Gy(X1) = Q.

Denote by T the standard solid torus with a fixed longitude £(7j). For any prime p,
fix a QHS M) such that H,(My;Z) = 7/ pZ. Define a rational homology ball B,
by removing an open ball from M),. In this subsection, we prove the following.

o . Bp
Proposition 5.1 G(X;) = @ Q[To,ﬁ]-

D prime

Consider a framed rational homology torus 7". Set d(T') = |£; / £%| (see Lemma 2.3
for the definition of E; and E%). For p prime, define

1p(T) = vp(d(T)| Tors(H\(T: Z))|).

where v, denotes the p—adic valuation.
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Lemma 5.2 For any prime p, |, is a degree 1 invariant of the framed rational
homology tori.

Proof Consider a framed rational homology torus 7'. Define a QHS M (T) by
gluing T and the standard torus 7|, along their boundaries, in such a way that £(7")
is identified with m(7Ty). We have H{(M(T)) = H{(T)/ZL(T). By Lemma 2.3,
| Hy(M(T'))| = d(T) | Tors(H (T))]. Thus pp(T) = vp(|Hi (M(T))]) = vp(M(T)).
The result follows from the fact that v, is a degree 1 invariant of QHSs. a

Corollary 5.3 The sum D, ;ime QT0: Bp/ B3] is direct.

Lemma 5.4 The space G1(X) is generated by the [T'; E'/ E], where (E’/E) is an
elementary surgery.

Proof Consider [T; A'/A] € F1(X1). By Theorem 1.15, A’ is obtained from A
by a sequence of elementary surgeries, or their inverses, (E;/E;);<ij<k. Set A; =
A(EV/E\)(E}/E3)---(E}/E;). Then

k—1 k—1

]l () -l () B

1

Now, for any [T'; E'/E] € F1(21), we have [T, E'/E]l=—[T(E'/E);E/E']. O

We shall get rid of the elementary surgeries of genus 1 with the help of the following
two lemmas.

Lemma 5.5 Let E be a framed standard torus. Let E’ be a framed d —torus. Assume
L(E")=dy in H{(E';Z) foracurve y in E'. Embed two disjoint copies E; and E,
of E inInt E so that {(Ey) = £(E;) = {(E) in H{(E \Int(E U E;);Z). Let E}
and E’, be two copies of E'. Set A= E(E|/E, E,/ E;). Then there is a QHS M
such that A can be obtained from E’#f M by a finite sequence of Borromean surgeries.

Proof For i = 1,2, denote by y; the copy of y in E}, so that {(E]) = dy; in
H\(E};Z). Note that, in H{(A), £(A) = £(E}) = {(E)), and m(A) = m(E}) +
m(E%). We have
Hi(A;Z) = (m(E}),m(Ey), y1,y2 | dm(E}) = 0,dm(E}) = 0,dy; = dy,)
= (m(E}),m(A), y1,y2—y1 | dm(E}) =0,dm(4) = 0,d(y2 —y1) = 0)
=Zagm(A) S Ly & Lygm(E) ® Ly (y2— 1)
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Note that £(A) = dy; . Consider a tunnel C around ;. Set B = A\ C. There is a
surface S C B such that S C dB is homologous to £(A4) —d{ + km in dB, where m
is a meridian of yy, £ is a longitude of y;, and k is an integer. Consider simple closed
curves 01, 03, (1 and (p in 0B such that oy = m —dm(A), o0, =L(A)—dl+km,
w1 = —L+km(A) and pu, = —m(A) in Hy(dB). The curves o; and o, bound
embedded surfaces in B, and (o1, jt1,07, 42) is a symplectic basis of H{(dB;Z).
Thus B is a genus 2 QHH with E; / E% = (. By Corollary 2.12, there are a standard
genus 2 handlebody H, and a QHS M such that B is obtained from H, § M by a
finite sequence of Borromean surgeries.

Now consider the d—torus E’. It is homeomorphic to E(E’/E;). Consider a tunnel
C’ around y in E’. We can choose a meridian m’ and a longitude ¢’ of y in such a
way that there are curves 0| and o) on the boundary of B’ = E’\ C’ which bound
surfaces in B and which are respectively homologous to m’ —da and 8 —d{' + km'
in Hy(0B’;Z). Thus the LP—identification JE’ = dA extends to an LP—identification
0B’ =~ 0B =~ 0H,. Since H{(B';7Z) =Z({' —ka)® Zm’', B’ and H, are two ZHH
whose boundaries are LP—identified. By [1, Lemma 4.11], H, can be obtained from
B’ by a finite sequence of Borromean surgeries. Thus H, ff M , and B, can be obtained
from B’ff M by a finite sequence of Borromean surgeries. Gluing back the cylinders, we
see that A can be obtained from E’ff M by a finite sequence of Borromean surgeries. O

Lemma 5.6 The quotient G{(X1) is generated by the [T'; E'/ E], where (E'/E) is
an elementary surgery of genus 0 (connected sum) or 3 (Borromean surgery).

Proof Consider a framed rational homology torus 7" and an elementary surgery E’/E
of genus 1 in T, ie, E is an embedded standard torus, and E’ is a d—torus. Fix a
longitude £(E’) such that £(E’) = dy in H{(E’;Z) for a curve y in E’. Choose the
longitude £(E) which is identified with £(E’) by the LP-identification 0E =~ JE’.

Consider the copies E; and E; of E in Int E, the copies E| and E’ of E’, the
rational homology torus A, and the QHS M, defined in Lemma 5.5. Set 7’ =
T(EV/E\.E,/E;)=T(A/E). Write

L (BOM)\( B\ (B, B,
=) )(E) - ()

where B(M) is the rational homology ball obtained by removing a ball B3 from M ,
and the (B]/B;) are Borromean surgeries. On the one hand, we have

E' E’ E
T: =L 2| =2|T:— |-T+T,
E, E, E
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thus
/

E
On the other hand,

=[rEl- (5 7w
T-T'=\T;,=|=|T;—=|+|T| = );
E r rE B3

G- ()5

A5
IS (52)5]) e

We shall now restrict the set of generators [T'; E’/ E], where (E’/E) is an elementary
surgery of genus 0.

Lemma 5.7 Let T be a framed rational homology torus and let B be a rational
homology ball. Then [T; B/ B*] € @, yime QTo: Bp/B*] C G1(Z1).

This result follows from the next two sublemmas.

Sublemma 5.8 Let T' be a framed rational homology torus and let B be a rational ho-
mology ball. Then, in G1(X;), [T; B/ B3] is a linear combination of the [T ; Bp/B3].

Proof Set M = B|Jyp__yps B*>. Wehave T(B/B*)=T# M and T(B,/B?) =
T # M),. Now use that (M, — S3)p prime generates Gy (see Section 4.1). O

Sublemma 5.9 For any framed rational homology torus T , and any rational homology

ball B,
B B
|:T; F:| = |:T(), E] mod ]—"2(21)

Proof Define 75 as T minus a regular open neighborhood of its boundary. We can
suppose that 7 and B 3 are disjoint in Ty. We have T = To(T/T, o) and

To b Bl 2| 2 O
R VAEN B RRE B3
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Proof of Proposition 5.1 By Lemmas 5.6 and 5.7, the quotient G; (X1) is generated by
the [To; Bp/B*] and the [T'; A’/ A] where (A’/A) is a Borromean surgery. Consider
© € (G1(X1))*. For all prime integer p, set ¢, = u([To; Bp/B3]). Set i = pu —
Zp prime Cplp - The invariant [ is determined by its values on the terms [T; A"/ A],
where (A’/A) is a Borromean surgery. Let I denote the Y—graph associated with the
Borromean surgery (A4’/A). By Lemma 3.13, if T is fixed, fi([T; A’/ A]) only depends
on the rational homology classes of the three leaves of I", and this dependance is trilinear
and alternating. Since H;(7T; Q)=Q, wehave £ =0. Hence u = Zp prime CpMp - This
implies that G; (Z1) is generated by the [Ty; B,/ B*]. Conclude with Corollary 5.3. O

Corollary 5.10 If p is a degree 1 invariant of framed rational homology tori, such
that 1(To) = 0 and (T it Mp) = 0 for any prime p, then ;1 = 0.

5.2 The quotients Z; /7" |

The main point of this subsection will be the proof of the next proposition. We will
end the subsection by showing that this result implies Proposition 1.11.

Proposition 5.11 If A is an additive invariant of degree n > 1, then Az, is determined
by )\(@(A;/z)). In particular, if n is odd, Az, = 0.

Recall the map ®: A4, — QZZn has been defined in Lemma 1.2. Since we have a

canonical map gzzn — Gy, (we will see later that it is an embedding), A(P(AY)) is
well defined.

We will often use the following easy formula.
Lemma 5.12 For any [M; (A}/Ai)1<i<n] € Fn.
() o)=L () G (),
Ai ) 1<izn Ai ) 2<izn A1)\ 4; 2<i<n

Lemma 5.13 The space G, is generated by the [M;(E;/E;)i<i<n]. wWhere the
(E}/E;) are elementary surgeries.

To see this, just adapt the proof of Lemma 5.4.
Lemma5.14 Let A be an additive invariant of degree n> 1. Let [M; (E}/ E;)1<i<n] €

Fn. If at least one of the surgeries (E|/E;) is an elementary surgery of genus 0
(connected sum), then A([M ; (E;/E;)1<i<n]) = 0.
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Proof Assume E|/E; is a connected sum, ie, £ is a ball B 3,and E 1 is a rational
homology ball. Define a QHS M by gluing E| and a ball B? along their boundaries.
Then

(e (@) o) =P E) D) (e (2),LL)

=— > )"y =o. u|

1c{2,...,n}
Lemma 5.15 Consider a QHS M , and disjoint LP—surgeries
(Ta/To), (Aj/AD)1<izn—1

in M , where Ty is a standard torus, and T, is a d —torus. If A is an additive invariant

of degree n > 1, then A([M ;T /Ty, (A}/Ai)1<i<n—1]) = 0.

Proof Fix M, the embedding of T, and the surgeries (4;/A4;)1<i<n—1. Fix a
longitude £(Ty) of Ty. For any framed rational homology torus 7', set

wo=s{ [ (4. )
To \ 4; 1<i<n—1

Then A is a degree 1 invariant of framed rational homology tori:

(e w)) =+ (P55 () o)) =0
"By B To) Bi By \A4i/) <i<y—s

We have A(Tp) = A(0) =0, and

R L

<n
since A is additive, and n — 1 > 0. By Corollary 5.10, A = O

Proof of Proposition 5.11 By Lemmas 5.14 and 5.15, an additive invariant A of
degree n > 1 is determined on F, by its values on the [M; (B}/B;)1<i<n], for all
QHSs M and all sets of n disjoint Borromean surgeries (B;/B;)1<i<x in M . Hence,
by Corollary 3.10, A is determined on F, by the A([M;T']) for all QHS M and all
Jacobi diagram I" of degree n/2.

We can write M = M S and suppose I is embedded in S3. Hence for an additive
invariant A of degree n, we have A([M;T]) = A([S3:T)).

If the Jacobi diagram I' is not connected, we can assume that I is made of two
components I'; and I', that are embedded in disjoint balls in 3. Noting that (§3,T") =

Algebraic & Geometric Topology, Volume 12 (2012)
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(S3,T1)#(S3,T,), it is easy to see that any additive invariant vanishes on [S3;T] in
this case. O

Proposition 1.11 follows from Proposition 5.11 in the case of odd degrees. For even
degrees, it is a consequence of the following lemma.

Lemma 5.16 Letn > 1 be an even integer. Let (I'y;);ec, be a basis of diagrams of
the finite dimensional vector space A¢, /o Let (T, iec, be the dual basis of (A /2)*.

Let Zy), denote the degree n/2 part of the KKT invariant. Let p®: Ay;» — A7,

be the projection that maps any nonconnected diagram to 0 and which restricts to the
identity on .Afl/z. Fori € Cy, set Ay = F;l*’l. op€oZys. Then (An,i)iec, is a basis
of Ty /T7 .

Proof By [7, Theorem 1], p©o Z,, is an additive invariant of QHSs, thus the A,
are additive. By [10, Theorem 2.4] and [1, Proposition 4.1], Z,/, is a finite type
invariant of degree n and satisfies Zn/z([S3; [n,il) =Tni € Ayjo. Hence Ay, € I,
and A, ([S?; Iy,j]) = 8;,j. Consider A € Z;. By Proposition 5.11,

=" MS*: TuiDAn,

ieCy

in Z¢/Z¢_, . Hence (An,i)iec, is a basis of Z%/Z¢_, . a

6 The graded algebras G and H

6.1 The productsin G and ‘H

Extend the connected sum to F by bilinearity:

(ZaiMi) i (ijNj) =" aibj(M; § Nj),
iel jeJ iel jeJ
for any finite sets / and J, any rational numbers «a;, bj, and any QHSs M;, N;.

Proof Just check that
B; B! B; B!
() B () L = s (B L (6 L
Ai 1<i<n Ai 1<i<m Ai 1<i<n Ai 1<i<m
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Thus the connected sum defines a product §: G, X Gy — G+ Which induces a graded
algebra structure on G.

Given two finite type invariants A and u, note that the product Ap satisfies

a( St ) = eyt

iel iel

for any finite set 7, rational numbers a;, and QHSs M;.
Lemma 6.2 IfAe€Z; and p€Zy, then A € Ty 4.

Proof Consider [M;(Bi/Ai)icr] with |I| =k + £ + 1. We have the following
equality:

o (e ().
=2 () (), ) (), ))

Indeed, the right hand side is equal to

(e (n((5) N () )
-z Z e () e () )220

KcJCcL
Since

Z (_l)mz{o it K<L,
we get (1).

_NIKl K =1
KcJcL ( 1) if ’
In (1), we have, if |J| >k,

(e () ]) =

and, if |J| <k, then |/ \ J|> £ and

([((2). .., )
o () ) :

Algebraic & Geometric Topology, Volume 12 (2012)
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Thus the product of finite type invariants induces a graded algebra structure on H.

6.2 Dual systems in G and H

For an even integer n > 1, consider the basis (I'y,;);ec,, of .A; /2 and the associated
invariants A, ; defined in Lemma 5.16. For n > 1 odd, set C, = @. For n =1,
let C; denote the set of all prime integers, and for any p prime, set A;,, = v, and
[y p=ep€ .A?ug. Note that adding to A,; a weighted sum of the A ;, 0 <k <n,
i € Cy, does not change the values of A,; on F,. Thus we can (and we do) choose
the basis (A,,i)iec, so that Ani (S [, ;1) = 8uxdi; for all positive integers n and
k,alli € Cy,all jeC(Cy.

For a multiindex & = (/)1 <;<¢, set £(¢) = £. For n > 0, fix a total order on C,. Let
< denote the lexicographic order induced on UneN\{o} ({n} x Cy). For n >0, let 7,
denote the set of all triples (k,i, &) such that £(k) = £(i) = {(e), k = (k¢)1<r<t(k) >
ky €N and 0 <k; <n forall ¢, 1 = (i¢)1</<e) With iy € Cy, forall ¢, (ky,i1) <
(ka,iz) < --- < (kggoy-iek))> € = (8r)1<s<t(e) With & € N\ {0} for all 7, and
Z15z5£@ etky = n. Define a family (A,,,),e7 of invariants of degree n by

— &t
)\n,t - l_[ )\’ktait ’
1<t=<L(k)

if «t =(k,i,e). Set T, = C, UT,F. We will see in Section 6.3 that the family
(Ak,i)o<k<n,ieT; 18 a basis of T, /Zy. The main goal of this subsection is to construct

a family (Gkr,li)0<k§n,ien of F1/Fu+1,dual to (Agi)o<k<n,ieT; -

Definition 6.3 G € Fy is said to be multiplicative if Au(G) = A(G)u(G) for all
finite type invariants A and g such that A(S3) =0 and u(S3) =0.

For any p prime, set GEI) = M, — S*. Note that the Gf’ll), are multiplicative. Fix
n>1.1If n is even, set G,(l”? =[S3; I'y,i] for i € C,. Since [S3: Fyil= S3(Fn,,-)—S3,
G is multiplicative for all i € C,. For ¢ = (k. i,¢) € T,F, set

n,i
~ k ﬁg
Grg’jt): H (Glg,fi),) "

1<t=<Lk)

Lemma 6.4 Consider positive integers p and g, additive invariants Ay, ..., Ap, and
elements [M1; (By/Au)ueuv,], - - -, [Mgq: (Bu/Auw)ueu,] of Fo, for nonempty sets U .
Then

() [ ()., D=2 1T (e (), D)

i=1 JE€Epg €=1 “iej—1({£})
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where E,, is the set of all surjective maps j: {1,...,p}—>{1,...,q}.

In particular, if p <gq,

and, if p=q.,
(K1) 2 Lo ()., ) = 2 To([one(2),, ])

where S, is the set of permutations of {1, ..., p}.

Proof

()2 [ (2),0,)

i=1

Y .y (_1)22_1|Ve|1£[x,-( 7 M/((j)V))

VicU; VaCUy i=1
=Y Y T "V"HZA (M,(( ) ))
vict,  V,cl, i=1j=1 uev;
By
- % T e Y e lml‘[x( 0)((,4) ))
ji{l,pt—>{l,...q} VicU,  V,CU, i=1 ueVia

1 (S L (G )

Ji{l,.,py—={l,...q} £=1 iej=1({L})

- 200 (e (), ) :

iej=1({L})

Lemma 6.5 Let n and k be positive integers. For t = (k,i,g) € T", set T,(1) =
{(k.i,n) €T, |Vt, nt = e:}. Fork €T, we have

Ank (él(ckt)) £0 ifandonly if Kk € Ty(1).

Note that the set 7, (¢) is finite.

Algebraic & Geometric Topology, Volume 12 (2012)
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Proof Set x = (¢, j,n). We have
_ s ~k) _ (k) \#e
= [ 25 Gol= 8 (Gg)"™
1<s<€(L) l=t1
By Lemma 6.4, we have
(k) (k
@G- T (I k)@,
§€Eye (t,w)€O(e) ~ (s,v)eE~1({(,u)})

where O(e) ={(r,u) |1 =t ={(¢); Vi, 1 =u=<e;} and Ey is the set of all surjective
maps £: ©(n) - O(g). Since the G,(Ck’l.)t are multiplicative, we get

k k
G =2 Tl [T Ceil6gs):
E€Epe (1,u)€0(8) (s,v)e&~ 1 ({(1,0)})

=~ (k . .
Recall that Ay, j, (G](c t,)t) = 8¢,k,0j,i, - Hence Ay (G](C,L)) # 0 if and only if £ = k,
J=iandn =g for all 7. o

For n>1 and t € 7., set G,Snt) =

X(—G)G'(’n‘)’ so that A, L(G,Snt) ) = 1. Note that,
forall n andall i €7,, G ”)ef,, '

Let n and k be positive integers. For ¢ € Cy, set
Tn( ={(k.i.n) €T, |k = (k)i =@}

The following result is an easy generalization of Lemma 6.5.

Lemma 6.6 Let n and k be positive integers. For k € T, and ¢ € Ty, we have
Anic(GIF)) 5 0 if and only if k € Ty ().

Corollary 6.7 Forn>0,i €T,, j € Ty, we have A, ; (G(”)) 8ij -

For n > 1, define G,(c"l) € Fi for 0 <k <n and i € Ty, by induction on n, by
G =G0~ X hnalfl )G,
LETR (D)

Note that GIE") G(m) in Gy, if m <n.

Lemma 6.8 Let n be a positive integer. The tamily (G(n))
is dual to the family (Mg ;)o<k<n,ieT, of Zn/Zo.

0<k=<n,ieT Offl/f”‘“
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Proof We proceed by induction on n. The result is clear for n = 1. Fix n > 1. We
shall prove that Ag’j(Gl(;"l.)) =§ji forall 0 <l <n, j€Ty, 0<k <n,ieT.
If £ =n and k = n, it is given by Corollary 6.7. If £ < n and k = n, it is clear
since ng’,li) € Fn. If £ <n and k < n, it follows from the induction hypothesis. Tt

remains to show that A, ; (G](C"i) ) =0 if k <n. It is immediate if j € 7T,(i). Consider
J € Tn\ Tu(i). We have

Gey =Gy = 2 2 mdlG)GR,

k<m=n €Ty {)

By Lemma 6.6, for k <m <n and 1 € Ty (i), Anj (GE?) % 0 if and only if j € T (1),
and this implies j € 7,(i). Hence, for j & Tn(i), An,j (G](C”l)) =0. o

6.3 The coproduct on ‘H

In the previous subsection, we have constructed dual systems

) 71 In
(Gk,i)o<k§n,ieTk < m’ (eido<ksnier C I_o’

that satisfy the following properties:

* Ap,i is a finite type invariant of degree n;

o Tu=CyUT], Ay, is additive if i € Cy, Ap,; is a product of some Ay ;, k <n,
i€Cy,ifi €T,

* /1, =llicc, Qhn,i:

o ifi € Gy, G is multiplicative;

G") € Fi.and,if m <n, G = GI") in Gn.

N

Proposition 6.9 The family (Glgnz?)o<k§n ier, i a basis of Fi/Fyi1. The family

(Ak,i)o<k<n,ieT; 18 the dual basis of 1,/ Ty. Moreover,

Ln = l_[ QAn,i, Iig = 1_[ QAnis Gn= @ QG}S’,?

T =
n=1 i€Ty n—1 €T, i€Ty

This result implies Proposition 1.12.
Proof We will proceed by induction. For n = 1, the result follows from Proposition 1.8

and Corollary 1.10. Fix n > 1. We will write n < ¢ if n; < ¢, forall t, n<eif n=¢
and n # ¢, and 0 < n if ;> 0 for at least one 7.

Algebraic & Geometric Topology, Volume 12 (2012)
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Lemma 6.10 Consider A € T, such that A(S3) = 0. There are constants a,,, for
1 <m =<n and €T, such that

MMy M) = M(My) + A(M3)

+ > ame ] (;,)” (Mp)ag! 7 (M),

m=1.=(k,i,)€T;;  O0<np<el=<r={(k)

for all QHSs M; and M,.

Remark The above expression of A(M7 ft M,) defines a coproduct A on the algebra
H:

& _
AQ) = A®I+I®A+Z Yooame Y ] (’)M’Zﬁ,i,mi’,,if’-
m=1=(k,i,e)eT} 0<n<g 1=t=l(k) n

Thus H has a Hopf algebra structure. The primitive elements associated with this
coproduct (the invariants A satisfying A(A) =A® 14+ 1 ® 1) are the additive invariants.
Milnor and Moore [14] proved that, under conditions, a Hopf algebra is generated as
an algebra by its primitive elements. Here, we give an explicit and elementary proof of
this result in our setting.
Proof of Lemma 6.10 Define a bilinear map p on Fy by

p(My, Mp) = A(M, §f Mz) — A(My) — A(M>)

for all QHSs M, and M. Fix M>, and consider [M ; (A}/A;)1<i<n] € Fn. We have
A’
(), 1)
(|: Ai 1<i<n
A;
(G ED
Aj iel

5 (), e (((),,)

A’
() B])
Ai 1<i<n B3

where B, is a rational homology ball obtained from M, by removing an open ball.
Thus p(-, M>) is an invariant of degree at most n — 1. Note that (S*, M) = 0. By
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induction, Z,,_; /Z, is freely generated by the Ay ; for 0 <k <n and i € ;. Hence
we can write

My, My) = Y > Bri(M)hi(My).

O<k<ni€Ty

Note that the sum may be infinite. We have By ; (M>) = /L(G,(Cnl), Mz) and ,Bk,i(S3) =0.
Extend S ; to Fo by linearity. Consider [M; (A;/A;)ier] € Fpk+1. I|=n—k+1,
and set G(” = uev Cul Nu; (B /Bj)jeu,], where the ¢, are rational numbers and
|Jul =k for all u. We have

4;
a2 (3)..))
, B! ’
T x 2 eorm(n((3) ) (5).))

-Zealfwans(3),(5),.,)

Thus By ; is an invariant of degree at most n — k. Using the induction hypothesis, we
can decompose the invariants B ; and get

M(Ml,Mz)—Z > Y am (n) I (;z)k"’ (M)A M (M),

m=1.1=(k,i,e)€T;; 0<n<e 1<t§€(@

where the a(ﬁ)m,L are rational constants. It gives

MMy M) = )\(Ml) + A(M>)

£Y Y s (e on,

m=11=(k,i,e)€T;;; 0<n<e IStSZ(@

Now, we use the commutativity and associativity of the connected sum to show that
the well-determined constants a@m,L do not depend on 1. The commutativity gives
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a@_ﬂ)m =a®,, ,. Consider M; = N, i N». We have
A(N1 § N2t M>)
= )\(Nl) + A(N2) + A(M>)

ISR SRS SR s I (4 R

m=1.=(k,i,e)eT;;; 0<n<e 1=t=L(k)
n
(n) &t n¢
VD IED WD VY ()(")
m=1.=(k,i,e)€T;;; 0<n<e <v=<p1=t=L(k)

X s (INDAL P (N2A T (M),

Consider v such that 0 < v <7. The terms

[T A (VDA (N A (M),

1=<t=<l(k)
[T AWML (N)A! . (M),
1<t=<t(k)
must have the same coefficient. Since (;i)(;’;) = (s;?w)(z:::}i)’ we have
gy = a0 = o).

Now, consider any 7 and v with 0 <7, v <¢. Either there is > 0 with 7 <5 and
T =p,orwehave n <&—. Inboth cases, we get (x(") = aUm .. Finally,

MMy M) = M(My) + A(M3)

n
(DY SIETD SN ) N (9 L AREE et

m=1.1=(k,i,0)€T;; 0<np<el=<r={(k)

where «;y,, is the common value of the a(ﬁ)m,t. O

Back to the proof of Proposition 6.9, use the constants o, , given by Lemma 6.10 to
define an invariant A:

n
~ .,
A=k=30 > emd JT M
m=11=(k,i,e)€Ty  1=st=t(k)
It is easy to see that X is additive. Thus A € IS @®Ir, and ()"k,i)0<k§n,i€77(” is a basis
of 7.
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It remains to show that (G](C"l) )0 <k=<n,ieTi
that (G,(l”’l.))l. o7, 18 a basis of G,. Consider G € G,. We shall prove that the sum
ZieTn )\n,i(G)G,S"i) is finite and equal to G in G,. The term G is a finite linear
combination of QHSs. Let C{(G) C C; denote the set of all prime integers p such
that v,(M) # 0 for a QHS M in this combination. The set C;(G) is finite. If an
invariant A, ; is a multiple of an invariant v, for some p & C;(G), then A, ;(G) = 0.
Thus if An,;(G) # 0, then A, ; is a product of invariants v, for p € C;(G) and A ;
for 1 <k <n and j € Ci. Recall the set Cy, is finite for all £ > 1. Hence the sum
ZieTn )\n,i(G)G,(,Z) is well defined in G, and is equal to G since the A, ; generate
Iy / In—l . a

is a basis of F;/F,41. It suffices to show

Lemma 6.11 Let M and N be QHSs. Forn > 0,
((M_N)Efn—i—l)
& (Zk,KKT(M —N)=0forallk < %n and |H\(M;7)| = |H, (N;Z)|).

Proof The direct implication is clear since the Zy xxr, k < n/2, and the vp, p
prime, are finite type invariants of degree at most n. To see that Proposition 6.9 implies
the converse implication, recall that the invariants Ay ;, for 0 <k <n and i € T,
were defined in Section 6.2 as products of linear combinations of the v,, p prime,
and the Ag;, 0 <k <n, i € Cy, that were defined from the Zy gxr, kK <n/2 in
Lemma 5.16. i

Proof of Theorem 1.1 According to Le, Murakami and Ohtsuki [9], p€ o Z 0 is
additive under connected sum, where p€¢ is the projection defined in Lemma 5.16.
In [11], Massuyeau proved that Zj,so satisfies the same splitting formulae as Zggr.
Thus the invariants (A,,;);ec, of Lemma 5.16 could have been defined with Zyy0
instead of Zggr. Therefore, Lemma 6.11 holds for Z; 0 instead of Zggr as well. O
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