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Dehn surgeries and rational homology balls

PAOLO ACETO
MARCO GOLLA

We consider the question of which Dehn surgeries along a given knot bound rational
homology balls. We use Ozsvath and Szabd’s correction terms in Heegaard Floer
homology to obtain general constraints on the surgery coefficients. We then turn our
attention to the case of integral surgeries, with particular emphasis on positive torus
knots. Finally, combining these results with a lattice-theoretic obstruction based on
Donaldson’s theorem, we classify which integral surgeries along torus knots of the
form T4+1,4, bound rational homology balls.

5TM27; 5TM25, 57TR58

1 Introduction

A filling of a closed 3—manifold Y is a smooth, compact 4—manifold Z with dZ =Y .
It is very natural to ask how simple fillings of a given Y can be: Lickorish [14] and
Wallace [32] showed that there is always a simply connected filling; Milnor [19] proved
that there is always a spin filling. The Rokhlin invariant [30] and, more recently,
Donaldson’s theorems [6] provided formidable obstructions to the existence of fillings
which are integral or rational homology balls (ie have the homology of a point, with
integral or rational coefficients).

On the more constructive side, Casson and Harer [5] built families of Seifert fibred
spaces admitting a rational homology ball filling. Lisca [15; 16] used Donaldson’s
theorem to find all relations among lens spaces in the rational homology 3—dimensional
cobordism group. Lecuona [13] tackled the problem of determining which 3-legged
Seifert fibred spaces bound rational homology balls; the first author [1] studied which
rational homology S! x §2’s bound rational homology S! x D3’s.

In another direction, Owens and Strle [23] addressed the question of when the inter-
section form of Z can be negative definite, in the case when Y is obtained as Dehn
surgery along a knot in 3, and answered it completely in the case of torus knots.

Given a knot K in S3 we address the following question: which Dehn surgeries
along K bound rational homology balls? From this viewpoint Lisca’s work [15] can
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be regarded as a complete answer for the unknot. Moreover, since Dehn surgeries on
concordant knots are homology cobordant, this provides a complete answer for every
smoothly slice knot.

We use Ozsvéth and Szabd’s correction terms in Heegaard Floer homology [24] to
obtain constraints on the surgery coefficients. For instance, we prove the following:

Theorem 1.1 For every knot K and every positive integer q, there exist finitely many
positive integers p such that S;’ /q(K) bounds a rational homology ball.

Many of our results will be expressed in terms of the knot invariant v™, a byproduct
of the Heegaard Floer package defined by Hom and Wu [9] (see Section 3 below).

Theorem 1.2 There are at most two positive integer values of n such that S3(K)
bounds a rational homology ball; if there are two, they are consecutive squares and
1 + 8v™(K) is a perfect square.

We then turn our attention to the case of positive torus knots. We prove the following:

Theorem 1.3 If p, g > 1 are coprime integers with p > 9¢, then no positive integral
surgery along T, 4 bounds a rational homology ball.

Finally, combining these results with a lattice-theoretic obstruction based on Don-
aldson’s theorem, we classify which integral surgeries along torus knots of the form
Tk g+1,q4 bound rational homology balls.

Theorem 1.4 Let p, g > 1 be integers such that p = =1 (mod q). The 3—manifold
S3(Tp.q) bounds a rational homology ball if and only if the triple (p,q;n) is in one of
these cases:
i) (p.g;n)=(qg+1.9:9>) forsome q > 2;

(i) (p.g;n) = (q+1,4:(q+ 1)*) for some g > 2;

(i) (p.q:n) = (4q £1.4:(29)?) for some g > 2;

i) (p,q;n) €{(5,2;9),(5,3;16), (8, 3;25), (13,2;25), (29, 5; 144), (34, 5; 169)} ;

(V) (p.q:n) €{(9.4:36),(25,4:100)};

i) (p,q;n) € {(17,3;49), (22, 3;64), (43, 6;256)}.
The manifolds corresponding to triples in (iv) are lens spaces; the ones corresponding to

triples in (v) are connected sums of two lens spaces; all the other manifolds are Seifert
fibred over S? with three singular fibres.
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It is very interesting to compare our list with the list of Ferndndez de Bobadilla, Luengo,
Melle Herndndez and Némethi [2], who classify singularities with one Puiseux pair that
appear as cusps of rational unicuspidal curves in the complex projective plane. The com-
plement of a regular neighbourhood of such a curve (taken with the opposite orientation
with respect to the one inherited by CP?) is in fact a rational homology ball whose
boundary is a positive surgery along a torus knot (see also Borodzik and Livingston [4]).

The family (ii) and the subfamily (4g—1, ¢: (2¢)?) of (iii) correspond to the families (a)
and (b) in [2, Theorem 1.1]; the cases (2, 13;25) and (5, 34; 169) belong to family (d),
while (4,25;100), (3,22;64) and (6,43;256) correspond to cases (c), (e) and (f),
respectively. On one hand, the comparison shows that the topological setting is, perhaps
unsurprisingly, richer than the algebraic setting; on the other, it shows that the two
nonalgebraic infinite families we find are not too far from the algebraic ones. Finally,
it also shows that there are many more triples (p, ¢;n) for which S3(7), ,) bounds
a rational homology ball if we drop the assumption p = £1 (mod ¢g) (namely, the
families (¢) and (d) in [2, Theorem 1.1]).

In a forthcoming paper, joint with Kyle Larson, we will address related questions for
integral surgeries along cables of knots.

Organisation of the paper In Sections 2 and 3 we recall some basic facts about
plumbings and Donaldson’s theorem, and about correction terms in Heegaard Floer
homology. In Section 4 we study correction terms of lens spaces and rational surg-
eries along knots in S3 and prove Theorem 4.12, which is a quantitative version of
Theorem 1.1. In Section 5 we focus on integral surgeries and prove Theorem 1.2 as
a corollary of Theorem 5.1; we then turn to the special cases of alternating and torus
knots, proving Theorem 1.3. Finally, in Section 6 we study in more detail surgeries
along torus knots and we prove Theorem 1.4.

Acknowledgements We would like to thank J6zsef Bodnar, Daniele Celoria, Kyle
Larson, Francesco Lin, Paolo Lisca and Duncan McCoy for interesting conversations.
Aceto was partially supported by the ERC Advanced Grant LDTBud. Golla was partially
supported by the PRIN-MIUR research project 2010-11 “Varieta reali e complesse:
geometria, topologia e analisi armonica”, by the FIRB research project “Topologia
e geometria di varietd in bassa dimensione” and by the Alice and Knut Wallenberg
foundation.

2 Plumbed manifolds and rational homology cobordisms

In this section we briefly recall the language of plumbed manifolds; we then state the
lattice-theoretic obstruction based on Donaldson’s diagonalisation theorem which we
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will use in Section 6, and we study the extension of spin® structures from the boundary
to a rational homology ball.

2.1 Plumbings

In this paper, a plumbing graph T is a finite tree where every vertex has an integral
weight assigned to it. To every plumbing graph I" we associate a smooth oriented
4—manifold P(I") with boundary dP(I") in the following way. For each vertex take
a disc bundle over the 2—sphere with Euler number prescribed by the weight of the
vertex. Whenever two vertices are connected by an edge we identify the trivial bundles
over two small discs (one in each sphere) by exchanging the role of the fibre and the
base coordinates. We call P(I") (resp. dP(I")) a plumbed 4—manifold (vesp. plumbed
3—manifold).

This definition can be extended to reducible 3—manifolds; if the graph is a finite forest
(ie a finite disjoint union of trees) we take the boundary connected sum of the plumbed
4-manifolds associated to each connected component of I".

The group H,(P(T"); Z) is free abelian, generated by the zero sections of the sphere
bundles (ie by vertices of the graph). Moreover, with respect to this basis, the intersection
form of P(I"), which we indicate by Qr, is described by the matrix M1 whose entries
(aij) are defined as follows:

e a;; equals the Euler number of the corresponding disc bundle.
* a;; = 1 if the corresponding vertices are connected.
* a;j =0 otherwise.
Finally note that Mt is also a presentation matrix for the group Hy(dP(T);Z).

Recall from [20] that every plumbed 3-manifold has a unique description via a positive
canonical plumbing graph as well as a negative one. Note that if T" is the positive
canonical plumbing graph of a plumbed 3—manifold, Qr is not necessarily positive
definite. Moreover, given a plumbed 3—manifold 0P (I") where I is a positive canonical
plumbing graph, there is an algorithm to construct the positive plumbing graph of
—dP(T") (ie dP(I") with the reversed orientation). We call this graph the dual of T
and we denote it by I'*. We will recall in Section 6 how to derive I'* from I" when
the latter is a star-shaped graph.

2.2 Intersection forms and spin® structures

An integral lattice is a pair (G, Qg) where G is a free abelian group, equipped with
a symmetric bilinear form Qg. We denote with (ZY,+1) the standard positive
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or negative definite diagonal integral lattice. A morphism of integral lattices is a
homomorphism of abelian groups which preserves the intersection form. In particular,
to a plumbed 3—manifold we can associate the intersection lattice H,(P(I"); Z).

The next result is implicit in several papers; see for instance [15; 13].

Proposition 2.1 Let dP(I") be a rational homology sphere plumbed 3-manifold
described by its positive or negative canonical plumbing graph I which has N vertices.
Suppose that Qr is definite and that dP(I") bounds a rational homology ball. Then
there exists an injective morphism of integral lattices

(H2(P(1);Z), Qr) = (ZN, 1) or (H2(P(1);Z), Qr) < (ZN,~1I),

depending on the sign of I".

If there exists an embedding as in the statement above, we will often simply say that
H(P(T'); Z) (or even Qr or I') embeds.

Proof Let W be the rational homology ball bounded by dP(I"); let X = P(I)U—-W.
By Donaldson’s diagonalisation theorem the intersection form on X is standard and
the inclusion P(I') — X induces the desired morphism of integral lattices. a

We now turn to studying the extension problem for spin® structures. Recall that the
space Spin©(Z) of spin® structures on a manifold Z is freely acted upon by H?(Z:7Z),
and that the restriction Spin®(Z) — Spin°(Y) induced by an inclusion Y < Z is
equivariant with respect to this HZ—action. Namely, fix a spin® structure s on Z and a
class o € H%(Z;Z); call t the restriction of s to Y and B € H?(Y;Z) the restriction
of «. Then, the restriction of -5 is B - t.

The following proposition is well-known, and it will be extensively used in the following
sections. For completeness, we also sketch a proof.

Proposition 2.2 Let K be a knot in S3, r = g = 0 be rational, and suppose that
Y = S3(K) bounds a rational homology ball Z. Then p = m? is a square and the set
of spin® structures on Y that extend to Z is a cyclic quotient of H?(Z;7) comprised
of m elements.

Proof (sketch) Since Y is a rational homology sphere, H!(Y;Z) = 0. Moreover,
since 9Z =Y, the map H3(Y;Z)— H*(Z,Y;Z) is an isomorphism. The long exact
sequence in cohomology for the pair (Z,Y) is

0—> H*(Z,Y:Z)— H*(Z:Z)— H*(Y:Z) - H*(Z.Y;Z) - H3(Z:Z) — 0.
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From Poincaré-Lefschetz duality and the universal coefficient theorem, one obtains
that all groups involved are finite, and moreover |H?(Z,Y;Z)| = |H3*(Z;Z)| and
|H?(Z;Z)| = |H3(Z,Y;Z)|. This shows that |H?(Y)| = p is a square, and that the
image of the map H?(Z;Z) — H?(Y;Z) has order m = JP-

That is, the set of spin® structures on Y that extend to Z has order m, and since
H?(Y:7Z) is cyclic, so is the image of H%(Z;Z) — H?*(Y;Z). i

3 Correction terms in Heegaard Floer homology

Heegaard Floer homology is a family of invariants of 3—manifolds introduced by
Ozsvath and Szabd [27]; in this paper we are concerned with the “plus” version, which
associates to a rational homology sphere Y equipped with a spin® structure t a Q—
graded Z[U]-module HF (Y, t). Recall that the action of U decreases the degree
by 2.

The group HET (Y, t) further splits as a direct sum of Z[U]-modules 7+ ®HFET (Y, t),

red

where 7 = Z[U,U~']/U - Z[U]. The degree of the element 1 € 77 is called the
correction term of (Y, 1), and it is denoted by d(Y, t).

Theorem 3.1 [24] The correction term satisfies the following properties:
o d(Y,t) =d(Y,t) = —d(=Y,t), where t is the conjugate of t.
o If (W,s) is a negative definite spin® 4—-manifold with boundary (Y, t), then
c1(s)2 + ba(W) < 4d(Y,1).
In particular, d(Y,t) is invariant under spin® rational homology cobordisms.

Corollary 3.2 If W is a rational homology ball with boundary Y and t is a spin®
structure on Y that extends to W, then d(Y,t) = 0.

When Y is obtained as rational surgery along a knot K in S3, one can recover the
correction terms of Y in terms of a family of invariants of K, first introduced by Ras-
mussen [29] and then further studied by Ni and Wu [22] and Hom and Wu [9]. We call
these invariants {V;(K)};>0, adopting Ni and Wu’s notation instead of Rasmussen’s —
who used /; (K) instead — as this seems to have become more standard.

We write O for the unknot.
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Theorem 3.3 [29; 22] The sequence {V;(K)}i>o takes values in the nonnegative
integers and is eventually 0. Moreover, V;(K)—1<V;4+1(K) <V;(K) forevery i > 0.

For every rational number g and for an appropriate indexing of spin® structures on
S;’/q((’)) and Ss/q(K), we have

() d(S,,,(K),i) ==2max{V;/q|(K), Vi(p-i1/q1(K)} + (S, ,(0), D).
Definition 3.4 [9] The minimal index i such that V;(K) = 0 is called vt (K).

In order to know the correction terms of S; Iq (K) it suffices to know the values of
Vi (K) for each i as well as the values of the correction terms of lens spaces.

Proposition 3.5 [24, Proposition 4.8] Let p, g and i be integers with p > q > 0,
ged(p,q) =1and0<i < p+gq. Letr and j be the reductions of p and i modulo g,
respectively. Then, for an appropriate indexing of spin® structures,

—2i—1)2
@ A(L(p.g).0) = 5~ LFL2Z _aiig.r). ).

Remark 3.6 In [24; 22; 9] the lens space L(p, q) is defined as obtained by doing
g—surgery along the unknot ©. We adopt the convention that L(p, q) is obtained by
doing —g—surgery along O, following [20; 15] (among others); this explains the sign
difference in (2) with respect to the original.

4 Generalities on rational surgeries

In this section we study correction terms of lens spaces; we then turn to surgeries along
arbitrary knots in the 3—sphere.

4.1 Correction terms of lens spaces

Recall from [15] that the function /: Q1 — Z is defined in terms of the negative
continued fraction expansion as follows. If g € Q is larger than 1, we denote by
l[ai,...,an]”, where a; > 2 for each i, its negative continued fraction expansion, that
is 2=ay— 1 Ifgz[al,...,an]_,welet

£ L.
I (5) - Xn:(ai _3).

i=1
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T

Figure 1: The integral surgery picture for g—surgery along K, where g =lai,...,an]|”

Given a rational number g > 1, we associate to g the linear plumbing P (g) repre-
sented by the diagram with n vertices and weights —ay, ..., —ay,. Its plumbing graph

is the following:

—daj —dp
[ ] DY [

Recall that P (g) is the negative canonical plumbing with boundary L(p, ¢) and that
its associated intersection form is negative definite.

Definition 4.1 We say that a rational number g =lai,...,an]” > 1 is embeddable
if there exists an embedding of the integral lattice associated to P (5) in (Z",-1).

Remark 4.2 We observe here that if S;’ /q(K ) bounds a rational homology ball, then
g is embeddable. To this end, recall that one can express a rational surgery along a
knot K as an integral surgery along a link as follows: consider the negative continued
fraction expansion g =lai,...,an] ; then Slf Iq (K) is obtained by doing integral
surgery on the link shown in Figure 1. In particular, the intersection form of the
corresponding 4—dimensional 2-handlebody is the same as the intersection form

of P (g) , and the claim follows from the proof of Proposition 2.1.

Lemma 4.3 If > 1 is embeddable and I (g) <0, then L(p,q) bounds a rational
homology ball.

This result is implicit in Lisca [15]; here we adopt his notation.

Proof (sketch) Theorem 6.4 of [15] shows that the standard subset associated to g

with 7 (5) < 0 can be contracted to the standard subset associated to %; in [15,

Section 7] this fact is used to characterise the set of possible continued fraction

expansions of g; in [15, Section 8], by direct inspection, it is shown that each of

these lens spaces does in fact bound a rational homology ball. a
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Lemma 4.4 Let p = m? and q be positive integers. If there exists 0 < k < m such
that

d(L(p.q). k) =d(L(p.q).k +m)=---=d(L(p.q).k + (m—1)m) =0,

then ¢ > m—1. In particular, if L(p, q) bounds a rational homology ball, then ¢ >m—1.

Proof Suppose that the assumption holds and that, by contradiction, ¢ <m —2. In
this case, kK + gm < p, and hence

d(L(p.q).k) =d(L(p.q).k +qm) = 0.
We now apply (2) to both correction terms above and subtract them, to obtain

2 2
(k+gm) —k——mq(l 1 1)20’

Pq Pq Pqa P q

from which one gets
0=2k+mg+1—-m?>—¢q <0,

yielding a contradiction.

As for the second part of the statement, assume that L(p, ¢) bounds a rational homology
ball. By Proposition 2.2 and Corollary 3.2, there exists an integer 0 < ko < p such that
d(L(p,q),ko+ hm) =0 for each integer i (where we think of the spin® structures
as being cyclically labelled). In particular, we can assume that ko = k is the remainder
of the division of kg by m, and hence 0 < k < m. The assumptions of the first part of
the statement are now fulfilled, and therefore ¢ > p — 1. O

Lemma 4.5 Whenever q and r are coprime and 0 <r < q, forevery 0 < j <g—1
we have 4|d(L(q,r), j)| <q — 1. Moreover, if equality is attained then r is either 1
orqg—1.

Proof The statement is symmetric with respect to the involution r +— g — r; hence,
we can assume r < %. Moreover, if r =1 orif ¢ =5 and r = 2 the result can be
readily checked from (2); hence, we can suppose ¢ > 6 and 2 <r < %.

We will proceed by induction on ¢. We now apply the recursion for 0 < j < gq:

1 (gHr—2j-1)?
AL ) =g =

—d(L(r,s).k).

The second summand is bounded from above by 0 and from below by —% , while

the last summand is bounded by % in absolute value, by the inductive assumption.
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Summing up,
4d(L(q,r), j) <1+0+r—-1=r<q—1

and
_1)2
—MKLmej)§—1+fiié¢9—+r—1
—1+(q 24 )+2+5—2+i—1.
q9 49 4qr
Now notlce that 2+ r is bounded from above by 2(q 2) + 4= L < q+3  that 7 < 3
and that - < Therefore
_ V<2341 _4
4d(L(q,r),])<2+2+2 2+2,
and the latter quantity is bounded by ¢ — 1 if ¢ > 6. a

Lemma 4.6 Let £ be an embeddable rational number. Then at least one of the
correction terms of L(p, q) vanishes.

Proof Let [a1,...,a,]” be the negative continued fraction expansion of g.

The plumbing P = P (g) has no bad vertices in the sense of [26], hence the correction
terms of its boundary can be computed in terms of the squares of the characteristic
vectors in H,(P). More specifically, it follows from [26, Corollary 1.5] that

(3) d(-Y.t) = (maxci(s) +n),
where the maximum is taken over all spin® structures on P whose restriction to Y
is t.

Fix an embedding of the intersection lattice L =~ H,(P;Z) of P in the negative
definite diagonal lattice D = (Z",—1I), with a fixed orthonormal basis {e1,...,en}.
The vector space Lg := L ® Q = D ® Q comes with a natural scalar product, and
there is an embedding ¢ of the dual lattice L* into L that turns evaluations into
products. That is, for every A € L* and [ € L we have

A() = () - 1.

The sum s = ey +---+e, € Lo isin L™, and it is a characteristic covector (since it is
a characteristic vector in D ); s also maximises the norm among characteristic vectors
in D, and in particular it maximises the norm in the set s + L. By (3) the associated
spin® structure on —Y has correction term £ +" =0. |

Lemma 4.7 If p =m? is a square and d(L(p.q).i) € Z, then 2i +1 = ¢ (mod m).
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Proof Recall that correction terms of lens spaces can be computed in terms of Dedekind
and Dedekind—Rademacher sums; we only need two properties of these sums, and we
refer the reader to [10; 11] for precise definitions and proofs.

More specifically, it is shown in [11, Theorem 1.2] that
. . 1
4) d(L(g.1).J) =250 4: )+ D) = 7

where s(z,q; j),s(t,q) are two rational numbers such that 6¢s(¢,q) and 12¢gs(t,q; j)
are both integers (see [10, Section 2], where the notation for s(¢,¢q; j) is r;(t,¢)). In
particular, 12¢gd(L(q,t), j) is an integer for each j .

We apply (4), setting t = p and j equal to the reduction of i modulo g: if d(L(p,q),1)
is an integer, then so is 12gd(L(p, q),i). However, applying (2),

) —2i—1)2 .
12qd(L(p.q).i) = 3g —32+4 = ) 124d(L(g.1). j).

and this implies that 3 (Hq+2i_l)2 is an integer, hence that m divides m?+q—2i —1,

which is equivalent to the thesis. a

Lemmad4.8 If p=m? and d(L(p,q),i)€Z, then d(L(p,q),i +m) € Z. Moreover,
ifd(L(p.q),i) and d(L(p,q),i’) are both integers, then m|(i —i’).

The proof of this lemma follows closely the proof of [11, Corollary 1.8].

Proof Recall that [11, Lemma 2.2] asserts that 2pd(L(p, q),i) and 2qd(L(q,r), j)
are integers for every i and j. We refine this by applying (2) ati < p and i 4+ q:
subtracting the two equations and multiplying by p we obtain that

pd(L(p.q).i) = pd(L(p.q).i +¢) (mod 1),
ie either pd(L(p,q),1) is an integer for each i, or it is a half-integer for each i .

Consider (2) for i and i’, and let j and j’ be the reductions of i and i” modulo ¢;
multiplying by ¢ and subtracting the two identities we get

(5) qd(L(p.q).i)—d(L(p.q).i"))

i'—i)(p+q—i—i'—1 . .
= (=l ) —qd(L(g. ). ) +qd(Lg.n). ]").
We can now prove that if d(L(p,q),i) is an integer, then so is d(L(p,q),i +m). Set
i"=1i+m in (5). Notice that d(L(p, q), ) is an integer by assumption, and the last two
summands on the right-hand side are either both integers or both half-integers, and in
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either case their sum is an integer. Moreover, i —i’ = m by assumption, and m divides
p+q—i—i'"—1=p+2—2i —m—1 by Lemma 4.7. It follows that gd(L(p.q),i’)
is an integer and, since 2pd(L(q, p),i’) is an integer, so is d(L(p, q),i’).

The second part of the statement is obvious when p is odd. Suppose p is even and
d(L(p,q),i) is an integer; combining Lemma 4.7 with the first part of the statement,
it is enough to show that d(L (p,q),i + %) is not an integer.

Let m = 2n and plug in i’ =i + n in (5): multiplying by 2, the left-hand side is
congruent to —2qd(L(p.q),i’) modulo 1, and the right-hand side is congruent to
2n(p+qg—2i—n—1)/(4n?)=(p+qg—2i—1)/(2n) — % = % modulo 1. The first
summand is an integer by Lemma 4.7, hence 2¢(L(p, ¢),i’) cannot be an integer. O

4.2 Correction terms of rational surgeries

Lemma4.9 Let p =m?. The correction term d(S3/ (K), i) is an integer if and only
if d(S3 >/a (0),1) is. In particular, if S 3 (K ) has an integral correction term, there are
exactly m integers ig,io +m, ..., 1o + (m — 1)m such that d(S3/ (K),i)eZ.

Proof Using (1), we see that d(S;/q (K),1) is an integer if and only if d(Sliq (0),1)
is, and applying Lemma 4.8 we conclude the proof. a

Proposition 4.10 Let 0 < ¢ < p be coprime integers with I (g) < 0, and suppose
that S3/ (K) bounds a rational homology ball; then v (K) =

Proof By Remark 4.2, 2 is embeddable; since /(Z) <0, Lemma 4.3 shows that

L(p,q)= p /q (O) bounds a rational homology ball. It follows from Lemma 4.4 that
m2

q>m-—1, where m? = p. Notice also that / ( m—l) = 1> 0, hence the possibility

2
P _ m s
g = m=1 18 excluded, and we can suppose g > m.

By Proposition 2.2, m equally spaced correction terms of L(p, g) vanish, and there is
an 0 <i <m—1 < g such that

0= d(S3/q(K) i) =d(L(p,p—q).1) —2V}i/q)(K) = 02V (K),
hence Vo (K) = 0, or, equivalently, v (K) = 0. a

Remark 4.11 The following partial converse to the proposition above holds: if
T (K)=0 and S3 (K) bounds, then also L(p, g) bounds. In fact, smce vH(K) =

the correction terms of S3 »/q(K) are the same as those of —L(p, q) = / 2/4(0). Srnce
» /q(K ) bounds, it has ,/p vanishing correction terms, hence so does £L(p, q) and

Greene has recently shown that this in turn implies that L(p,g) bounds a rational

homology ball [8].
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We are now ready to prove a quantitative version of Theorem 1.1.

Theorem 4.12 Let K be aknotin S with vt (K)=v, and p, g be positive, coprime
integers with p = m? ; suppose that Slf Iq (K) bounds a rational homology ball. Then,
if v>0,

- q+2++vq*+8qv+8
VQ2v—1)g<m< 5 ,
while if v =0 then m <qg + 1.

Proof We treat the case v = 0 first. If v = 0, then the correction terms of S>3 »/q(K)
are the same as the correction terms of —L(p, g), and Proposition 2.2 implies that
there exists 0 < k < m such that

d(L(p.q). &) = d(L(p.q). tqm) = --- = d(L(P. @)t (m—1)m) = 0.
It follows from Lemma 4.4 that ¢ > m — 1.

We now treat the case v > (0. We first rule out the possibility that p = 1; in fact,
if p=1,then § 13, /q (K) is an integral homology sphere, and by (1) its unique correction
term is —2Vp(K) # 0. In particular, it never bounds a rational homology ball.

We can now suppose p > 1. We begin by proving the left-hand side inequality: if p >1,
by Remark 4.2 we know that p is embeddable.

If p <q, we can write! 5 =[1,2,...,2,a1+1,...,a¢]” for some a; > 2. The
plumbing graph associated to this contmued fraction expansion is negative definite and
the intersection form of the plumbing embeds, according to Remark 4.2. By successively
blowing down we obtain an embedding of P(p/q’), where ¢’ = [a1,...,as]”, and
0<qg' =qg-— |_ Jp <p.In partlcular p/q’ is embeddable and L(p,q ) =L(p,q);

by extension, we say that also £ 7 is embeddable.

Regardless of whether p < g or p > g, it follows from Lemma 4.6 that at least one
of the correction terms of S3 »/4(O) vanishes; choose i such that d(S 3 /4 (0),ip) =

By Lemma 4.9, the values of i for which d(S3 5/¢(0), 1) is an integer are all 1ntegers
of the form i =iy + km between O and m — 1.

Since Ss Ia (K) bounds a rational homology ball, by Proposition 2.2 there are m spin®
structures on Sj Iq (K) with vanishing correction terms. In particular, these have to be
the m spin® structures with integral correction term, ie the ones labelled with ig + km.

IIn Section 4.1 we defined negative continued fraction expansions only for g > 1 and we required

that all terms in the expansion be larger than 1. We make an exception here to treat the case g <1.
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We now apply (1) with i =ip:
0=d(S,,,(K),io) = =2max{V|jo/q|(K), Vi(p—io)/q1 (K)} + d (S}, (0), i0)
= —2max{Viio/q) (K), Vi(p—io)/q1(K)}:

hence V|, /4| (K) = Vi(p—iy)/q1(K) = 0. These equalities imply that ip > gv and
p —ip > (v—1)q, respectively, and summing them yields p > 2v —1)q.

Notice that this implies, a posteriori, p > ¢.

We now turn to the right-hand side inequality, keeping in mind that we can assume p >g.
From (2),

1 (m?>+q—2i—1)?

2 N §
d(L(m 7Q)vl)_ 4 4m2q

—d(L(q.7). ).

Hence, applying Lemma 4.5, d(L(m?, q),i) can vanish only if (m? 4+ ¢ —2i —1)? <
Im2q(4d(L(g,r), j) +1)| < m?¢?, that is only if

m?> —mq <2i +1—q <m?*+mq.

Moreover, by Lemma 4.7, if d(L(m?,q),i) is integral then 2i +1—¢g =0 (mod m),
hence if 2i is one of m?>—mq+q—1—m or m* —mq +q—1—2m, the corresponding
correction term of L(m?, q) is integral but does not vanish.

If S; Iq (K) bounds a rational homology ball, then for each i < m? —mqg—q — 1 for
which the corresponding spin® structure extends, (1) shows that the invariant V}; /4| (K)
is nonzero, and in particular LZEJ < v. Thus, the following inequality holds:

2_ 1 2_ 1 2_ _1—
m°—mq+q—1—-2m =min{m mqg+q—1 2m’m mqg+q—1 m}<qv,
2 2 2
from which the right-hand side inequality follows. O

Remark 4.13 We can gain something more from the right-hand side inequality if we
assume that m? % +1 (mod g). In this case, we know that the inequality coming from
Lemma 4.5 is strict, hence we can use m? —mgq+q—1 instead of m?>—mq+q—1-2m,
obtaining

—1\2
< 41V (g 21) +8qv+4-

However, this assumption is not particularly harmful, since whenever m? = £1 (mod gq)
the correction terms of L (m?, q) can be computed explicitly by applying the symmetry
formula once, together with the computation of d(L(qg, 1), j).
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Corollary 4.14 If p =1 (mod q), then S>3 »/a (T3,2) bounds a rational homology ball

ifand only if p = (¢ + 1)? or p =2,

Proof First, we observe that the case p =1 is excluded by Theorem 4.12.

We are now gomg to prove the “only if” direction. Let p = m and K 13,2, and
suppose that S5, (K) bounds a rational homology ball. Since %~ [|_m 1. ola- )7,

we have that ’ )
(%) =" -2
I - - - - )
q q 1

and hence I(g) <0if m <g—1. Since vT(K) = 1, Proposition 4.10 shows
that m >q + 1.

On the other hand, the right-hand side inequality in Theorem 4.12 says that

_ 4+2+Vq*+8¢+8 _ q+2+v¢>+8q+16
2 2

=q+3,

hence the only possible values for m are ¢ + 1 and g + 2. Observe that if m = g + 2,
then the condition m? = 1 (mod ¢) reads (g + 2)?> = 1 (mod q), from which ¢|3.
Therefore, the “only if”’ direction is proved.

When g > 5, the 3—manifold S(3q +1)2/4(K) bounds the negative definite plumbing
associated to the graph (see Section 6.1 below for the details)

q—>5

-2 -2 ) 2 —(g+1)

which Park, Shin and Stipsicz have proven to bound a rational homology ball (see [28,
Figure 1], third graph from the bottom). When ¢ = 4, S3_  (K) = L(25, 14), and this
bounds by the work of Lisca [15].

25/4

When g = 3, we have that —S7 /3(1( ) bounds the plumbing
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and also the plumbing

-2

It follows from [1, Proposition 4.6] that — 1 6/ 5 (K) is rationally homology cobordant
to L(4,3), hence it bounds a rational homology ball.

When ¢ = 2, it is known that S (K) is diffeomorphic to —S3(K) [18], hence it
bounds a rational homology ball as well (eg see Theorem 1.4). Finally, S 25 3 (K)
bounds a rational homology ball, too; this was included in Casson and Harer’s hst [51,
setting p =3, s =4 and k = 5 in their first family. O

S Integral surgeries

In this section we study integral surgeries along knots in the 3—sphere, and we then
focus on alternating knots and torus knots.

The following is a quantitative version of Theorem 1.2:

Theorem 5.1 Let m be a positive integer, K C S3 be a knot and suppose that S:lz (K)
bounds a rational homology ball. Let v = vt (K). Then

—1
14+ V1+8v<2m <3+ +/948v or equivalently, Of%—v<m.

Lemma 5.2 The correction term d(S> 3_(K),i) is integral if and only if i = M

for some integer k .

Proof By a direct computation from (2),
(m?—2i)> 1
4m? 4°
This is an integer if and only if m? —2i = m (mod 2m), which in turn is equivalent to

the condition i = w for some integer & ; the same holds for 2, (K) in light
of Lemma 4.9. O

(6) d(S2,(0).i) =

Applying (1) and (6), we obtain

(m? —2i)?
4

) d(S;,(K), i) = =2Vi(K) + >
m

)=
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Lemma 5.3 If S3,(K) bounds a rational homology ball, then
m

d (S,flz(K), W) —0

foreachk =0,..., LmT_IJ

Proof It follows from Proposition 2.2 that if Sslz (K) bounds a rational homology
ball Z, then m of its spin® structures extend to a Z; Corollary 3.2, in turn, implies
that the corresponding correction terms vanish. Lemma 5.2 now pins down exactly
which correction terms of S}iz(K ) can be integral; since there are exactly m of them,
they must all vanish. a

Proof of Theorem 5.1 Notice that the first chain of inequalities is obtained from the
second by solving for m; hence, we set out to prove the latter.
It follows from Lemma 5.3 the correction term of S’flz(K ) corresponding to W

m(m—3)
2

vanishes; if m > 3, that corresponding to vanishes, too.

m(m—1)
2

Since the correction term corresponding to vanishes, from (7) we obtain

0= d(S,iz(K), ”“’”T_l)) = —2V(m-1)/2(K) + d(S;2(0), —’”(’"_1))

2
= _2Vm(m—l)/2(K)’

from which we obtain the inequality m(mT_l) >v.

Notice now that if m < 3 then the second inequality is automatically satisfied by m, so
to prove the remaining part of the statement we can assume m > 3. From the vanishing
of the correction term corresponding to w from (7) we obtain

0=d (S%Z(K)v W) = —2Vin(m-3)/2(K) + d(S;Z(O), —m(mz_3))
= 2_2Vm(m—3)/2(K)’

m(m—3)
2

from which < v follows. O

m(n;—l) m =

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2 Let v = vt (K). Theorem 5.1 asserts that, if S;2(K) bounds
a rational homology ball, then 2m is in the interval 7, = [1 4+ +/1 4+ 8v,3 4+ /9 + 8v);
I, has length

8

24+V9+8v—VI+8v =2+ <
V9481 +/T+8v
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hence it contains at most two even integers, and, if it contains two, they are consecutive.

Moreover, if I, contains two even integers, then we have

1+ /148 <2m<2m—+2<3+ 9+ 8v.

The left-hand side inequality can be rearranged as 1 + 8v < (2m — 1)2, while the
right-hand side inequality reads (2m — 1) < 9 + 8v; that is,

148y <(2m—1)%> <9+ 8v.

Since odd squares are congruent to 1 modulo 8, we have (2m —1)2 =1 + 8v. a

Example 5.4 There exist knots that have two positive, integral surgeries bounding a
rational homology ball: if K is the (¢+1, g)—torus knot, then Theorem 1.4 shows that
both S;z (K) and S (3q 1) (K) bound rational homology balls.

The second example is in fact realised in an algebro-geometric fashion [2]: the curve
C = {x971 4 9z} is rational with a unique singularity at (0,0, 1), of type (g + 1,9);
the boundary of an open regular neighbourhood of C is S (3q 1y2 (K).

Remark 5.5 When m is odd and Sliz (K) bounds a rational homology ball, we can
also infer that m? = 14 8V, (K). In particular, 1 + 8V (K) is a perfect square.

This follows immediately from the fact that when m is odd, the spin® structure labelled
with O extends to the rational homology ball, hence

m2—1

0=d(S2,(K),0) = =2Vo(K) + d(L(m> —1),0) = =2V (K) +

5.1 Alternating knots

The knot Floer homology of alternating knots is very simple, and it is fully determined
by the Alexander polynomial and the signature [25]; in fact, alternating knots are
Floer-thin, in the sense that their knot Floer homology is supported on a diagonal with
constant i — j (we refer to [25] for the notation).

More generally, quasi-alternating knots have been shown to be Floer-thin by Manolescu
and Ozsvith [17]; for all quasi-alternating knots, the constant i — j is equal to half of
the signature.

Proposition 5.6 Let K be a Floer-thin knot supported on the diagonal i — j = %, and

m be an integer such that S, (K) bounds a rational homology ball. Then m <
m

W [S][S]

Moreover,
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e ifm=1,thenoc >0;
o ifm=2,thenoc > —-2;
o ifm =23, theneitheroc = -2 oro = —4;

e ifm =4, then either c = —6 or o = —§;

ifm=25, thenoc = —12.
In particular, the statement holds when K is alternating, and 0 = o (K) is its signature.

Proof Combining results from [25; 17] as in [9, Theorem 2], one has

) Vi (K) = max{[%—‘ﬁ}.

Suppose m > 5. According to Lemma 5.3, the spin® structures on S 32(K ) labelled
by M for k = 0, 1,2 have vanishing correction term. By (7), one gets

Vinim—3)2(K) =1, Vipn—s)/2(K) =3

But it follows from (8) that |V;(K) — V;(K)| > L@J , and therefore 2> | 2 |, from
which m <5 follows.

As for the second part of the statement, recall that when K is Floer-thin, one has that
27(K) = —o, and moreover

(K) if 7(K) >0,

+ _
=0 i k) <o,

Bearing these in mind,

e if m=1,then Vp(K) =0, hence t(K) <0 and o(K) > 0;

e if m=2,then V1(K)=0,hence t(K) <1 and o(K) > —2;

e if m =3, then Vp(K) =1, hence either t(K) =1 or 7(K) =2;

e if m =4, then V,(K) =1, hence either t(K) =3 or 7(K) = 4;

e if m=>5,then Vp(K)=3 and V5(K) =1, hence t(K) = 6. a
Remark 5.7 Theorem 1.4 shows that all cases with o < 0 above are realised; the
cases with 0 = 0 are realised by the unknot. Finally, Fintushel and Stern [7] have

proved that S il (T3,—2) bounds a rational homology ball, hence showing that the pair
(o,m) = (2, 1) is realised, too.
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5.2 Torus knots
Now we can prove Theorem 1.3. A second proof will be given in Section 6.1.

First proof of Theorem 1.3 The case of integral surgeries along alternating torus
knots (ie T5x+1,2) has already been treated in Proposition 5.6, hence we will focus on
the case g > 2.

Recall that for a torus knot 7j 4 the function V(i) = V;(Tp,4) is related to the gap
counting function It of the semigroup I' = (p,g) C Z>¢ generated by p and ¢ as
follows. Let v = v+ (T}, 4) and recall that v = g(T} 4) = =241 The function
I is defined as

Ir(j) =#(Zxj \T);
Borodzik and Livingston [4] proved that
V(j)=Ir(j +v).

In particular, V(j) =1 exactly when j 4+ v varies between the second largest gap of the
semigroup and its largest gap, ie between the last two elements that are not expressible as
a nonnegative integer combination of p and ¢. Similarly, V(j) =2 between the second
and third largest gaps. The largest gap is well-known tobe gy = pg—p—q =2v —1.
A graph of the function V() is sketched in Figure 2.

Suppose now that p > 9¢q.

In what follows, we will need to use Lemma 5.3 with k = 4, and this is allowed only
when m > 9. However, we notice that if g > 3, then v > W > 36 > 28, and that
if g =3 and p > 29 then v > 28; in both cases, thanks to Theorem 5.1, m is strictly

larger than (1 + +/1+28-8) =8.

The two cases ¢ =3, p =28, 29 need separate treatment: in both instances, Theorem 5.1
implies that the only possible value of m is 8, and a direct computation shows that the
correction term d(S634(Tp,3), 20) is —4. That is, S634(T28,3) and 524(T29,3) do not
bound rational homology balls.

Since neither 758 3 nor 729 3 has a surgery that bounds a rational homology ball, we
can suppose that v > 28, and in particular m > 9.

Recall that the semigroup of the singularity is symmetric [31, Theorem 4.3.5], in the
sense that x belongs to the semigroup if and only if pg — p — g — x does not. Hence,
since p > 9¢q, the first nine elements of the semigroup are 0, ¢, ..., 9¢q, and therefore
the nine largest gaps go <--- < g1 are g = (¢ — 1) p —kq (see Figure 2).

This shows that if V(i) =10, theni <gg—v;ifk=1,...,9,then V(i) =k exactly
when g —v <i < gp_1—V.
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A Vi(Tpq)

V=9 v—8q v-Tqgv—6q v—5q v—4q v—'3q v—2q v—'q v

Figure 2: A portion of the graph of the function V(-), under the assumption
p>9q. Weletv=v(Tp,) = w.

IfSs 32(Tp q) bounds and m > 9, then Lemma 5.3 implies that its correction terms
in the spin® structures labelled by m(m 2) m("; 7 m("; 3, m(m 3 and M
must all vanish. Applying (7), we obtaln

V(—m(”’;_%) = 10, V(—m(””z_7)) =6, V(—m(””z_s)) =3, V(—m(””z_3)) =1

These translate into the inequalities

@<U_9q’ v_6q§rn(m—_7) U_Sq’

2

In particular, the first row of inequalities implies that m = == > 3q;
the second row, on the other hand, shows that m = ™ ("3_3) - (";_5) < 3q which
leads to a contradiction. O

mm—=7) m(m 9)

5.3 Asymptotic classification

Recall that Theorem 5.1 asserts that if .S 31 ,(K) bounds a rational homology ball, then

1++/148v <m< 3+4/9+8v
2 - 2 ’
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from which one obtains
204+2—(1+V/14+8v)<(m—1)(m—-2) <2v+2.
If we call 2¢ the difference 2v+2—(m—1)(m—2), wehave 0 <2e <14+4/1 + 8v <2m.

Let us now focus on the case K =T 4, so that 2v = (p—1)(¢ —1). We can recast the
inequalities above in terms of the semigroup function I'" that associates to an integer i
the i™ element I'(i) of the semigroup I', ;, generated by p and ¢. Since g < p, we
always have I'(1) = 0 and I'(2) = ¢. Manipulating the identity d (S;2 (Tp,q).j)=0

as in [3, Section 6] yields, for each j € {0,...,m — 2}, the two inequalities
) r ( W) <jm+se

and

(10) F(W+l)>]m+a.

These are formally very similar to the inequalities (;) and (x%;) in [3, Section 6.1].
In fact, the two latter inequalities collapse to an identity for g = 0 (as in [4]), and
these identities are sufficient to classify singularities with one Puiseux pair that appear
as the only singularity of a rational plane curve, up to finitely many exceptions [2,
Theorem 1.1] (see [3, Remark 1.5]). It is natural to ask whether (9) and (10) are strong
enough to provide the same kind of result in the topological, rather than in the complex
curve, setting.

Question 5.8 Are (9) and (10) sufficient to recover all but finitely many triples
(p,q:m?) for which S3,(T,. ;) bounds a rational homology balls?
m2 y2U)

6 Integral surgeries on torus knots

The goal of this section is the proof of Theorem 1.4. Along the way, we briefly recall
the plumbing description for Seifert fibred manifolds and a lemma on rational homology
cobordant Seifert manifolds. We also recall Owens and Strle’s concordance invariant m,
and we describe the plumbing graph of the Seifert fibred spaces which arise as Dehn
surgery on torus knots.

Suppose I is a negative canonical plumbing graph with n vertices. Let —I" be the
graph with the opposite sign on each weight. Then dP(—I") = —dP(T") and —T is the
positive canonical plumbing graph of —dP(I"). The dual of ', ie I'*, is the negative
canonical plumbing graph of —dP (T"). Finally, —I"* is the positive canonical plumbing
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( b
o ) a
ﬁ l O ﬂz O o O ﬂk

Figure 3: A surgery description for the Seifert fibred manifold Y (b; «1/B1, - - ., ar/Br)

graph of dP(T"). Note that —(I'*) = (—T")*. If T is negative definite then I" embeds
in (Z",—1) if and only if —T" embeds in (Z", ).

In order to simplify the notation and to make the proofs easier to read, in this section we
switch from negative plumbing graphs to positive ones. Since the topological property
we want to detect is not affected by reversal of orientation, this modification will not
affect the arguments in our proofs.

6.1 Preliminaries

We recall from [21] the basic definitions of Seifert manifolds. A closed Seifert fibred
manifold over S? can be described by its unnormalised Seifert invariants

o1 (045
b, —,...,— ).
( B1 ﬂk)

Here b, o; and f; are integers, o; > 1 and gcd(e;, i) = 1. We denote such a
manifold by Y (b;a1/B1,...,ar/Br). These data determine the manifold, but every
Seifert fibred manifold admits several such descriptions. A surgery description for
Y(b;a1/B1, ..., /Br) is depicted in Figure 3.

We briefly pause to recall how to obtain the dual graph I'* from a canonical positive
plumbing graph I" when the latter is either linear or star-shaped, since these are the
only two cases we will be considering (see [20, Section 7] for the general case).

A positive canonical linear plumbing graph I'" can be described by a sequence of
integers ay,...,a, > 2 as follows:

ai Aan
[ ] Y [ ]

The associated plumbed 3—manifold is the lens space —L(p, q) = S;’ Iq (O)=—0P (g) ,

where g = la1,...,an]”. The dual graph T'* is associated to the continued fraction
expansion of 2 thatis, if -2~ = [c1,...,cm]”, then I'* is the following:

C1 Cm
[ ] .. [ ]
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When T is represented by the following positive canonical star-shaped graph (note that
b is not necessarily positive):

a A,y
[ ] DY [ ]
2 2
aj n,y
b [ ] DY [ ]
. /
k k
\al ank
[ ] PR [ ]

€y Cm,
[ ] [ ]
2 2
¢ _Vcl Cma
/ [ ] [ ]
[ ]
k k
\Cl "

where each leg of T'* is dual to the corresponding leg of T", as explained above for the
linear case.

Theorem 6.1 Let I" be the following star-shaped positive canonical plumbing graph:

a; anl
[ ] DY [ ]
2 2
ai anz
b [ ] PRy [ ]
° /
k ' k
\‘11 Any
[ ] Y [ ]

Then 0P (I') is orientation-preserving ditfeomorphic to Y (b; o1 /B1, . . . , o /B ), where
oi/Bi =lay,....ap,]".

The following lemma is implicit in [13, Section 3.1]. Here we deduce it as a special
case of a more general result, which can be found in [1, Section 4].
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Lemma 6.2 LetY :=Y(b;a1/B1,....0n/Bn) be a Seifert manifold with ;; > B; > 1
for each i . Assume that there exist h and k such that

Bu, B,
27 Uk

LetY :=Y(b— l;ozl/,Bl,...,amh,...,amk,...,an/ﬂn). ThenY and Y’ are

rational homology cobordant.

Proof This lemma is a direct consequence of [1, Proposition 4.6]. In order to apply this
result we need to show that the positive canonical plumbing graph of Y is obtained from
that of Y’ by attaching a plumbing graph which represents S! x S2. The attachment
is obtained by identifying two vertices, the weight of the new vertex is the sum of the
weights of the identified vertices.

Consider the linear graph

an ai 1 b] bm

where a; > 2 and b; > 2 for each 7 and j, and

— Up — Uk
[al,...,an] ﬂh, [bl,...,bm] ﬂk.

It is easy to see that this plumbing graph describes the plumbed 3-manifold S! x S2.
It follows from Theorem 6.1 that the canonical plumbing graph of Y is obtained from
that of Y’ by adding two legs with weights (ay,...,a) and (by,...,b,) and by
increasing the weight of the central vertex by one. This operation is precisely the
attachment described above and the conclusion now follows from [1, Proposition 4.6].

O

Observe that, in order to apply Lemma 6.2, one needs o = oy, ie that the two fibres
must have the same multiplicity.

Given a knot K C S3, Owens and Strle [23] introduce the following invariant:
m(K) =inf{r € Q¢ | Sr3 (K) bounds a negative definite 4-manifold}.

They show that m is a concordance invariant and that it vanishes on negative knots.
They also show the following:

Theorem 6.3 Let T, 4 be the positive (p, q)—torus knot. Then

pq—q/p* if n iseven,
m(Tpq) = * e
pq—p/q* if n isodd,

where
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e n is the number of steps in the Euclidean algorithm for p and q,
e 0<gq* < pissuchthat g¢* =1 (mod p),
e 0< p* <gq issuchthat pp* =1 (mod gq).

Remark 6.4 Since rational homology balls are negative definite, if S (K) bounds a
QHB* for some r > 0, then r > m(K).

We are now in position to give the second proof of Theorem 1.3.

Second proof of Theorem 1.3 It follows from Theorem 6.3 that m(7p,4) > q(p—1);
therefore, by the remark above, if m? < g(p — 1) then S;Z(Tp,q) does not bound a
rational homology ball.

Applying the right-hand side inequality of Theorem 5.1, we get that if

(—3+*/29+W)2 =q(p—1).

no integral surgery along 7T, , bounds a rational homology ball. We now set out to
prove that if p > 9¢q then the above inequality holds. Indeed, expanding and substituting

2v=(p—1)(g—1) yields
3v9+8v <2p—11.
Since p > 9q > 18, we can square again and obtain
81+ 36pg —36p —36g +36 <4p?>—44p+121 < 9Y(p—1)g<p®>—2p—1
< 9qg+1=<p,
which is exactly what we required. |
The following lemma is proved in [23, Lemma 4.4]:
Lemma 6.5 For any rational number r,
P 9 pqg-r )

3 _ .
S’(Tp’q)_y(z’q_*’?’pq—r—l

Now we give an explicit description of the canonical plumbing graphs which describe
certain surgeries on torus knots.
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Proposition 6.6 Assume that r ¢ [pq — 1, pq + 1]. The 3-manifold S? (T, 4) can be
described via the following positive canonical plumbing graph:

an
[ ]

ai
d/bl bm

\Cl Ck

where [ay,...,an]” = p/q*, [b1,....bm]” =q/p* and

e ifr>pg+1thend =1 and|cy,...,c,]” =r—pq;

« ifr<pg—1thend=2and][c1,....ck]” = ;2475

Proof Note that p/g* > 1 and ¢/p* > 1. Moreover,
pg=r __ _r=pq _ 1

pqg—r—1  r—pg+1 r—pg+1°
If r — pg > 1, by Lemma 6.5 and Figure 3 we see that S3(7),4) is described by the
positive canonical plumbing graph depicted above. The case r < pg — 1 is analogous.
O

6.2 Main results

A 2-—chain is a linear connected plumbing graph where the weight of every vertex is 2.

Lemma 6.7 Let I' be a positive definite plumbing graph with m vertices. Suppose
that there exist vertices v1, ..., Vg such that T'\ {vy,...,vg} =T U---UTy, where
each I'; is a 2—chain whose length is not 3, there is at most one 2—chain of length 1,
and h > k. Then I does not embed.

Proof Every 2—chain whose length is not 3 has an essentially unique realisation as a
sublattice of the standard lattice (Z*, I). In particular N is strictly larger than length
of the 2—chain. If, moreover, there are no chains of length 1 it is easy to see that
each basis vector, say e;, appears in the expression of a unique 2—chain. Therefore
every 2—chain requires a set of basis vectors which are orthogonal to each vector
belonging to any another 2—chain. It follows that the subgraph [:=T \{v1,..., 0} =
[ U---UT}y has a unique realisation as a sublattice of the standard lattice (ZV, I)
andthat N >m—k+h>m. O
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Following [15], we use the notation [..., 2" .. .]7 to denote a length-/ string of 2
in a continued fraction expansion.

Lemma 6.8 Foreach g > 2 and k > 1 we have:

)

2)

3)

“4)

(&)

qui—Tik =l k1],
% = k41,2020 2 4 g1
%:[k—kl,ﬂq],q]‘.

q_zl =[g +2,2l¢72l]~
i = [¢,2141]~.

qg+1

These identities can easily be proved by induction. We omit the proof.

Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4 We start by dealing with two special cases, namely g = 2
and k = 1.

First assume that ¢ = 2. In this case Tj 4 is alternating and therefore we can apply
Proposition 5.6. If S;(Tp,q) bounds a QHB* then n < 25. Moreover, since p — 1 =
0¥ (Tp2) = —0(Tp2) = —0 <0 we have:

If n =1 then o > 0 and we can ignore this possibility because 7} 5 is a positive
torus knot.

If n =4 then 0 = —2, thatis p =3 and S}(T32) = Y (2; 2,2.,2) bounds a
QHB4 by Lemma 6.2;

If n =9 then p € {3,5}. The 3-manifold S3(73) = Y (2;3.2,2) bounds a

QHB* by [2] while S3(Ts,2) = —L(9,4) bounds a QHB* by [15].

If n = 16 then p € {7,9}. By Lemma 6.2 both S136(T7,2) and 5136(T9,2) are
rational homology cobordant to —L(4, 1) and therefore each bounds a rational
homology ball.

If n =25 then p = 13 and S;S(Tm,z) = —L(25,4), which bounds a rational
homology ball by [15].
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Now assume that kK = 1. It is easy to see, via Lemma 6.5, that

qg+1 g>+q—n
S T ’ ’ *
(6]+1q) ( q qq2+q_n_1)

If, in particular, n = g2 we have qu(TqH q) = (2 q+1,q, - 1) By Lemma 6.2
this manifold is rational homology cobordant to S3. Smce m(Ty+1.9) =q%,if Tg414
has another integral surgery that bounds a QHB* then, by Theorem 1.2, thlS manifold

(q+1)2(Tq+1 ¢)- We have

q+1 q+1) ( qg+1 )
s3 T, =v(21— ¢ "—|=v(1:2"—,g.qg+1
q+n2Tg+1.9) ( P i Ll

which, again by Lemma 6.2, bounds a QHB*.

From now on we may assume that kK > 1 and ¢ > 2. Write p = kg & 1 and assume
that S2(T,,4) bounds a QHB*. We split the proof in two cases according to whether
p=kqg+1or p=kqg—1.Each case is further divided into subcases distinguishing
the possible values for the surgery coefficient n.

First case (p = kq + 1) Note that n > m(Tyg41,4) = kq?. We distinguish the
following three cases:

(1) n>kq*>+q+1.

Q) kq><n<kq*+q—1.

3) nelkq®+q—1kq>+q.kq> +q+1}.

First subcase (n > kq2 4+ ¢ +1) We claim that there are no candidate triples in this
subcase. It is enough to show that

(11) n<kq®>+q+1.

Note that inequality (11) implies that there is at most one value of n such that the
corresponding surgered manifold bounds a QHB*. To see this we need to show that the
interval [kq?,kq? + g + 1] contains at most one square. Suppose N2 is the smallest
square in [kq?, kq? + g + 1]. We have

N
k¢? <N? = g<—

1 =%
and therefore

N
k> +q+1<N?+—+1<N24+2N+1=(N +1)>2

Vi
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To prove inequality (11) we consider the positive canonical plumbing graph associated
to —S,?(quﬂ,q) with n > kg% + g + 1 = pq + 1, which is easily seen to be positive
definite. This plumbing graph is obtained by taking the dual of the graph described in
Proposition 6.6, and it has the form:

qg—1
2 2
. k:I
2%“ 2 2
U ke )
\2 2

By removing the vertex whose weight is ¢ + 1 we obtain a disjoint union of two
2—chains. One of these 2—chains has length

(q—1)+1+(n—kq2—q—1)24

since ¢ >3 and n > kq? + ¢+ 1, and the other has length k —1. If k # 4, it follows by
Lemma 6.7 that the above plumbing graph does not embed and therefore S 3(qu+1,q)
does not bound a QHB*. If k = 4 the plumbing graph has the form:

qg—1
2 2
2 A +1 2 2 2
n—4q>—q—1
2 2
Consider the following portion of the above plumbing graph:
q+1 2 2 2

There are two choices for the embedding of the 2—chain. One choice requires four
basis vectors and can be excluded (as in the proof of Lemma 6.7). The other choice
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gives us an embedding of the 2—chain of the form
ey t+ez, ex2+e3, e2—eq.

It is easy to see that there is no vector v such that v-(e; +e2) =1 and v-(ex—e;) =0.
This shows that n < kg? 4+ g + 1 and inequality (11) follows.

Second subcase (kg2 <n <kg? +q —1) Suppose that k = 4. We have

4g+1 q )

3
S4q2(T4q+1,q) = Y(Z, 4g—3 q, q—1
By Lemma 6.2, applied to the two exceptional fibres with invariants ¢ and qul, this
manifold is rational homology cobordant to a lens space obtained via the following
plumbing graph:

1 ai an
[ ] [ ] e [
where [a1,...,a,]” = @. It is easy to see that this lens space is just —L(4,1).

It follows that Si’qz(T4q+1,q) bounds a QHB* and, by (11) this is the only integral
surgery on Ty4+1,4 with this property.

Recall from Theorem 1.3 that k < 9. Now we will examine each possible value of k
in the set {2, 3,5,6,7,8}. We have

kq+1 kq>+q—n )

3 _ :
Sn(Tkq+1.4) = Y(2, kq+1—k’q’kq2+q—n—1

and all the Seifert invariants are strictly greater than 1. It follows that the positive
canonical plumbing graph for S,?(quﬂ,q) has the form

g—1

[\

2 k+1

N

kg*+q—n—1

£
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where we have used Lemma 6.8, ie that k‘];z‘l"j_ = [2[¢=1 k 4+ 1]=. In order to

emphasise the 2—chain in this plumbing graph we rewrite it as:

kq*+q—n—1 g—1
2 2 2 2 2 k+1
q

Write N = kq? +2¢q —n — 1 for the length of the 2—chain. Note that N > 4. The
graph has N + 2 vertices. If the corresponding integral lattice embeds in (ZV 12, I)
then we can write the vectors corresponding to the 2—chain as

ertex, ... g2ig n1t€kg2ig—n> Chkq2+qg—n T €kq24+q—n+1>---> €N T ENLI1.

Let us call v the vector whose weight is & + 1. It can be written in one of the two
following ways:

. v=aeN+2+,BeN+1+)/va=1(—1)iei,with y #0.
d UZBN+1+\/E€N+2.
The second equality implies that k is a square and can be excluded (since we already

dealt with the values 1 and 4 and we know that k < 9). Therefore the first equation
holds. Since v-v =k 4+ 1 we have

o2+ B2+ Ny?=k+1<0.

Since v-(ey +en+1) =1 we see that B +y = 1. Then, we may write kK + 1 =
a? 4+ B2 + N(1 — B)%. Moreover, since N > 4, we obtain
o+ 2 +4(1-p)* <o’ + >+ N1 - B)* <9
from which we get (1 —B)?> <1. Since y #0 and B+ y =1 we see that B # 1. We
conclude that (1 —8)%2 =1, ie B € {0,2}.
If B =2 we have
8<a’+4+N <9,

which implies (o, k) € {(0,7), (0,8),(%+1,8)}. Note that N > g + 1. In the first
case we quickly obtain (p, g;n) = (22, 3;64) and by [2] the corresponding surgered
manifold bounds a QHB*. In the second case we have n € {72, 126}, and thus it is
not a square. In the third case we get n = 73 which is not a square.
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If B =0 we have
o +4<a?+N<0o.

In particular, |o| <2.If o =0 we have N =k +1 and n = kq? +2g —k —2. Notice
that since N > ¢ + 1 and k < 9 there are only finitely many possible values of ¢.

By listing all possibilities, we obtain the set of all candidate triples (p, ¢;n). The only
one for which n is a square is (21, 4; 64). The corresponding definite plumbing graph
is positive definite:

[\
N
[\
(@)

N\

19

[

2 2

And the corresponding integral lattice does not embed, by direct inspection.

If |@| =1 we have 4 < N =k <9. Just like in the previous case we can list all the
candidate triples and discard the ones whose surgery coefficient is not a square. We are
left with (43, 6;256), which by [2] corresponds to a manifold which bounds a QHB*.

If |@| =2 we have N € {4,5} and k = N + 3. In this case the only triple we get is
(22, 3; 64), which, as already noted, bounds a QHB*.

Third subcase (n € {kq*+q—1,kq*+q,kq*+q+1}) Suppose n = pg=kq?>+q;
then we have

SpprrqTrat1,q) = —Lkq+1,q)#—L(g. kg +1) = —L(kq +1.q) #~L(q. 1).

It follows from [16] that this manifold bounds a rational homology ball if and only if
q =4 and k € {2, 6}. These values correspond to the triples (25, 4; 100) and (9, 4; 36).
Recall that S;qil(Tp,q) = —L(pq £ 1,4%). It follows that when n = pg + 1 =
kq? 4+ q £ 1 we have

Spp24qe1Tkg+1,g) = —Lkg* +q£1.¢%).

According to [15] if this lens space bounds a QHB* then —3 < I((kq?>+¢q+1)/¢?) <1.
It follows from Lemma 6.8 that I((kq? + ¢ + 1)/¢?) = k — 1, and therefore we may
assume that k = 2. Again by Lemma 6.8 the positive plumbing graph associated to
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L(2¢% +q + 1,4?) can be depicted as:

q—2

3 2 2 2+4q

It is easy to check that the corresponding integral lattice does not embed (start with the
2—chain and then examine the vector whose square is 3). In order to conclude we need
to the study the family of lens spaces L(kq? + ¢ —1,¢?). By Lemma 6.8 the positive
plumbing graph corresponding to —L(kg? + g — 1,¢?) can be depicted as:

q
k+1 2 2 q
The dual of this linear graph is:
k—1 q—2
2 2 q+3 2 2

Recall that we may assume k ¢ {1,4} and ¢ > 2. If (k,q) ¢{(2,3), (2,5)}, the integral
lattice which corresponds to the above graph does not embed, by Lemma 6.7.

If (k,q) = (2, 3) the surgery coefficient is 20, and if (k,q) = (2,5) itis 54; in neither
case is it a square, hence the corresponding 3-manifolds do not bound.

Second case (p = kq —1) By Theorem 1.3 we may assume that k < 9. Note that
p*=¢q—1and ¢* = k. We obtain

kg—1 q  kq*—q—n
S3(Te,_1.)=Y|2: , , )
n (Tkg—1.q) ( k g—1kq2—qg—n—1

Just like in the first case we split the proof according to the following possibilities:

(1) n>pg+1=kg?>—qg+1.
Q) n<pg—1=kqg>—q—1.
(3) netkg’*—q—1.kq*>—q.kq>—q+1}.

First subcase (n > pqg +1=kqg? —q +1) The positive canonical plumbing graph
for S,f’(qu_l,q), described in Proposition 6.6, is indefinite. By taking the dual of this
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graph, ie by considering the positive canonical plumbing graph of —S,f(qu_Lq), we
obtain a positive definite plumbing graph. It can be written as:

q—2 k—2
2 2 3 2 2
2 / q
n—kq%+q—1
2 2

This graph has two 2—chains: the first has length Ny = (n—kq?> +q—1)+1+(g—2),
which is at least 3 since all summands are positive; the second has length N, = k —2.

Observe that N; = 3 only if ¢ = 3 and n = pg + 2, in which case n can never be a
square since 2 is not a quadratic residue modulo 3. We can then assume that N; > 3,
and that the vectors in the corresponding chain are

e1+en,..., €n—kq2+q + €n—kq2+q+1s---1€EN +en;+1,

where e,_rg244 + €4_kg244+1 corresponds to the central vertex of the plumbing
graph. As in the proof of Lemma 6.7, the second 2—chain can be written as

€N14+2 T €N +35-- -, EN|+No+1 T EN|+No+2

since it is easy to exclude the exceptional embedding {e1 + e2,e1 + e3,e1 — ez}
when N, = 3. Note that in the above expressions for the 2—chains we already used all
the available basis vectors. Call v the vector whose square is 3. Clearly v must hit
at least two basis vectors which appear in the same 2—chain. If v hits more than one
basis vector appearing in a 2—chain then it hits all the basis vectors in that chain. It
follows that N, =2, ie k = 4.

Call w the vector whose square is ¢. The top portion of the 2—chain linked to w
involves g — 1 basis vectors. It follows that w must hit some basis vector in the bottom
portion of 2—chain, and therefore all of them. This implies that w does not hit any
basis vector in the top portion of the two chain (we would have w - w > ¢q). Therefore
n—kqg?+q =q,ie n = 4¢g?. The surgered manifold is

4g—1
y(2: 2972 4 -9 )
4qg -5 " qg—1
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By Lemma 6.2 these manifolds are rational homology cobordant to L(4,1), and
therefore to S3. They correspond to the triples (4g — 1, q;44¢?).

Second subcase (n < pg—1) The positive canonical plumbing graph of S, (Tkg-1,9)
may be written as:

q k
. o
2 / 2 2
) gt
\ 2 2

This graph is positive definite.

If kK = 2 this graph does not embed, by Lemma 6.7; in fact, since g > 3, the above
graph contains a 2—chain whose length is at least 4. As usual the vectors belonging to
this 2—chain may be written as

ert+eax,....eq+eq+1,..., €kg2—n—1 + Ckq2—n>

where eg + e41 corresponds to the central vertex of the graph. Note that we can only
use one more basis vector to write down the image of the vectors with weights ¢ and k.
Let us denote these vectors by vy and v,. Let us also put N = kg% —q —n.

If k =3 we must have v, -¢; =0 for each i < N . It follows that vy = aepn +1, which
is impossible because v, - v, = k = 3 is not a square.

If k =5 either we may apply the same argument as above or the length of the 2—chain
is 4. In this last case we quickly obtain n = 41, which is not a square.

Similarly, if K = 6 we have two possibilities according to whether the length of the
2—chain is 4 or 5. If this length is 4 then ¢ = 3 and n = 49. These values correspond
to the triple (17,3;49). By [12, page 77, family (a2)] the corresponding surgered
manifold bounds a QHB*. If the length of the 2—chain is 5 then either ¢ = 3 and
n =48 or ¢ = 4 and n = 94; both cases can be excluded since n is not a square.
We keep arguing in the same way. For a fixed value of k (which is not a square) we
consider the possible lengths of 2—chain. Each length gives several possible pairs
for (g,n). We list the values obtained in this way below. Let [ be the length of the
2—chain.

e Ifg=3then 56 <n=062—-1<58.

e Ifg=4then 105<n=111—-1<106.

e Ifg=5thenn=174—1=168;
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All these cases can be excluded because n is not a square.

If kK =8 we proceed exactly in the same way. In this case there are some candidate
triples, but they can all be excluded by looking at the vector v; whose weight is ¢.
We omit the details. Now suppose that k € {4, 9}. In both cases we can exclude the
expression vy = «/%ei for some i < N + 1 (because vq - vy = 1). Therefore we may
proceed as we did for the other values of k.

Suppose k = 4. The vector v, must hit some basis vector which appears in the
expression of the 2—chain, but then it must hit all of them. Since the 2—chain has
length at least 4 this is impossible (because v, - vy = 4).

Suppose now that k = 9. Just like above we conclude that the length of the 2—chain
is at most 8, this means that 4 < 9q2 —n —1 < 8. Moreover there is a portion of the
2—chain whose length is ¢ — 1 which implies that 3 < g < 7. These two inequalities
are enough to spell out all possible pairs (¢, n):

e Ifg=3then75<n=80—-1<79.

e If g=4then 139 <n =143-1 < 142.

e If ¢ =5 then 221 <n =224—1] <223.

e If ¢ =6 then 321 <n =1323—-1 <322.

e If g =7 then n =340—1 = 339.
In no case is n a square, and this concludes this subcase.
Third subcase (n € {kq? —q —1,kq? —q,kq* —q+1}) If n = pg=kq?>—q we
have

—S3 (Tkg—1,4) = Lkg —1,q)#L(g. kg —1) = L(kq —1,q) #L(g,q — 1).

It follows from [16] that if this manifold bounds a QHB* then ¢ = 4. In particular
both summands in the above expression must bound a QHB*. The first summand is
L(4k —1,4). It does not bound because 4k — 1 is not square. If n = kg% —q £ 1 we
have

—83(Tkg-1,4) = Lkg*> —q £1,4°).

We start with L(kg? —q + 1,¢?). Using Lemma 6.8 we obtain
kq?>—q+1 _ 1
9> q*/(q—1)

It follows that I((kq> —q +1)/q?) =k —2. If L(kq> —q + 1,q) bounds a QHB*
then —3 < I((kq? —q +1)/¢?) < 1, which implies 2 < k < 3. The linear plumbing

=[k,q+2,2472,
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graph of —L(kq? —q + 1,¢?) can be depicted as:

q—2

k q+2 2 2

If k =2 and ¢ > 3, by Lemma 6.7 this graph does not embed. If Xk =2 and ¢ = 3, the
corresponding surgered manifold is L(16,9), which, by [15] bounds a QHB*. The
corresponding triple for this surgery is (5, 3; 16). Now we may assume that k = 3.
It can be checked directly that in this case the graph embeds if and only if ¢ = 3;
this is easily seen by looking at the embedding of the 2—chain and the vertex whose
weight is 3. This plumbing graph corresponds to L (25, 9), which bounds by [15]; the
corresponding triple is (8, 3;25).

Now we look at L(kg? —q —1,¢?). Using Lemma 6.8 we obtain
kg*>—q—1 1
q 2q —k—— = [k.q, 2[4]]—.
q q*/(qg+1)
It follows that 1((kg?> —q —1)/q?) =k —6, but since —3 < I((kg> —qg—1)/g*) <1

we have 3 <k <7. The linear plumbing graph of —L(kq?—q + 1, ¢?) can be depicted
as:

q
k q 2 2
As usual, the 2—chain can be written as
(e1 +e2,e2+es,..., eq + eq+1).

Call v the vector whose weight is ¢g. It is easy to see that v-¢; =0if 2 <i <g+1
and therefore we may write v = e1 + /q — leg42. Call w the vector whose weight

is k. We can write
qg+1

W =yeg42+ ,BZ(—])ie,-_

i=1

Since w-w =k and w-v=1,wehave (¢ + B2 +y? =k and B+yJg—1=1,
from which we obtain 5
(1§ _

q—1

k.

(¢ + D>+

Since k <7 we see that ¢ < 6 and since g — 1 is a square we get ¢ = 5. From this one
quickly obtains the triples (29, 5; 144) and (34, 5; 169). These triples correspond to
the lens spaces —L(144,25) and —L (169, 25) which by [15] bound rational balls. O
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