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Lipschitz structure and minimal metrics on
topological groups

Christian Rosendal

Abstract. We discuss the problem of deciding when a metrisable topological group G has
a canonically defined local Lipschitz geometry. This naturally leads to the concept of minimal
metrics on G, that we characterise intrinsically in terms of a linear growth condition on powers of
group elements.

Combining this with work on the large scale geometry of topological groups, we also identify
the class of metrisable groups admitting a canonical global Lipschitz geometry.

In turn, minimal metrics connect with Hilbert’s fifth problem for completely metrisable
groups and we show, assuming that the set of squares is sufficiently rich, that every element of
some identity neighbourhood belongs to a 1-parameter subgroup.

1. Introduction

The present note deals with the problem of deciding which metrisable topo-
logical groups have a well-defined local geometry intrinsic to the topological group
structure. To make this problem more precise, let us recall that a metrisable topolog-
ical group is a topological group G whose topology may be induced by some metric,
which then is said to be compatible with the topology on G. Thus, the metric itself
is not part of the given data. These groups where characterised in fundamental pa-
pers by G. Birkhoff [1] and S. Kakutani [7]; namely, a Hausdorff topological group
G is metrisable if and only if it is first countable. Moreover, such a group necessarily
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admits a compatible left-invariant metric d, i.e., so that d(hg, hf)=d(g, f) for all
g, f,heG.

An easy calculation shows that, if d and 0 are compatible left-invariant met-
rics on a topological group G, then the identity map id: (G,9)—(G,d) is always
uniformly continuous and hence, by symmetry, a uniform homeomorphism. This is
of course also a reflection of the fact that both d and 9 will metrise the left-uniform
structure on GG. However, unless further assumptions are added, there is generally
no control on the modulus of uniform continuity of the mapping. The problem is
thus to decide which, if any, of the compatible left-invariant metrics on G determine
a canonical local geometric structure on the group. At least up to local bi-Lipschitz
equivalence, this is solved if G admits a minimal metric in the following sense.

Definition 1. A metric d on a topological group G is said to be minimal if it
is compatible, left-invariant and, for every other compatible left-invariant metric 0
on (G, the map
id: (G,0) — (G,d)

is Lipschitz in a neighbourhood of the identity, i.e., if there is an identity neigh-
bourhood U and a constant K so that

for all g, feU.

Let us first observe that, if U and K are as above, then id: (G,0)—(G,d) is
locally K-Lipschitz. For given h€G and v, weU, note that

d(hv, hw) =d(v,w) < K-0(v, w) = d(hv, hw),

so the identity map is K-Lipschitz on the neighbourhood RU of k. It follows imme-
diately that any two minimal metrics on G are locally bi-Lipschitz and thus identify
a canonical local geometric or, more specifically, local Lipschitz structure on G.

The concept of an intrinsic Lipschitz structure on a topological object is of
course common to other areas. For example, a well-known result due to D. Sullivan
[14] states that, except for n=4, any topological n-manifold M admits a Lips-
chitz structure, that is, an atlas {¢;: U;—R"} whose transition maps are locally
Lipschitz. Moreover, any two such Lipschitz structures are related by a locally
bi-Lipschitz homeomorphism of M. The local Lipschitz structure identified by a
minimal metric is even more rigid, since any two minimal metrics are locally bi-
Lipschitz via the identity map.

We remark that, unless we accept to force the metric d to be bounded, the
local minimality of Definition 1 really describes the strongest notion of minimality
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possible. Indeed, if d is unbounded, then Vd is a compatible left-invariant metric,
while id: (G, v/d)— (G, d) is not Lipschitz for large distances.

Note also that, at least for short distances, there is no maximal metric unless G
is discrete. That is, if G is non-discrete and d is any compatible left-invariant metric,
then the mapping id: (G, d)— (G, +/d) will not be Lipschitz for short distances.

Observation 2. (Independence of localising set) Another helpful observation is
that, if d is minimal and U is a fixed d-bounded identity neighbourhood, then, for
every compatible left-invariant 9, the map

id: (U,0) — (U, d)

is Lipschitz, i.e., the localising set U can be chosen independently of 0. To see this,
suppose that 0 is given and pick an identity neighbourhood V and a constant K so
that id: (V,0)—(V,d) is K-Lipschitz. Pick a>0 so that the open ball

By(a)={geG|0(g,1) <a}
is contained in V. Then, for any two elements g, f€U, either g~ f€V, whence
dg, f)=d(1,g7 " f)<K-0(1,97 " f) =K 0(g. f),
or g~ f¢V, whence

diamd(U) 8(9 f)

In other words, id: (U, 9)— (U, d) is Lipschitz with constant
di U
n iamg( )

(0%

d(g, f) < diamg(U) <

K

From this observation, it follows immediately that any two bounded minimal
metrics are bi-Lipschitz equivalent. Nevertheless, in many cases, a better global
Lipschitz structure can be identified that captures the large scale geometry of the
group. We return to this in Theorem 14.

One way to think about minimal metrics is via the decay of the balls By(«)
as a—0. Namely, minimality of d simply expresses that, if J is another compatible
left-invariant metric on G, then, for some A=A(9)>0, we have

Bs(A-a) C By(a)

whenever a<1. So, up to the rescaling by A, the d-balls By(«a) are as large as
possible as « decreases to 0.

Whereas minimality of a metric is a relative notion, i.e., defined in terms of com-
parisons with other compatible left-invariant metrics on the group, the main result
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of our note furnishes an internal characterisation of minimality without reference
to other metrics. Namely, we characterise the minimal metrics as those satisfying a
certain linear growth condition on powers in a neighbourhood of 1. This condition
in turn has already been studied in the literature in the context of locally compact
groups, where it turned out to be central to the solution to Hilbert’s fifth problem.
We shall discuss this connection after our result.

Theorem 3. The following conditions are equivalent for a compatible left-
invariant metric d on a topological group G.

1. d is minimal,

2. there is an open set U1 so that, for all geG and n>1,

9,9%,9%,..,g" €U = d(g,1) < %,
3. there is an open set U1 and a constant K>1 so that, for allgeG and n>1,
9,9%,9%, ..,g" €U = n-d(g9,1) < K-d(¢g", 1),
4. there are constants e>0 and K>1 so that, for all geG and n>1,
dg. 1) <= = n-d(g,1) < K-d(g", 1),

5. there are an open set US1 and a constant K>1 so that, for all geG and
n2=0,
9392,947983'“;g2 el = Qnd(gal) ng(g2 31)

The above result may be said to provide a satisfactory description of minimal
metrics on the group; indeed, the criterion only involves computations with powers
of single elements. On the other hand, we have no informative reformulation of
which metrisable groups admit minimal metrics. One would like to know if there is
such a description that does not directly involve asking for an object as complicated
as a minimal metric itself. More precisely, the following problem remains open.

Problem 4. Let G be a universal Polish group, e.g., G=Homeo([0,1]Y). Is
the collection

{HLG ‘ H is a closed subgroup admitting a minimal metric}

Borel in the standard Borel space of closed subgroups of G ¢

In connection with this, we should point out that every Polish group G with
a minimal metric is Weil complete and hence that every minimal metric on G is
complete (see Lemma 23). On the other hand, M. Malicki [9] has shown that the
class of Weil complete Polish groups itself is not Borel.
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Since a compatible left-invariant metric on a topological group H need not
extend to a compatible left-invariant metric on a supergroup G, it is far from clear
from the definition of minimality that the restriction of a minimal metric on G to
a subgroup H is also minimal on H. However, using instead the reformulations of
Theorem 3, this becomes obvious, whence the following corollary.

Corollary 5. The class of topological groups admitting minimal metrics is
closed under passing to subgroups.

2. Proof of the main theorem

Before commencing the proof of Theorem 3, we recall some procedures for
constructing compatible left-invariant metrics on a topological group. The main
result in this area is the above mentioned theorem independently due to Birkhoff and
Kakutani. Of the two proofs, Birkhoff’s is the simplest and relies on a memorable
little trick.

Lemma 6. (G. Birkhoff [1]) Let G be a topological group and {Van}nez a
neighbourhood basis at the identity consisting of symmetric open sets so that G=
U,ez, Van and (Van )’ CVansr. Define 6(g, f)=inf (2" f~1g€Vn) and put

k—1

d(g, f) = inf (Zd(hiyhi+1) | hozg,thf)

i=0
Then 6(g, f)<2-d(g, f)<2-d(g, f) and d is a compatible left-invariant metric on G.

However, the metric d produced by Birkhoff’s construction decreases exponen-
tially faster than needed for our purposes due to a factor (%)” For this, we shall
instead rely on the construction of Kakutani from which a better estimate can be
extracted (see [3] for a proof of the exact statement of Lemma 7 below).

Lemma 7. (S. Kakutani [7]) Let G be a topological group and {VQ’”}neN
a neighbourhood basis at the identity consisting of symmetric open sets satisfying
(ngn)QQVQ%H. Then there is a compatible left-invariant metric d on G so that

Bq(27") CVa-n C By(8-27")

for all neN.

We now turn to the proof of Theorem 3.
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Proof. (1)=(2): We claim first that there is an open neighbourhood U3>1 so
that, for all k>1 and g€G,

k
9792793,'”,92 el = gEBd(2_k),

In order to see this, we assume the contrary. Let Vo-0=G and, for m>1,
inductively define symmetric open sets V5-m 31 as follows.

Assume that V5-n is the last term that has been defined thus far and let n>m
be large enough so that Bq(1)CV,-m. Since the claim fails for U=By(), there

are k>1 and g¢ Bg(27F) so that

k
g’g27gg7""92 6Bd(l/lrl)'

Let F={1,g,¢97 '} and note that, since Bd(%) is symmetric, we have 2 QBd(%).
Therefore, as F' is finite and Bd(%) open, we can pick a sufficiently small symmetric
open W31 so that also (WFW)2k CBy(L)CVa-m. We then set
Voo b =WEW, Voononin =(WEW)?, o Vormoa =(WEW)?
At the next stage, we begin with the term V,-m—» and proceed as above.
Therefore, at the end of the construction, we have a sequence G=V5-02V5-1D
.. of symmetric open sets forming a neighbourhood basis at 1 so that (VT )2§
Va-m+1 for all m>0. We now apply Lemma 7 to the sequence (Vo—m )m>0 to obtain
a compatible left-invariant metric 0 satisfying

By(27™) CVo-m C By(8:27™).

Note now that there are infinitely many m so that some stage in the construc-
tion began with the term V5-m. So fix such an m and let k, g, F and W be as
in the construction step. Then geWFW =V, m 1 CBy(8-27™%) and g¢ B4(27%),
whence

2m=3.9(g,1) <277 <d(g, 1).

Therefore, 0 is a compatible left-invariant metric on G, but id: (G, 9)— (G, d) is not
Lipschitz for short distances, contradicting the minimality of d and thus proving
the claim.

So, using the claim, fix U>1 open so that, for all geG and k>1,

.
9.9%,9% ....g% €U = geBq(27%)

and pick some open V31 so that V2CU. Now suppose g, g2, g%, ..., g™ €V for some
m and let k=0 be so that 28 <m <2+ Then also ng"’”:ngg”eVQQU for all
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n<2F and so g*€U for all i<2*+1. In particular, g€ B4(27*~1)CBy(X). In other
words,

1
9.:9%.9% g™ €V = d(g, 1) < —,
which proves (2).

(2)=(3): Assume that U>1 is as in (2). By shrinking U if needed, we may
assume that U= Bd( ) for some integer p>1. Now, choose a symmetric open W31
so that W2PCU. We claim that

9:9%.9% . g" €W = n-d(g,1) <dp-d(¢",1)
which thus verifies (3)

Indeed, suppose g¢,g%, ¢°,...,¢g" €W and g#1. Then also g, g2, 43, ...,g*""¢c
W2 CU and thus, if m is minimal so that g™ ¢ U, we have m>2pn and d(g,1)< = L
Let now k>1 be such that kn<m<m+1<(k+1)n. Then

d(g(k?"rl)n’ ) >d( m+1 1)_d(g(/€+1)n7gm+1)

( m+1, ) d( (k4+1)n—(m+1) 1)

1
p — [(k+1)n—(m+1)]-d(g, 1)
1 n
2___7
p m
whereby
d(g(k+1)" 1) o 12 99 1 n
d(g™, 1 > D>k PR > >n—.d(g1
(9%, 1) h+1 e+l % ap ko dpm gy )
as claimed.
(3)=(4

(4): Let U and K be as in (3) and simply choose £>0 so that Bg(2¢)CU.
Then d(g,1)<: implies that g, g%, g°, ..., 9" € Bq(2¢) CU and hence that
n-d(g,1) <K-d(g",1).
(4)=(3): Let e>0 and K>1 be as in (4) and set U=By(
pose g#1 and that g, ¢,

=Bi(5%). Now, sup-
,9" €U for some n>1. Let m>1 be so that g€ B4(>)\
Bi(5:57)- Then, by (4), we have

9
2_

m+1~ 2’
ie., g™ ¢U, whereby m>n. It thus follows that d(
that n-d(g,1)<K-d(g™

g,1)< % and hence, by (4) again
,1). In other words,

9.9°,..,9" €U = n-d(g,1)

1)< K-d(¢g™,1).
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(3)=(5): Fix U and K as in (3). By shrinking U and increasing K, we may
suppose that U:Bd(Z’k) and K =2F for some k>3. Set also V =B;(27%¥), whereby
V2" CU. We claim that, for all m and g,

(Vime: giEV) & (Vi<m+2k—|—1: gQiEV) — (W<2m+1: giEV).

Indeed, suppose that (‘v’iéQm: gieV) and (Vi<m+2k—|—1: gQiEV). Assume also
that 2m <i<2m+2k+1 ig ojven. Write §=2Pr +2Pr—1 4. 4+2P1 4 for some m<p; <
Po<...<pr<m~+2k+1 and j<2™ and note that, since r<2k+1<2* —1, we have

=" .. g eVvVvcC v cU.
Therefore, as also g2" €V, we see that gtcU for all i<2™+2k+1 By the hy-

pothesis on U, it follows that

27n+2k+1

om+2k+1. 4(g.1) < 2%-d(g 1) <2k27k =1

)

ie., d(g,1)<2=(m+2k+1) Qo using that d(g?, 1)<i-d(g,1), this shows that g'cV
for all i<2™+!, proving the claim.
Put now W=B,;(27%*) and assume that n and g are given so that

9.9%.9". ¢% ....g> eW.

Then, since W2“gv, we have that gQiGV for all t<n+2k. Using our claim to
induct on m=1,2,...,n—1, we see that g'€V CU for all i<2", and thus 2"-d(g,1)<
2k.d(g*" 1), which proves (5).

(5)=(1): Suppose that d is another compatible left-invariant metric on G. Fix
e,n>0 and K >1 so that

n

97927947987-“ag2"EBd(E) = Qnd(g’l)ng(g 71)

and By(n) CBy(e). Note then that, if n>0 and g€ By(5% ), we also have g, 72, g% g5,
o'y g2 €Ba(n)C By(e), whence
2"-d(g,1) < K-d(¢*",1) < Ke
i.e., g€ Ba(££). In other words, By(4%)C Ba(5£) for all n>0.
Now, if g€ Bs(n) is any non-identity element, pick n>0 so that g€ Ba(55)\
Bo(524+)C By(42). Then,

on

Ke 2Ke 15 _2Ke
d 1 < = . < -0 3 1 )

showing that the map id: (Bs(n),d)—(Ba(n),d) is 2I;‘g-Lipschitz. O
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The most obvious example of a minimal metric would seem to be the norm
metric on the additive group (X, +) of a Banach space (X, ||-||). Beyond those, we
look at groups of operators.

Ezample 8. (The unitary group) Using the spectral theorem, it is not hard
to verify that the metric induced by the operator norm is minimal on the unitary
group U(H) of the separable infinite-dimensional Hilbert space H.

Indeed, set

U={ueU(H)||u-1d|| <1}
and suppose u, u?, u?, ..., u" €U for some fixed ucU(H). Then, by the spectral the-
orem, there is a o-finite measure space (X, 1) and a measurable function ¢: X —T

so that u is unitarily equivalent to the multiplication operator M: L2(X, u)—
L?(X, ) defined by

(M€) () = o(2)¢(=).
As, for a multiplication operator My, we have ||My|=|¢| it follows that, for
k=1,...,n,

esssup{\¢(x)k—1| ‘J;EX}: ||</§k—1||OO

= ([ Mg 1|
=M} -1d|
= [[u*~1d]

<1.
Consider now a value e'*=¢(z), a€[—m, 7|, of ¢ so that
e —1|=¢(2)" ~1] < 1
for all k=1,...,n. Then clearly ka€[~7F, 5] for k=1,...,n, whence |a|<g- and so
|p(x)—1|=|e’*—1|<2. From this it thus follows that |¢(z)—1|<2 for almost all
z€X and hence |lu—Id||<2. So

4
w,u?, . u" €U = |lu—1d| < —,
n

showing that the metric is minimal.

Ezample 9. (Fredholm unitary group) While U(H) is not separable in the op-
erator norm topology, every separable closed subgroup GU(#H) is Polish and, by
Corollary 5, the operator norm metric will be minimal on G. For example, one may
consider the Fredholm unitary group

{Md+K €eU(H)| A€ T& K a compact operator},

which is Polish by the norm separability of the ideal of compact operators.
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Condition (4) of Theorem 3 has been studied earlier in the literature as part of
the solution to Hilbert’s fifth problem due to A. Gleason, D. Montgomery, H. Yam-
abe and L. Zippin. Indeed, in the book [15] by T. Tao, metrics satisfying this
condition are termed weak Gleason as they underlie Gleason’s results in [5]. In par-
ticular, in [15] it is shown that a locally compact metrisable group is a Lie group if
and only if it has a weak Gleason metric. Moreover, in the locally compact setting,
every weak Gleason metric is actually Gleason, meaning that it satisfies a further
estimate on commutators (cf. Theorem 1.5.5 [15]). We do not know if this holds in
the broader category of Polish groups.

Observation 10. (Multiplication is locally Lipschitz) Let us also mention that,
if d is a minimal metric on G, then there is a constant K and an open set V'>1 so
that

i.e., multiplication is K-Lipschitz in an identity neighbourhood.

To see this, fix 0<e<1 so that d(g,1)<1/n whenever g, g%, ..., g" € B4(g). Then,
given distinct g, f€By(%), let n>1 be so that g_lfeBd(%)\Bd(m). So, if
heBy(5), we have (h~tg~! fh)'=h~* (97! f)'heBqy(e) for i=1,...,n, whereby

2 4

— -1 -1 <
d(fh,gh)=d(h™ g™ fh1) < 5 < —

SN

Thus, if k€@ is any other element, we have

d(fh,gk) <d(fh,gh)+d(gh, gk) < g-d(f, g)+d(h, k) < g-(d(f, 9)+d(h, k).

So setting Kz% and V'=DB,4(%), the claim follows.

By Condition (2) of Theorem 3, it is easy to see that, if G is a group with
a weak Gleason metric, then G is NSS, i.e., has no small subgroups, which simply
means that there is a neighbourhood U >1 not containing any non-trivial subgroup.
Moreover, in the locally compact metrisable case, being NSS is equivalent to being
a Lie group and thus also to having a weak Gleason metric (see the exposition in
[10] or [15]). By Theorem 3, weak Gleason and minimal metrics coincide, but we
shall prefer the latter more descriptive terminology.

Recall that two topological groups G and H are locally isomorphic if there
are symmetric open identity neighbourhoods UCG, VCH and a homeomorphism
¢: U—V so that, for all g, f€U with gf €U, we have

olgf ") =0(g)o(f)~"
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and so, in particular, ¢(1)=1 and ¢(f~1)=¢(f)~!. For example, if ' is a discrete
normal subgroup of a topological group G, then the quotient map 7: G—G/T is a
local isomorphism between sufficiently small identity neighbourhoods.

While evidently minimal metrics are characterised locally, the existence of min-
imal metrics appears a priori to be a global issue.

Proposition 11. The class of topological groups admitting minimal metrics is
closed under local isomorphism.

Proof. Let ¢: U—V be a local isomorphism between open identity neighbour-
hoods in topological groups G and H respectively and assume d is a minimal metric
on G. We must show that also H admits a minimal metric. By rescaling d, we may
assume that By(1)CU. For n>1, set

Vo-n =¢[Ba(27")]

and observe, since ¢ is a local isomorphism, tglat the V5-» are symmetric open
identity neighbourhoods in H verifying (‘/’2771,71) CVy—n for all n>1. By Lemma 7,
we find a compatible left-invariant metric 0 on H so that

By(27") CVa-n CBy(8-27")

for all n>1. Using Theorem 3 (5) and the minimality of d, we pick a symmetric
open identity neighbourhood WgBd(é) and a constant K so that, for all ge G and
n=1,

9,9%,9% 6%, . g eW = 2".d(g,1) < K-d(g*",1).

Assume now that z€ H satisfies z, 22, 2%, 2%, ..., 22" €¢[W] and write z=¢(g)
for some geW. Then g,¢g?€U and so ¢(g9?)=¢(g9)?’=a2€p[W]. As ¢: U=V is
a bijection, we conclude that also g>?cW. It follows again that g%, g*€U and so
d(g*)=0(g9?)?=a*€p[W], whence g*€W, et cetera. We therefore end up with

9,9%9%, % ., g¥ €W

and ¢(g2" )=2>" for m<n. In particular, 2"-d(g,1)<K-d(¢*", 1)<§. So, if k is
minimal so that K<2¥ this shows that g€B4(2¥~") and thus z=¢(g)€
#[Ba(2F™)]=Var-—n CBy(8-28~") provided n>k. In other words, for all n>k and
x€H, we have

z, 2?2t 2t 2 € W] = 9(x,1) <8287

Let O be a symmetric open identity neighbourhood in H so that 02" Co[W]and

suppose that z€ H\{1} satisfies z, 22, 2%, 2%, ..., 22" €O for some n>1. Then, if m

is minimal so that z2" ¢ ¢[W], we must have m>k, whence 9(x,1)<8-2¥=™. On
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2m+1

the other hand, if p>1 is chosen so that Bg(27?)Cé[W], we have d(x
i.e.,

,1)2277,

A(x, 1) < 28Hhtp=m 522" 1) Lotk tpn (32" 1),

In other words, for all xt€ H and n>1,
22zt 2,1 €0 = 2"-0(x,1) < 24+k+p~8(x2n, 1),

which shows that 0 is a minimal metric on H. O

3. Maximal metrics and global Lipschitz structure

Whereas a minimal metric establishes a canonical local Lipschitz geometry on
a topological group, we will now combine this with the analysis from [13] of the
corresponding problem at the large scale.

Definition 12. A compatible left-invariant metric d on a topological group G is
said to be maximal if, for every other compatible left-invariant metric 9 on G, the
map

id: (G,d)— (G, 0)
is Lipschitz for large distances, that is, 0< K -d+C for some constants K, C.

Clearly, any two maximal metrics d and 0 on a topological group G are quasi-
isometric, that is %-d—CS@SK-d—&—C for some constants K, C'.

Lemma 13. Suppose that d and O are both simultaneously minimal and maz-
imal metrics on a topological group G. Then d and O are bi-Lipschitz equivalent,
i.e.,

d<0<L-d

Sl

for some constant L.

Proof. Since d is minimal, there is an identity neighbourhood V and a constant
K so that

id: (V,8) — (V. d)

is K-Lipschitz. On the other hand, as 9 is maximal, there are constants M, N so
that d<M -0+ N. It thus follows that, for x€G and veV,

d(zv,z)=d(v,1) < K-0(v,1) = K-9(zv, x),
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while, for a¢V,

d(za,z) < M-0(za,x)+N

N-0(a,1)
S0l 1) oG 1) [y 2V)

N
<(u ETCIONVIET: v>>'a<m’x)'

1

So d<L-0, where L=max {K,MJrW} and by symmetry we find that

d and 9 are bi-Lipschitz equivalent. [

Thus, if G admits a metric that is simultaneously minimal and maximal, then
this defines a canonical global Lipschitz geometric structure on G. To characterise
this situation, we need a few new concepts and results that can all be found in [13].

A topological group is Baire if it satisfies the Baire category theorem, that is,
if the intersection of countably many dense open sets is dense in G. Also, we say
that G is Furopean if it is Baire and, for every identity neighbourhood V', there is
a countable set DCG so that G=(VUD). Clearly every Polish group and every
connected completely metrisable group, e.g., the additive group (X, +) of a Banach
space, is European. Also, a locally compact Hausdorff group is European if and only
if it is o-compact. For the latter fact, note that, if G is o-compact, it can be covered
by countably many translates of any identity neighbourhood V' and vice versa, if G
is European and V is a compact identity neighbourhood, then G is covered by the
compact sets (F V)" where F ranges over finite subsets of a countable set D as
above.

Finally, a subset B of a topological group G is coarsely bounded if it has finite
diameter in every continuous left-invariant pseudometric on G. If G is European,
this is equivalent to asking that, for every identity neighbourhood V', there is a
finite set F'CG and a k so that BC(FV)¥. Also, the group G is coarsely bounded
if it is coarsely bounded as a subset of itself.

Now, as opposed to minimal metrics, we do have a characterisation of the
existence of maximal metrics. Namely, as shown in [13], a metrisable European
group G admits a maximal metric d if and only if it is algebraically generated
by a coarsely bounded set, which furthermore may be taken to be an identity
neighbourhood V. Moreover, in this case, the maximal metric d will be quasi-
isometric to the word metric

pv(g, f)=min(k| vy, ..., v € VE: g= for..03)

associated with V.
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Theorem 14. Let G be a Polish or, more generally, a FEuropean topological
group generated by a coarsely bounded set and assume that G has a minimal metric.
Then G has a metric that is simultaneously mazximal and minimal and hence G has
a well-defined global Lipschitz geometric structure.

Proof. Fix a minimal metric d on G and a coarsely bounded set V' generating G.
As noted above, we may assume that V' is an open identity neighbourhood. Now,
as shown in [13], the formula

n
(g, f)=inf (Z d(vi, 1) |v; eV &g= fvl...vn)

i=1
defines a compatible left-invariant metric on GG, which is quasi-isometric to the word
metric py. It thus follows that 0 is quasi-isometric to a maximal metric on G and
therefore maximal itself.

Observe now that, if W is a symmetric identity neighbourhood so that W2CV/,

then any two elements of W differ on the right by an element of V' and so the two
metrics d and 0 agree on W. It therefore follows that 9 is also minimal. O

4. Uniformly NSS groups

Outside of the class of locally compact groups, the problem of determining
which groups admit a minimal metric is unsolved. However, as is evident from
Condition (2) of Theorem 3, a group G with a minimal metric must be uniformly
NSS in the sense of the following definition.

Definition 15. (Uniformly NSS) A topological group G is uniformly NSS if
there is an open set U31 so that, for every open V31, there is some n for which

9,9, .., g" €U = geV.

Observation 16. (Metrisability of uniformly NSS groups) As noted by P. Enflo
[4], a uniformly NSS group is metrisable. Indeed, let U>1 be as in the definition of
the uniform NSS property and pick open neighbourhoods W;, 31 so that (W,,)"CU.
Now, suppose V31 is open and let n be such that g€V whenever g, ¢2, ..., g"€U.
Then clearly geW,, implies that g€V, i.e., W, CV. Thus, the sets W, form a
countable neighbourhood basis at 1 and G is metrisable by the result of Birkhoff
and Kakutani.

For other interesting facts about uniformly NSS groups, including that every
Banach-Lie group is uniformly NSS, one may consult the paper [11] by S. A. Morris
and V. Pestov. In particular, the authors show that uniformly NSS groups are
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locally minimal, which we shall not define here. However, by essentially the same
proof, we may prove the following.

Proposition 17. Suppose G X is a continuous isometric action of a uni-
formly NSS topological group G, as witnessed by an identity neighbourhood U, on a
metric space (X,d). Assume also that, for some e>0 and x€X, we have

9g¢U=d(gz,x)>e.

Then the orbit map
geGr—gre X

is a uniform embedding of G into X.

Proof. As the orbit map is easily seen to be uniformly continuous, to see that
it is a uniform embedding of G into X, it suffices to show that, for every identity
neighbourhood V, there is >0 so that d(gz,z)>n whenever g¢V. So let V be
given and pick n so that g€V whenever g, g%, ...,g"€U. Then, if ¢V, there is i<n
so that g*¢U and thus also

n-d(gz,r)=d(g"z,g" ‘x)+d(g" ta, g" 2x)+...+d(gz, v) = d(g'x, T) > €.
In other words, d(gz,x)> % for all g¢V. 0O

As is well-known, every Polish group G can be seen a closed subgroup of the
isometry group Isom(X,d) of a separable complete metric space (X, d) equipped
with the topology of pointwise convergence on X. Namely, for X one may sim-
ply take the completion of G in some compatible left-invariant metric on which
G of course acts via the extension of left-multiplication. Apart from this, many
Polish groups occur naturally as groups of isometries of various metric spaces and
structures. For these, Proposition 17 provides important structural information
regarding those that may carry minimal metrics.

Indeed, suppose G is a closed subgroup of the isometry group Isom(X,d) of a
separable complete metric space and that G carries a minimal metric d. Pick then an
identity neighbourhood U witnessing that G is uniformly NSS and let z1,...,x,€X
and >0 be chosen so that geU whenever d(gz;,z;)<e for all i. Applying Propo-
sition 17 to the diagonal action of G on X™, we find that the map

g€G— (gz1,...,9z,) € X"
is a uniform embedding of G into X™. In particular, for g, gr € G, we have
g — 9 <——= gr(z;) — g(x;) for each i<n
k—o0 k—o0

and thus the topology on G is determined entirely by the action on the tuple

(ml,...,xn).
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5. Locally SIN groups

Recall that a topological group G is said to be a SIN group (for small invariant
neighbourhoods) if there a neighbourhood basis at the identity consisting of conju-
gacy invariant sets. In the context of metrisable groups, these are, by a result of V.
Klee [8], simply the groups admitting a compatible bi-invariant metric.

Proposition 18. Let G be a SIN group with a minimal metric. Then G admits
a bi-invariant minimal metric.

Proof. Suppose d is a left-invariant minimal metric on G as witnessed by an
open set U1 so that

s|=

9,9, ..,9" €U = d(g,1) <

Since G is SIN, we may assume that U is conjugacy invariant. Also, replacing d
with min{d, 1}, we can assume that d<1. Define now a metric 0 by

d(g,h)= ffgg d(gf,hf),

and note that, as G is SIN, 0 is a compatible bi-invariant metric on G. We claim
that O is minimal. Indeed, supposing that g, g2, ..., g" €U, then, for every f€G, we

have f~'gf, (f~'gf)% .., (f~'gf)"€U and thus d(gf, f)=d(f"gf,1)<1/n, ie.,
8(g,1)<1/n. O

Definition 19. G is a locally SIN group if there is an identity neighbourhood
O so that the sets

VO ={gfg'|geO&feV},

where V' varies over identity neighbourhoods, form a neighbourhood basis at the
identity.

We claim that G is locally SIN if and only if the inversion map g++g~! is left-
uniformly continuous on an open symmetric set W>1. Indeed, suppose first that
inversion is left-uniformly continuous on W. This means that, for all open V31
there is an open U>1 so that

G feEW &g ifeU = gf teV.

We let ©>1 be symmetric open so that O?CW. Then, for every open V31, pick
UCOQO as above. Then, if gc OCW and heU, note that also f=ghe OQUCW and
g~ f=heU, whereby ghg~'=gf~ '€V, showing that U® CV, whence G is locally
SIN.
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Conversely, suppose that G is locally SIN as witnessed by some symmetric
open O>1. Then, if V31 is symmetric open, find some open U with 1eU CO and
U®CV and note that

9. f€E0& g feU = fgl=gg ' fg eV =gf '=(fg ") eV

So inversion is left-uniformly continuous on O.

Similarly, one may show that G is locally SIN if and only if there is an open
set W31 so that the map (g, f) €W x Wi—gfeW? is left-uniformly continuous.

For the next proposition, recall from Section 3 that a European group G is
coarsely bounded exactly when, for every open O31, there are a finite set FCG and
a k so that G=(FO)*. Apart from compact groups, this is a surprisingly common
phenomenon among non-locally compact Polish or European groups, see, e.g., [12]
for a wide range of examples. Of particular interest to us is the unitary group
U(#H) equipped with the operator norm topology for which coarse boundedness is
an immediate consequence of the spectral theorem.

Proposition 20. Let G be a coarsely bounded, locally SIN, European group.
Then G is SIN.

Proof. Let O be an open identity neighbourhood witnessing that G is locally
SIN and pick k and a finite subset FCG so that G=(FO)*. Suppose now that
U>1 is open. Set V:ﬂfeF f~IUf, which is an open neighbourhood of 1, and
let W31 be an open set so that WO CV, whence WFO=(WO)F CVFCU. Thus,
by induction, we can choose open U=W OW;DW5D...OW;3>1 so that WiFOg
W;_1, whereby W,CG :W,iFO)k CWy=U. In particular, WkG is a conjugacy invariant
identity neighbourhood contained in U, which shows that G admits a neighbourhood
basis at 1 consisting of conjugacy invariant sets. [

Observation 21. (Uniformly NSS groups are locally SIN) Enflo [4] showed that
uniformly NSS groups are locally SIN (though he used the terminology locally uni-
form in place of locally SIN). To see this, let U>1 be the open set given by the
uniform NSS property and pick a symmetric open @31 so that O3CU. Suppose
now W is an arbitrary neighbourhood of 1 and find n so that

0, 0%, .. g" €U = geW.

We now choose some open V31 so that V*CO, whence also OV*O~'CU. In
particular, if v€V and g€, then (gvg~!)"=gv™g~teU for m=1,...,n, whereby
gug~r€W. In other words, VO CW, verifying that G is locally SIN.

So combining this result of Enflo with Proposition 18 and Proposition 20, we
obtain the following.
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Corollary 22. FEvery coarsely bounded Furopean group with a minimal metric
has a bi-invariant minimal metric.

Recall that a sequence (f;) in a metrisable group G is left- Cauchy if fi_1 fi—1

1,j—00
and right- Cauchy if f; fj_1 — 1. The group G is Ratkov complete if every sequence
i,j—00

that is both left and right-Cauchy is convergent. This is equivalent to G being
completely metrisable, i.e., that the topology on G can be induced by a complete
metric. Also, G is Weil complete if every left-Cauchy sequence in G is convergent.
This, in turn, is equivalent to the existence of a compatible complete left-invariant
metric on G (such groups are sometimes denoted CLI for complete left-invariant).
Moreover, in this case, every compatible left-invariant metric is complete.

Lemma 23. If G is locally SIN and completely metrisable, then G is Weil
complete. In particular, every minimal metric on a completely metrisable group is
necessarily complete.

Proof. Indeed, suppose that @351 is an open set witnessing that G is locally SIN
and that (f;) is left-Cauchy. To see that (f;) is right-Cauchy, fix a neighbourhood
U of 1 and pick some iy so that fflijO for all i, j>19. Now choose some open
W1 so that f;, WfiglgU and some open V31 so that VOCw. Finally, let i1 >4
be so that fflfj €V whenever i,j>i,. Then 4,j>i; implies that figlfie(’) and so
fi=fi,g for some ge O, whence

fjfi_l :fi‘fi_lfj'fi_l :fiog'fi_lfj‘gil i;l € fiongilfigl - inWfizl cU.
Thus (f;) is also right-Cauchy and therefore convergent in G. O

By Corollary 22 and the fact that every group with a minimal metric is NSS,
every coarsely bounded Polish group with a minimal metric must be both NSS and
SIN. Since coarsely bounded groups are very common among non-locally compact
Polish groups, this provides a significant restriction on potential examples.

6. Minimal metrics and 1-parameter subgroups

The next result has a long history and many variations. The first occurrence
seems to be the paper by Gleason [6] in which it is proved that, in a locally euclidean
NSS group, there is an identity neighbourhood in which square roots, whenever they
exist, are necessarily unique. We shall need a stronger version of this, namely that
in a uniformly NSS group the extraction of square roots, whenever they exist, is
left-uniformly continuous. A result of this form, under additional hypotheses, is
also proved in Enflo’s paper [4].
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Lemma 24. Suppose G is uniformly NSS. Then there is an open set V31 so
that, for every open U31, there is an open W31 so that

G fEV & g72f?cW = g lfel.
In particular, the map g— g? is injective on V.

Proof. Since, by Observation 21, uniformly NSS groups are also locally SIN,
we fix a symmetric open set @>1 witnessing both that G is uniformly NSS and
locally SIN. Let also V31 be symmetric open so that (VOVV)QQO.

To see that the lemma holds for V| suppose U is given and pick some n so
that (y,yQ,...,y"EO:>yEU). Let also W>1 be an open set with WWOowo”...
WO ' CV. Then, for z,ye0,

a7yt =[a Y] [y @ ) @ )R T @ )y
and so, if also 2~ lyeW and i<n, then 2~y e WWOWO* . WO ' CV. In other
words,
T,y€0 & v lyeW = Vi<n: 27 iy eV

Suppose that g, f €V satisfy g~ 2f2€W and set y=¢g~ ' f and z=¢g 'y ~'g. Then

7 ly=g"2f2cW and thus g 'y'gy'=2""y* €V for i<n. Note now that
v eO = v =(y'g 'y ) g-(g W ay) eVOVY

for all i<n. We claim that y*€VOVV for even i<n and y*€(VOVV)2CO for odd
1<n. This is clear for i=0, 1, so suppose the result holds for all :<j<n and consider
i=j+1. If i is odd, then j is even and thus 47 € VOVV and y'=yy’ €V2.VOVV C
(VOVV)2. On the other hand, if i is even, then =% <j and so y'€(VOVV)?CO,
whence y'=4?'cVOVV.

Thus, y,y?, ..., y" €O, whereby ¢~ ' f=y€cU as claimed. O

Our final result originates in work of C. Chevalley [2], who showed how to
construct one-parameter subgroups in locally Euclidean NSS groups. Again, a gen-
eralisation to the non-locally compact setting was obtained by Enflo in [4], in which
he proved the result below under the assumption that the group is uniformly dis-
sipative. However, this assumption excludes, for example, compact Lie groups and
therefore does not generalise the classical setting of locally compact Lie groups. Our
result below includes this latter setting.

Theorem 25. Suppose G is a completely metrisable topological group admit-
ting a minimal metric and that, for every open W31, the set {92|g€W} is dense
in a neighbourhood of 1. Then there are open sets UDO31 so that, for every f€O,
there is a unique one-parameter subgroup (h®)aer with h*=f and h*€U for all
a€cl-1,1].
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Proof. Let d be a minimal metric and observe that d is complete by Lemma 23.
We claim that, for all identity neighbourhoods V', there is an identity neighbourhood
W so that every element of W has a square root in V.

So, let V' be a given identity neighbourhood and note that, since G has a
minimal metric, it is uniformly NSS. Therefore, by shrinking V', we can by Lemma 24
suppose that, for every open U>1, there is an open U1 satisfying

(1) g fEV & g2 fPelU = g 'fel.

By shrinking V' further, we may suppose that V is closed.
Let now W:{gQIgEV}, which by assumption is a neighbourhood of 1, and
assume that f€W. We pick g,€V so that g2 — f, which means that (¢g2) is
n

left-Cauchy and thus, by the above assumption (1) on V, also (g,) is left-Cauchy.
Since d is a complete left-invariant metric and V' is closed, it follows that (g,) is
convergent to some g€V, whence g?>=lim,, g2=f. In other words, every element of
W has a square root in V', which proves our claim.

Since d is minimal, there are an identity neighbourhood V, and a k>1 so that,
for all geG and n>1,

9,9%. 9" 6%, ... g¥ €V = d(g,1) <28 " Ld(¢*", 1).

Define inductively identity neighbourhoods V2D V;D...0V}, so that every element
of V41 is the square of some element in V;. By shrinking Vi, we may assume that
Vie=Bg(e) for some >0.

Now suppose that ho€Vj, and choose inductively h;€Vj_; so that h? 1 =hy.
Then hy, h%:hk,l, hi:hk,% s hik:ho all belong to Vj, whence

d(hi, 1) <25 FLd(h2" 1) =1/2-d(ho, 1) <e/2.

This shows that every h€Vj; has a 2¥-th root f€V}, so that d(f,1)<1/2-d(h,1).
Therefore, if f €V} is given, we can choose an infinite sequence hg, b1, ho,...€Vj
beginning at ho=f so that h?j_lzhi and d(h;y1,1)<1/2-d(h;,1) for all ¢. In partic-
ular, h2"’ =h,_; for all j<i. For every dyadic rational number o= with meZ
and ¢€N, we can then unambigously define h*=h" and see that h®-hP=ho*P for
all dyadic rationals o and .
Now, if a€]0,1] is a dyadic rational, write
a a a
o= 2—; + 2,722 ot o
with 0<a; <25, Then
h® = h{"-hy*...hy?,
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whereby
d(ha, 1) <ay 'd(hl, 1)+a2-d(h2, 1)+...+ap~d(hp, 1)
a1 a2 p)
<(=—+—=+..4+2).
S ( 9 +22 +2p 3
<2F.e
Moreover, if a< %, then a;=...=a; =0, whence d(h®,1)<2F "¢

It follows that the mapping a+h® is a continuous homomorphism from the
additive group of dyadic rationals with the topology induced by R into G. Since d is
a complete metric on G, it follows that this extends to a continuous one-parameter
subgroup (h%),er with h'=f and so that d(h®,1)<2"-¢ for all ac[-1,1].

Now, suppose that (h*),cr and (¢%)aer are distinct one-parameter subgroups
in G with h'=g'. Then, by the density of the dyadic rationals in R, there must

be some dyadic rational a:% so that h®#£g®. However, as h'=g", it follows that

there is an >0 so that haTET #gﬂ%, while A7 :g%@. So the squaring map fr f2
fails to be injective on any set containing {h”}ge(_1,1) and {g°}ge(—1,1)-

Therefore, if we choose Vi =By(e) small enough so that the squaring map is
injective on B4(2*-¢), which is possible by Lemma 24, then, for every feVj, there
is a unique one-parameter subgroup (h®),er CG so that h'=f and h*ec By(2"¢)
for all a€[—1,1]. Setting U=DB4(2"-¢) and O=B(e), the theorem follows. [
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