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Transfinite diameter notions in C and
integrals of Vandermonde determinants

Thomas Bloom and Norman Levenberg

Abstract. We provide a general framework and indicate relations between the notions of
transfinite diameter, homogeneous transfinite diameter, and weighted transfinite diameter for sets
in CN. An ingredient is a formula of Rumely (A Robin formula for the Fekete-Leja transfinite
diameter, Math. Ann. 337 (2007), 729-738) which relates the Robin function and the transfinite
diameter of a compact set. We also prove limiting formulas for integrals of generalized Vander-
monde determinants with varying weights for a general class of compact sets and measures in CV.
Our results extend to certain weights and measures defined on cones in RY.

1. Introduction

Given a compact set F in the complex plane C, the transfinite diameter of E
is the number

d(E):= lim max - [VDM(¢(q, ,Cn)|1/(g) ;= lim max EH \Ci—gj\l/(;).

n—00 (1,...,{n € n—00 (1,...,{n € i<

-&n

It is well known that this quantity is equal to the Chebyshev constant of E:

n—1 1/n
o . . . _.n . ]
1(8):= lim [ { o (2) =27+ e H
2

1)

(here, ||pn||z:=sup,cp |p(?)]) and also to e=?F) where

p(B):= lim [gp(2)~log 2]

|z| =00

is the Robin constant of E. The function gg is the Green function of logarithmic
growth associated with E. Moreover, if w is an admissible weight function on E,
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weighted versions of the above quantities can be defined. We refer the reader to the
book of Saff and Totik [20] for the definitions and relationships.

For ECCY with N >1, multivariate notions of transfinite diameter, Chebyshev
constant and Robin-type constants have been introduced and studied by several
people. For an introduction to weighted versions of some of these quantities, see
Appendix B by Bloom in [20]. In the first part of this paper (Section 2), we discuss
a general framework for the various types of transfinite diameters in the spirit of
Zaharjuta [22]. In particular, we relate (Theorem 2.9) two weighted transfinite
diameters, d*(E) and 6 (E), of a compact set £ECCY using a remarkable result
of Rumely [19] which itself relates the (unweighted) transfinite diameter d(E) with
a Robin-like integral formula. Theorem 2.9 generalizes a well-known result in one
dimension (cf. Theorem 3.1 in Section IIL.3 of [20]). Recently Robert Berman and
Sébastien Boucksom ([2], [3] and [1]) have given a purely analytic proof of the CV
Rumely formula.

In the second part of the paper (Section 3) we generalize to CV some results
on strong asymptotics of Christoffel functions proved in [12] in one variable. For a
compact subset E of C, an admissible weight function w on E, and a positive Borel
measure p on E such that the triple (E, w, u) satisfies a weighted Bernstein—-Markov

inequality (see (3.5)), we take, for each n=1,2, ..., a set of orthonormal polynomials
qi"), ooy g with respect to the varying measures w(z)2" du(z), where degq!™ =

j—1, and form the sequence of Christoffel functions K, (z):=>""_, |q§n) (2)|%. In[12]

we showed that

1 n w
(1.1) EKn(z)w(z)2 dp(z) = dpge (2)
weak-*, where Mo 18 the potential-theoretic weighted equilibrium measure. The key

ingredients to proving (1.1) are, firstly, the verification that

(1.2) lim Z/" =6 (E),
n—oo

where

(1.3)

Zy=Zn(E,w, 1) := / [VDM(A, oy M) Pw( A1) ™o (Mn) 2™ dp(Nr)-.dpp( A
and, secondly, a “large deviation” result in the spirit of Johansson [16]. We general-
ize these two results to CY, N>1 (Theorems 3.1 and 3.2). The methods are similar
to the corresponding one-variable methods and were announced in [12], Remark 3.1.
In particular, 6% (F) is interpreted as the transfinite diameter of a circled set in one
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dimension higher. We also discuss the case where E=I" is an unbounded cone in
RY for special weights and measures.

Berman, Boucksom and Nystrom ([1]-[6]) have studied wide-ranging general-
izations of notions related to strong asymptotics for compact subsets of CV. We
end the paper with a short section which describes some of their results and the
relation to the topics of this paper. We are grateful to the authors for making their
references available to us. The second author would also like to thank Sione Ma’'u
and Laura DeMarco for helpful conversations.

2. Transfinite diameter notions in CV

We begin by considering a function Y from the set of multiindices a €N to
the nonnegative real numbers satisfying

(2.1) Y(a+B)<Y(a)Y(3) forall a,fc NV,

We call a function Y satisfying (2.1) submultiplicative; we have three main ex-
amples below. Let e;(2),...,ej(2),... be a listing of the monomials {e;(z)=2" =
201250} in CV indexed using a lexicographic ordering on the multiindices a=
a(i)=(ay,...,ay)ENY but with dege;=|a(i)| nondecreasing. We write |a|:=
Z;‘V:1 Q-

We define the following integers:

(1) mglN):md::the number of monomials e;(z) of degree at most d in N
variables;

(2) th):hd:: the number of monomials e;(z) of degree exactly d in N vari-
ables;

(3) lgN):ld::the sum of the degrees of the mg monomials e;(z) of degree at
most d in N variables.
We have the following relations:

N N-+d N N N N—-1+d
(2.2) m((i ):< d ) and hl(i )zm((i )—m5l)1=< d ),
and
(N+1) _ (N v N _ (NN
(2.3) hy —( J )—md and [ _N<N—|—1 —N+1dmd .

The elementary fact that the dimension of the space of homogeneous polynomials
of degree d in N+1 variables equals the dimension of the space of polynomials of
degree at most d in N variables will be crucial. Finally, we let

r((iN) =rq:= dh((iN) = d(mEiN) —mgi)l)
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which is the sum of the degrees of the hy monomials e;(z) of degree exactly d in N
variables. We observe that

d N
(2.4 23 3 )
k=1 k=1

Let KCCY be compact. Here are our three natural constructions associated
with K.
(1) Chebyshev constants: Define the class of polynomials

P,=P(a(i)):= {ei(z)—kz cjej(z)};
j<i
and the Chebyshev constant
Yi(o) :=inf{[|p|x :p € P}

We write tq k:=tqa@),x for a Chebyshev polynomial; i.., to x€P(a(i)) and
ol =Yi(a).

(2) Homogeneous Chebyshev constants: Define the class of homogeneous poly-
nomials

Pi(H) =P (a(i)):= {ei(z)+ Z €3¢ (2)}’
j<i
deg(e;)—deg(e:)

and the homogeneous Chebyshev constant

Ya(a) :=inf{|p|x :pe P}

We write tgli)(:ztffé)) 5 for a homogeneous Chebyshev polynomial; i.e.,

0 e P (a(i)) and [tk = Ya(a).

(3) Weighted Chebyshev constants: Let w be an admissible weight function on
K (see below) and let

Yi(a):= inf{||w|a(i)|p||K :pe P}

be the weighted Chebyshev constant. Note that we use the polynomial classes P;
as in (1). We write ¢y, ;- for a weighted Chebyshev polynomial; i.e., ty, ; is of the
form w*®p with pe P(«a(i)) and lte xllx=Ys(a).
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Let ¥ denote the standard (N —1)-simplex in RY: i.e.,

N

2{9(91,...,0N)6RN;29j1 and 6; >0, jl,...,N},
j=1

and let
¥0.={ex:0;>0, j=1,..,N}

Given a submultiplicative function Y («), define, as with the above examples, a new
function

(2.5) (@)=Y (a)t/1ol,

An examination of Lemmas 1, 2, 3, 5 and 6 in [22] shows that (2.1) is the only
property of the numbers Y («) needed to establish those lemmas. That is, we have
the following results for Y: NV —R* satisfying (2.1) and the associated function
7(a) in (2.5).

Lemma 2.1. For all X0, the limit

T(Y,0):= lim Y(a)'/I*l= lim 7(a)

af|al—0 af|al—0

exists.

Lemma 2.2. The function 0+—T(Y,0) is log-convexr on X° (and hence contin-
uous).

Lemma 2.3. Given bedy,

lminf T(Y,0)= liminf 7(«a(7)).
0—b 1—00
9ex’ a(i)/le(i)|—=b

Lemma 2.4. Let 0(k):=a(k)/|a(k)| for k=1,2,... and let Q be a compact
subset of X°. Then

limsup{log 7(a(k))—log T(Y (8(k))) : |a(k)| = and 8(k) € Q} =0.

|| =00

Lemma 2.5. Define

7(Y):=exp {m /20 logT(Y, 6) dﬁ} .
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Then 1
lim — Z log (o) =log 7(Y);

i.e., using (2.5),

" ot

d—o0

lim L}Idy(a)

One can incorporate all of the Y («)’s for |o| <d; this is the content of the next
result.

Theorem 2.6. We have

1/ld
}g&{ H Y(a)] exists and equals T(Y').

Proof. Define the geometric means
l/hd
7'3::(1_[ T(Oé)) , d=1,2,....
|| =d
The sequence
log 7, log 77, ...(r1 times), ...,log 79, log 79, ...(r4 times), ...

converges to log 7(Y') by the previous lemma; hence the arithmetic mean of the first
ldzzzzl T terms (see (2.4)) converges to log7(Y) as well. Exponentiating this
arithmetic mean gives

d 1/14 d 1/14 1/1a
2o (Iebe) =(IT T @) = (11 v@)
k=1 k=1 |a|=Fk la|<d
and the result follows. O
Returning to our examples (1)—(3), example (1) was the original setting of

Zaharjuta [22] which he utilized to prove the existence of the limit in the definition
of the transfinite diameter of a compact set K CCN. For (1, ...,(, €CV, let

(27) VDM(Cl,,Cn) :det[ei((j)]i,jzl _____ n

er(C1) ei(G) . e1(Cn)
= det : : :

en(C1) en(G2) - en(Cn)
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and for a compact subset K CCY let

Vo=V (K):= VDM((1, ..., Cn)|.
()= max | [VDM(Gi, G|

1y--56n

Then

(2.8) d(K)= lim V,}/la

d—oo 4
is the transfinite diameter of K; Zaharjuta [22] showed that the limit exists by
showing that one has

(2.9) d(K)=exp [m /20 log 7(K, 0) dG] ,

where 7(K,0)=T(Y1,0) from (1); i.e., the right-hand-side of (2.9) is 7(Y7). This
follows from Theorem 2.6 for Y =Y] and the estimate

- !l d 1/1q
(H(T/E:))rk> SVT}LQld S(md!)l/ld (H(Tlg)rk>

k=1 k=1

in [22] (compare (2.6)).

For a compact circled set KCCN; ie., z€ K if and only if ei®2€ K, ¢€]0, 27],
one need only consider homogeneous polynomials in the definition of the directional
Chebyshev constants 7(XK, 0). In other words, in the notation of (1) and (2), Y1 ()=
Y5 («) for all « so that

T(Y1,0)=T(Ys,60) for circled sets K.

This is because for such a set, if we write a polynomial p of degree d as p:Z?:o Hj,
where H; is a homogeneous polynomial of degree j, then, from the Cauchy integral
formula, |H;| x <||p||x, =0, ...,d. Moreover, a slight modification of Zaharjuta’s
arguments prove the existence of the limit of appropriate roots of maximal ho-
mogeneous Vandermonde determinants; i.e., the homogeneous transfinite diameter
d")(K) of a compact set (cf. [15]). From the above remarks, it follows that

(2.10) d(K)=d®)(K) for circled sets K.

Since we will be using the homogeneous transfinite diameter, we amplify the discus-

sion. We relabel the standard basis monomials {eEH’d) (2) =200 =™

|a(i)|=d, i=1, ..., hq, we define the d-homogeneous Vandermonde determinant

an
2N }, where

(2.11) VDMHq(C1, ey Gny) = det [el ()], L,
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Then

- . 1/dhg
(2.12) A (K) = lim [C max K|VDMHd(g1,...,<hd)|}

d—oo L(y,..., hg

is the homogeneous transfinite diameter of K; the limit exists and equals

1
exp [m \/;0 log T(E/Q, 0) d0:| 5

where T'(Y3,0) comes from (2).

Finally, related to example (3), there are similar properties for the weighted ver-
sion of directional Chebyshev constants and transfinite diameter. To define weighted
notions, let K CCY be closed and let w be an admissible weight function on K;
i.e., w is a nonnegative, upper semicontinuous function with {z€ K:w(z)>0} non-
pluripolar. Let Q:=—logw and define the weighted pluricomplex Green function
Vi o(z):=limsup,_,, Vk o(¢), where

Vic.o(z) :=sup{u(z):u€ L(CY) and u<Q on K}.

Here, L(CY) is the set of all plurisubharmonic functions u on CV with the property
that u(z)—log |2|=0(1), as |z| —oo. If K is closed but not necessarily bounded, we
require that w satisfies the growth property

(2.13) |z|lw(z) =0, as|z| =00, z€K,

so that Vi ¢ is well-defined and equals Vgnp, o for R>0 sufficiently large, where
Br={z:|z|<R} (Definition 2.1 and Lemma 2.2 of Appendix B in [20]). The un-
weighted case is when w=1 (Q=0); we then write Vx for the pluricomplex Green
function. A compact set K is called regular if Vg =Vj; ie., Vi is continuous; and

K is locally regular if for each z€ K, the sets KNB(z,r) are regular for >0, where
B(z, ) denotes the ball of radius r centered at z. We define the weighted transfinite

diameter
w o 1 w
d¥(K):=exp [7%5(2) /20 log 7" (K, 6) de}

as in [11], where 7% (K, 0)=T(Y3,6) from (3); i.e., the right-hand-side of this equa-
tion is the quantity 7(Y3).

We remark for future use that if {K; }32, is a decreasing sequence of locally
regular compact sets with K; | K, and if w; is a continuous admissible weight func-
tion on K; with w;lw on K, where w is an admissible weight function on K, then
the argument in Proposition 7.5 of [11] shows that lim;_,., 7 (K;,0)=7"(K, ) for
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all #€XY (we mention that there is a misprint in the statement of this proposition
in [11]) and hence

(2.14) lim d* (K;) = d" (K).

j—oo

In particular, (2.14) holds in the unweighted case (w=1) for any decreasing sequence
{K;}52, of compact sets with K; K ie.,

(2.15) lim d(K;)=d(K)

jroo
(cf. [11], equation (1.13)). Another useful fact is that
(2.16) d(K)=d(K) and d™(K)=d"™(K)
for compact K, where
K :={zeC":|p(z)| <|lp|lx for all polynomials p}

is the polynomial hull of K.

Another natural definition of a weighted transfinite diameter uses weighted
Vandermonde determinants. Let K CCY be compact and let w be an admissible
weight function on K. Given (i, ...,(, € K, let

er(G) ei(G) - e1(Ga)
: : w((1)|o‘(")|...w((n)|°‘(”)|
en(Cl) en(CZ) en(Cn)

be a weighted Vandermonde determinant. Let

= det

2.1 W, = W(Cy, ...
(2.17) n <1,.??,f(ex| (Ciy ooy Gn)

and define an n-th weighted Fekete set for K and w to be a set of n points (3, ..., (, €
K with the property that

‘W(Clvvc’n”: sup |W(§177€n)|

£1,--€n€
Also, define
(2.18) 0¥(K) :=limsup Wr}l/dld.
d—o0

We will show in Proposition 2.7 that limg W,}@/dld (the weighted analogue
of (2.8)) exists. The question of the existence of this limit if N>1 was raised
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in [11]. Moreover, using a recent result of Rumely, we will show in Theorem 2.9
how 6% (K) is related to d¥(K):

1/N

(2.19) 5w(K)_[exp< /K Q(ddCVI’Q,Q)Nﬂ d*(K),

where (ddCVI’QQ)N is the complex Monge-Ampére operator applied to Vi . We
refer the reader to [17] or Appendix B of [20] for more on the complex Monge-
Ampere operator.

We begin by proving the existence of the limit in the definition of 6% (E)
in (2.18) for a set ECCY and an admissible weight w on E (see also [2]).

Proposition 2.7. Let ECCY be a compact set with an admissible weight func-
tion w. The limit

1M
5"(E):= Jim | max IVDMO®), ..., X)) (AW _ap(Ama™yd]

exists.
Proof. Following [8], we define the circled set
F=F(B,w):={(t,2)=(t,t\) eCNT : A€ E and [t| =w(\)}.

We first relate weighted Vandermonde determinants for £ with homogeneous Van-
dermonde determinants for the compact set

(2.20) F(D):={(t,2) = (t,t\) eCN T : X € E and [t| <w())}.

Note that FCFCF(D)CF (cf. [8], (2.4)) where F is the polynomial hull of F
(recall (2.16)); thus

(2.21) d(Fy=d") (F(D)).

To this end, for each positive integer d, choose

(N) N+d
md = d

(recall (2.2)) points {(t;,2))}._ oo ={(t;,t;AD)}._, v in F(D) and form
=1,..,m{ =1,...,m§
the d-homogeneous Vandermonde determinant

VDMHq((t1,21), o (£, 0,274 )).
d



Transfinite diameter notions in CV and integrals of Vandermonde determinants 27

We extend the lexicographical order of the monomials in CV to CN*! by letting
t precede any of zq,...,zy. Writing the standard basis monomials of degree d in
CN*L as

{td*jeéH’d) (2):j=0,...,dand k=1,...,h;};
i.e., for each power d—j of ¢t we multiply by the standard basis monomials of degree

4 in CV, and dropping the superscript (N) in mglN), we have the d-homogeneous
Vandermonde matrix

tf td td,
1 ea(2) 14 Ten(x®) .t Ten(20m)
emd(z(l)) emd(Z(Q)) emd(z(md))
tf tg .t
$d-1,(0 pd-1, tf,jdlzﬁmd)
1 2 m
(ZJ(V))d (Z](V))d (ZJ(V d))d

Factoring t¢ out of the ith column, we obtain
VDMH((t1, 20), oy (Fngs 20%0)) = #...2, VDM(AD, .., A08));

thus, writing |A|:=|det A| for a square matrix A,

t4 t4 .
022) =10 g1 B g1 ma)
1 2 m
CONC DN
1 1 1
)\(1) )\(2) )\(md)
= [t|. b, A
1 2 m
DT O )

where )\éj):z,(j)/tj provided ¢;#0. By definition of F(D), as (t;, 2))=(t;,t;\) €
F(D), we have |t;| <w(A®). Clearly the maximum of

[VDMHg((t1, 2V), ..., (tm,, 2)|
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over points in F(D) will occur when all |t;|=w(A7))>0 (recall that w is an admis-
sible weight) so that from (2.22),

DMH M (ma)
(ti,zé??gF(D)IV a((t1, 2D, .., (b, 2)))]

= max [VDMOA®, . A [ip(AD)4 _ap(Ama))d,
ADeE

As mentioned in the discussion of (2.12) the limit

(1) maryy [/ _
li [ DMH DY (b, 2 } —dM(F(D
Jim (ti,ﬁ?@{p(p)w a((t1, ), s (tiy, 2] d"(F(D))
exists [15]; thus the limit
110
lim [max IVDM(AD, ..., A<md>)|w(A<1>)d...w(A<md>)d} = §v(E)
d—oo L\ eE

exists. [

Corollary 2.8. For a nonpluripolar compact set ECCN with an admissible
weight function w and

F=F(E,w):={(t,2)=(t,t\)eCN L]\ E and |t|=w()\)},
2.23
( ) 5“’(E):d(H)(F)(N+1)/N:d(ﬁ)(N+1)/N.

Proof. The first equality follows from the proof of Proposition 2.7 using (2.21)
and the relation
N
l(N) _ dh(NJFl)
d N—|—1 d

(see (2.3)). The second equality is (2.10). O

We next relate §“(E) and d¥(E) but we first recall the remarkable formula
of Rumely [19] (see also [2]). For a plurisubharmonic function u in L(CY) we can
define the Robin function associated with u:

pu(z) :=limsup[u(Az)—log |A|].
[A] =00
This function is plurisubharmonic (cf. [7], Proposition 2.1) and logarithmically ho-
mogeneous:

pu(tz) = pyu(z)+log|t| for teC.
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For u=Vg o (Vi) we write p,=pg g (pr). Rumely’s formula relates pp and d(E):

1
(224) —10gd(E) = N |:/(CN1 [)E(l,tg7 7tN>(ddeE(1,t2, ...,tN))N_l

+/ pE(O, 1,ts, ...,tN)(ddeE(O7 1,ts, ...,tN))N_2+...
CN-—2

+/ P (0s 0,1t ) (A (0, s 0, 1, t)) 1 (0, s 0,1)]
C

Here we make the convention that dd®=(i/7)d0 so that in any dimension d=1,2, ...,

/C d(ddcu)d =1

for any u€ L*(C?); i.e., for any plurisubharmonic function v in C? which satisfies
Cy+log(14]z]) <u(z) < Cy+log(l+|z])

for some C7 and Cs.

We begin by rewriting (2.24) for regular circled sets E using an observation of
Sione Ma’u. Note that for such sets, Vi=p}:=max(pg,0) (cf. [13], Lemma 5.1). If
we intersect F with a hyperplane H through the origin, e.g., by rotating coordinates,
we take H={z=(z1,...,2x)ECN:2; =0}, then ENH is a regular, compact, circled
set in CV—1 (which we identify with ). Moreover, we have

pHnE (22, - 2n) = pE(0, 29, ..., Z2N)

since each side is logarithmically homogeneous and vanishes for (za,...,zn)€
O(HNE). Thus the terms

/ pE(O7 1,t3, ...,t]\f)(ddcpE(O7 1,t3, ...,tN))N_2
CN-2

++/ pE(O, .y 0, ].,tN)(ddcpE(O, ., 0, 1,tN))+pE(O, -, 0, 1)
C

in (2.24) are seen to equal

(N-1)d®" ' (HNE)
(where we temporarily write d® " to denote the transfinite diameter in C¥=1 for
emphasis) by applying (2.24) in CV~! to the set HNE. Hence we have

(225) —10gd(E) pE(l,t277tN>(ddeE(l,t2,,tN)>N_1

a N CN-1

N-1 N-1
+T[_ IOgdC (HOE)]
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Theorem 2.9. For a nonpluripolar compact set ECCN with an admissible
weight function w,

(2.26) §Y(E) = {exp (— /E Q(ddCVE*Q)N)]l/Nd’“(E).

Proof. We first assume that FE is locally regular and @ is continuous. It is
known in this case that Ve o=Vj o (cf. [21], Proposition 2.16). As before, we
define the circled set

F=F(E,w):={(t,2)=(t,t\) eCN T A€ E and |t| =w(\)}.

We claim that this is a regular compact set; i.e., that Vp is continuous. First of
all, Vi(t, z)=max(pr(t, z),0) (cf. Proposition 2.2 of [8]) so that it suffices to verify
that pr(t, z) is continuous. From Theorem 2.1 and Corollary 2.1 of [8],

(2.27) Ve.o(\)=pr(1,A) on CN

which implies, by the logarithmic homogeneity of pr, that pr(t, z) is continuous on
CN+I\{(t, 2):t=0}. Corollary 2.1 and (2.6) in [8] give that

(2.28) pr(0,\)=pro(\) for xeCV

and pg g is continuous by Theorem 2.5 of [11]. Moreover, the limit exists in the
definition of pg ¢:

pE,o(A) :=limsup[Vg g (tA)—log |t]]

[t] =00

= lim [V q(tA)—log |t[];
|t] =00

and the limit is uniform in A (cf. Corollary 4.4 of [13]) which implies, from (2.27)
and (2.28), that lim; 0 pr(t, A\)=pr(0, ) so that pp(t,z) is continuous. In partic-
ular, from Theorem 2.5 in Appendix B of [20],

Veo(\)=Q(\) =pr(1,\) on the support of (dd°Vg o)™
so that
(2.29) / QN(dd°Vio(N)™ = /(C (LA (dd (1, A).
E
On the other hand, E;)“::{/\GCN:pEQ()\)SO} is a circled set, and, according
to (3.14) in [11], d¥(E)=d(E}). But

pE,(A) =limsup[Vg o (tA) —log |t]]

[t] =00

= limsup[pp(1,tA)—log |t[] =limsup pp(1/t, A) = pr(0, A).

[t] =00 [t]—o0
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Thus

EY ={AeC":pp(0,N) <0} =FNH,
where H={(t,z) eCV*1:t=0} and hence
(2.30) d¥(E)=d(E))=d(FNH).

From (2.25) applied to FCCN*1

(2.31) _1ogd<F>:NLH/CN o (L N) (@0 (1, ) + 1 [~ log d(FOH),

Finally, from (2.23) (note that F'=F since w is continuous),
(2.32) §U(E) =d(F)N+D/N,

putting together (2.29), (2.30), (2.31) and (2.32) gives the result if E is locally
regular and @ is continuous.

The general case follows from approximation. Take a sequence of locally regular
compact sets {E;}32, decreasing to £ and a sequence of weight functions {w;}32,
with w; continuous and admissible on E; and w;lw on E (cf. Lemma 2.3 of [8]).
From (2.14) we have

(2.33) lim d“i(E;)=d"(E).
j—o0

Also, by Corollary 2.8 we have

(2.34) 51 (Ej) = d(Fy) NN,

where
Fy=Fj(Ej,w;) ={t(1,A): A€ Ej and [t| =w;(A)}.
Since F;11 CFE; and w;11 <wj, the sets
F;(D)={t(1,)): A€ E; and [t| <w;(\)}
satisfy Fj1(D)CF;(D) and hence
d(Fj11(D)) = d(Fj1) <d(F;(D)) = d(Fj).

Since F;(D)|F(D) (see (2.20)), we conclude from (2.15), (2.21), (2.10) and (2.34)
that

(2.35) lim 6" (E;) = 6" (E).

Jj—oo
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Applying (2.26) to E;,w;,Q; and using (2.33) and (2.35), we conclude that
c N CY* N
[, @ulaavio)" - [ aaavig),

from Lemma 3.6.2 of [17] completing the proof of (2.26). O

3. Integrals of Vandermonde determinants

In this section, we first state and prove the analogue of an “unweighted” gen-
eralization to C of Theorem 2.1 of [12] as it has a self-contained proof utilizing
Chebyshev polynomials discussed in Section 2. We first recall some terminology.
Given a compact set ECCY and a measure v on E, we say that (F,v) satisfies
a Bernstein-Markov inequality for holomorphic polynomials in CV if, given £>0,
there exists a constant M =M (¢) such that for all such polynomials @,, of degree
at most n,

(3.1) 1Qnllz < M(1+€)"[@nll2w)-
Theorem 3.1. Let (E, u) satisfy a Bernstein-Markov inequality. Then
lim Zg(E, )2 = d(E),
d—o0
where

(N) (N)
(32)  Za(E,p)= /WN) [IVDMOAM, ., A™a )2 dp(AM).cdpu(A™a 7).
d

Proof. Since VDM((, ..., () =det[e;((j)]i,j=1,....n for any positive integer n, if
we apply the Gram-Schmidt procedure to the monomials ey,...,e v to obtain
d
orthogonal polynomials ¢i,...,q, (v) with respect to u, where g;€P; has minimal
d

L?(p)-norm among all such polynomials, we get, upon using elementary row opera-
tions on VDM((y, .., ¢, (v)) and expanding the determinant (cf. [14], Chapter 5 or
d

Section 2 of [12])

(N)
B3) [ oo [VDM(Grr oG P ()G ) = H las 22,

Let to,z€P(a) be a Chebyshev polynomial; i.e., ||ta,E||E:Y1(a). Then Theo-

rem 2.6 shows that
1/ld
Jim ( I1 lte. E||E) — (V)

|| <d
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since

lim (m{V)E =1,
A lma

Zaharjuta’s theorem (2.9) shows that 7(Y1)=d(E) so we need to show that

l/ld l/ld
(3.4) Jim ( I Ite. EE) = lim ( 1T lldallz2 ) .

al<d al<d

This follows from the Bernstein—-Markov property. First note that

lgallz2(n) < o EllL2 () S (E)||ta.EllE

from the L?(u)-norm minimality of q,; then, given >0, the Bernstein-Markov
property and the sup-norm minimality of ¢, g give

ta.sllE < lldallz < M(1+e)|gall L2 ()

for some M=M/(g)>0. Taking products of these inequalities over |a|<d; taking
lg-th roots; and letting e—0 gives the result. This reasoning is adapted from the
proof of Theorem 3.3 in [9]. O

A weighted polynomial on F is a function of the form w(z)"p,(z), where p,, is a
holomorphic polynomial of degree at most n. Let u be a measure with support in £
such that (E,w, u) satisfies a Bernstein-Markov inequality for weighted polynomials
(referred to as a weighted B-M inequality in [8]): given £>0, there exists a constant
M=M/{e) such that for all weighted polynomials w™p,,,

(3.5) [w"pnlle < M(1+e)" [w"pnllL2()-

Generalizing Theorem 3.1, we have the following result.

Theorem 3.2. Let (E,w,u) satisfy a Bernstein—Markov inequality (3.5) for
weighted polynomials. Then

()
lim Z1/21

d—o0 =0 (E)’

where

(N))

(36) Za=Zu(Bow.p)i= [ o [VDMOD o A6
E™d

w2 (A2 g (ADYdu(amd ).,
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Our original proof of Theorem 3.2 followed along the lines of Section 3 of [12];
we provide a brief sketch. Let ECCY be a nonpluripolar compact set with an
admissible weight function w and let p be a measure with support in E such that
(E,w, ) satisfies a Bernstein—-Markov inequality for weighted polynomials. The
integrand

[VDMA®D .., A 2 (D)2, (A2

in the definition of Z; in (3.6) has a maximal value on £ whose 1/2l((1N) root
tends to 0% (E). To show that the integrals themselves have the same property, we
begin by constructing the circled set FCCN*! defined as in Section 4:

F=F(B,w):={(t,2)=(t,t\) eCNT : A€ E and [t| =w(\)}.

We construct a measure v on F associated with p such that (F,v) satisfies the
Bernstein-Markov property for holomorphic polynomials in CV*1; i.e., (3.1) holds.
Define

vi=ma®u, NEE,

where m) is normalized Lebesgue measure on the circle |¢{|=w(\) in the complex
t-plane given by
Cy:={(t,t\) eCN*1:teCy.

That is, if ¢ is continuous on F, then

/ o(t,z)dv(t, z) :/ [ oL, tA) dmA(t)} du(N).
F ELJCy
Equivalently, if 7:CN*1—C¥ via 7(t,z)=2/t:=\, then 7.(v)=p. One shows that
7o (1) (m&M)yy 2
Zq:= _, () |VDMHd((t1,Z ),...,(tml(iN),Z d ))|
Fa
xdv(ty, z(l))...dl/(tm(m,z(méN)))
d
satisfies Zd:Zd, where mfiN) = (N;'d) and Z; is defined in (3.6). Finally one relates

the homogeneous and weighted Vandermonde determinants to verify that

~ (N
. 1/2dm
lim Zd/ d
d—o0

) —
=d"(F).

Given the existence of the limit in the definition of §*(FE) (Proposition 2.7),
a short proof of Theorem 3.2 due to Berman and Boucksom ([2] or [5]) runs as
follows: first, as in the proof of Theorem 3.1, using elementary row operations in
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the integrand of Zg, we can replace the monomials ey, ...,e_(v) by the orthogonal
d

polynomials g1, ...,q,_(v) with respect to L?(w*p) to obtain
d

TYL(N)
d
_ (V) 2
Zd_md ! H HQJ'”Lz(wzdu)'
Jj=1
On the other hand, taking points x1,...,x ) achieving the maximum in W,,,

(recall (2.17)), we have, upon applying the Welghted Bernstein-Markov property to
the weighted polynomial

Cl — VDM(Cl, T2y euny :EmilN) )w(Cl)d...w(zm;m)d,

= |VDM(zy, ..., xm<N>)|2w(:c1)2d...w(xm(m)2d

[M(1+€) / / |VDM (1,x2,..,x (N))| U)(Cl) . (QZ (N)) ddﬂ(cl).
Repeating this argument in each variable we obtain
(N)
W2, < [M(1+e)]*™ Zg4

and the result follows.
As a corollary, we get a “large deviation” result, which follows easily from
e Ny
Theorem 3.2. Define a probability measure P; on E™4  via, for a Borel set
)
ACE™a |

1
Pa(A):= 7 /A [VDM(zy, ..., zmgN))|2w(zl)2d...w(zm;m)2d du(zl)...du(zm;m).

Proposition 3.3. Given >0, define
)
Ad,n = {(2’1, ey sziN)) cE™
[VDM(zy, ..., zm<N))|2w(zl)2d...w(zn)2d > (0%(E)—n)?l}.
d

Then there exists d*=d*(n) such that for all d>d*,

2lq
m( U
< — .
Pa(E™a \Adm)<1 25w(E)>
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Proof. From Theorem 3.2, given £>0,
Z4>[6"(E)—¢)*

for d>d(e). Thus

(V) 1
Pd(Emd \Adﬂl) = Z_/W(N) |VDM(2:17...,Zm(N))|2
d JE™d \Agy, d
xw(zl)gd...w(zmgm)m du(zl)...du(zm((im)
o [0 (E)—n)*
< Fo(E) =]

if d>d(e). Choosing e<n/2 and d*=d(e) gives the result. O

Finally, we state a version of (1.2) for an unbounded cone I in RY with T'=intT.
Precisely, our set-up is the following: Let R(z)=R(x1,...,2nx) be a polynomial in
N (real) variables x=(z1,...,zx) and let

(3.7) dp(x):=|R(z)|dx=|R(x1,...,xN)| dz1...dzN.
Next, let w(z)=exp(—Q(x)), where Q(x) satisfies the inequality
(3.5) Q) > cfal”

for all zeI" for some ¢, v>0.

Theorem 3.4. With i and Q as in (3.7) and (3.8), let Sy :=supp(dd°Vr o).
Then

(N)

lim Zg(T,w,p)?a =6Y(S,),
d—oco
where

3.9)  Za(T,w, ) ::/ oy VDM(AM | Ami™)y2
F7Yld
xw(AD)2L (A2 gD dp(Ama),

Remark. The integrals considered in Theorem 3.4 may be considered as mul-
tivariate versions (i.e., with a multivariable Vandermonde determinant in the in-
tegrand rather than a one-variable Vandermonde determinant) of integrals of the
form

/ VDM(Aq, ..., Ag)2e 9@ e=dRQ0a) gx,  dN\,
Rd
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considered in [14], Chapter 6, arising in the joint probability distribution of eigen-
values of certain random matrix ensembles. They are also multivariate versions
of Selberg integrals of Laguerre type (cf. [18], (17.6.5)) which, after rescaling by a
factor of d, are of the form, for '=[0,00)CR and a>0,

d
/ VDM(Aq, ..., Ag)2e™ e~ (H A?) dA;...d)\g.
rd J=1

Proof. We begin by observing that

(3.10) VDMOA®), . A 2 (D)2, (A2
(the integrand in (3.9)) becomes, if all but one of the mfiN) —1 variables are fixed,

a weighted polynomial in the remaining variable. Since w(z) is continuous, by
Theorem 2.6 in Appendix B of [20], a weighted polynomial attains its maximum

on S, CI'. Hence the maximum value of (3.10) on " is attained on (Sw)mitm.

Since S, has compact support (cf. Lemma 2.2 of Appendix B of [20]), we can take
T>0 sufficiently large with S,, CT'NBr, where Br:={zcR":|z|<T} and

0% (Sy)=0"(I'NBr).

We need the following result.

Lemma 3.5. For all sufficiently large T>0, there exists M=M (T)>0 with

[wpll 20,y < M|wpll L2 (00 B )

if p=p(x) is a polynomial of degree d.

Proof. By Theorem 2.6(ii) in Appendix B of [20], we have

w(x)'p(2)| < [wplls, e’V =)
for all z€T. Since Vo€ L(CY) and Q(x)>c|x|” for €T, there is a co>0 with
w(z)'p(z)| < [wpls, e

for all z in I’ with |z|>T for T sufficiently large. Hence

1/2
. [ / ¢~ 200l | R(z)| di
{zel:|z|>T}

lw?pll 2,0 < lwpll 2B, +lwpl
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Now (I'NBr, i) satisfies the Bernstein—Markov property ([10], Theorem 2.1); thus
by [8], Theorem 3.2, the triple (I'NBy,w, ) satisfies the weighted Bernstein—
Markov property. Hence, given >0, there is My;=M;(¢)>0 with

lwpls, = lw'pllrnp, < Mi(1+&)*|wpllL2(rnBr,u) -

A simple estimate shows that

1/2 )
{wel:|e|>T)

for some ¢’ >0. The result now follows by choosing ¢ sufficiently small. O

We now expand the integrands in the formulas for Z4(I'):=Z4(T", w, 1) and in
Z4y(P'NB7):=Z4(TNBr, w|rnB,, ptlrnpy) as a product of L?-norms of orthogonal
polynomials as in (3.3), and then proceed as in the proof of Corollary 2.1 in Section 5
of [12] to conclude that
lim Zy (D)2 = Jim Zy(DNBr)Y2 =5 (CNBy) = 6%(S,). O

—00

d—o0

4. Final remarks

In this section we discuss some results from the Berman and Boucksom papers
(1], [2], [3], [4] and [6]. Recall from Section 2 that a dth weighted Fekete set for
a compact set ECCY and an admissible weight w on E is a set of my points
¢ W e E with the property that

|W(C17"'7<md)|: sup |W(£17"'7£md)|7

1yee€mg €

where W is defined in (2.17). In [11] we asked if the sequence of probability measures

where (z) denotes the point mass at z and {Cl(d), oy c},?g} is a dth weighted Fekete
set for E and w, has a unique weak-* limit, and, if so, whether this limit is the
Monge-Ampere measure, e :=(dd°Vy o). In [4] and [6] a positive answer is
provided.
Suppose now that p is a measure on E such that (E, w, u) satisfies a Bernstein—
Markov inequality for weighted polynomials. Define the probability measures
1

pa(2)i= 5 RO (2)w(z)* du(2),
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where Z; is defined in (3.6) and
(4.1) R (z) = /E IVDMQAW, L Afmah) ) 2
g

xw(AD)2d qp(Ama=1)2d g, (\D) dp(Ama=D),

We observe that with the notation in (4.1) and (3.6),

@, ma
(4.2) R Z

where q(d), 7q7(n3 are orthonormal polynomials with respect to the measure

w(z)?? du(z) forming a basis for the polynomials of degree at most d. To ver-
ify (4.2), we refer the reader to the argument in Remark 2.1 of [12]. Forming the
sequence of Christoffel functions Kq(2):=3_"" |qj(-d)(z)|2, in [12], Theorem 2.2, it
was shown that if N=1 then pq(2)— pg, (2) weak-*; ie.,

(4.3) mide(z)w(z)Zd du(z) = () weak-*.

In [5] it is shown that (4.3) holds in CV for N>1 as well.
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