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Distance near the origin between elements 
of a strongly continuous semigroup 

Jean  Esterle(1) 

A b s t r a c t .  Set 
~/~ tt/(~-t) 

O(s/t) :--- (s/t-1)(t/s)~/t-1 = ( s - t ) ~  

if O<t<s. The key result of the paper shows that if (T(t))t>o is a nontrivial strongly continuous 
quasinilpotent semigroup of bounded operators on a Banach space then there exists 5>0 such 
that ]]T(t)-T(s)l I >O(s/t) for O<t<s<5. Also if (T(t))t>o is a strongly continuous semigroup of 
bounded operators on a Banach space, and if there exists r/>0 and a continuous function t~-+s(t) 
on [0, ~/], satisfying s(0)=0, and such that O<t<s(t) and liT(t)-T(s(t))[J<O(s/t) for tE(0, 77], then 
the infinitesimal generator of the semigroup is bounded. Various examples show that these results 
are sharp. 

1. I n t r o d u c t i o n  

In  the present  paper  we are interested in the behavior  of JlT(t)-T(s)ll near  0 

when the inf ini tesimal  generator  A of a s t rongly cont inuous  semigroup (T(t))t>o of 

bounded  operators  on a Banach space X is not  bounded  on its domain  DA. It is 

a s t anda rd  fact tha t  A is bounded  on DA if and  only if there exists PEI3(X) such 

tha t  limt_~o+ l lP-T(t) l t=o.  In this s i tua t ion  we have p 2 = p ,  the project ion P is the 

un i t  e lement  of the closed subalgebra  .AT of I3(X) generated by the semigroup and  

there exists UG.AT such tha t  T(t )=Pe TM for t>O, so tha t  D A = P X  and  A=ulpx ,  
see Theorem 9.4.2 in [10]. 

In  par t icular  the semigroup can then  be extended to the analyt ic  group of 

operators  (T(z))zeC:=(PeZU)zeC , and  we have, for s, t:>0, 

(1.1) ]]T(t)- T(s)[] = ]s-tl(]Jull+ M(s,t)Js-t]) ,  
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where sup0<~,t_< 1 IM(s, t)l < +oc. 
Set 

.~/t t t/(s-t) 
O(s/t) := (s/t--1)(t/s)~7 =i-~ = (s--t)S~/(s_t) 

if 0 < t < s .  Notice that  O(s/t) is the maximum value of x t - x  ~ on [0, 1] and that it 
occurs at rn(s,t)=(t/s) 1/(~-t), so that  IIT(t)-T(s)ll=O(s/t) for 0 < t < s  if (T(t))t>o 
is a semigroup of positive operators on the Hilbert space, continuous on (0, +~c) 
with respect to the norm of B(H),  for which Spec(T(1))=[0,  1]. We will see that 
this quantity O(s/t) plays a crucial role for the behavior of IIT(t)-T(s)ll when the 
infinitesimal generator of a strongly continuous semigroup (T(t))t>0 is not bounded: 
In this situation, for each continuous function t~-+s(t), defined on [0, 5] for some 5>0 
and satisfying s (0)=0  and O<t<s(t) for 0 < t < 5 .  there exists a sequence (tn)n>_l of 
positive real numbers such that  limn-~+~ tn=0  and such that  IIT(t~)-T(s(tn)) l l  >_ 
O(Sn/tn) for n_> 1. This gives a sharp quantitative formulation of the intuitive fact 
that  T(t) cannot be uniformly too close to T(s) for se t ,  s and t small, when the 
generator of the semigroup is unbounded. 

Let Ji, T be the character space of the closed subalgebra .AT of B(X) generated 
by the semigroup and set CrT={[r }. In the case when .AT=0, the 
semigroup is quasinilpotent, i.e. T(t) is quasinilpotent for all (or. equivalently, some) 
t >0. We can distinguish between four situations: 

(1) 0 is an isolated point of cry, and the sernigroup is not quasinilpotent; 
(2) there exists 5>0  such that  [0, 5] CaT; 
(3) 0 iS not an isolated point of aT, but there exists no 5>0  such that  [0, 5] CaT; 
(4) crT={0} (SO that the semigroup is quasinilpotent). 
It is easy to see that  in situation (2) there is )7>0 such that IIT(t)-T(s)ll> 

O(s/t) for 0<t<s<~?.  
Our key result (Theorem 2.5) shows that such an inequality still holds, in a 

slightly stronger form, in situation (4): we prove in Section 2 that if a nontrivial 
strongly continuous semigroup (T(t))t>o is quasinilpotent, then there exists r />0 
such that  IIT(t)-T(s)ll>O(s/t) for 0<t<s<_r/,  and examples show that  this in- 
equality is sharp. In other terms, the fact that  elements of a strongly continuous 
quasinilpotent semigroups have a small norm for large values of t implies that  T(t) 
cannot be too close to T(s) for s%t when s and t are sufficiently small. 

Easy observations in Section 3 concerning situations (1) and (3) and elementary 
results from [6] allow then to deduce from Theorem 2.5 the following results: 

(1) If the algebra .AT has no nonzero idempotent then there exists ~7>0 such 

that  I IT(t)-T(s) l l  >O(s, t) for 0<t<s_<~.  
(2) More precisely, if there exists two sequences (s,0n>_l and (tn)n>_l of positive 

real numbers such that  0<t,~ <sn,  limn-_,+~ sn=0,  and such that IIZ(tn)-Z(s,OII < 
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O(Sn/tn), then there exists a nondecreasing sequence (Pn)n_>l of idempotents of AT 
such that r  1 when n is sufficiently large for every OE.AT. 

If, further, the semigroup is norm-continuous, i.e. continuous on (0, +~c) with 
respect to the norm of B(X), then the sequence (P,)n_>l satisfies also the following 
two conditions: 

(i) U,~>_I PnAT is dense in AT; 
(ii) limt--+0+ IIP,~T(t)-P,~II-=O for n > l ,  so that the infinitesimal generator of 

the semigroup (PnT(t))t>o is bounded for n >  1. 
(3) If there exists 5>0  and a continuous function s: [0,5]-+[0, +~c] satisfying 

s(0)=0,  O<t<s(t) and IlT(t)-T(s(t))ll <O(s(t)/t) for O<t<_5, then the infinitesimal 
generator of the semigroup is bounded, and so IIT(t)-T(s)ll satisfies (1.1). 

Partial results in this direction were obtained recently by A. Mokhtari and the 
author in [7], where it is shown that any nontrivial semigroup (at)t>o in a Banach 
algebra satisfying lim suPt__~0+ Ila t --a(n+l)t]] <rt/(n+ 1) (l+l/n) = 0 ( n + l )  for some in- 

teger n>_l has a limit in norm at the origin (the case n = 2  for norm-continuous 
semigroups bounded near the origin goes back to [13], and related results con- 
cerning distances between powers of bounded approximate identities can be found 
in [11). These results are based on the fact that  Ilu-un+lll>n/(n+l)(l+l/n) for 
any quasinilpotent element of a Banach algebra such that Ilul] _> 1 / ( n +  1) Un, proved 
in [7] for n > 3  (see [5] for the case n=2) .  The idea to prove this inequality is very 
simple: there exists a sequence (ap)p->t of nonnegative real numbers such that we 
have, for Ixl <l/(n+ l) 1/n, 

+oc 

X : E ap(x--xn+I )P. 
p~l 

Now if u is quasinilpotent, we have 

+oc 

tt = E ap(U-- tln+ l )P. 
p = l  

Since h(x):=~+__~ apx p is not a polynomial, we obtain, when Ilu-u n+l II _<0(n+l), 

1 
Ilull < h ( O ( n + l ) )  - (n+1)1/~ 

(similar ideas have been used independently by N. Kalton, S. Montgomery-Smith, 
K. Oleskiewicz and Y. Tomilov in [11] to obtain other types of inequalities). This 
implies immediately that if (T(t))t>o is a nontrivial quasinilpotent strongly contin- 
uous semigroup then there exists 5>0  such that IIT(t)-T((n+l)t)ll>O(n+l) for 
O<t<5. 
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The start ing point of the proof of Theorem 2.5 is similar, but the result seems 
deeper. Let (~>1. There exists a sequence (#a,p)p_>l of nonnegative real numbers 
such that  we have, for xC [0, 1 / a  a/(a-1)] 

x = ( x - x  ~ ( x -  xo)p(o- 1). 
p=-0 

Now let (T(t))t>o be a nontrivial quasinilpotent semigroup, and let 0 < t < s .  It  
is easy to define (Ti t ) -T(s) )  ~ in a natural  way for r > 0 ,  and if we set a=s/ t ,  we 

obtain the formula 

(1.2) / T(t) = [ T ( t l - T ( s ) ]  #~,p(T(t)-T(s)) p(~-I) . 
\ p = O  

The difficulty when (~ is not an integer is that  to control IIT(t)-T(s)ll gives no 
control on IIT(t)-T(s)ll ~-1, and no condition on IIT(t)-T(s)l I will guarantee that  
liT( t)ll, or IIT(s)ll, is small. To circumvent that  fact we first use a classical method 
due to Feller [8] to reduce the problem to the case of quasinilpotent semigroups of 
contractions, and then use the fact that  the semigroup acts smoothly on elements 
of the domain of its infinitesimal generator. Since 

O(s/t) > 1 
s - - t  - -  e s  ~ 

this allows to compensate the loss of information which appears  when we con- 
trol II(T(t)-T(s))[P(~-I)] II for p > l  instead of II(T(t)-T(s))P(~-I)II. We can then 
construct nonzero vectors y in X for which there exists a constant C(y) sat- 
isfying IIT(s)yll<C(y)s for all sC(0, 1] such that  there exists t e (0 ,  s) for which 

IIT(t)-T(s)l I <O(s/t), and Theorem 2.5 follows. 
Various examples show that  these results are optimal  for the behavior near 

the origin of ]]T(t)-T(s)l I for norm-continuous semigroups of bounded operators 
on the Hilbert space. Other phenomena may occur on special Banach spaces. For 

example if X is a hereditarily indecomposable Banach space in the sense of Gowers 
and Maurey [9], P~biger and Ricker showed in [15] tha t  the infinitesimal generator 
of any C0-group of bounded operators  on X is bounded (this result extends to some 
classes of C0-semigroups on X,  see [16]). 

When a semigroup (T(t))t>o is strongly continuous but not norm-continuous 
on C 0, +c~), different phenomena appear: it follows from a simple argument  of 
Blake [2] that  if we set A ( t ) = l i m  suph_~o+ IIT(t+h)-T(t)ll, then A(s+t)<_A(s)A(t) 
for s, t>0 ,  and so liminft_~o+ A(t)_> 1 (in fact an elementary argument shows that  
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lim inft.+0+ A (t) >_ v/-3, see [6]), while 0(s / t )  < 1 for 0 < t < s and limb.+0+ O((t + h)/t) = 
0 for t>0 .  Notice that  a nice characterization in terms of the resolvent of the 
infinitesimal generator of Co-semigroups of bounded operators  on the Hilbert space 
which are norm-continuous on (0, +cx~) is given in [18], see also [3], and that  a 
well-known result of Kato  [12] shows that  a strongly continuous semigroup (T(t))>0 
satisfying lira supt_+o + IlI-T(t)II < 2 admits  a holomorphic extension to a sector Uo = 
{z~0[  [arg(z)[ <0} for some 0>0.  

Acknowledgement. The author wishes to thank the members  of the Bordeaux 
analysis group for fruitful and stimulating discussions during the preparat ion of 
the paper,  and to give special thanks to J. Giol who helped carry out some of the 
technical details of the proof of Theorem 2.5. He also wishes to thank the referee 
for his careful checking of the original version of the paper. His indications helped 
clarifying the details of the example provided in Theorem 2.6 and allowed the author 
to remove many misprints and to correct a couple of inaccurate details in the revised 
version of the paper. 

2. Quasinilpotent semigroups 

We begin this section by using a well-known method due to Feller [8] which 
allows us to restrict at tention to quasinilpotent C0-semigroups of contractions (a 
semigroup (T(t))t>o will be said to be nontrivial if T( t )~0  for some t>0) .  

L e m m a  2.1. Let (T(t))t>o be a nontrivial, quasinilpotent, strongly continuous 
semigroup of bounded operators on a Banach space X ,  let t o>0  such that T(to)~ 
O, and let w>0.  Then there exists a Banach space Y and a strongly continuous 
semigroup (T1 ( t) )t>o of bounded operators on Y satisfying the following conditions: 

(1) T1 (�89 ~:0; 

(2) IITl(t)ll<_e for t>o; 
(3) limt.+0+ IITl(t)y-yll=O for yEY; 
(4) IITl(t)-Tl(s)tl<_flT(t)-T(s)ll for s,t>O. 

Proof. Let F:=Nt>okerT(t  ) and let further X o : = X / F  be the quotient Ba- 
nach space equipped with the quotient norm IIx§ IIx+fll. The formula 
To(t)(x+F) :=T( t )x+F defines a semigroup on X0 such that  IITo(t)Iio <-liT(t) [I and 
IITo(t)-To(s)llo<llT(t)-T(s)ll for s,t>O. The semigroup (To(t))t>o is strongly 
continuous, quasinilpotent, and satisfies ~t>0 ker To(t) = {0}. 

Set Xl:-=Ut>oTo(t)Xo . For xEX1, we have limt.+0+ To(t)x=x. Since the 
semigroup (To(t))t>o is quasinilpotent, we have l imt.++~ IITo(t)lll/t=O, and we can 
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define a norm on X1 by using the formula 

IlXlll :=supe~h[IZo(h)xllo �9 
h>O 

We have Ilro(t)xlLl<_e-~tllxlll and 

I lro(t)x-ro(s)xl l l  <_ liTo(t)-To(s)llollxlll < IIT( t ) -r(s) l l  IIxlll for x E X1. 

Define T0(O) to be the identity map on X1. For s.t>_O, xEX1,  we have 

< max~fe "~ sup IlTo( t ) x -  Zo( s)xlll IlTo( t + h ) x -  Zo( s + h )xllo, 
t. O<h<l  

sup e ~h liT0 (h)Iio I[ro( t ) x -  ro( s)xllo }. 
h > l  

A uniform continuity argument shows then that the map t~-+To(t)(x) is a continuous 
map from [0, +co) into (X1, I1' II1) for x e X 1 .  

Let x E X  be such that V(�89 Set y:=T(�89 
Then T o ( ~ t o ) y = r ( 2 t o ) x  + f . Since T(  2to)x ~ F. we have To( �89 

Now denote by Y the completion of (X1, [1' [[1), and for t>0  denote by Tl(t) 
the continuous extension of To(t) to Y. The semigroup (Tl(t))t>o clearly satisfies 
the conditions of the lemma. [] 

Let c t>l ,  and consider the function x~-~x-x  ~. which is strictly increas- 
ing on the interval [0, 1/~1/(~-1)]. The inverse function h: [0, (c~-l)/c~o/(~-l)]-+ 
[0, 1/c~ 1/(~-1)] satisfies the identity 

h ( x ) - h ( x )  ~ =x .  

Now since h ' (0 )= l ,  we can set h(x)=xe  ~'(x). We obtain e ~'(x) -x~- le~v(X)=l .  
If we set g(x)=v(x l / (~- l ) ) ,  then g is defined on [0. ( c ~ - l ) ~ - l / a  ~] and satisfies 

e g(x) - x e  ~ = 1. 

The following elementary lemma shows in particular that g admits an analytic 
extension to the open unit disc D (0, ( ~ -  1)~- 1/O~O). 

L e m m a  2.2. Let (~>1, and set ra-- log(c~/(a-1))  and R ~ = ( ~ - I ) ~ - I / ~  ~. 
There exists an analytic function ga: D(0, Ra)-+D(0,  r~) such that g~(0)=0 and 

eg~(z)-ze"g~(z)--1 for Izl<R~. Moreover g(ok)(0)>0 for every k>_l and 

~ g(2 )(o) nk 
k! ~ = ro. 

k = l  
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Proof. Consider the entire function F: z~-~e -(~-l)z-e -az. Since F(O)=O and 
F'(0)---1, there exist open neighborhoods V and W of 0 such that  F maps V onto 
W couformally. Denote by G:---F-I:W-+V the inverse map, so that G(0)=0,  
G'(0)--1,  and for ]zi<R, set 

+ar 

go(z) = Z (~ zn, 
~ 1  

where R denotes the radius of convergence of the series above. 
By analytic continuation, we have e-(a-1)a'~(Z)-e-~9~(Z)=z for Izi<R. 
The fact that R=Ro can be deduced from Lemma 3.1 of [7], but we will here 

give a shorter and more natural argument. Denote by f the restriction of F to 
( -oc ,  r , ] .  A computation shows that  f(ro)=Ro, f ' ( r a ) = 0  and that f ' ( x ) > 0  for 
x<ra. So f is a bijection from ( -oc ,  to] onto ( -v c ,  Ro]. Denote by g: ( -oo ,  R , ] -+  
( -~c ,  r~] the inverse map. We have g(x)=F -1 (x) when Ix I is sufficiently small, and 
so g('~)(0)=G(~)(0) for n > l .  

For x<R~, we obtain 

e~(X)=l+xeaD(~) and g'(x)=axg'(x)e(~-l)g(x)+e (~-l)g(x). 

Now for n>2 ,  an immediate induction shows that  we have 

g ( n )  ( X ) : oLxg  (n)  ( x ) e  ( ~ -  l )g (x )  

+ e("- (g, (x),..., (x)) + (g' (/),..., g("- 

where P,~ (X1, ..., Xn-1) and Q~ (X~, ..., X~_l)  are polynomials in n -  1 variables 
with nonnegative coefficients. 

For O<x<R~, we have axe (~-1)9(x) <aRoe (~-1)~~ =1. We thus see by induc- 
tion that  g(n)(X)>O for n > l  and xE[0, Ro). Using the Taylor-Lagrange formula, 
we obtain, for p > l ,  

n! R a -  lim < lim g(x)--g(Rc,)=ra. 
x.-+ R _ rl ! - -  x -+ R _ 

n ~ l  n = l  

We thus see that  R>Ro, and the series ~+__~ g(n)(O)zn/n! is absolutely con- 
vergent for M=R~. Since l imx~R; g'(x)=+vc, we have R=Ro. If we extend go 
by continuity to the closed disc D(O, R~) we see that g(x)=g~(x) for xE [ -R~,  R~], 
and so g~(R~)=r~. [] 

We see that  x=(x-x~)ego((~-~~176 for xE[0, 1/~1/(~-1)], and we wish to 
obtain an analogous formula allowing to compute T(t) as a function of T(t) -T((~t) 
when (T(t))t>0 is a quasinilpotent strongly continuous semigroup. We will need the 
following observation. 
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L e m m a  2.3. Let "4 be a commutative unital Banach algebra, and let a > l .  
Then the map u~-+e-(~-l)~-e - ~  is one-to-one on Had(,4). 

Proof. Set again F(z)=e - (~- l )z -e  - ~ .  The function G defined by the formu- 
lae G(zl, z2):=(F(zl)-F(z2))/(Zl -z2) if zl r and G(zl, Zl):=g'(zl) is analytic 
on C 2 and satisfies F(zl)-F(z2)=(zl-z2)G(zl ,  z2) for (Zl, z2)EC 2. Now let u, vE 
Had(,4). We have F(u)-F(v)=(u-v)G(u,  v). Since ~((G(u, v))=G(x(u), X(v))= 
F ' (0)~0 for every XEA, G(u, v) is invertible in ,4, and the result follows. [] 

Propos i t ion  2.4. Let (T(t) )t>o be a strongly continuous quasinilpotent semi- 
group of bounded operators on a Banach space X.  The formula 

( +~ ( T - k + l )  ) 
(T(t)-T(s)) ~ := T(Tt) I + E ( - - 1 )  k T ... T(k(s-t))  

k~ 
\ k = l  

defines a strongly continuous quasinilpotent semigroup 

((T(t)-T(s))'),>o 

of bounded operators on X, and we have, for 0<t<s ,  

T(t) = (T(t)-  T(s) ) exp gs/t( (T(t)-  T(s) )S/t-1), 

where gs/t is the function given by Lemma 2.2. 

Proof. We have l o g ( l - z ) : = -  +~ ~-~k=l zk/k for Izl<l. We get 

+ o c  

1+ E ( - 1 )  k w... (k~k + 1) zk _~_ e T  l o g ( l _ z )  

k = l  

Hence if SEB(X), and if 8(S)<1, the formula 

( +Z( (T_k~ k+ 1)S k) ( I - s ) "  = I +  -1) ( ec) 
" k = l  

defines an analytic group of operators on X. and ((T(t)-T(s))~)~>o is a strongly 
continuous quasinilpotent semigroup of bounded operators on X. 

Set a=s/t,  U=T(t)-T(s) ,  V - V ' + ~  - - A - - , k = l  T(k(s- t)) /k ,  R:=(T(t)-T(s)) s/t-1 and 
W:=gs/t(R). It follows from Lemma 2.2 that eW-Re~W=I.  Moreover UR= 
US/t=T(s)e -sV/t, and U=UI=T(t)e -V. We obtain U=Uev-URe  ~V/t, and so 
U(e V - R e  ~V/t-I)=O. Notice that V and W are quasinilpotent. 
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Let .AT be the closed unital subalgebra of B(X) generated by (T(t))t>_o and 
set Z:={SCATIUS--O}, so that Z is a closed ideal of .AT. Denote by 7c:.AT--+ 
AT/Z the canonical map and set r:=Tr(R), v:=~r(V), w:=Tr(W) and l:=7r(I).  
Then l=eV-re~V=eW-re ~'w, and r=e-(a-1)V-e-aV=e-(a-1)W-e -aT. Since v 

and w are quasinilpotent elements of the commutative unital Banach algebra .AT/I, 
Lemma 2.3 shows that  v=w, i.e. U(V-W)=O. So U(eV-eW)-=O, and T ( t ) =  
Ue w. [] 

We are now ready to prove the key result of the paper. 

T h e o r e m  2.5. Let (T(t))t>o be a nontrivial strongly continuous semigroup of 
bounded operators on a Banach space X. If (T(t) )t>o is quasinilpotent, then there 
exists 5>0 such that IIT(t)-T(s)ll>O(s/t) for O<t<s<5. 

Proof. Apply Lemma 2.1 with w=3/to and set S(t):=Tl(t/w) for t>0 .  Then 
(S(t))t>o is a strongly continuous quasinilpotent semigroup on Y which satisfies the 
following properties: 

(1) S(1)#O; 

(2) IIS(t)l l<e-* for t>0;  
(3) limt__+0+ IIS(t)y-yll for yEY; 
(4) IIS(~t)- S(~s)II < liT(t) -T(s)II for t, s >o. 
Let D(A) be the domain of the infinitesimal generator A of the semigroup 

(S(t))t>o. Then D(A2):={yCD(A)IAyCD(A)} is a dense subspace of Y (see for ex- 

ample Proposition 1.8 in [4]). IfyffD(A), we have (S(t) -S(s ) )y=f:  S(u)Ay du, and 
so II(s(t)-S(s))yll<llAyll(s-t) for s>t>O.  Since A(S(t)-S(s))=(S(t)-S(s))A, 
we see that  II(S(t)-S(s))2Yll<_llA2Yll(s-t)2 for y6D(A 2) and s > t > 0 .  

Fix 0 < t < s < l ,  and set U=S(t)-S(s),  (~=s/t and 7 = ~ - 1 .  It follows from 
Proposition 2.4 that S(t)=Uexpga(U~). Set h=e g~. It follows from Lemma 2.2 

+oo that  h(z)=~k=oakz k for Izl<R~, with ak>0  for k>0,  and that  +~ akRk=e r". E k = 0  
We obtain 

+cr +oc +oc 

S(t):UEak(U'y)k ~ ~ _  ; r kT+ l  EakU[k'~J+2-Ak 
k=0 k=0 k=0 

where Lk~yJ ~ z  + satisfies LkTJ < k ~ <  LkTJ +1. Hence Ak:= [kTJ - k T + l e ] 0 ,  1 I. 
Set S :=S(1) ,  and let AE]O, 1] and yED(A2). A simple computation gives 

U2-~Sy = S(1 - A t ) ( I -  S( s -  t))-~U2y. 
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We know that IIU2yll < IIA2yll(s-t) 2, and we have 

+~ k+l )S(k (s_ t )  ) [l(i_S(s_t))_;~ll = i + E ( _ l ) k  (-A). . .  ( - A -  
k~ 

'~ k = l  

+ e c  

= I+ E )~ '"( 'k+k-1)S(k(s- t ) )  
H k=l k! 

+ o c  

< 1 + ~  ,x... (,x+k- 1)e_~(~_~) 
- k !  

k = l  

= ( l _ e - ( ~ - t ) )  -:~ 

<_ ea(~-t)(s-t)-~. 

We obtain 

IIU2-'XSy[I < IIA2yNe'Xt-le'X(s-t)(s-t) 2-x <_ IIA2yll(s-t) 2-'x 

for O < t < s < l ,  ,kC]O, 1] and yED(A2). 
If IIull_<0(~l, we have 

~t-OC 

IIS(t)Syll ~ IIA2yll ~ akO(~)Lk~J (s--t) 2 - ~  
k = O  

+ ~ c  

: LIA2 ll(s- ) E ak~ \ o ( ~ ) )  " 
k = 0  

-~-OC We have (s-t)/O(s/t)<_e. Also 0(a)'Y=R~, and so Y~k=0 akO(a) k'~=er~ =s / ( s - t ) .  
We obtain 

IIS(t)SyI[ < e[IA~ylls 

if yeD(A2), sE (0, 1), and if te (0 ,  s) satisfies IIS(t)-S(s)l l  <_O(s/t). 
Since S r  and since D(A 2) is dense in Y. there exists yED(A ~) such that 

Syr Since the semigroup (S(t))t>o is strongly continuous, there exists V>0 
such that IIS(t)SYll >_ �89 IlSyll for re]0, r/[. Set (f:=min{rb 1. IlSYll/2e(llA2yll + 1)} >0. 
For 0 < t < s < 5 ,  we have IIS(t)Syll>el}A2ylls, and so IIS(t)-S(s)l}>O(s/t). Hence 
IIZ(t)-Z(s)ll >_ IIS(3t/to)-S(3s/to)ll =O(s/t) if 0 < t < s <  �89 [] 

The following example shows that the lower estimate for liT(t)-Z(s)II near the 
origin for quasinilpotent strongly continuous semigroups given by Theorem 2.5 is 
sharp. 
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T h e o r e m  2.6. Let ~: (0, 1)-+(0, + ~ )  be a nondecreasing function. Then there 
exists a nontrivial quasinilpotent, norm-continuous semigroup (T~ (t))t>o of bounded 
operators on the separable Hilbert space which satisfies, for 0 < t<s_ < l ,  

( t )  - ( )II -< o(s/t) + t)c(s). 

Proof. Let A(D)  be the usual disc algebra, i.e. the algebra of functions analytic 
on the open unit disc D which admit a continuous extension to the closed unit 
disc D, equipped with the norm ]]r ]r Ir The Banach 
algebra A(D)  is a closed subalgebra of the Banach algebra H ~ ( D )  of bounded 
holomorphic functions on D. 

If h is a nonnegative function on (0, 1), we will use the notation 

f t h : = { z = x + i y E C l O < x < l  a n d 0 < y < h ( x ) } .  

We will first associate a nontrivial norm-continuous semigroup in .A(D) to each 
continuous function f :  [0, 1]-+[0, +9c) such that  f ( 0 ) = f ( 1 ) = 0  and f ( x ) > 0  for xE 
(0, 1). Set g(x)=x+i f (x )  for xE(0,  1), and g ( x ) = 2 - x  for xE(1,2) .  We obtain a 
Jordan curve, and there exists a conformal mapping G from the open unit disc D 
onto the interior ft S of this Jordan curve. By Caratheodory's  theorem, G extends to 
a homeomorphism from D onto ~S, which maps the unit circle onto 0f~l=g([0, 2]). 
Since 0 E ~ f ,  1G-I(0)I=I .  Set F(z)=G(G-I(O)z) for zE[}, so that F (1 )=0 .  Then 
F is also a homeomorphism from D onto ~S, and the restriction of F to D is 
a conformal mapping from D onto ft S. Using the principal determination of the 
logarithm we now define Ft(z) for zED,  t>O, by the formula 

Y t (z) -= z E 
0, z = l .  

It follows from the definition of Ft(z) that Fs+t(z)=FS(z)Ft(z) for s>0 ,  t > 0  
and Iz[<_l. The function F t is clearly continuous on 2 \ { 1 }  and analytic on D. 
Since [gt(z)i=iF(z)l t for t > 0  and [zl_<l, and since F (1 )=0 .  we see that F t is also 
continuous at 1, and FtE3d:={HE.A(D)tH(1)=O} for t>O. 

For rl>0 set Vv={zED[Iz - I I<~} .  Fix t > 0  and c>0.  There exists r/>0 
such that  [FS(z)[<�89 for zEV,~, sE( l t ,  3t). Since min~e15\v ' IF(z) l>0,  the set 

{logg(z) lzED\E~} is compact, and lim,_~t supze~\v,  IFS(z)-gt(z)l=O. These 
two observations show that  the map t~-+F t is continuous on (0, +~c) with respect 
to the norm of A(D).  

Consider the singular inner function qg(z)=e (~+1)/(~-1), and denote by P the 
orthogonal projection of H 2 (D) onto H 2 (D) G ~ H  2 (D). 
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Now set 
r ( t ) l  = PF~f, f e H2(D)GkOH2(D). 

A standard verification shows that we have JJr(t)N=[17r(ft)J I, where 7r: Ad--+ 
.M/qJAd is the canonical surjection. So (T(t))t>o is norm-continuous on (0, +oc). 
Since ~n~__t ~'~3d={0}, and since the quotient algebra 34/kO.M is radical, (r(t))~>0 
is a nontrivial quasinilpotent semigroup. So in order to prove the proposition it 
suffices to construct a function f such that  Jzt-z~l<O(s/t)+(s-t)e(s) for z~fil 
and 0<t<s_<l .  

To perform some elementary computations we will use polar coordinates. Set 
A :={zeCl l z l_< l  and 0<argz_< ~oTr}, and let z=x+iy=re mEA, with 0 < a <  ~Tr. 
We have, for 0 < t < s < l ,  

izt_ z~12 =r2 t l l_z~- t l2  

= r 2t ((1 -rS-t)2+4r'-t sin2 (�89 (s-t)c~)) _< (rt-r~)2+r~+t(s-t)2a:. 

We obtain 

Iz * - ~ s l  < T * -T~ + ( s - t ) ~  ___ ( s - t ) [ l o g ( 1 / ~ )  + ~ ] .  

•  we have Izt-z~l< Since O(s/t)>_(s-t)/es>(s-t)/e, and as 20 6 
O(s/t) if r > e  -t/6~. In particular, Izt-z~l<_O(s/t ) if x>e -1/6", which is satisfied 
for sE(0, 11 if x > e  - t /6 .  

Also, since rt-r~<_O(s/t), and as a<_tana,  we obtain 

if t a n a < e ( s ) .  But e(s)>e(-1/61ogx) if O<x<_e -1/6~. So if zEA, and if tanc t<  
e(-1/61ogx) ,  we have Izt-z~]<O(s/t)+(s-t)e(s). Finally if we set ~'1(0)=0, 

;0} ~l(X) = x min ~ , tan  forxE(O,e-1/6), 

{ c l ( x ) = x m i n  V / 1 - x 2 , t a n  2-0 f~ 

we see that  ]zt-zSJ<_O(s/t)+(s-t)e(s) for z C ~ , ,  0<t<s_<l .  Since 61 is nonde- 
creasing on [0, e-1/6), decreasing on [e -1/6,  1] and strictly positive on (0, 1) it is then 
easy to construct a continuous function f on [0, 1] such that f ( 0 ) = f ( 1 ) = 0  which 
satisfies O<f(x)<el(x) for xE(0, 1). Then izt-zSl<_O(s/t)+(s-t)e(s) for zC~I, 
0 < t < s <  1, which concludes the proof of the theorem. [] 
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Corollary 2.7. Let (sn)~>_l and (t,~)~>_l be two sequences of real numbers 
such that O < t n < S ~ l  for n ~ l ,  and such that l imn_~+~s~=0.  Then for ev- 
ery sequence u=(U~)n>_l of positive real numbers there exists a nontrivial norm- 
continuous quasinilpotent semigroup (T~(t) )t>o of bounded operators on the separa- 
ble Hilbert space such that IIT~(tn)-T~(sn)ll <O(s~/ t~)+un for n>_l. 

Proof. We can construct a strictly increasing continuous piecewise alpine func- 
tion s: [0, 1]-~[0, 1] such that E(0)=0 and such that E(s~)<u~/(s~- t ,~)  for n_>l, 
and the semigroup (TE(t))t> 0 provided by Theorem 2.6 satisfies the required condi- 
tion. [] 

3. T h e  g e n e r a l  case  

We now wish to discuss the behavior of strongly continuous semigroups near 
the origin in a general situation. For 0 < t <  s, set 

We have re(s, t) t - r e ( s ,  t) s =O(s/t) ,  and x t - x  ~ <O(s/t)  for x e  [0, 1], x ~ m ( s ,  t). 
Also 

(3.1) e -1/t  <m(s , t )<_e  -I/~ ( O < t < s ) .  

If (T(t))t>o is a strongly continuous semigroup of bounded operators on a 
Banach space X we will denote by .AT the closed subalgebra of B ( X )  generated by 
the semigroup. Set aT = {0} t2 {tr CE AT }, and denote by 0(u) the spectral 
radius of u for UC.AT. A standard well-known application of the Banach-Steinhaus 
theorem shows that  the function t~-+llT(t)l I is bounded on [c~, ~] for 0<c~<~<+cx~, 
and it follows from Theorem 4.7.12 in [10] that  there exists for each CEAT a real 
number a(r such that  Ir for t>0 .  In particular Ir162 t 
for r  and t>0.  We obtain the following easy result. 

P r o p o s i t i o n  3.1. Let (T(t)  )t>o be a strongly continuous semigroup of bounded 
operators on a Banach space X ,  let ~?>0 and let s: [0. ~]-+[0, +co] be a continuous 
function such that s (0 )=0  and such that O<t <s(t)  for 0 < t < ~ .  

(i) Assume that [O, 5]caT for some 5>0. Then ~ ( T ( t ) - T ( s ) ) > O ( s / t )  for 0< 
t < s < - l / l o g S .  

(ii) Assume that 0 is not an isolated point of aT. Then there exists a sequence 
(tn)~>_l of elements of (0, ~] such that lim~_~+~ tn =0,  and such that 

Q ( T ( t n ) - T ( s ( t n ) ) )  > 0 ( s ( t ~ )  ~ for n > 1. 
- \ t ~ ]  
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Proof. (i) It follows from (3.1) that re(s, t)C(0, 5] for O<t<s<_-l / log 5. Let 
r satisfy Ir =re(s,  t). We have 10(r(s))l =re(t ,  s) ~, l*(r( t )) l --m(t ,  s) t, 
and so 

g(T( t ) -T(s) )  >_ IV(T(t))- ~,(T(s))l _> [o(T(t)) l -  la~(T(s))l 

= rn(t, s) t -re(t ,  s) ~ = O(s/t). 

(ii) Let O~ be a sequence of characters of .AT such that  lim~o+or IO~(T(1)) I =0. 
We can assume that IO,~(r(1))i<_m(s(71),rl) for n > l .  Hence there exists a se- 
quence (t~)~>l of elements of (0.~/] such that  m(s(t~),t~)=tO~(T(1))l for n > l .  

It follows from inequality (3.1) that lim,_~+:r t . = 0 ,  and we see as above that  
o(T(t,~)-T(s(t,O))>_O(s(tn)/tn) for n > l .  [] 

A sequence (P~)~>I of nonzero idempotents of a commutative Banach algebra 
.4 will be said to be exhaustive if P~+IP~=P~+I for n_>l and if for every OC 

there exists n(r such that  0 (P~)=I  for n>_n(O). The following corollary 
shows in particular that  if the closed algebra .AT generated by a nontrivial strongly 
continuous semigroup (T(t))t>o has no nonzero idempotent, then there exists 5>0 
such that  IIr(t)-Z(s)ll >_O(s/t) for O<t<s<5. 

C o r o l l a r y  3.2. Let (T(t) )t>o be a nontrivial strongly continuous sernigroup of 
bounded operators on a Banach space X .  If there exists two sequences (s~)n>_l and 
(t,~)~_>l, with 0<t,~<sn for n>_l, such that lim~__,+~ s~=0, and such that 

IIT(t~)-T(s')ll  < \ t ,  ] 

then the closed subalgebra .AT of 13( X ) generated by the semigroup (T(t ) )t>o is not 
radical, and .AT possesses an exhaustive sequence ( Pn)n>_l of nonzero idempotents. 

Proof. It follows from Theorem 2.5 that the semigroup (T(t))t>o is not quasinil- 
potent, and it follows from Proposition 3.1(i) that there exists a decreasing sequence 
(6,~)~_>1 of elements of (0, 0(T(1))] such that lim,,_++~ 6~ =0  and such that  A:fiSn for 
 cSpec(T(1)), n>l. Set u :={oeATIIo(T(1))L>_sn}={ eA LLV(T(1))L>5 }. 
Then U~ is a nonempty compact subset of .AT for n_> 1. and it follows from The- 
orems 3.6.3 and 3.6.6 of [17] that  there exists an idempotent P,~ of -AT such that  
r  for eEUn and (~(P,)=0 for OEflT\U,  (it is also possible to define P,, 
directly by the formula 

1 ( T ( 1 ) - z I ) - '  d z -  ~ (T (1 ) - z I )  -~ dz, 
P'~ = 2i~ (0,t+o(T(1)) (0.Sn) 
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where we denote by C(0, r) the circle of radius r centered at the origin, oriented 
counterclockwise, for r>0) .  An immediate verification shows then that  (Pn)n_>l is 
an exhaustive sequence of idempotents of .AT. [] 

We get a more precise result for norm-continuous semigroups, which shows 
in particular that  the infinitesimal generator of the semigroup (PnT(t))t>o is then 
bounded for n >  1. 

C o r o l l a r y  3.3. Let T(t)t>0 be a nontrivial norm-continuous semigroup of 
bounded operators on a Banach space X .  If there exists two sequences (s,~),~>l 
and (t,~)n>_l, with 0<tn<Sn  for n>>_l, such that l imn~+~s ,~=0,  and such that 
IIT(tn)-T(sn) II <O(Sn/tn) for n> 1, then the closed subalgebra .A T of B(X) gener- 
ated by the semigroup T(t)t>o possesses an exhaustive sequence (Pn)n>_l of nonzero 
idempotents satisfying the following conditions: 

(i) {.Jn~__l Pn-AT is dense in .AT: 
(ii) limt--+0+ IIPnT(t)-PnlI=O for every n>_l, so that the infinitesimal genera- 

tor of the semigroup (PnT(t))t>o is bounded for n> l. 

Proof. Denote by 27 the closure of the ideal U,~ac__ 1 P, AT in -AT, and let rr: .AT-~ 
.AT~Z- be the canonical map. We can consider the semigroup (rr(T(t)))t>o as a 
strongly continuous semigroup acting on AT/Z.. It follows from Theorem 2.5 that  
7r(T(t))=0 for t>0,  and so ][=AT. 

Now fix n_>l. Then, the notation being the same as in the proof of Corol- 
lary 3.2, Pn is the unit element of the Banach algebra .4, :=Pn.4T, and r 
~,~ for r since the map r162 is a surjection from U~ onto the character 
space of -An. Hence PnT(1) has an inverse S in .An, and 

limsup IIP~- P,~T(h)II <_ IISII limsup ItT(I +h) -T(1) t l  =0.  [] 
h--40+ h---~0 + 

Notice that  we may h a v e  {r162 for n > l  in Corollary 3.3(i) 
even if there exists 5>0 such that Ilr(t)-T(s)ll<_O(s/t) for 0 < t < s < &  A simple 
example of this situation is given by the semigroup (To(t))t>0 of positive operators 
on 12 defined by the formula 

(3.2) T~(t)(u):(e-a~tun)~>_l , U:(Un)n  1 e l  2, t > 0 .  

where ~=(o~n)n_>l is a sequence of positive real numbers such that limn--++~ c~,~= 
q-o<). 

A. Mokthari and the author showed in [7] that if a semigroup in a Banach 
algebra .4 satisfies 

lira sup l iT ( t ) -T ( (n+  1)t)t t < 0 ( n + l )  
t-+0 + 
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for some n_> 1, then there exist an idempotent P E A  and uC.A such that  T( t )=Pe  t~ 
for t>0.  The positivity of the Taylor coefficients at the origin of the function 
go introduced in Lemma 3.2, which was not noticed in [7], allows one to re- 
place the condition limsupt_~0+ I iT( t ) -T( (n+l) t ) i i<O(n+l)  by the weaker con- 
dition I IT( t ) -T((n+l) t ) l l  < 0 ( n + l )  for t sufficiently small (we leave the details to 
the reader). In order to obtain a general result in this direction for strongly contin- 
uous semigroups, we will need the following variant of a classical result of Pazy [14], 
which shows that the generator of a strongly continuous group (T(t))teR of opera- 
tors satisfying lim supt_.0+ III-T(t)II <2 is bounded (a detailed proof of the version 
given below can be found in [6]). 

P r o p o s i t i o n  3.4. Let (T(t))t>0 be a strongly continuous semigroup of bounded 
operators on a Banach space X ,  and assume that the closed subalgebra .AT of I3(X) 
generated by the semigroup possesses a unit element P. Then either 

lim IIP-T(t)II=O, 
t ----~0 + 

so that the infinitesimal generator of the semigroup (T(t))t>o is bounded, or 

tim limsup Q(T( t+h) -T( t ) )  = 2. 
t--+0 + h___~ 0 + 

T h e o r e m  3.5. Let (T(t))t>o be a nontrivial strongly continuous semigroup 
of bounded operators on a Banach space X .  If there exist 5>0 and a continuous 
function s: [0, 5]-~(0, +co) such that s(0)=0, and such that O<t <s(t) and 

I I T ( t ) - T ( s ( t ) ) l t < O ( ~ )  f o r O < t < 5 ,  

then the infinitesimal generator of the semigroup T(t)t>o is bounded, so that (1.1) 
holds. 

Proof. An elementary computation shows that O(s/t)< ( s - t ) / s < l  for 0 < t < s .  
It follows from Theorem 2.5 that  the semigroup is not quasinilpotent, and it follows 
from Proposition 3.1 that  there exists 5>0 such that [0.5)C)aT={0}. Hence -~T is 
compact and we see as in the proof of Corollary 3.2 that  there exists an idempotent P 
of AT such that  r  for e v e r y  0EAT- The semigroup (S(t))t>o:=(PT(t))t>o is 
strongly continuous and P is the unit element of the closed subalgebra As generated 
by this semigroup. Set S (0)=P ,  and denote by S ( - t )  the inverse of S(t) in A s  
for t>0.  If limsupt_.0 + ][P-S(t)H>O , it would follow from Proposition 3.4 that  
limsupt_~o+ o ( P - S ( t ) ) = 2 .  Now let (rn)n>_l be a decreasing sequence of positive 
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real numbers such that  l i m , H + ~  r,~=0 and such that  lim,~_~+~ co(P-PT(r~))=2. 
Since the map t~s( t)  is continuous on [0, 5], there would exist no _> 1 and a sequence 
(tn)n_>no of elements of [0, 5) such that  l i m , H + ~  t,, =0  and such that  s(t~)-tn=r~ 
for n_>no. We would have 

lim o(T(s(t~))-T(tn))> lim o(PT(t .+r~)-PT(tn))  
n-++oo n-++oc )-1 

> (  lim O(S(-t,~)) lim c9(PT(rn)-P)=2. 
\n--~+oc rt-++ ac 

But this is impossible since 

o(T(s(t,~))-T(sn)) < IIT(s(tn))-T(tn)ll < Of s(t') ~ < 1 
- \ t~ ] 

for n > l .  Hence limt-.+0. IJP-PT(t)II--O. 
The subspaee Y : = P X  is closed. If RE/3(X)  satisfies RP=PR,  set r r (R)y= 

R x + Y  for y = x + Y E X / Y ,  so that  7r(R)EB(X/Y) and II~(R)II _< IIRII. Then 

7r(T(t) ) = 7r(T(t)- PT(t) ) 

is quasinilpotent, and it follows from Theorem 2.5 that  ~r(T(t))=0 for t>0 .  Hence 
T( t ) (X)cY ,  so that  T(t)x=PT(t)x for xEX,  and 

lim IIP-T(t)II= lim IIP-PT(t)II=O. [] 
t-+0+ t-+0 + 
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