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Normality and fixed-points
of meromorphic functions

Jianming Chang, Mingliang Fang and Lawrence Zalcman

Abstract. Let F be families of meromorphic functions in a domain D, and let R be a
rational function whose degree is at least 3. If, for any f€F, the composite function R(f) has
no fixed-point in D, then F is normal in D. The number 3 is best possible. A new and much
simplified proof of a result of Pang and Zalcman concerning normality and shared values is also
given.

1. Introduction

Let D be a domain in C and F a family of meromorphic functions defined on D.
F is said to be normal in D, in the sense of Montel, if each sequence {f,}22 ;CF
has a subsequence {f,;}32; which converges spherically locally uniformly in D, to
a meromorphic function or oo (see [6], [10] and [14]).

A fixed-point of a meromorphic function f is a point z at which f(z)=z. In
1952, Rosenbloom [9] proved the following results.

Theorem A. Let f be a transcendental entire function and let k€N, k>2.
Then the kth iterate fi, has infinitely many fized-points.
Here, fo=f(f) and fx is defined inductively via fr=f(frk-1), k=3,4, ... .

Theorem B. Let P be a polynomial with deg P>2, and let f be a transcen-
dental entire function. Then the composite function P(f) has infinitely many fized-
points.

Essén and Wu [1] proved a corresponding normality criterion for Theorem A,
thereby answering a question of Yang [13, Problem 8].

Theorem C. Let F be a family of analytic functions on a domain D. If, for
any fEF, there exists k=k(f)>1 such that the k' iterate fi has no fized-point in
D, then F is normal in D.

Fang and Yuan (3] proved a corresponding normality criterion for Theorem B.



308 Jianming Chang, Mingliang Fang and Lawrence Zalcman

Theorem D. Let F be a family of analytic functions on a domain D, and let
P be a polynomial with deg P>2. If, for any f€F, the composite function P(f)
has no fized-point, then F is normal in D.

Let R(z)=P,(z)/P2(z), where P, and P, are relatively prime polynomials. In
this paper, max{deg P;,deg P} is called the degree of R and denoted by deg R.
Gross and Osgood [5] extended Theorem B to meromorphic functions.

Theorem E. Let R be a rational function with deg R>3, and let f be a tran-
scendental meromorphic function. Then the composite function R(f) has infinitely
many fized-points.

It is natural to ask whether there exists a corresponding normality criterion for
Theorem E. In this paper, using the method of Yang [12], we give an affirmative
answer to this question.

Theorem 1. Let F be a family of meromorphic functions on a domain D, and
let R be a rational function with deg R>3. If, for any f€F, the composite function
R(f) has no fized-point in D, then F is normal in D.

Remark 1. If F is a family of analytic functions, then we need only deg R>2
in Theorem 1. In other words, Theorem D remains valid if the polynomial P is
replaced by a rational function R with deg R>2.

Remark 2. The following two examples show that deg R>3 is best possible in
Theorem 1.

Example 1. Let

f(Z)— COS /2 _ j=0
nVEVE T
21!
and let f:{fn}rotozl, where
fn(Z)Z%f(nz), n=1.2...

Let D={z:|z|<1}, and let R(z)=22. Then
1 1—(sin Vvnz )2 _ 1

5 == 5 t2# 2.
" {(siny/nz)/y/nz| n|(sin y/nz)/v/nz]
On the other hand, the family F clearly fails to be equicontinuous at 0, as f, has
both zeros and poles in any neighborhood of 0 for large n. Thus F is not normal

at 0.

R(fn(2))=~—
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Example 2. Let D={z:|z—1|<1}, and let

and Y(z)=v1+z. Let F={f,}32,, where
Fa@) = iVABE f(n(z-1)). n=1.2...,
and let R(z)=(22+1)/(22-1). Then
z+1
sin \/n(z~1) ;
1+2n<———-——-__n(z_l) )

On the other hand, just as before, F fails to be normal at zp=1.

R(fu(2) = 2- #2.

In Example 1, F is not normal at 2z and R(z)=2z has a finite solution, while
in Example 2, F is not normal at zg and R(z)=2zp has no finite solution.

Let f and g be meromorphic functions on a (fixed) domain D in C, and let
a and b be complex numbers. If g(z)=b whenever f(z)=a, we write f(z)=a =
g(z)=>b. In a different notation, we have Ef(a)C E,(b), where

En(c)=h"'(c)nD={z€ D:h(z)=c}.

If f(z)=a = g(2)=b and ¢g(z)=b = f(z)=a, we write f(z)=a ¢ g¢(z)=b; in this
case Ef(a)=E,(b). If f(z)=a < g(z)=a, we say that f and g share the value a
in D.

Now let F be a family of meromorphic functions on D. Schwick [11] was the first
to draw a connection between values shared by functions in F and their derivatives
and the normality of the family . Specifically, he showed that if there exist three
distinct complex numbers a1, a2 and ag such that f and f’ share a; (j=1,2,3) on
D for each feF, then F is a normal family on D. Pang and Zalcman [7] extended
this result as follows.

Theorem F. Let F be a family of meromorphic functions on a domain D,
and let a, b, ¢, and d be compler numbers such that c#£a and d#b. If, for each
feF, f(z)=a & f'(2)=b and f(2)=c & f'(2)=d, then F is normal in D.

Choosing a=b, c=d, we see that Schwick’s result actually holds when f and f’
share two (rather than three) finite values in D.
In this paper, we improve Theorem F as follows.
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Theorem 2. Let F be a family of meromorphic functions on a domain D; and
let a, b, ¢, and d be complex numbers such that b#0, c#a, and d#b. If, for each
FE€F, f(2)=a & f'(2)=b and f(z)=c = f'(z)=d, then F is normal in D.

Theorem F is an instant corollary of Theorem 2, since not both b and d can be
Zero.

Ezample 3. ([4]) Let

_ _(n2)? -
fn(z)— Wz_i, n=1,2,..,

and let F={f,}52,, D={z:|z|<1}. Then

foon —2n?z
fn(z) - [(nz)2—1]2 .
Obviously, if feF, f and f’ vanish only at 0: also, f#1. Thus we have f(z)=0 <
f'(2)=0 and f(2)=1 = f'(z)=d for any d (since f#1). However, F is not normal
on D. This shows that the condition b#0 is necessary in Theorem 2.

For families of analytic functions, b can be allowed to be zero (see [2]).
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liang Fang was supported by the NNSF of China (Grant No. 10471065), the SRF for
ROCS, SEM., the Presidential Foundation of South China Agricultural University.
The research of Lawrence Zalcman was supported by the German-Israeli Foundation
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2. A useful lemma

The proofs of Theorems 1 and 2 are based on the following result of Pang and
Zalcman.

Lemma 1. ([8, Lemma 2]|) Let F be a family of functions meromorphic on
the unit disc, all of whose zeros have multiplicity at least k. and suppose that there
ezists A>1 such that |f*)(2)|<A whenever f(z)=0. Then if F is not normal,
there exist, for each 0<a<k,

(a) a number 0<r<1;

(b) points z,, |zn|<r;

(¢) functions f,€F;

(d) positive numbers g, —0,



Normality and fixed-points of meromorphic functions 311

such that 0, fn(2n+0n() =g, () —g(¢) locally uniformly with respect to the spheri-
cal metric, where g is a nonconstant meromorphic function on C, all of whose zeros
have multiplicity at least k, such that g% (()<g¥#(0)=kA+1. In particular, g has
order at most two; and, in case g is an entire function. it is of exponential type.

3. Proof of Theorem 1
Let zo€D. We show that F is normal at z5. We consider two cases.

Case 1. R(z)—zo has at least three finite distinct zeros a, b and ¢. Assume
that F is not normal at zg. Then by Lemma 1, there exist points z, =z, positive
numbers g, —0, and functions f, € F such that

(3.1 gn(C):fn(zn+Qn<) —g(¢)

locally uniformly with respect to the spherical metric, where g is a nonconstant
meromorphic function on C.
Thus we have

(3'2) R(gn(g))_(zn+QnC) '—)R(g(C))—ZOa

the convergence being uniform on compact subsets of C disjoint from the poles of
g and R(g).

Since R(gn(C))_(Zn+QnC):R(fn(Zn+Qn<))_(zn+0n<)7éov by Hurwitz’s the-
orem, either R(g(¢))—20=0, or R(g(¢))—20#0. If R(g(¢))~20=0, then g is con-
stant. If R(g(¢))—z0#0, then g(¢)#a.b.c: so by Picard’s theorem, g is again con-
stant. Thus, whichever alternative holds, we obtain a contradiction. Hence in
Case 1, F is normal at 2.

Case 2. R(z)—zo has at most two distinct finite zeros. We claim that there
exists a positive number &y such that F is normal in Dg (20)={z:0<|2—20|<do}-
Indeed, by the argument of Case 1, we need only prove that there exists a positive
number do such that for any z; € D3 (20). R(z)— 21 has at least three distinct finite
Z€eros.

Let S={2€C:R'(2)=0}U{oc} and E=R(S)={R(2):2€S}. Then E is a finite
set. Hence there exists a positive number §y such that

(3.3) Dg, (2)NE =0.

Thus for any 21 €D§ (20), R(z)—z1 has no multiple zeros. Hence R(z)—z; has at
least 3(<deg R) finite distinct zeros. The claim is proved.
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Next we consider three subcases.

Case 2.1. R(z)—zg has at least one multiple finite zero z=a. Thus there exists
a positive number §; <4y such that

(3.4) R({z:|z—a| <81 }) C{z:|z2—20| <bo},
and
(3.5) R(z) =29+ 79"(2).

where £>2 is an integer, 70 is a constant, and (2) is a univalent analytic function
in Ds, (a)={z:|z—a|<é;} with normalization v¥(a)=0, and ¥’(a)=1.
Set

(3.6) G={f(R): feF}.

Then
(i) G is normal in D¢ (a)={z:0<|z—a|<d1 };
(ii) for any z€ D, (a) and geg,

(3.7) R(g(2)) # R(2):

(iii) G is normal at a if and only if F is normal at zg.
Let 7 be a positive number such that

¥~ 1(Dy(0)) C D, (a).
Choose a positive number 8, <48; such that
¥(Ds, (a)) C Dy(0).
Thus, for any z€ D;s,{a) and any geg, we have
9(2) #Yv Y ws(z)), §=0,1,....k—1,
where w;=¢?"%/%_ Indeed, suppose there exist z¢ Ds,(a) and 0<j<k—1 satisfying
9(2) =y (wu(2)).

Since 9(Ds,(a)) C D, (0), we have ¥(z) € D,(0) and so also w;3(z) € Dy (0). But then
9(2)=¥~"(w;9(2))€Dg, (a).  Thus 9(g(z))=w;w(z). whence [1(g(2))]*=[v(2)]*.
But then, by (3.5), R(g9(z))=R(z), which contradicts (3.7).
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We have shown that

g(2) #v N wj¥(z)), z€Ds,(a), j=0,1,...,k—1.

In particular, for any z€ D, (a), we have

9(z2)#z and g(z) #v ™ (wigp(2))-

Set H={g—id:g€G}, where id denotes the identity mapping. Then
(iv) M is normal in D3 (a);
(v) for any z€ Ds,(a) and heH,

R(2)#0 and h(z)#¢ Hwiv(2))—z;

(vi) H is normal at a if and only if G is normal at a.

Next we prove that H is normal at z=a.

Let {h;}52, be a sequence in #; then there exists a subsequence of {k;}2,
(which, without loss of generality, we may again denote by {h;}32,) which converges
locally spherically uniformly on D$, (a) to a function h. We consider two subcases.

Case 2.1.1. h#0. Then, by Hurwitz’s theorem, h#0 in D%, (a). Therefore,

0Sngli£r12w|h(a+%5gew)| >A>0

for some constant A.
Hence for sufficiently large j,

Ogr%iSanhj (a+162¢%)|>3A>0.

Since h; is meromorphic and h;#0 in Ds,(a), 1/h; is holomorphic in Ds,(a). Thus
1/h; is holomorphic in Dy, 5(a)={z:|z—a|< 362}, and

1 2
max ——————7 < —.
0<6<2r |hj(a+362¢7)| A
By the maximum principle, we conclude that

1
max
lz~a|<d2/2 |h;(2)]

<

7

a8

SO

A
i - —>0.
o > 7 >
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Hence there exists a subsequence of {h; };f_,l which converges locally spherically
uniformly in Dy, /2(a).

Case 2.1.2. h=0. Then {h;}52, converges locally uniformly to 0 in D3, (a).

Thus {1;}52; and {}}52, also converge locally uniformly to 0 in D, (a), where

hj(z)
3.8 $i(z)= ——L 4]
(38 1) = -
Hence, denoting by N(r,a. f) the number of poles of f in D,(a), we have by the
argument principle for sufficiently large 7,
!
_1__/ _4iE) dz
21t Jy,—aj=sy/2 ¥i(2)—1

4y d2 1 _
(o) )

b BN
N(—é-,aswj“l\) ~N(2 , Q. ’LL’J-*I)‘

It follows by (3.8) that for sufficiently large 7,

02 . d N _ d2 1 _
N(—Q—,a,wj)-«N(E,a.wJ~1) —N(2 ,a, —_1/)1'*‘1 =0.

Thus ; has no pole in Dy, /5(a) for sufficiently large j. and so neither does h;.
Hence there exists a subsequence of {h;}2; which converges locally spherically
uniformly in Ds, /p(a). Thus H is normal at a. By (iii)-{vi), F is normal at zo.

<1

Thus

Case 2.2. R(z)— zp has only finite simple zeros and has at least one finite zero.
Then either

z—a
(3.9) R(z)= 2t 5
or

_ (z—a)(z~b)
(3.10) R(z) _ZO+WP1(z) .

where P is a polynomial with deg P, >3 and a and b are distinct finite values which
are not zeros of P;.

Since R(f(2))#z, 2€ Dsy(z0).
(3.11) flz0) # .

As in Case 2.1, there exists a positive number 3 such that
(vil) R is a univalent analytic function in Djs,(a)={2:|2—a|<d3};
(vili) G is normal in Dg (a)={2:0<|z~a|<d3}:
(ix) G is normal at a if and only if F is normal at 2o;
(x) for any z€ Ds,(a) and g0, R(g(2))#R(z). and g(a)= f(R(a))=f(z0) #oc.
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Now we consider two subcases.

Case 2.2.1. R has the form (3.9). Then by (x), we have
(3.12) (z—a)Pi(g(2))—(g(z) —a)P1(2) #0. z€ Dg,(a).

Let P, (z):Z;’:O Ajz7 with p>3 and \,#0. Then
(z—a)P(w)—(w—a)P1(2) =(2~a) Z Ajw! —(w—a)Pi(z)

=(z—a) Z Ai((w=2)+2) —(z—a)Pi(2)
=0
—(w=2)A(2)

=(z—a) [i Aj zj:C;zj_t(w—z)t—Pl(z)}

7=0 t=0
—(w—2)P;(2)

(w— z)[(z a) ZAJXJ:CZJ Hw—2)t —Pl(z)]

j=1 t=1

(3.13) ~(w-2) [g Q.-

where Ct=j!/t!(j—¢)! and Q, (s=0,1,....p—1) are polynomials. In particular,
Qo(2) =(2=a)P{(2)~Pi(z). Qp-1(2) =Ap(z~0a),
and Qo(2)#0, z€ D, (a), where §,<d3 is a positive number.
By (3.12) and (3.13), we have

p—1
(3.14) 9 #2 and Y Q(2)(g(2)-2)° #0.
s=0

Let H={g—id:geG}. Then

(xi) H is normal in D3 (a);

(xii) H is normal at a if and only if G is normal at a:
(xiil) for any z€ Ds,(a), and heH,
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p—1 s
(315)  h(z)#0, ¥n(z)= s=1§03((;)h(2) #-1 and h(a)=g(a)—a#oo.

Using the same argument as in Case 2.1, one can prove that # is normal at a. We
omit the details. It follows that JF is normal at zg.

Case 2.2.2. R has the form (3.10). Then

Ww=a)w=b) (2-a)(z=b) _(w-a)w=bPi(z)=(2—a)(z=b)Pi(w)
Py (w) Pi(2) Pi(w)Py(2) ’

where Py (2)=Az*+c125"1 4. 4 with k>3 and A#0. We have

(z-a)(2—b) P, (w)— (w—a){w—b)P,(2)
=(z—a)(z=b) P (z+w—2)—[(w—2)+(2=a)][(w—2) +(z2—b)|P1(2)

kpl(, ‘
:(z—a)(z—b)zi,'(—)(w—z)ﬂ

= I
—[(Ww=2)*+(2z—a—b)(w—2)+(2—a)(z—b)| Pr(2)

P0G, 2
:(z—a)(z—b)Z 7 (w—2) =P (2)(w—2)"—P1(2)(2z—a—b)(w—2)

=(w—2) ((z—a)(z—b)P{(z) —(2z—a—b)P,(2)

k

) A
# 3 0GE-0R ) -Ru(a)| -2+ ma)e-0) 3 B =y )

Jj=3

k
= (w—z)ZQj(z)(w-—z)j_l,

j=1
where Q1,Q2, ..., Qk are polynomials. In particular,
Q1(2) = (2—a)(2—b)P{(z) - (22—a—b) P1(2).

Q1(2)#0, z€Ds(a) for sufficiently small 4, and Qx(z)=A(z—a)(z—b). The same
argument as in Case 2.2.1 then shows that F is normal at zg.

Case 2.3. R(z)—zp has no finite zero. Thus R has the form

(3.16) R(z)= zo+%,
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where P(z) is a polynomial with deg P>3.
Now for any feF and z€Ds,(20), R(f(2))#z. It follows that f(z)#oc and
(2—20)P(f(z))—1+£0. Hence

1

(3.17) 913 = L PG

is an analytic function in Ds,(29). Since f(zp)# o0, we have

(3.18) g5 (z0)=—1.

Since F is normal in D¢ (zo), for any {f,}32, CF, there exists a subsequence
of {fn}52, (which we again denote by {f,}3,) which converges locally uniformily
with respect to the spherical metric either to oc or to a function ¥ meromorphic in
D3, (20).-

If fn—oc in D3 (20), then (z—z0)P(fn)—0c in D§ (20). Hence by (3.17),
95.(2)—0 in D (zp). Since gy, is analytic, the maximum principle shows that
97, (2)—0 in Ds,(2). Hence gy, (29)—0, which contradicts gy, (20)=~1.

Hence f,—% in Dg (2p). Obviously, we have

(3.19) (2= 20)P(fn(2)) = (z—20) P(¥(2))
in D§ (20). Thus

1
953 2 e Pl -1

(3.20) =G(z)
in D (20). Since gy, (2) is analytic, either G(z)=oc or G is analytic in D3 (zo)-

If G=oo0, then (2—20)P((2))~1=0 in D3 (20). Hence z is a simple pole of
P(y). But this is impossible, since deg P>1.

Hence G is analytic in D§ (20). Thus, by the maximum principle, we have

(3.21) 95, (2) = G(2)

in Ds,(20). Hence G is analytic in Ds,(20), and so ¢ is meromorphic in Dj,(z0).
By (3.17) and (3.21),

(3.22) (z=20)P(fn(2)) = (z—20) P(¥(2))

in Ds, (20). Since f,(2p)#00, we have ¥(z)#oc, for otherwise, by (3.22), we should
have 0=o0. Thus ¥(2) is analytic on D, (29), (65<dg). Hence by (3.22), for suffi-
ciently large n, f, is analytic in Ds,(2). Thus, by the maximum principle, f,—¢
in Ds,(2). Hence F is normal at z.

Thus F is normal in D. The proof of Theorem 1 is complete.



318 Jianming Chang, Mingliang Fang and Lawrence Zalcman

4. Proof of Theorem 2

We may assume that D=A, the unit disc. Suppose that F is not normal
on A. Then by Lemma 1, we can find f,€F, z,€A, and ¢, —0" such that g,(¢)=
0, 1 [fr(zntor0) —¢] converges locally uniformly with respect to the spherical metric
to a nonconstant meromorphic function g on C, which satisfies g#(¢)<g*(0)=
|d|+2.

We claim

(i) 9(¢)=0 = g¢'(¢)=d;

(it) g'#b;

(iii) g#oo0 on C.

Suppose that g({s)=0. Then by Hurwitz’s theorem, there exist {,— (o, such
that (for n sufficiently large)

gn((n) = Q;l{fn(zn+QnCn)_c] =0.

Thus fn(2n+0n(n)=c. Since f,(¢)=c = f.(¢)=d, we have

g;(gn) :frlz(zn+9n<n) =d.

Hence ¢'(¢o)=limn_,9;,(¢,)=d. Thus ¢(¢)=0 = ¢'({)=d. This proves (i).

Next we prove (ii). Suppose that g’(¢p)=b. Then g{{o)#c. Further, ¢’(¢)#b;
for otherwise, g(¢)=b(¢—¢1), which is inconsistent with (i). By Hurwitz’s theorem,
there exist (,—3(o, such that (for n sufficiently large) f/(zn+0nCn)=9,((n)=b.
It follows that f,,(zn+0nCn)=a, so that g,(¢,)=[fn(zn+0nCr)—c|/on=(a—c)/0n.
Thus g({p)=lim, 409, (Cs) =00, a contradiction. It follows that ¢’ #b, which is (ii).

Now we prove (iii). Suppose that g((o)=oc. Since g#oc, there exists a closed
disc K={(:|{(—(o|<d} on which 1/g and 1/g, are holomorphic (for n sufficiently
large) and 1/g,—1/g uniformly. Hence. 1/g,({)—0./(a—c)—1/g(¢) uniformly
on K. Let the multiplicity of the zero of 1/g at (; be m. Thus (1/¢)™)(¢p)#0.
Since 1/g is nonconstant, it follows from Hurwitz’s theorem that there exists a
positive number §; (<) such that for every sufficiently large n, the equation

1 On
(4.1) - =0
gn(() a—c
has exactly m solutions with due count of multiplicity in Ds, ((p). Denote these
solutions by {(jn};-”zl; then lim, o (jn=Co for 1<j<m. Now fn(zn+0n(jn)—c=
a—c, ie., fo(zn+onn)=a. Thus g} ((jn)=f1(2n+0n(in)=b. It follows that

(4.2) (g%(())/ _ _9n(Gn) bo?

B =" . j=l2...m
=G 93(Gin) @z 70 J=LZe.m
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Thus
(43) Cjn?éCkny 1 SJ<k§m
Hence
1\ b
4.4 n
(449 (10) "

has at least m distinct zeros in Dy, ({p) which tend to {y as n—oc. By Hurwitz’s
theorem, { is a zero of (1/g)’ with multiplicity at least m: and thus (1/¢)(™ ({o)=0,
a contradiction. This proves (ii).

It follows that g is an entire function and is therefore of exponential type. By
(ii), we have

(4.5) g'(¢)=b+eets,
so that

A+ B
(46) o) =be+C+

as long as A#0, where A, B and C are constants.
We consider two cases.

Case 1. A#0. Let g({o)=0. Then by (4.6).

eACO+B

blo+C+ =0,

so by (4.5) and (i), we have
btedotB=d.

1 d—b
<°:“Z<C+T)'

Thus g(¢)=0 has the unique solution ¢=(p; but it is evident from (4.6) that g(¢)=0
has infinitely many solutions.

Case 2. A=0. Then by (4.5) and (i), ¢'({)=d. so g(¢)=d({—¢1). Thus we
have

Hence

_ _lg'(0)] rent
9#(0)—WSIQ(O)|—W|=

so that g% (0)<|d|+2, a contradiction.
Hence F is normal in D. The theorem is proved.
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