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Entire curves avoiding given sets in C"

Nikolai Nikolov and Peter Pflug

Let F'C C™ be a proper closed subset of C™ and ACC"™\ F be at most countable,
n>2. The aim of this note is to discuss conditions for F' and A, under which there
exists a holomorphic immersion (or a proper holomorphic embedding) ¢: C—C"
with ACp(C)CC™\ F. Our main tool for constructing such mappings is Arakelian’s
approximation theorem (cf. [3] and [10]).

The first result is a generalization of the main part of Theorem 1 in [7]. More
precisely, we prove the following result.

Proposition 1. Let ' be a proper convex closed set in C™, n>2. Then the
following statements are equivalent:

(i) either I is a complex hyperplane or it does not contain any complex hyper-
plane;

(ii) for any integer k>1 and any two sets {a1,...,a }CC and {a1,...,a,}C
C™\ F, there exists a proper holomorphic embedding p: C—C" such that ¢(o;)=a;,
1<j<k, and p(C)CC"\F.

(iil) the same as (ii) but for k=2.

The equivalence of (i) and (iii) follows from the proof of Theorem 1 in [7]. For
the convenience of the reader we repeat here the main idea of the proof of (iii)
= (i). Observe that condition (iii) implies that the Lempert function of the domain
D:=C"\F is identically zero, i.e.

kp(z,w):=inf{a>0:there is f € O(A, D) with f(0)=z and f(a)=w}=0,

z,w€D, where A denotes the open unit disc in C. In the case when condition (i)
is not satisfied we may assume (after a biholomorphic mapping) that F=AxC"~1,
where the closed convex set A, properly contained in C, contains at least two
points. Applying standard properties of k, we have kp(z, w):iﬂc\A(Z/, w’), where
(z,w)=((z',2"), (w',w"))eD. Since ch\A is not identically zero we end up with a
contradiction.
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Hence, we only have to prove the implication (i) = (ii).

Proof. For simplicity of notation we shall consider only the case n=2.

If F is a complex line, we may assume that F={z€C?:2,=0}. Considering an
automorphism of the form (21, zo)(z1€7%1%2, z9e~7#1%2) for a suitable constant v,
we may also assume that the second coordinates of the given points are pairwise
different. Then there exist two one-variable polynomials P and ¢ such that the
mapping t— (t+ P(eQ®), Q) has the required property.

Assume now that F' does not contain any complex line. The idea below comes
from that of Theorem 8.5 in [9].

First, we shall prove by induction that for any j<k there is an automorphism
®; such that the set co(®,(F)) does not contain any complex line and it does not
have a common point with the set

CO(Gj)U{‘bj(CLjJFl), caey (Dj(ak)},

where G;:={®;(a1),...,®;(a;)} (co(M) denotes the convex hull of a closed set M
in C™). Doing the induction step, we may assume that ®;=Id. Then, since F' is
convex and does not contain any complex line, after an affine change of coordinates
one has that (cf. [2] and [7])

FCH:={26C%*:Rez; < —1and Rez < -1},
co(G;) c{z€ C*:Rez >0},
a;+1€{z¢ C?:Rezy > 0}.
In addition, we may assume that the set A:={a1, ..., a; } of the given points and the

strip {z€ C?:—1<Re 23 <0} do not have a common point. By Arakelian’s theorem
(cf. [3]), for e:=min{1, dist(F, A)} we may find an entire function f such that

[f(t)—aj+1,1l<%—5, if Ret<—1,
|f(t) <3e, if Ret>0

and, in addition, f(a;i1,2)=0 (here, a;i1 denotes the kth coordinate of the
point a;,4). Then it is easy to see that the automorphism

Djt1 (21, 22) := (214 f(22), 22)

has the required properties.

So, let F' be a convex set, which does not contain any complex line and F'n
co(A)y=0. Then we may assume that {cf. [2] and [7]) FCH, AC{2€C?:Rez >1
and Re 23>0}, and, in addition, that Rea;>1, 1<j<k.
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Note that there exists an entire function g such that |g(¢)|<1 if Ret<—1 and
glaj2)=a;—a;1 (cf. [3] and [11]; this can be proved also directly, applying a stan-
dard interpolation process and Arakelian’s theorem many times). Then, apply-
ing the automorphism (21, 2z2)+(21+9(22), 22), we may assume that a;;=a; and
Fc{zeC?:Re2 <0 and Rez,<—1}. Finally, we find, as above, an entire func-
tion h such that |h(t)|<1 on the set Ret<0 and h(a;)=a; 2. Hence, the mapping
t—(t, h(t)) has the required properties (in the new coordinates). [J

The end of the proof shows that we may also prescribe values of finitely many
derivatives of ¢ at the points of the given planar set.

Open problem. Is it true for an F' as in (i) of Proposition 1, that for any discrete
set of points in C™\ F there exists a proper holomorphic embedding of C into C”
avoiding F' and passing through any of these points?

It is known that for any discrete set of points in C™ there exists a proper
holomorphic embedding of C into C™ passing through any of the points of this set
(Proposition 2 in [5]; cf. also Theorem 1 in [11] for n>3). We have not been able
to modify the proofs of [5] and [11] to get a positive answer to the above question
in the general case. Nevertheless, the following result gives a positive answer to the
open problem in the case when F' is a complex hyperplane.

Proposition 2. If F' is a union of at most n—1 C-linearly independent com-
plex hyperplanes in C™, then for any discrete set of points in C™\F there exists a
proper holomorphic embedding of C into C™ avoiding F' and passing through any
of these points.

The proof of Proposition 2 will be a modification of the one in the case when
F is the empty set (see Proposition 2 in [5]).
The key point is the following lemma.

Lemma 3. Let K be a polynomially conver compact set in C*, A a set of
finitely many points in K, and H a union of at most n—1 C-linearly independent
complex hyperplanes in C™. For every p,q€C™\(KUH) and every e >0, there exists
an automorphism ¢ of C™ such that p(2)=z, zE HNA, p(p)=4q, and |p(z)—z|<e,
zeK.

In view of Lemma 3, Proposition 2 follows by repeating step by step the proof
of Proposition 2 in [5]. Starting with an embedding oo whose graph avoids H,
the desired embedding « is constructed as the limit of a sequence of embeddings
a; with a;=¢joa; 1, 721, where the ¢; are automorphisms chosen by Lemma 3.
Note that the graph of « avoids H by the Hurwitz theorem.
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Proof of Lemma 3. After a linear change of coordinates, we may assume that
Hc{zeC™:2; ... z,=0} and that all the coordinates of the points in B:=AU{¢}\ H
are non-zero. Applying an overshear of the form

w1 =21 exp(f(22, oy 2n))s  Wa2 =22, ..., Wy = Zn,

where
n
fz2, ooy 2n) =22 ... 2n, (54—2 ajzj)
G=2

and ¢ is small enough, provides pairwise different products of the first n—1 coor-
dinates of the points in B. Repeating this argument, we may assume the same for
every n—1 coordinates.

Now, we need the following variation of Theorem 2.1 in [6].

Lemma 4. Let H be the union of at most n—1 C-linearly independent complex
hyperplanes in C™, D an open set in C", and K CD a compact set. Let ®,: D—C™,
tel0,1], be a C?-smooth isotopy of biholomorphic maps which fit DNH pointwise
such that ©(DNH)=®,(D)NH. Suppose that Py is the identity map and the set
O, (K) is polynomially convex for every t€|0,1].

Then ®, can be approximated, uniformly on K, by automorphisms of C™,
which fiz H pointwise.

For a moment, we may assume that Lemma 4 is true. Let v: [0, 1]+ C"\(KUH)
be a C2-smooth path, v(0)=p, v(1)=q. Then we apply Lemma 4 to the following
situation: Take ®;(z) to be z near K and to be z+~(¢{)—p near p, and choose
a sufficiently small neighborhood D of the polynomially convex set KU{p}. For
sufficiently small £>0, denote by % the corresponding automorphism and set

a
7:=1(r) for re B. Let f; be the Lagrange interpolation polynomial with

for every r& B. Note that the overshear

P1(z) = (21 exp(zz ... 2n f1(22 ... 2n)), 22y oov y 2n)
sends 7 to the point (r1, 7o, ..., 7). It is left to define 74, ..., 9, in a similar way and
to consider the composition ¥y, ¢...c1/1 0¢0. This completes the proof of Lemma 3. [

Proof of Lemma 4. Note that under the assumptions of Lemma 4, there ex-
ists a neighborhood UCD of K such that U;:=®,(U) is Runge for each t€(0,1]
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(Lemma 2.2 in [6]). We shall follow the proofs of Theorem 1.1 in [6] and Theo-
rem 2.5 in [13]. Consider the vector field X;:=(d/dt)®;-®, " defined on U;. For a
sufficiently large positive integer NV and 0<j<N —1 set

, ,_{ 0, t¢3/N,(5+1)/NJ,
" Xj/n, t€[i/N,(j+1)/N].

Note that X;,n vanishes on U;,yMH. 1t is easy to see that it can be approximated
by holomorphic vector fields on C™ which vanish on H, since U;/n is Runge (here
and below, the approximations are locally uniformly). On the other hand, these
vector fields can be approximated by Lie combinations of complete vector fields
vanishing on H (Proposition 5.13 in [13]). Thus we may assume that X;,x is a
Lie combination of complete vector fields vanishing on H. Note that the local flow
of Z;V:Bl X+ at time 1 is An_qo...0hg, where h; is the local flow of X;,n at time
1/N. If N—oo, then this composition converges to the time one map ®; of the
flow of X;. To finish the proof of Lemma 4, it is enough to note that every h; can
be approximated by finite compositions of automorphisms of C™ which fix H (cf.
the proof of Theorem 2.5 in [13]). O

In this way Proposition 2 is completely proved.

Remark. Tt is an open question whether every holomorphic vector field in C™,
which vanishes on the set L:={2€C":2; ... 2, =0}, can be locally uniformly approx-
imated by Lie combinations of complete vector fields vanishing on L [13]. If this
would be so, then the above proof shows that Proposition 2 is also true for every
union of C-linearly independent complex hyperplanes in C*, n>3. To see this,
choose, for example, the starting embedding

ao(n) = (exp(—n?), exp(—nV2), exp(n), ... ,exp(n)).

It remains an unsolved problem (for us) if there exists a proper holomorphic em-
bedding of C into C? whose graph avoids both coordinate axes.

We are also able to answer the open problem, posed after Proposition 1, in the
bounded case.

Proposition 5. If K is a polynomially convex compact set in C™, then for any
discrete set C' of points in C"\ K there exists a proper holomorphic embedding H
of C into C" avoiding K and passing through any of these points. In addition, for
a given point ceC and X €¢C"\{0} we can choose H such that H'(H '(c))=X. In
particular, the Lempert function and the Kobayashi pseudometric of C*\ K wvanish.

Proof. The proof is a modification of the proof of Proposition 2 in [5].
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We may assume that X=(1,0,...,0) and that K does not intersect the first
coordinate axis. Note that there exists a smooth non-negative plurisubharmonic ex-
haustion function ¢ on C™ that is strongly plurisubharmonic on C™\ K and vanishes
precisely on K {(cf. [1]). For any >0, put

Ge={2€C":¢(2)<e} and K,:={zeC":¢(z)<e}.

In particular, K, is polynomially convex. By Sard’s theorem we may choose a
strictly decreasing sequence (g;);>0, bounded from below by a positive constant,
such that the boundary of G;:=G., is smooth for any j and Kq:=K,, does not
intersect the first coordinate axis. In particular, K;:=K, has finitely many con-
nected components.

Claim. The inclusion K;Cy;(K;_1) holds for any automorphism ; of C”
which is close enough to the identity map on K;_;.

Let now C'=(ay);>1 with a;=c. Set Hp({)=((,0,...,0) and gp=0. In view
of the claim and the proof of Proposition 2 in [5], for any j>1 we may find, by
induction, numbers g;>p;_1+1, (;€C, and an automorphism ; such that for
szijijl one has:

(a) Hi(¢1)=X and H;(Q)=au, 1<I<j;

(b) |H;(Q)>lay| =1 if [¢|>0; and K;C{zeC™:|z|<]ay] -3 };

(c) [H;(Q)—H;—1 (O <6; <277 if ([ <oy

(d) H](C)QKJZQ

It is easy to check that the limit map H:=lim; ,,, H; exists and that it has
the required properties except properness. The last one can be provided by the
choice of §;. Note that the only modifications that have to be made in the proof
of Proposition 2 in [5] are the choice of the ¢; with the additional property that
¥;(C1) is the identity matrix and the replacing of the set

Fi={zeC":|2|<|ay|- 3 }UH;_1{¢CeC:[¢| <o}

by the set

FZ:I(]‘Uijl{CGC:]q SQ}
it

Kj ¢ {ZEC”’Z' < Iaj]—%}.

Proof of the claim. Since K has finitely many connected components Kj 1, ...,
K m, we have that dist(K;, 0K;_1)>0. Then we find >0 with dist(K;, 0K;_1)>r
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and some ball B; with radius r belonging to K;;, 1<{<m. It follows that K;C
P; (K1) if
max{|y;(z)—z|: 2 € K;_1} <r.

Indeed, suppose the contrary, i.e., ¢;(a)€K; for some a¢ K;_,. We may assume
that ¥;(a)€Kj; 1. Denote by b; the image of the center of By under ¢;. Then
there exists a path v in K joining v;(a) and b;. Note that zﬁj_l('y)ﬂﬁKj,l;é
0. It cewj'l('y)ﬂaKj_l, then ¢(c)eK,;. Hence r>1;(c)—c|>dist(K;,0K;_1); a
contradiction. O

Note that if F is a proper subset in C? such that for any point in C2\ F' there
exists a non-constant entire curve v: C—C?\ F which passes through this point,
then the interior of F' is pseudoconvex, since C?\7(C) is pseudoconvex [12]. More-
over, if F'is compact and for any point a€ C?\ F' there exists a proper holomorphic
mapping ¢: C—C? with a€¢(C)CC?\F, then F is rational convex [4]. The same
does not hold in higher dimensions. For example, if F' and G are two proper closed
subsets of C* and C!, respectively, then for any point in C¥+!\ (F' x G) there exists a
proper holomorphic embedding of C into C**! avoiding F'x G and passing through
this point.

The next proposition is in the spirit of the above remark and it generalizes
Proposition 1 in [8].

Proposition 6. If F and G are two sets in C* and C', respectively, then
for any countable set C of points in CF' with dist(C, FxG)>0, there exists a
holomorphic immersion of C into C* avoiding F'xG and passing through any
point of C'.

Proof. The idea for the proof comes from the proof of Theorem 2 in [11].

For any point ¢ in C** denote by ¢ and ¢’ its projections onto C* and C!,
respectively. Set e:=dist(C, F x G) >0, C":={ccC:dist(c', CF\ F)>e} and C":=C\
C'. We may assume that both sets are infinite and enumerate them, i.e. C'=(a;);>0
and C"=(b;);>0. Denote by D,(c,7) the polydisc in C™ with center at ¢ and
radius r. Note that Dy(a},s) CC*\F and Dy(b//,e)CC'\G for any j>0. Define

A;ji={2z€C:Rez< -3 and [Imz—77| <3}, ji>1,

Ap ::{zEC:RezZ—1}\U{z€C:Rez>5 and [Tm z—7j| <1}

j=1

Choose a number t€(0,1) such that

texp(Yr —Va+2) >4de(1-8)y/(z+2)*, 2>0.
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For 1<m<k, combining the extensions of Arakelian’s theorem in [3] and [11] gives
an entire function f,, such that

| fm(2)—a0,m—3etexp(—Vz+2 )| < de(1—t)exp(-{/|z]), z€ Ao,
|fm(z)~aj7m—%€texp(—\4/—z—2)| < %s(lft) exp(—{‘/m), z€ 4, j>1,

fm(Z) =a9,m; fm(*z):bO,mv fm(*7+i7j):aj,ma fm(7+L7J):bj,m

for j>1 (/z is the branch with ¥/1=1 and ¢; ., denotes the mth coordinate of
the point c;). Note that |f,,(2)—a;.|<e if z€A;. For k+1<m<k+[ we choose
analogously an entire function f,, such that

]fm(z)—b07nl—%€texp(—\4/ )z—2)| < %5(1~t) exp(—\s/m), —z € Ao,
’fm(Z)—bj,mf%etexp(—\4/z+2){ < %s(l—t) exp(~€/m), —z€A;, j21,

fm(Q) = @o,m> fm(_Q) :bO,m7 fm(*7+i7j):aj,ma fm(7+i7j):bj,m

for j>1. Then the mapping (fi,..., fr4:) will have the required properties if it is
non-singular. To see this, note that applying the triangle inequality and the Cauchy
inequality gives

et 4 e E Cex . .
mexp(—m)‘—lfm(~)l<2(1 £) exp(1— /]2

for 1<m<k and

ZGEO::{zeC:Rez20}\U{z€C:Rez>4 and [Im z—7j| < 2}.

j=1

Then the choice of ¢ shows that f;,(2)#0 if 1<m<k and z€ Fp; a similar argument
gives that f/ (2)7#0 if

ze B = U{zEC:RezngL and |Tm z— 77| <2},

Jj=1

We analogously obtain that f! (2)#0 if k+1<m<k+![ and —z€ FqUFE, which im-
plies that the mapping is non-singular. O

Note that, in general, the mapping in Proposition 6 cannot be chosen to be
proper. For example, let F:=C\D1(0,1) and let f:=(f1, f2) be a proper holomor-
phic map of C into C? which avoids F'x F. Choose R such that max{|fi(2)|, |f2(2)|}
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>2 for [z|>R. Assume that f; is not a polynomial. Then by Picard’s theorem there
is a point a€C, |a|> R, with |f1(a)|=1. Thus |f3{a)|>2. On the other hand, using
that f(C)N(F x F)={ implies that |f1(a)|<1, a contradiction. In conclusion, one
of the functions f; and f; is a polynomial and the other one is a constant smaller
than 1.

It follows from Proposition 6 that if F' and G are two closed proper subsets of
CF and C!, respectively, then the Lempert function of C**/\ (F x G) vanishes. The
next proposition implies that the same holds for the Kobayashi pseudometric.

Proposition 7. If F and G are two proper closed sets in C* and C', respec-
tively, then for any point c€C*H\ (FxG) and any vector X €C**! there exists a
holomorphic mapping of C into C¥H\(FxG) with f(0)=c and f/(0)=X.

Proof. We may assume that ¢ € CF\ F and D;(0,1)CC"\G. The statement is
trivial if X’=0. Otherwise, we may assume ¢/=0 and the ball in C* with center at
the origin and radius (e+1)V/k belongs to C*\ F. After a unitary transformation of
CF we may also assume that X'=(r,...,7) for some r>0. Note that Dg(0,e+1)C
CF\F and if [e™*—1|>e+1, then Rez>1/r. By Arakelian’s theorem, there exists
an entire function f,, such that f,(0)=0, f/ (0)=X,,, and |fn(z)|<1 if Rez>
1/r, k+1<m<k+l. Setting f,,(z):=€e"*—1 for 1<m <k implies that the mapping
(f1, ..., fer1) has the required properties. O
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