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E’ and its relation with
vector-valued functions on £

Daniel Carando and Silvia Lassalle

Abstract. We study the relation between different spaces of vector-valued polynomials and
analytic functions over dual-isomorphic Banach spaces. Under conditions of regularity on E and
F, we show that the spaces of X-valued n-homogeneous polynomials and analytic functions of
bounded type on E and F are isomorphic whenever X is a dual space. Also, we prove that many
of the usual subspaces of polynomials and analytic functions on E and F' are isomorphic without
conditions on the involved spaces.

Introduction

Any Banach spaces F and F' whose duals are isomorphic have, of course, the
same linear forms. However, they do not necessarily have the same polynomials.
Diaz and Dineen showed in [11] that if £/ and F’ are isomorphic and E’ has the
Schur property and the approximation property then, for any n, the spaces of
scalar-valued n-homogeneous polynomials over E and F are isomorphic. In [5] and
[22] it was shown that the result holds under conditions of regularity where the
approximation and the Schur properties play no roll. In [22] the classical subspaces
of polynomials were also studied and it was proved with no further conditions on
E or F that those scalar-valued polynomials closely related to the structure of the
dual spaces are isomorphic whenever £ and F' are isomorphic.

Our interest in these notes is to study the X-valued case of this problem: if
E' and F’ are isomorphic, are P("E; X) and P("F; X} (the spaces of X-valued
n-homogeneous polynomials on E and F') isomorphic? We are also interested in
how the different subspaces of polynomials are determined by E’.

One of the main difficulties to be dealt with in the vector-valued situation is
that the natural generalization of the morphism constructed in [22] or [5] takes
an X-valued polynomial on F to an X"-valued polynomial on F. Also, when we
restrict the question to certain classes of polynomials things are more complicated
than in the scalar-valued case (specially for the integral polynomials).
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The paper is organized as follows: In the first section we construct the mor-
phism between the spaces of polynomials and give the general results. In the second,
we deal with different classes of polynomials: finite type, nuclear, approximable,
weakly continuous on bounded sets, regular, integral and extendible polynomials.
We obtain without any assumption on the involved spaces the (isometric) isomor-
phism of each of the subspaces (except for that of extendible polynomials) whenever
E" and F’ are (isometrically) isomorphic. The third section is devoted to the study
of different spaces of holomorphic functions on dual-isomorphic spaces.

Throughout, £, F, X and W are Banach spaces, F’ is the dual space of E
and Jg: F—E"” is the natural embedding of E into its bidual. By P("FE; X) and
Ls("E; X)) we denote, respectively, the spaces of continuous n-homogeneous poly-
nomials and continuous symmetric n-linear mappings from E to X. If Pe P("E; X)
and A is its associated symmetric n-linear operator (i.e., P(z)=A(z,...,z)} we de-
fine some natural mappings which are associated with P and A:

Given z€ F, we denote by A, the (n—1)-linear operator given by

Ay, e, 2p 1) = Az, 21, 00, Zp1)

and by P, the corresponding polynomial. Also, the mappings Ta: F— L ("1 E; X)
and Tp: E—P("1E; X) are defined as Ta(x)=A, and Tp(x)=P,, respectively.

We refer to [15] for general properties of polynomials, multilinear mappings
and holomorphic functions on Banach spaces.

1. Construction of the morphism

For any linear map s: £’ — F/ we construct a morphism relating the spaces of
polynomials on E and on F. In order to do this we define, via the Aron—Berner
extension [1] and the construction in [22], a continuous linear map

§:Ly("E; X) — L("F; X").

If @ is a symmetric scalar-valued n-linear form on F, ® is its Aron—Berner extension

and s’ is the transpose of s, then §(®) is defined for any yy, ...,y €F as (see [22,
Lemma 1])
S(@) (1, - Yn) = (' (T (1)), o, 8 (TP (yn))-
Now, we define for a symmetric n-linear function A: E*—> X, y1,...,y, € F and
peX’,

(A W1, 5 Yn)(0) = 3(0e A) (Y1, s Un)-
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Although §(A) it is not necessarily symmetric, the X”-valued n-homogeneous
polynomial over F' given by 5(P)(y)=5(4)(y,...,y), for all yeF, is well defined.
It is clear that if we take s=Jg: E'—E'', the morphism 5 is the Aron-Berner
extension. In this particular case we use the notation P and A for 5(P) and 5(A),
respectively.

In what follows we often write y instead of Jr(y). Also, we do not specify,
unless it is necessary, the image of the function $(A4), understanding that for any
X-valued function A, §(A4) is an X"-valued map.

The following results, that were obtained for the scalar-valued case in [22],
remain true for the vector-valued case. Their proof are an immediate consequence
of the extended definition of § and § and the scalar-valued results.

Lemma 1.1. (a) If A is symmetric, then 5(A)=Ao(s'x...xs'). Thus, 5(A)
s also symmetric, and if P is the homogeneous polynomial associated with A, then
5(P)=Pos.

(b) Suppose that s: E'—F' is an isomorphism, PEP("E; X) and A is its as-
sociated symmetric n-linear function. If A is symmetric then (s—o3)(P)=P.

Note that in the second statement, 3(A) is an element of L,(™F; X”) and then
we are considering the morphism 51 acting on elements of L,("F; X”) and taking
its values in L("E; X"). However, the result assures that s—1(3(A)) belongs to
L;("E; X), whenever A is symmetric. Since in symmetrically regular spaces the

Aron-Berner extension of a symmetric multilinear mapping is also symmetric, we
obtain the next theorem, the scalar-valued case of which was given in [5] and [22].

Theorem 1.2. If E and F are symmetrically Arens-regular, and E’' and F’
are (isometrically) isomorphic, then for anyn, 5: P("E; X)— P("F; X") is an (iso-
metric) isomorphism with its image.

In general, 5(P) does not take its values in X, even when (s—105)(P)=P. For
example, consider two non-isomorphic spaces E and F whose duals are isomorphic.
The isomorphism s: B’ —F’ induces a mapping 5:L(E; E)—~L(F;E"). If Ildg is
the identity operator on E, then §(Idg)=Idg os'o Jp=Id g~ os’o.Jr and it takes its
values in E if and only if §'(F) is contained in E. But this would mean that s is
the transpose of an isomorphism between E and F, leading us to a contradiction.

However, if X is a dual space (say X=W"), something can be done. We define
Sw:P("E,W")=P("F;W') by

sw(P)y)(w)=8w-P)(y) foryeF and weW.
Note that 5 is applied to the scalar-valued polynomial weP=P(-)(w). Therefore,
S(weoP)(y) =weP(s'(y)) = P(s'(y))(w) = (Pos’e Jp(y)) (w).



286 Daniel Carando and Silvia Lassalle

This gives us an equivalent expression for Sy (P):

w(P)(y)=(Pes'Jr(y))lw

This second expression may seem more natural, but the first one matches better
the proof of the following theorem.

Theorem 1.3. If E and F are symmetrically Arens-reqular, and E' and F’
are (isometrically) isomorphic, then for anyn, P("FE; W'Y and P("F; W') are (iso-
metrically) isomorphic.

Proof. Defining s-;VT: P, W) —P("E;W') in the obvious way, we have for
PeP("E;W'), 2 E and weW,

st 5w (P) @) (w) = 5 (wesw (P)) ).
For ye I, we have wosyy (P)(y)=3sw{P)(y)(w)=5(wo P)(y) and by [22, Theorem 4],

sy o5 (P)() (w) = 57 (3(wo P)) (z) = (we P) (z) = P(x)(w).

The reverse composition is analogous. Note that ||S(P)||<||P]| |{s]|™. Then, if s is
an isometry the isometric result follows. [

In [16], P. Galindo, D. Garcia, M. Maestre and .J. Mujica give a construction
which is similar to Sy, using the sequence of operators introduced by Nicodemi
in [23]. Although the main interest in [16] is the extension of multilinear operators,
the proof of {16, Theorem 9.3] can be adapted to obtain an analogous version of
Theorem 1.3. We thank the referee for pointing out this fact. Though it is not
obvious at first glance, the construction given in this paper coincides with the
Nicodemi extension operators when applied to symmetric multilinear operators, a
fact proven in [21]. Therefore, following the proof of {16, Theorem 9.3] it is possible
to obtain the same isomorphism as in Theorem 1.3. However, our expression for Sy
will prove useful to study the usual subclasses of polynomials and analytic functions.

In the previous theorem W’ can be replaced by any Banach space X which is
complemented in its bidual. For the isometry, the projection X — X must be a
norm-one operator. Also, the hypothesis £ and F' are symmetrically Arens-regular
can be replaced by E or F' is Arens regular (since if E' and F’ are isomorphic and
one of them is Arens regular, then so is the other).

2. 5 and some subspaces of polynomials

As it happens in the scalar-valued case, it is natural to expect that those
subspaces of polynomials which are closely related to E' are also preserved by s.
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Since § ranges in P("F'; X") one of the main tasks is to show that 5(P) is X-valued
for any P in the corresponding class. We will see that in many cases, an isomorphism
between the dual spaces induces an isomorphism between the different subspaces of
polynomials. Besides the classes of polynomials which are constructed by means of
linear mappings (such as finite type, nuclear and approximable polynomials), this
is true for weak-type, integral and regular polynomials, without any assumption on
the spaces E, F or X.

On the other hand, we know that the weakly sequentially continuous polyno-
mials are not, in general, preserved via the morphism 5 [22].

2.1. Finite-type, nuclear and approximable polynomials

The formula 5(P)=Pos'o.Jr shows that the subclasses of finite type, nuclear
and approximable polynomials are preserved by s.

Let P be an n-homogeneous polynomial of finite type, say P:Z;n:1 @lwg,
where w;€X and @;€l’, j=1,...,m. Then, §(P):Z;n:1 s(p;)"w; and we have
that 5(P) is an X-valued finite-type polynomial.

When P is an approximable n-homogeneous polynomial, there are n-homo-
geneous finite-type polynomials P,€P;("E; X) approximating P in norm. The
continuity of § and the completeness of X assure that §(P) is also an X-valued
approximable polynomial.

Finally, recall that an n-homogeneous continuous polynomial P is said to be nu-
clear if there exists a representation of P such that P:ZjZI wiwj, where (wj)jenC
X is a bounded sequence and (¢;)jen CE' is a sequence satisfying > ;- [l¢;|" <oo.

The space of n-homogeneous nuclear polynomials, Py("FE;X), is a Banach
space endowed with the norm

| Pl|n :inf{z lloos 1™ ;| :Z ¢} w; is a representation of P}.
j>1 Jjz1

Then, if P=3}_,., ¢}w; is nuclear, §(P)=3" -, s(;)"w; is also X-valued. On the
other hand,

I5(P)|ln < inf{z s (o)™ |ws]l :Z@?wj is a representation of P}

jz1 i1

<llsl™Plln-

Thus, the mapping §: Py ("E; X)— Py ("F; X) is a continuous operator.
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Now, if s: B/ —F' is an isomorphism, s—1e5(p")=(s""05(p))"=¢" for pcF’.
This means that § is an isomorphism for the classes of finite-type and nuclear poly-
nomials. By density and continuity, this is also true for the space of approximable
polynomials P,("FE; X). The isomorphism is isometric if s is.

2.2. Weakly continuous polynomials on bounded sets

Let P,("E; X) be the space of polynomials which are weakly continuous on
bounded sets. For a Banach space F such that E’ has the approximation property,
it was shown in [3] that P, ("E; X)=P,("E, X). So if we consider a Banach space
F whose dual is isomorphic to F’, by the results of the previous section, we have
P,("E; X)~P,("F; X). Also, it was shown in [22] that the isomorphism holds for
the scalar-valued case, even when E’ does not have the approximation property.
The natural question is if the result is valid for the general case. The following
lemma will be often used.

Lemma 2.1. Let AcL,("E;X). If Ta: E—~Ly("'E; X) is a weakly compact
operator, then A is symmetric.

Recall that polynomials that are weakly continuous on bounded sets are pre-
cisely those which are K-bounded, for some compact subset K of E’ (see [24] and
[4] for the scalar-valued case, and [8] for the vector-valued case). For any bounded
set K, the Aron-Berner extension of an X-valued K-bounded polynomial is an X”'-
valued K-bounded polynomial (see [6]). Moreover, the associated linear map of a
weakly continuous polynomial is a compact operator [3], and this assures that its
Aron-Berner extension is in fact X-valued (as we will see in Proposition 2.5). As a
consequence of this and with almost the same proof as in [22] we have the following
results.

Lemma 2.2, Let PeP("E; X) be K-bounded (KCFE'), then 5(P)cP("F; X)
is s(K)-bounded (s(K)CF') and

[15(P)lls(ry <[Pl xc
Proposition 2.3. If s: E' = F’ is an (isometric) isomorphism, then
5:P,("E; X)— P,("F; X)

is an (isometric) isomorphism.
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2.3. Regular polynomials

We say that P: E'— X is a regular polynomial if its associated linear operator Tp
is weakly compact. We let Pr("FE; X) denote the class of X-valued n-homogeneous
regular polynomials on E endowed with the usual norm.

We describe the vector-valued version of the inclusion of (P(*E))" into P(*E")
studied in [2] and [20], which was introduced in [19]. First, define, for z€ E”, the
mapping e,: P(*E; X)—X" by e,(P)=P(z). Let 3: (P(*E; X))’ —P(*E"; X" be
given by

BA)(2) (@) = A(@'cez)
for Ae(P("E; X))’, z€E" and '€ X".
With the definitions and the diagram

11

E" i (P(n_lE; X)) i} P(n—lE//; X"
we state next lemma.
Lemma 2.4. Tp=8-T%.
Proof. Let z9,2€E", for any 2'€ X’ we have
(1) (B<Tp(20))(2)(2') =Tp(20) (" oe2) = 20(Tp (2 v€z)).

Now, let  be in E. Following the notation in [26] we have

Tp(z'oe,)(x)=12"0e,(Tr(x)) =Tp(z)(2)(z") =2/ Tp(z)(2) = 20...02(:2/0Tp(:v))
=Zo..0Z(x0Ay) = Zo...oz(a’ o A) ().

Since the last expression is weak™® continuous in z, from (1) we have that

(BTH(20))(2) (@) = 20(Fo...0(a" o A)) = Az, 2, ., 2)(2') = (T (20))(2) (&),
as desired. O

The Aron-Berner extension preserves the class of regular polynomials in the
following sense.

Proposition 2.5. If P€Pr("E; X) then P€Pr("E"; X).

Proof. If P is a regular polynomial, then P is also regular as a consequence of
Lemma 2.4. We see that P is X-valued by induction on n. Gantmacher’s theorem
gives the result for n=1. Now, suppose that the result holds for every (n—1)-
homogeneous polynomial and let A be the symmetric n-linear function associated
with P.
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For mp€ F, let P, be the (n—1)-homogeneous polynomial given by P, (z)=
A(zo,, ..., ). We also define £} : P("'E; X)—»P(" 2E; X) as €} (Q)=Qq,. By
the symmetry of A we have that Tp, 28;0 oT'p. Since Tp is weakly compact so is
Tp,,, which means that P,, is a regular polynomial. By the inductive hypothesis
P,, is X-valued. Since P,,=(P),, we can define, for z€ E”, the weakly compact

mapping
FEF— X,

zor— Alzg, 2, ..., 2).

The bitranspose of this operator is X-valued and in particular P(2)}=A(z, 2, ..., 2)
belongs to X. 0O

We are ready to show the isomorphism result for regular polynomials.

Proposition 2.6. If s: E'—F' is an (isometric) isomorphism, then
5:Pr("E; X)— Pr("F; X)
is an (isometric) isomorphism.
Proof. We first show that 5(P) is an element of Pr("F;X). Let us see that
Ts(py is a weakly compact operator. Consider the diagram

T
F—""% p(1F; X)

|l

E// Tﬁs P(nflE//; X)

If yo€ F, by Lemma 1.1, we have (T5(p)(y0))(y)=(Tp(s"o Jr)(y0))((s = JF)(y))-
On the other hand, the morphism Q+—Qo(s'oJr) is a continuous linear operator
from P(""1E"; X) to P("1F; X) that makes the diagram commutative, and T5(p)
is weakly compact. The result follows from Lemmas 1.1 and 2.1. U

Before studying the class of integral polynomials, we present a generalization
of the results for the two previous classes. Polynomials which are weakly continu-
ous on bounded sets as well as regular polynomials can be considered in terms of
some particular operator ideals: those of compact and weakly compact operators,
respectively. In this context, we can obtain (in a more abstract way) the results in
Propositions 2.3 and 2.6. However, in our opinion the proofs given above are more
constructive and some of the intermediate results have interest by themselves.

In order to proceed we use a factorization result given in [18]. We present a
simplified version for our purposes.
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Corollary 2.7. ([18, Corollary 5]) Let U be a closed injective operator ideal.
If PeP("F; X), then the following are equivalent:

(i) The operator Tp: E—P("'E; X) belongs to U.

(if) There exist a Banach space Y, an operator UelU(E;Y) and a polynomial
QeP("Y; X) such that P=Q-U.

We denote by P,/ ("E; X) the subspace of P("F; X) consisting of those polyno-
mials satisfying (i) or (ii) of the previous corollary. We can define, for P P ("E; X),
the norm || Pljy=inf{|| Q| ||U||"™}, where the infimum is taken over all factorizations
of P with Ueld.

Suppose that i/ is a closed injective operator ideal which is contained in WCo
(the ideal of weakly continuous operators) satisfying that for any T'eld, T" is also
in Y. Then, if P€Py("F; X) we have that P€ Py ("E"; X). Indeed, if P factors
as in the corollary, then P=QoU". Since U is weakly compact, U”(E")CY and
therefore P is X-valued. The fact that U” €/ assures that P Py ("E"; X). More-
over, ||Pllu<||QIIU|I"=|Q|I |U||* and taking the infimum over all factorizations,
we obtain ||Plly;<||P|lzr. The injectiveness of U assures that the norms of P in
Py("E"; X) and Py ("E"; X") coincide.

Note that 4/ CWCo implies that the Aron—Berner extension of the symmetric
n-linear mapping associated with any P& P, is also symmetric. From these facts,
Lemma 1.1 and a similar development as in the proof of Theorem 1.3 we can state
the following theorem.

Theorem 2.8. Let UCTWCo be a closed injective operator ideal such that for
any TeU, T" is also inU. If s: E'—F' is an (isometric) isomorphism, then
S: Pu(nE,X) —%PM(nF,X)
is an (isometric) isomorphism.

If U=WCo, Py("E; X) is precisely the space of regular polynomials, while for
U=Co (the ideal of compact operators), P, (" E; X)) is the space of polynomials that
are weakly continuous on bounded sets. In both cases, it can be seen that ||P]ly
coincides with || P||.

2.4. Integral polynomials

Recall that a polynomial Pe P("FE; X) is integral if there exists a regular X-
valued Borel measure G, of bounded variation on (Bg:, weak*), such that

P(z) = /B ()" dG ()
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for all x€FE. The space of n-homogeneous integral polynomials is denoted by
Pr("E; X) and the integral norm of a polynomial P& P;("E; X) is defined as

1Pllr = nf{|G[(Ber)},

where the infimum is taken over all measures G representing P.

It was proved in [9] that the Aron—Berner extension of an n-homogeneous
scalar-valued integral polynomial P is also an integral polynomial and that the
extension morphism is an isometry, i.e. |P||;=|/P||;. We give a generalization to
the vector-valued case of this result using very different technics. First, recall that
if T:G— X 1is an integral operator, then T":G” — X" is an integral operator and
|T|lr=||T"||; (this is a consequence of Corollaries 10 and 11 of [12, Chapter VIIL, 2]).
Since integral operators are weakly compact, 7" takes its values in X. Integral
operators are not a regular ideal (i.e., an X-valued operator which is integral as an
X"-valued operator, need not be integral as an operator to X). However, for the
bitranspose of an integral operator we have the following result.

Proposition 2.9. Let T:G—X be an integral operator. Then T":G" —X is
an integral operator and ||T" ||, cr.x)y=T"llL, i x =TIz

Proof. Since T is integral, given £>0, T' admits a factorization

G X

|

where K is a compact topological space, u is a regular Borel measure on K, 7 is
the natural inclusion and ||S||||j||||R|<!T|lz+¢. The mapping j is integral with
Nillz=)7l|. Thus, it is weakly compact and 7”/(C(K)")CLi(p). If we see that
J":C(K)"—Li(p) is integral, then we have that T7”=S0j"cR" is also integral (as
an X-valued operator). We know that j”: C(K)”—Lq(p)" is integral and therefore
absolutely 1-summing. This operator ideal is injective, so j: C(K)”— Ly () is also
absolutely 1-summing, with the same norm. Since C'(K)” has the metric extension
property, it is isometric to C(L) for some compact topological space L [10, 1, 3.9].
Therefore, by [12, VI, 3, Theorem 12], j”: C(K)”— Ly () is integral and

15" s ey pa ) = 17 e cyrna @ 1= 157 e o)
=17l zrccxyrpauyny = 1311
Now, T": G X is integral and 7”1, () <[] 171 1R < T+ for any =>0.

On the other hand, ||T/l;=T"||z,",x»)<IT"||L,(c7;x) and this completes the
proof. [
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In [25] it is shown that the spaces L;("FE; X) and L; (@ E; X) are isometri-
cally isomorphic. The next proposition shows that the analogous result for n-homo-
geneous polynomials holds. Note that it does not follow from the multilinear result,
since the integral norm of a polynomial does not coincide with the integral norm of
the associated symmetric multilinear operator (in fact, || Al <||P|/r<(n™/n!)| Al 1)

Proposition 2.10. The spaces Pi("E; X) and L;(® ., E; X) are isometri-
cally tsomorphic.

Proof. If PeP;("E; X), its linearization Lp belongs to Lj (®?E F;X) and
|Lpllr<|P|lr [8]. Suppose that TeL;(®% . F; X). Since @, F is isometrically
imbedded in C(Bg), for fixed £>0, T factors as in previous proposition:

®Z,5E _T_% X

S

C(Bg) —L— Ly(n)

The inclusion j is integral and then Soj is a weakly compact operator on C'(Bg/). By
[12, Theorem VI.2.5], there exists a measure Ge M(C(Bg); X) such that Soj(f)=
fBE’ f(v)dG(y) and |G|=[}S<j||<||T|jr—e (note that |R||=1). Therefore, P, the
polynomial associated with T, can be written

Pla)= [ sl dcis)
By
This means that P is integral and || Pl|; <|G|<||T||; —¢ for any >0 and the isometry

follows. O

The next lemma is a consequence of [13, Theorem 2.2] and extends the fact
that the bitranspose of an X-valued integral operator is also X-valued.

Lemma 2.11. The Aron—Berner extension of an integral polynomial P&
Pi("E; X) is a polynomial P that takes values in X .

Theorem 2.12. If PEP;("F; X), then PEP;("E"; X) and ||P||p,(npr.x)=
1Pl

Proof. Take an integral polynomial P: F—X. By Proposition 2.10, its lin-
earization Lp: ®Z€ F— X is integral and has the same integral norm. Thus, by
Proposition 2.9, L} is an X-valued integral operator (with the same norm). We



294 Daniel Carando and Silvia Lassalle

have the diagram
Lp

(®:.E) =X

®’ﬂ E//

where the map i: Q. B — (Q) . E)//:PI ("E)’ is the inclusion via the identifica-
tion given in [9]. That is, for an elementary tensor z(™ €Q..E", i(2(™) is the linear
form on P;("F) defined by i(2(™)(R)=R(z), where R€ P;("E") is the Aron-Berner
extension of R.

Let Q: E” — X be the polynomial

Q(2)=L(20...@z) = Lb(i(z™)).

By Lemma 2.10, Q is integral and ||Q||;<||L%||;. To show that Q=P take /€ X’.
Then,

2 (Q2)) =" (Lp(i(2"))) = i(2")(Lp(2")).
Note that L’p(z') € (®:6 E)’ is the polynomial #’cP. Then, for all z'€ X’

2 (Q(=)) =i(z") (' P) == P(z) =/ (P(2)).

Thus, P: B — X is integral and || P|| p, (n g, x) < | Ll 1=||Lp | 1=||P|lz. The reverse
inequality follows from ||P||; <||P||p,erix)|JEN=IPlip (nErixy. O

In order to prove that the vector-valued integral polynomials on E are deter-
mined by the dual space E’ we prove first that every morphism § preserves that
subclass.

Lemma 2.13. If Pe P("E;X) is integral, then §(P)e P("F; X) is also inte-
gral, and
5P|z <"1l

Proof. As we have that 5(P)=Pos’c.Jp, the result is a consequence of the fact
that integral polynomials form a right ideal with continuous operators. Thus, by
Theorem 2.12 we have

8(P)|[1=\Pes'Jpllr < [IPlslis|” = IPN:]ls)". O
Now, we show that for any Banach spaces F and F with isomorphic dual

spaces, the respective spaces of X-valued n-homogeneous integral polynomials are
isomorphic.
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Proposition 2.14. If s: E'—F' is an (isometric) isomorphism, then
P ("E; X)— P("F; X)

is an (isometric) isomorphism.

Proof. In order to prove that sTlog(P):P when P is an integral polynomial it
is sufficient to prove that T4 is a weakly compact operator, where A is the n-linear
symmetric function associated with P. The reverse composition is analogous. It is
known that A is an integral multilinear mapping. To see that T4 is a weakly compact
operator it is enough to see that Ta: E—L;("~1FE; X) is an integral operator.

It was proved in [25] that if B: Ey x Fo— X is an integral bilinear mapping,
then By: Ey—Ly(E2; X) is an integral operator. Some modifications of the proof
in [25] would lead to the desired result. However, we prefer to provide a shorter
proof using the bilinear case.

Since A is integral, so is its linearization La: @ E—X. ldentifying Q" £
with E®, (®"" E), we get a bilinear mapping B: Ex (@7 E)—X which is
integral by the multilinear version of Proposition 2.10. By the bilinear case, T4=
Bi:E—L; (®241 E; X)=L("'E; X) is an integral operator. []

2.5. Extendible polynomials

We say that P: F— X is an extendible polynomial if for any Banach space ZDF
there exists Q: Z— X extending P. The extendible norm of such a polynomial P
can be defined as ||P||.=inf{||Q|:Q: C(Bg')—X extends P}.

It was mentioned in [22] that the spaces of scalar-valued extendible polynomials
on F and F' are (isometrically) isomorphic if B’ and F' are. We will give a proof
of this fact in a more general context.

We have that if P:EF—X is extendible, then its Aron-Berner extension
P:E"— X" is also extendible, with [|P|.<||P|l.. Also, PoT is extendible for any
continuous linear operator T on X with |PoT|. <||P||c||T|I™ [7, Theorem 3.4, The-
orem 3.6]. However, the Aron-Berner extension of P needs not be X-valued. For
instance, consider the identity map id;_ : o —>lo0, which is extendible since I is an
injective space. Its Aron-Berner extension is the identity on id;_)» which is clearly
not (leo)-valued.

If X is a dual space, say X=W’, we consider the morphism 3y as in Theo-
rem 1.3. Since sp7(P)=g0Pos’oJr (where p: W' W' is the restriction mapping),
it is clear that sw(P) is extendible with |[sw(P)|l<||P|lclis||”, whenever P is ex-
tendible.
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To prove that an (isometric) isomorphism s: F’—F’ induces an (isometric)
isomorphism sy P.("E; W’)—P.("F;W’) it is enough to show, by Lemma 1.1,
that the Aron—Berner extension of the symmetric n-linear mapping A associated
with each extendible polynomial P is also symmetric. Note that P can be ex-
tended to C(Bg/, w*), and therefore A factors through a symmetric n-linear map-
ping B:C(Bg/)x...xC(Bg/ )W'. The mapping A factors through B, which is
symmetric since C(Bg) is symmetrically Arens-regular, and this assures the sym-
metry of A. We have obtained the following result.

Proposition 2.15. If E' and F' are (isometrically) isomorphic, then for any
Banach space W, the spaces P.("E;W') and P.("F;W') are (isomelrically) iso-
morphic.

2.6. One example

It was shown in [22] that the subclass of weakly sequentially continuous poly-
nomials is not preserved, in general, by 5. With the following example we show that
the class could be preserved under certain conditions.

Proposition 2.16. Let E be a separable Banach space such that Eply. If F”
is isomorphic to E’, then the spaces Pysc("E) and Pys.("F) are isomorphic.

Proof. Recall that by a result of Odell and Rosenthal, a separable Banach
space contains /; if and only if the cardinality of its bidual is greater than c. Since
EPl and E' is isomorphic to F’, F' cannot contain l;. Therefore, P,..("F)=
P,("E) and P,..("F)=P,("F) (see [3], Proposition 2.12) and the result follows
from Proposition 2.3. O

Note that we need only impose conditions on one of the spaces.

3. Holomorphic functions

In this section we investigate the relation between the different Fréchet algebras
or spaces of holomorphic functions on Banach spaces whose duals are isomorphic.
Most of the work has already been done in the previous sections, where the be-
haviour of the mapping 3 (or 5y/) on different spaces of polynomials was studied.

Recall that if U is an open subset of E, H,(U; X) is the space of X-valued holo-
morphic functions of bounded type on U, that is, the functions which are bounded
on subsets V CU which are bounded and bounded away from the boundary of U.
Hy,(U; X) is a Fréchet space with the family of seminorms py (f)=supy || f||.
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On the other hand, H*°(U; X) denotes the space of bounded holomorphic func-
tions from U to X. This is a Banach space when equipped with the sup norm. If
X is an algebra, H,(U; X) and H*(U; X) are, respectively, Fréchet and Banach
algebras.

In order to derive conclusions for analytic functions from the results obtained
for polynomials, we need the following lemma.

Lemma 3.1. Let UCE be an open subset containing 0 and f:U—X an an-
alytic function whose Taylor series expansion at 0, f(x)=>",<, Pr(z), converges
uniformly on rBg. Then, B

(a) fos'odJr=Y"1508(Py) uniformly on rBr/|s|;

(b) if X=W'then fos'oJr(y)|lw=>_1>0 5w (Px)(y) uniformly for {[y{|<r/|s||.

Proof. (a) Since f=>",, Py converges uniformly on rBg. [1], we have that
fos o dr(y)=> 10 FT/.C<>S'<>J,;7Zy):2:k>O 3(Py) (and the series converges uniformly),
whenever ||s'eJp(y)||<r. In particular, this holds if ||y||<r/||s|.

(b) The statement, follows applying the restriction mapping g: W —W' to the
equality obtained in (a). O

Suppose E and F are symmetrically regular and X=W’ is a dual space.
If feH,(E;W’), we can define 5w (f)CHy(F; W) by sw(f)(y)=fos oJz(y)|w,
which coincides with ;- 5w (Py)(y). To see that Sy (f) is a bounded-type holo-
morphic function, observe that if f has infinite radius of uniform convergence, by
Lemma 3.1 (b), Sw(/f) has also infinite radius of uniform convergence. Theorem 1.3
(applied to each polynomial in the expansion of f) and the fact that the Aron—Berner
extension is multiplicative, give the first statement of the following proposition.

Proposition 3.2. Let F and F be symmetricolly Arens-regulor with isomor-
phic duals. Then:

(a) the spaces Hy(E; W'Y and Hy(F; W') are isomorphic Fréchet spaces.

If the isomorphism between E' and F' is isometric, then

(b) the spaces Hy(Bg; W') and Hy(Bp; W’) are isomorphic Fréchet spaces;

(¢) the spaces H*®(Bg; W) and H*(Bg; W') are isometrically isomorphic Ba-
nach spaces.

If W’ is a Banach algebra (in particular, if W' is the scalar field), sw is an
isomorphism of Fréchet/Banach algebras.

Proof. To prove (b), we have to show that if feH,(Bg;W’), then sy (f)€e
Hy(Bp; W'). But this follows from the fact that §'oJp(rBr) is contained in rBg»,
since s is an isometry. The result is now a consequence of Lemma 3.1 (b) and
Theorem 1.3. The proof of (c) is analogous. [
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The scalar-valued case of the first statement is in [5]. It is worthwhile to note
that s needs be an isometric isomorphism for 5 to be an isomorphism in (b) and
(¢} in the previous proposition, even for the scalar-valued case. The same holds for
Propositions 3.3 and 3.4.

As we have seen in the first section, the assumption that X be a dual space can-
not be omitted, unless restrictions are made on the polynomials which are involved.
Naturally, the same occurs with analytic functions. We need not make assumptions
on X for those classes of analytic functions related to spaces of polynomials where s
has a good behaviour. We point this out with two examples: holomorphic functions
which are uniformly weakly continuous on bounded sets, and boundedly integral
functions.

Let H,.,(F;X) be the space of holomorphic functions which are uniformly
weakly continuous on bounded sets. Analogously, Hy.,(Bg; X) consists of holomor-
phic functions on Bg which are uniformly weakly continuous on rBg for r<1. A
function f: E— X belongs to H,,(F; X) if and only if it has an infinite radius of
uniform convergence (at 0) and every polynomial in its Taylor series expansion is
weakly continuous on bounded sets (for H,,, (Bg; X), the radius must be at least 1).
Therefore, from Proposition 2.3 and Lemma 3.1 (a) we have the following result.

Proposition 3.3. (a) If E' and F' are isomorphic, then Hy,(FE;X) and
Hyo(F; X) are isomorphic Fréchet spaces.

(b) If E' and F’ are isometrically isomorphic, Hy,(Bg; X) and Hy,(Bp; X)
are isomorphic Fréchet spaces.

If X is a Banach algebra (in particular, if X is the scalar field), s is an
isomorphism of Fréchet algebras.

Now we study the boundedly integral functions introduced for the scalar-valued
case in [14]. A function f: Bg— X is integral if there exists an X-valued measure
G on (Bg/,w*) such that

) s0)= [ gy e

Integral functions are holomorphic and each polynomial in its Taylor series expan-
sion is integral.

A function f:Bgp—X is boundedly integral if f.=f(r-) is integral for any
0<r<1. Proposition 11 in [14] (which readily extends to the vector-valued case)
states that a holomorphic function f=3>", Py is boundedly integral (f & Hy(Bg; X))
if and only if each Py is an integral polynomial and ry:=1/limsup || P]|y is at least 1.

On the other hand, a function f: E— X is boundedly integral if f1, g, is integral
in the sense of (2), with a measure defined on Bgs/n, for all n€N. It can be seen
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that f=3>_, Py is boundedly integral on FE if and only if each Pj is an integral
polynomial and r;=+o00.

As a consequence of Proposition 2.14 and Lemma 3.1 we have the following
result.

Proposition 3.4. (a) If £’ and F' are isomorphic, Hy (F; X ) and Hy (F;X)
are isomorphic Fréchet spaces.

(bY If E' and F' are isometrically isomorphic, Hy;(Bg; X) and Hyr(Bp; X)
are isomorphic Fréchet spaces.
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