On Hille—Tamarkin operators and Schatten classes

F. Cobos and T. Kithn*

Abstract. We determine the smallest Schatten class containing all integral operators with
kernels in L,(L,,, )" ™™, where 2<p<w and 1=g¢=. In particular, we give a negative answer
to a problem posed by Arazy, Fisher, Janson and Peetre in [1].

1. Setting of the problem

Let (Q, u) be a o-finite measure space and let K be a X u-measurable kernel
defined on 2X Q. The integral operator associated to K is given by

Txf(x) = |, LK f(yydu(y), ~xeQ.

We shall consider Ty as a bounded operator in L,(€, u), for this purpose we shall
impose certain summability conditions on the kernel K.

Let 1<p=<eo, 1/p+1/p’=1, 1=g=- and let L, , be the Lorentz function
space (see, e.g., [2]). We say that K€L, (L, ) if

WKl e, = (fn 1K (x, -)“{,,',,,df‘(x))”l’ = eo,
Similarly, we say that K¢ L, )L, if
1Kllwy,on, = (f IKCo DIE,:,  du(n))7 <.
When
Ké LP(Lp’.q)m (Lp'.q) Lp
we write
KELP(L‘,;Q)S’"‘"’.

integral operators generated by kernels satisfying summability conditions of
the type mentioned above are called Hille—Tamarkin operators. They often arise
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in functional analysis (see, e.g., [5], [6]). We are interested in the relationship be-
tween summability properties of K and the degree of compactness of Ty on Ly(£, w).
For this we need the Schatten classes.

Recall that given any compact (linear) operator T in L,(£, pt), the singular
numbers of T are defined by s,(T)=4,(IT|), néN, where |T|=(T*T)"* and the
A,’s are the non-zero eigenvalues of | T|, arranged in non-increasing order and repeated
according to their algebraic multiplicities. In the special case when 7T is compact
and self-adjoint, we have s,(T)=|4,(T)|, nEN.

The Schatten—Lorentz class S, , consists of all compact operators T on L,(Q, )
having finite quasi-norm

1T lp,q = (Zpey (Ps,(T)In™1)YL.
These classes are lexicographically ordered, i.e. S, , &S, if Po<py and 1=
do>» 1=, of po=p; and g,<gq,. The space S, , is just the Schatten—von Neu-
mann p-class S,. For more details on singular numbers and Schatten classes see,
e.g., [3], [5] or [6].
The following result is due to Russo [7].

Theorem 1. If 2<p~<oco and K€L,(L,)"™™, then T€S,.

Russo’s theorem has been recently improved by Arazy, Fisher, Janson and
Peetre [1].

Theorem 2. Let 2<p<oo, p=q=< and let KEL, (L, )*™™. Then Tx€S,,,.

As a matter of fact, the case g=< in Theorem 2 was established by Janson
and Wolff [4].

The methods developed by Arazy, Fisher, Janson and Peetre in [1] do not
apply to the case 1=g=<p. They left as an open problem the following question:

Problem. Does Theorem 2 hold for 1=g<p? In particular, can Russo’s theo-
rem be improved to the effect that if KeL,(L,)»™™ then it follows that Tx€S,, ,?

In this note we show that the answer to this problem is “no”. Moreover, we
give examples showing that Theorem 2 is optimal.

2. The counter-example

Our results can be formulated as follows:
Theorem 3. Let 2<p<o and 1=g=co,

(i) Given any o-finite measure space (R, p), if K is a kernel over QX Q such that
KeL,(Ly )™, then TxES,

.max (p, q)*
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(i) Let Q=[0, 1] with Lebesgue measure. There is a kernel K over [0,1]X]0, 1]
such that KeL, (L, )™ but Tx4S,,, for every r<max(p,q).

Proof. Statement (i) is a trivial consequence of Theorem 2, since for g<p it
holds L, ,cL, ,.

To prove (ii), we distingunish two cases. Assume first g=p and denote by
l, . the Lorentz sequence space. Choose a sequence of positive numbers (&,) such that

(an)e Ip\Ur <p Ip. T

and consider the kernel
Kxp) =25 2t @) n0), % y€0,1],

where y, is the characteristic function of the interval I,=(2-" 2-"*!), For x<I,,

we have
K (x, ')"L,',, = 2"ay HXI:“LP',. = c2'a, lInlllp”

where ¢=(p’/q)"%. Hence, since |I|=2"",
1Kzt 0 = (S, @ L7 [, dx) = el@ly, <<=

The same estimate holds for | K "(L,' DL therefore K€L, (L, )™
The operator Ty generated by Kis self-adjoint because K(x,y) is real and
symmetric. Moreover, Tk is given by

Tef ) = 3r, 20 ( [ 1)) ) 1.
Thus
TKXn =2"a, llnl Xn = %n)Xn-
It follows that
sn(TK) = Iln(TK)i =0,
and consequently
1Txlp,» = l(@ll,,, =o for every r <p.

Now we treat the case g>p. Take any y=>1/g and consider the function

fx) =3 a,e¥™, xcR,
where
tn = n~¥7 (log (1+n))~"4 (loglog (2 +m))~7.

By [8], V.2.6, |f(x)] behaves like

8 = W= (l°g lTll)_m (‘Og logT:lcT)—y

as |x|-0. Since yg>1, g belongs to L, ([0, 1], dx), and therefore the same holds
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for f. Consider next the kernel of convolution with ¥,

K(x,y) = f(x—y), x ye[0, 1}
For every x, y€{0, 1], we get

1K@, ey, = 1KC Dy, = 11,

Hence K¢L,(L, ™. On the other hand, it is well-known that the eigenvalues
of Ty coincide with the Fourier coefficients of /. Besides, Ty is self-adjoint because
K(x,y)=K(y, x). Consequently,

sn(TK) = U'II(TK)l = If(n)l = Op, ”EN-
Taking into account that (a,)4/,, for every r<g, we obtain that

TK& Ur<qu,r'
The proof is complete.
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