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1. Introduction

Let f denote the Fourier transform of f on R". Let B% be the Bochner—Riesz
means for the Laplacian on R" defined by

ey = [1-1E2) 5
(L) e o =(1-55) jo.

These operators are related to the summability of Fourier integrals and multiple
Fourier series. It is well-known that these operators are not uniformly bounded on

2n 2n n—1
. When §>———,
nrli2s P uTios TS

these operators are uniformly bounded on all LP(R"), for 1=p=c. When 0<dé=
n—1

LP(R™ unless p lies in the interval

, the conjecture is that B% are uniformly bounded if p lies in the aboveinterval.

When n=2 the conjecture is proved and when n>2 it is only proved for
n—1

6>m (see [2]). Moreover, in a celebrated work [3] C. Fefferman has shown
n

that the conjecture is false when &§=0.

In this paper we like to treat a similar problem for the Weyl transform. The
Weyl transform W takes functions on C" into operators bounded on L*(R"). W
enjoys many properties of the Fourier transform and is closely related to expansions
in terms of Laguerre, Hermite and special Hermite functions. So it will be interesting
to study multipliers for the Weyl transform analogous to Fourier multipliers. In [8]
Mauceri has studied general multipliers for the Weyl transform. In [15] the author
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considered multipliers of the form ¢(H) where H is the Hermite operator
(—4+1x[?).

Here we propose to study multipliers of very special form. Consider the Riesz
means Sg of order § of the Hermite expansions. These are defined by

s
0 -2 (- 270 7
+

where P, are the projections of L2(R") onto the k' eigenspace of H. S% is a bounded
operator on L2(R"). We define the multiplier operator 73 by setting

(1.3) WIRS) = Sk W (f).
Analogous to the Fourier transform case one has the following conjecture. T} are
4n 4n
uniformly bounded on LP(C") iff <p< . In [17]) we verified
y bounde O 25 P ooz ) weven

this conjecture when f is radial function. In fact, when f is radial, W ( f) reduces
to the Laguerre transform and 72/ is nothing but the Riesz means for the expan-
sions interms of the Laguerre functions L7 1(r2)e~ /2",

In this paper we prove that the conjecture is true when J=>1/2. That is, if

1 4n 4n

0>— and <p=< , then
2 2n+1+420 2n—1-2¢

(1.4) ITR fll, = CSl,

with a constant C independent of R. This result can be interpreted as a summability
result for the special Hermite expansions. Using transference results we can deduce
from (1.4) a summability result for ordinary Hermite expansions on R" and also a
result for the Bochner—Riesz means for the Laplacian on R*.

To prove the uniform bounds (1.4) we adapt a method of Fefferman—Stein [4]
to reduce matters to proving IL?—L? bounds for certain projection operators.
This technique was well developed in Sogge [10] where the convergence of the Riesz
means for the eigenfunction expansions associated to second order elliptic differential
operators on a compact manifold were studied. The same ideas were used by the
author in [16] to prove the convergence of the Riesz means for the Hermite series on
R* for radial functions.

The paper is organised as follows. In the next section we collect the background
material and state the main results. In Section 3 we get an estimate for the Laguerre
functions and in Section 4 we prove the kernel estimate and the L?—L* bounds
for the projections Q. Finally in Section 5 we sketch the proof of the main result.

The author wishes to thank Jaak Peetre for his interest in the work and also
for his suggestions which greatly helped in improving the exposition of the paper.
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2. Preliminaries and the main results

The Weyl transform W(f) of a function f on C" is a bounded operator on
L%(R") and is defined by

@1 W9 = [, f(Dex @240 o(C+y)dz

where z=x-+iy. The Weyl transform enjoys many properties of the Fourier trans-
form. For example we have an analogue of the Fourier inversion formula

f(2) = Q)" tr (W (2" W(S))
where W (z) is the operator valued function
W (2)p(E) = e W2r+D o(E+ )

and a Plancherel formula

2.2) 1£18 = @r)="IW (Nllfs-
Given a bounded operator M on L%(R") we can define an operator T,, on Cy (C") by
(2.3) W (T f) = MW (f).

We say that M is an L? multiplier for the Weyl transform if T}, extends to a bounded
operator on LF(C").

Let ¢, be the normalised Hermite functions on R” which are eigenfunctions
of the Hermite operator H. Let P, be the projection defined by

E(f: Z]a|=k (f; Qa) Qa'
We define the Riesz means S% by

@.4) Sh=> (1_ 2 "]if;.

Observe that S% is a bounded operator on L:(R"). Let Ti=T,, where M=S5.
We prove the following theorem.

d §=6(p)=2 [1 J ! Then we have
= —_————. en
an =>dé(p n

[|T1‘:f||p§C|] Sfl, for all feLP(C") where C is independent of R.

Corollary. Assume that 6=1/2. Then the uniform estimates (1.4) hold iff
4n 4n
- p< .
2n+1+26 2n—1-26
The necessity of the condition has been proved in [17). The corollary immediately
follows from the theorem. To prove the theorem we need to get an estimate for

Theorem 2.1. Let 1=p=
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the kernel of T3 and also to prove bounds for certain projection operators which
we are going to define presently.

Let 0}~ (2)=(Qn) "L}~ Y(§121?) e~ where L}~ is the Laguerre polynomial
of type (n—1). Then in [9] Peetre has shown that the projection B is just the Weyl
transform of ¢} ~*. Now recall the definition of the twisted convolution fXg of
two functions

fXg(z) = fc-' f(z—w)g(w) el Imz® gy,

Then it is well-known that ¢} !Xl '=¢}~'. So, if we set Q, f=¢; !X/ then
0, is a projection operator. Moreover since W(fXg)=W(f)W(g) we have
W (0, f)=PW(f) from which it follows that

2k+n)’
WAIRS) =W[Z (1— R - }+€°'1:_1] w(f)
or
25) TR f = skXf
where
2k+nY’
29) 2@ =3 (1-22) o
+
In Section 4 we will prove the following estimate for the kernel s%(z).
@7 s (2)| = CRA(1+ RV?|z[)6-"= 07,

For the projection operators we prove the following bounds.

(2.8 10 fllz = CkmWP—1D=22) £,

2 .
for feLP(C"), 1§p§—£1—. Once we have (2.7) and (2.8) we can proceed as in
n

[10] or [16] to the proof of Theorem 2.1.
‘We will now bring out the connection between the special Hermite functions.
These functions @, ; are defined by

—n, ix. y y
P p(x,y)=mn /szne gtpﬁ(f-{—-j—) 45,[5—-2-) dét.
These functions appear as the entry functions of the Schrodinger representation =,

of the Heisenberg group (see Strichartz [12]). They form an orthonormal system for
L2(R*™). Let L be the differential operator

L =44, 41 (3 + D —~iN
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) ? 3
where N=3i (515~

eigenfunctions of the operator L. In fact
L(®,,5) = Qlaj+n) P, 4.

Given a function f(z)=f(x,y) in L*(C") we have the special Hermite ex-
pansion

. It has been proved in [12] that &, , are the

f(x’ y) = Za.ﬁ(f; ¢a.ﬁ) ¢1.B’

The series converges in the L2 norm if f¢ L2 But for other L? functions it need not
converge. Let us set

Qkf= 2[¢l=k 23 (fs ‘pz.p) ¢¢,F

and

~ 2k+n)’
S0 =3 (-2 o
+
be the Riesz means of order § of the special Hermite expansion. We claim that
0. f=Fxei™'. This can be seen as follows.
Consider the differential operators
9 1 - 2
e, L = e
Zi= 5,7 4T g

on C". Then it is easily seen that

-hl»-ﬂ

L:—%ZH&Z+ZL)
An easy calculation shows that
W(Lf) =W()H.
From this one can prove that for any reasonable function ¢,
W(e(L)f) =W (f)o(H).
Choosing ¢ in such a way that ¢(H)=PF, and ¢(L)=0, we obtain
Ouf = Yoy

This proves the claim. Therefore, we can interpret Theorem 2.1 as a summability
result for the special Hermite expansions.

4n 4n
<p< .
2n+1+20 2n—1-20

IS¢ £I,=C| fl,. Moreover, the Riesz means S3 f converge to f in the norm.

Then one has

1
Theorem 2.2. Let 6>5 and
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L [
This theorem states that the operators (1 ——-—J are uniformly bounded on
+

L?(R™) when 6=>% and p is in the prescribed range. Using a transference result of
Kenig—Stanton—Tomas [6] we can prove the following result concerning the Boch-
ner—Riesz means B3 for the Laplacian on R™.

1 4 4
Theorem 2.3, Let 6>— and . <p=< " . Then one has
2 2n+1426 2n—1-26

I1Bx f1,=C1 11, for all feLP(R™).

This theorem is not new. As we have mentioned in the introduction the above

2n—1 .
theorem has been proved in the bigger range 5>—n—. Finally consider the
2(2n+1)

Riesz means S% f for the Hermite expansions on R”,

2k+n

sir=3(1-282) ns

where f¢LP(R"). In [14] we proved that when 6> - one has the uniform

estimates
IS&f1l, = ClI SN, .

n_..
for all p, 1=p=c. Here we want to deduce a result for S when 0<6<-—2—-.

The following transference theorem has been proved in [8].

Theorem (Mauceri). If M is an L? multiplier for the Weyl transform then M is a
bounded operator on LP(R").

In view of this theorem we immediately deduce the following result from Theo-
rem 2.1.

Theorem 2.4.

1 4 4
Let 5> and  ep< . Then one has |S% f1,=C| 71,

2n+1+26 2n—1-26
Sor all fe L?(R™).

3. An estimate for the Laguerre functions
The Laguerre polynomials LZ(x) satisfy the following equation (see page 107
of [13]).

. (— ¥ l/zf(k+a+1) _—
3.1 Li(x) = I“[ (2k)' f_l =D g (x1)dt
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where H,, is the 2k™ Hermite polynomial. The above representation is valid for
oc>—%. The right-hand side of (3.1) can be viewed as an analytic function of a,
analytic for Re a>—+. Let us consider the functions

Ik+Dr@+1)

a —(1/2)x 20
Thtatl) e x=

(3.2 Yi(x) =

In the next section we require the following estimate for the above functions.
Proposition 3.1.

(3.3) Wil = C(1+[h??

Jor all x uniformly in 0=c=n where a=0c+1i1.

Proof. Let ¢, (t) be the normalised Hermite function defined by

(34) @) = (2% (k) V)P Hy () e~ WP,
We will prove the following estimates:
(3.5) f il (1— )12 | (xD) dt = C(2k+ 1)~
k
(3.6) |2 F(i‘“)r(““) | = C(2k-+ DA+ |12
| T (2+4) (P @k+ D)2 |

It is clear that the proposition follows from these two estimates.
Recall the Stirling’s formula which states that

(3.7) I'(z) = 22~ WDzl
where J(z) tends to zero as z-—-. From (3.7) it is clear that

2rk+1) _ y
(3.8) Tk D)" = C(2k+ 1)V

To estimate I'(a+1)/I" (x++), we use Legendre’s duplication formula, namely,
(3.9) Vr [(Q20) = 22T (@I {a+5).

In view of this

Val@+1) 22" T@l@+]l) _ 2% 'a(f @)
Iat+y) T (20) T

Again by Stirling’s formula this gives

(3.10) P 1) = €L a2 (x4 2],
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uniformly in O=c¢=n. This proves (3.6). The estimate (3.5) will be proved in the
next lemma.

Lemma 3.1.
f il (1—)~g, (xt)|dt = CQ2n+1)~4,

Proof. Let us set N=2n-+1. By making a change of variable it is enough
to show that

(3.11) f: (x2—3)~ 2o ()|dt = CN-Y2,

To do this we need the asymptotic properties of the Hermite function ¢, for various
regions (which can be seen from Askey—Wainger [1]). We need to establish

I= " (x—1)"2g,(1)|dt = CN-*

where a<x=b for various values of a and b. We have to treat several cases.

Casei). a=0, b=+ N2
When O<t=1 N'* we have the estimate

(3.12) |Pa(D)] = CN-VB(NY2— 1)1,
Therefore,

I=CN- [ (x*~p)~2dt = CN7H4

Case ii). a=3 N, b=N"*—N'°.
In this range also we have the same estimate (3.12) and so

I=CN [ (x2— ) V(N2 1)~ L,
As L NYV=x<N"® and NY?*—t=x—t we have
I=CN-% " (x—0)=%4dt = CN=*x1 = CN-',
0

Case iii). a=N"?—N-V8 p=N2_ N-1/8,
In this range we have the estimate

(3.13) [pa()] = CN-12
and hence we have
I=CN-UYRN-V(x - NYV24 N-1U8)2,

As x—NY*+ N-Y8=2N-V% we immediately get I=CN~'4
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Case iv). a=N"*+ N-/% b=(2N)"/2

In this range there is a constant ¢=>0 such that
(3.19) |@a ()] = CN—Y8(t— NY2)~V4exp {—eNVA(1— NY2%)%2},
The integral I is bounded by

] =CN-V8 f" (xz_ t2)—1/2(t_ N1/2)—1/4 exp {__ 8N1/4(t_ N1/2)a/2} dt.
Applying Holder’s inequality with 4/3<p<2 the above integral is bounded by
AB where
A= ([ (er—r)y-rrdi)”?
and
B = (7 (t— N'%)- exp {~ eqg N4 (t— N"2)"%} dr) ™
a

where p+q=pq. A simple calculation shows that A=N~"2*V2P_ By a change
of variable B gives the estimate

Bz ([ rhexp (N Y = N

Finally, we have the estimate

] = C N-VAN-12+1)2p \J1/24—1/6g

-

which after simplification becomes, as 4/3<p<2,

-

I = CN-VAN-12+2/3p = CN-V/4,

Case v). a=(2N)"?, b=-co,
In this range we have

|, ()] = Ce™?"
and hence

I=Ce | : (2—)~12dt = Ce 2V,

This completes the proof of the lemma.

4. Estimate for the kernel and bounds for the projections O,

As we have already mentioned the two ingredients to prove the multiplier
theorem are the following: the kernel estimate

4.1) Is§(z)| = CR"(1+ RY?|z|)~%-?
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and the L?—L?* bounds for the projections
4.2 1Quflly = Chr/p=1D =32 £]]

Our aim in this section is to prove (4.1) and (4.2). Once we have these two ingredients
we can proceed as in [16].
First we will prove the kernel estimate. Let 6% denote the Cesiro means

43 oh = < Zao AhiB
The kernel s4(z) can be expressed in terms of the kernel 6%(z) corresponding to the
multiplier 6% In fact the following formula (see Gergen [5]) connects the two kernels.
Sk(2) = R™° 3 v(R—k) Aol(2)
where v satisfies the estimate
Ol =CA+)~L
In view of the above formula it suffices to prove the following estimate.
Proposition 4.1.
4.4 l68(2)| = Ck*(1 4 k2| z|)=2—n- A3,
Proof. The kernel ¢(z) is given by

1
o}(2) = 7 oo 4957 (2).
In view of the formula

2::0 Ag—jL}(z) = L¢+6+1(Z)
we get that

oi(2) = —5 Ly (llzlz] e~ V4=l

1
) 2
If we let £F(r)=k~**L(r)e~"/*r*/* then the following estimates are well-known [7].

(rv)*® if O0=r= —1—
(rv)~1 if L=rs >
L) = C ; 3
OBy -} i =r=s o
2 2
3
exp {—yr} if r= _Tv
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where v=4k+2¢+2. Using these estimates it is now an easy matter to establish
the estimate (4.4).

Now we will prove the bounds (4.2) for the projection operators.

Proposition 4.2. Let 1=p= and feL*(C"). Then

n-+

IQ: Sl = CEMM2=1D=12] £,
where C is independent of k.

Proof. In view of Riesz—Thorin convexity theorem the estimate for Q, is a
consequence of the following two estimates.

(4.5) 1Qcfll2 = CEO=D2] £y,

4.6) 19 SNz = Cllfllanjin+1)-

Since Q, f=¢7 1 Xf and [} Y,=Ck®"-V/? (4.5)is a consequence of the Young’s
inequality. Since 0, are projections

10 AUE = 10l 1SN
and hence (4.6) will be proved once we show that

A7 19k A 2nin-1) = Cll fllzn;n+1)-

To prove this inequality we are going to use Stein’s interpolation theorem for analytic
families of operators.

Consider the family of operators
“48) 5 f=YEXf 1
Then clearly G§ is an analytic family of operators, analytic in Re a=— and

I'(k+n)T(n)

“9) 0f = —FD

G'(‘n—l)/nf:

If £ and g are simple functions then using the estimate (3.3) we have

|[6:/(De(2) a7 = ca+D 21 f N lgls

where a=o¢+itr uniformly in ¢, 0=co=1. This shows that the family G§ is admis-
sible in the sense of Stein [11]. Since

T'(k+n)I'(n)

. -1
T'(k+1) =ck

the estimate (4.7) will follow from the following lemma by analytic interpolation:
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Lemma 4.1.
(4.10) 1GEfllee = CA+ 1DV f 1l
(4.11) 1G fle = CA+|e)" k"1 f1l,-

Proof. The estimate (4.10) follows from (3.3). To prove (4.11) we use the Planche-
rel theorem for the Weyl transform. If T and S are bounded operators on L*(R") then

ITSlns = TN 1S ]us

where ||T|| is the operator norm of T and | S|ys is the Hilbert—Schmidt norm
of S. By applying Plancherel theorem for the Weyl transform

(4.12) IGE £l = Qr)~"IW (" IW (Nls
=T f13
where T=W}*"*). So it is enough to show that
4.13) ITH=CA+)"k"
In order to do this we make use of the following formula.
4.14) L) = 3 _ AR L50)
where
4 I'(k+a+1)

YU Trk+DI@+)

This formula is stated in [7] for real values of « and B but it remains true for com-
plex values also. So we have

. I'k+1)I'(n+14-nit) ; _
n+nit _ nit n—1
(4'15) '/’k (z) - F(k+n+ 1 +ni‘r) 2_,‘:0 Ak—f(pj (Z)-

Since W(p}~)=F; this gives

_Tk+D)I(n+140t) ok e
T= I'(k+n+1+4nit) 2= s B

Now
(n+14niv)...(n+k+nit)yF (n+1+nit) = I'k+n+nit+1)
and hence

T'(k+1)I(n+14-nic) _ I'(k+1)(1+nit)...(n+nit)
I'k+n+1+nit)  — (1+nit)...(k+nity(k+1+nit)...(n+k+nit)’
Similarly we have
nit _ I'(j+1+ nit) (j+nit)...(1+nit)

I T r(g+nrnic+1) r(j+1)
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Together we have

I'(k+1)I(n+1+nit) pros (G+D)...(k—Dk (1+nit)...(n+nit)
TFk+n+14nixy 7 = (G+i+nin)...(k+niv) (k+1+nit)...(k+n+nit)

Thus we have the estimate
I'(k+1)I' (n+1+nit)
I'(k+n+1+nit)
Therefore, in view of (4.15) we have (4.13). This completes the proof of Lemma4.1.

Al = C(1L+ [k

5. Proof of the multiplier theorem

We will give only a sketch of the proof referring to [16] for details. We take
a partition of unity 377 __ ¢(2/t)=1, t>0 where ¢€Cg(3,2). For each j

we set
L]
ool -3
and define for j=1,2, ...
52) Thf = 3 ok k4 m) O,
[
53 Tiof = 3 oo[1- 242 (1- 252 g,

where @,(£)=1-32; ¢(2/t). Then we have
T3f=Tdof+ ZWN 18 VRS,
We will show that there exists an &>0 such that

(54) 172, fl, = C27¥| 11,
(55 IR fll, = C274\ 11,.

Then by summing we will get the theorem.
Proceeding as in [16] and using the kernel estimate (4.1) we can obtain the fol-
lowing. Given =0 there is an £¢>0 such that

5.6 5% dz = C279,
(5.6) fle, k(@) dz

Next using the L?—L? bounds (4.2) we can show that
(5.7 172, Fll. = CR™IYR 2274 (YRY® | 1,
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From this it follows that if B is a ball of radius 2/**?/yR then
1T, ; flle sy = C27I0+1D 2IA+NG@+1D | £
Since 6>6(p) we can choose a y>0 such that §+3>(1+y)(6(p)+3) and
with this choice it is clear that there is an &=>0 such that
5-8) 178, ; fllieey = C24|fl,.
Now split the kernel into two parts s%(z)=K,(z)+K,(z) where

=s3(2) if |zl = 200+N YR,
k(@) {: 0 otherwise.

Then (5.6) immediately gives that

Ko fl, = C27% | £,
To get a similar estimate for K; f we proceed as follows. Let hcC" and B,(h) be
the ball of radius r2/C*?/)R centred at h. Write f=f,+/f;+/f; where

./i = fXBalg(h) s ﬁ = fxns/A(h)/BS/A(h) °
Then it is clear that

K\ f=K /i*+K [
Using (5.6) and (5.8) we can show that

- —&j, p
f . K, f(2)|P dz = C2-¢ir f . |A(2)|P dz.

Integrating with respect to h we get

1K fll, = C27 [ £ll,.
This completes the proof.
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