Traces on curves of Sobolev spaces
of holomorphic functions
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1. Introduction and statement of results

Let B” denote the unit ball of C". For an holomorphic function f on B" with
homogeneous expansion f(z)=>, fi(2), the fractional derivative D?f of order p€C
is defined by

M Dif(2) = Zu(k+1Y fi(2)-

0
Thus D=R+1d, where R=3; 25" is the radial derivative. (The reason for
Zj

using D instead of R is to get a one to one map and to have simple expressions
for the inverse map.) The Hardy—Sobolev space HP, 1=p<o, >0, is defined

Hg = {f: sup [ ID*f(:0)IPda(?) = /13,5 <+<<},

where S denotes the boundary of B” and do its Lebesgue measure. It is well-known
(see [5) and [6]) that in case § is an integer one can use R instead of D? and if fcH}
then all derivatives up to order f of f belong to H? (i.e. they are in L?(S)), and thus
H} can be thought as the analogue of the Sobolev and potential spaces in real ana-
lysis. The space H} has been the subject of several recent papers and a theory of
holomorphic Sobolev spaces is being systematically developed, in many aspects
analogous to the real-variable theory of Sobolev and potential spaces (see [5], {7],
[12], [141, [11, [2], (3] and the forthcoming book [6]).

The object of this paper is to describe the trace of the spaces Hf along certain
submanifolds of S, i.e. to find the analogue of the “trace theorem” (see [8] or [16]).

To simplify the exposition, here and in the main part of the paper, we will
limit ourselves to (simple) closed smooth curves I' on S and to the regular range
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of the spaces H}, i.e., when all functions in H} are continuous up to S (which is
B=n/p if p>1 and f=n if p=1, see[12], [14], [6]). More general cases will be
considered in another section.

As it was to be expected from the real-variable theory, the description of the
trace involves Besov spaces, whose definition we proceed now to recall. Without
loss of generality we may assume our curve I' parametrized by {—=, z] and identify
functions on I with functions on the unit circle T. For 1=p<ec and «=0, the
Besov space B is the subspace of L?(T’) defined by the condition, independent of
the integer k=>«o,

@ [rlas g

—n ]Ill+ap

where Af denotes the k-th difference operator. The index « must be thought as
an index of smoothness. We refer to (8] and [16] as a general reference for Besov
spaces.

A complete description of the trace (in real analysis terms) can just be expected
on those curves in which any nice function can be interpolated by a nice holomorphic
function. These are the complex-tangential curves, or curves having a tangent at
any point in the complex-tangent space at S. In terms of a parametrization y(s),
this is the condition

Y (s)-y(s) = 0.
Qur first main result is a restriction theorem:

Theorem 1. The trace of Hf on any curve is contaired in B, with a=p —%+%,

If the curve is complex-tangential, the trace is contained in B, with oc=2(/3—%)+%,

The better index of smoothness along complex-tangential curves is in cor-
respondence with the better regularity properties of holomorphic functions along
complex-tangential directions (this is a general fact and has been made precise for
the spaces Hf in [3]). From the inclusion B} cLip,_q,(T), the usual Lipschitz
space of order a—%, we recover the result that the functions in H; are in
Lips-—n; (B"), and in Lipy,_,,, along any complex-tangential curve, again in ac-
cordance with the above general fact.

For complex-tangential curves, A. Nagel introduced in [15] a family (I,),.,, of
interpolation operators

I.C(TI)y—~AB), IL,p=¢ on T

from the space of continuous functions on the curve to the ball algebra.
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Definition. The curve I' is said to satisfy the condition (I) if given mEN, there
exists go=qo(m) such that for g=¢,(m), I, maps C* functions on I" to functions
with bounded radial derivatives up to order m.

We point out that, as said before, it is known that C= functions on I' can be
interpolated by holomorphic functions in 4= =C~ (B")nH(B5"), but this uses others
methods of interpolation. Our second main result is then:

Theorem 2. If I' is complex-tangential and satisfies condition (1), the trace of
H} is exactly B: with a:Z(ﬁ——%) +%.

We prove that the “model” complex-tangential curve #—(cos ¢, sinf) in C?
satisfies the condition (I). We also give a method to check that g,(m)=2m works
for any complex-tangential curve and any concrete value of m. For m=1 this is
easily done, but for higher values of m the computations become more and more
involved and long. We have implemented our method in a computer and have
checked this property for several values of m. All this leads us to conjecture that
condition (I) always holds.

The paper is structured as follows. In Section 2 some preliminaries and auxiliary
results are collected. In Sections 3 and 4 we prove Theorems 1 and 2, respectively.
In Section 5 we discuss some generalizations of Theorems 1 and 2. There we con-
sider the situation for the so-called Bergman—Sobolev spaces, for the non-regular
range of the spaces H} and also for higher dimensional submanifolds of S. In Sec-
tion 6 we prove our results concerning the condition (I).

Part of this paper was done while the first author visited the Mittag-Leffler
Institute during the special year in several complex variables. He wishes to thank
this institution for its support. We also thank Professors P. Ahern and J. Burbea
for valuable discussions.

2. Preliminaries

2.1. The spaces H} have a good behaviour under the complex interpolation
method, which will allow us to reduce the proofs of the restriction and interpolation
theorems to some particular cases. One property we will need is

©) (Hf, HE o =HE B =(1—-0)p+0p,.

The space H} being by definition the domain (in H”) of D*, a general result in
interpolation (see [17, pg. 103]) shows that (3) is true if D is a positive operator
and for any t¢R

4) 1D*71, = CA+ID¥fI,
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for some C, N. In fact something more general than (4) holds. Namely, for any
t,6€R
\D*#|, = | D],

as operators in HP (see [6] and [10]), so that (4) holds with N=0. Alternatively,
(4) can be reduced to the one-variable case by slice integration, and proved using
the analogue in the periodic case of Mihlin’s multiplier theorem.

On the other hand, if /=0 it is immediately seen that

J, fudtd = D+D71(2)

by checking both members with f(z)=z' for a multi-index I. By the continuous
Minkowski inequality and the subharmonicity of f it is then clear that

ID+D7 S, =5 111,

"_I+1

so that D is a positive operator in the sense of [17, Def. 1.14.1].

An analogous result to (3) is also true when f is kept fixed:

1 1-6 6
(5) [le,sz :Hpa_= +—v l"<—‘ ’ = oo,
s Hplo = Hp 7= ot P Pe

It is enough to prove this for =0, and then the result follows, as in [8, Ex. 14,
p. 18] as a consequence of two facts: for 1<p- e, the Szegd projector is bounded
from L?(S) to H?, and the factorization theorem for functions in H1(B") of Coifman,
Rochberg and Weiss ([11, Thm. III]).

2.2. The Besov spaces B: can be alternatively defined in terms of harmonic
functions. Under the Poisson transform, B; corresponds to the space of harmonic
functions u in the unit disc such that

(6) f A=) T dm(2) <+ o

Here V*u denotes the k-th gradient of u and the condition is again independent of
the integer k=>a.

It is well-known that if j is an integer less than o, then SJEB; if and only if
Jf has derivatives in the sense of distributions up to order j in B;‘f. In particular,
for « non-integer, k—1<a<k, B‘;CW;"I, the classical Sobolev space. We will
use the following property of functions in B :

Lemma. Suppose « is non-integer, k—1<a<k, let feB; and let Ek f denote
the Taylor remainder, defined for a.e. s as

E"f(s) = fls+1)— Zk lf (S)
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Then
@) BT g

e

Proof. We assume k=2 and use the integral form of the remainder

EJ() = = 2), i/,

- (k—12)! Sy 4.1 @52

s+t

(f&=D ()= =D (5)) (x —s) 2y

By Hardy’s inequality this is bounded by

+x HA f“ Dl,p d

|x|1+(a k+1)p
which is finite because f*~DeBi 1, |

We point out that the converse of the lemma also holds. Namely, if k—1<a<k,
f€eL? and there are functions g, gy, ..., g&x_1€L? such that

EHfs) = s+~ 343 88 4

satisfies (7), then f¢B% (and g;=f a.e.). See the remark at the end of Section 4.
This characterization of B} for « non-integer is probably known to specialists but
we have found no reference for it.

We will also need the fact that Besov spaces behave nicely under the complex-
interpolation method ([8, pg. 153]):
® (B, Bi], = BS, o=(I— 0)a1+9a2,; —-l—p—lﬁ+%.

2.3, We will need the notion of Carleson measure. A positive measure y on
B" is called a Carleson measure if there exists a constant C such that for each (€S
and =0

u({z€B": |1—2.7| < 6}) = O(5").

The importance of Carleson measures is given by the following inequality, due to
Fefferman and Stein: whenever y is a Carleson measure one has for any h: B"~C

&) S 18(@Pdu(2) = C, [ M, h(0)?do()
where M, h is the admissible maximal function

M,1(Q) = sup {|h(2)}: zeD,(0)}.
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Here D,({) is the admissible approach region
(z€B": |1-2-0) < z(1-12)}.
Combined with the maximal characterization of H?,
JEHP < M, fELP(S)

(9) gives the well-known result that Carleson measures operate in H”.

2.4, The following lemma will be required

Lemma. If g(r) is differentiable in [0, 1) and g(0)=0

[le@Ira—ntdr=c,, [l lgIPA—ryp=tdr, 3 >0.
Proof. Let h(r)=(|g(r)|*+¢)?* and call I the left-hand term. Integrating
f; Ry —#)tdr

by parts and making ¢—~0 leads to

1= [l1g Ollg0ir (1 =rydr

Holder’s inequality then gives

1 . ,
I= % [/ 1g@r—nprr=ra ' e

and hence the result follows with CM:(%)" (strictly speaking, one should prove
the inequality for the integral between 0 and R and then make R—~1).

3. The restriction theorem

3.1. In this section we prove Theorem 1, i.e.
(10) HEp < BP-CD+GD any T
(1 Hp\p < BX0=(/e+0Ip) | ' complex-tangential.
In view of (3), (5) and (8), in proving (10) we can assume that f is a positive integer
and 8 —%-%—% is not. Similarly, for (11) we can assume f§ is a positive integer and
2(B—3)+5 not integer.

We can also assume without loss of generality that the parametrization y(s)
of I' satisfies that [y’(s)| is a constant /. We consider the index of transversality
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T'(s) defined by
T(s) = 7l
the complex-tangential curves corresponding to 7'(s)=0. We denote by IT the

surface
I={y(),0=r=10=s5=2n}

and for a given function f€H} we write u(r, s)=f(r7(s)).
The following geometrical lemma is proved in [2]:

Lemma. Given 1, o, 1<t<p and a vector v, there exists e=¢(1, o, |t]) such
that whenever z=rn€D,({) one has

z+4+Av€D,({)
for all A6C satisfying
1—r
12 =6 —.
(12) 1] S AT

Moreover, 1—|z+2Av| is comparable to 1—r for these 2.

Let fcHf and assume z=rn€D,({). Applying the lemma with ¢=#5 and
Cauchy inequality in the disc given by (12) to the function R*f(z+74s) we obtain
for m=p

(1—[zD)"#IR"f(2)] = const M (R’ /)({), z€D.(0).
Therefore F(z)£f(1—]z|)"~#R™f(z) has admissible maximal function in L?(S).

Assume now that zeIl, z=ry(s)¢D,({). Applying the lemma with v=7"(s)
and again Cauchy inequality to R™f(z+/r) we obtain

(1—r)* | #+mu
((A=r2+T(s))* |oskar™
the supremum being taken over the 2’s satisfying (12). Multiplication of this in-

equality with (1—r)""#, together with the fact that 1—|z+ 2] is comparable to
1—r leads to

(¥, 5)| = const sup |R"f(z+/v)|

(1 —p)etm—8 l ok+my

(Tl_—r)l‘/2+T(S))k Iaskarm (I', S)
z = ry(s)eD. (D).
We conclude that the function h(z), defined by the above expression for z=ry(s)c¢Il
and O outside, has admissible maximal function M, h pointwise bounded by M,(F)
and hence in L?(S).
Next we consider the measure p supported on II defined by

Shdu= [ [T h(ry(s) -9~ nV+T(s))dr ds.

= const M,(F)(0),
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It is proved in [2] that p is a Carleson measure. By (9) we reach the conclusion that
for m=p and k=0,1, ...
14 (1 _ ,.)p(k+m—ﬁ)+n—2

(13) fo f+: ((l—r)l/z"—%—T(S))”"_1

with u(r, s)=f(ry(s)), whenever f €Hj. Note that in the special case that I' is
a slice, say II is z,=z3=...=z,=0, then (13) for k=0 and m=pf reduces to

f]21f<1 IR f(z) P (1 —z,))*~2dm(z;) < + oo

which is indeed equivalent to f(e®) being in Bﬁ"""’““’ (subsection 2.2). In the general
case IT is not of course an analytic disk, so u(r, s) is no longer analytic or harmonic.
Our proof that f(y(s)) is in Bﬁ"‘/"“/" will nevertheless imitate the one giving the
equivalence between the two definitions (2) and (6) of the Besov spaces, but com-
pensating the lack of harmonicity by the fact that we have condition (13) for bigger
values of k, too.

(‘)k+m

Frrra (r, 5) drds < + oo,

3.2. Let us now prove (10) and (11). With « either f—=4% or 2(-5)+3>
respectively and if k—1<a<k, we have to prove

(14) Jrriass o

—r |tll+“P

The method is as vsual to pass a bit inside in order to evaluate this k-th dif-

ference. We write
r(s, 1) = 1—c(2+T(s) 1)),

where ¢ is some constant chosen so that 0=r=1 when [f|=n. Now
k k v k k v k
45 f@s) = 2o Y| | fs+vy = 30 _ (=1, u(r(s+vt, 1), s+vi)

+3E 1y [’j] (fGs+v)—u(r(s+vt, 1), s+v1)).
It will be convenient to introduce the notation
U.(s) = u(r(s, 1), 5).
Then the above can be written
4t f(s) = AFU () + 4 (f=Ud(s)

and we treat each term separately. For the first we use that U, is a C™ function
and hence

145U, = “% ol -
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d*
It is easily seen that PE U,(s)| is bounded by a sum of terms
ak1+kzu
[t]er gk (Y(S, 0, S)

with k;+k,=k. Hence

(15) f+" "Alliﬂ," dt =c¢ Z‘f |f|pGtha-a) = 1dtf+" 8r"las"* (r(s, b, s) ds.

In the r-integral we change now ¢ by r=r(s, ). Since

1—r dr

N Yo e R el (P o e

1R

we get the bound

ki+k
ff(l_r)p(k+k1—a)—1(T(s)2+1__r)~(P/2)(k+k1—a) g ;lazz (r, 5) drds.
By the lemma in 2.4 this is finite if
m4-k
(16)  [f(1—pplrm-=3(T (52 41— p)= ok +hr=e) grm a'k’j (r, ) " drds

is finite, where m is any integer bigger than k,; and S.
Next, we bound [45(f—-U)|l, by

dkl
dkl

1452 (= Ul = 111

Now

o=/ 2 > 5y O

k-1
In a similar way as before, pr= (f—U,) is bounded by the sum of
1 ou
a7 fr(s,t) WO’, s)dy

Hatkay,
with terms |¢|% W(r(s, t),s), with k;+k,=k—1, terms that have already

been treated. For (14) it remains to bound

+xf p1 o
f (pl—1-a)~1 74 [fr(s r)___(')yasl: - (s s)dy) ds.

With s fixed, we apply the same change of variable as before, from ¢ to r=r(s, t),
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to obtain
+r 1
_ (k—1—a)—1 2 W\ (p2)k—1-a)
f-,. dsfo(l r)P (TG)2+1-r)

k 14
( [} i O dy) dr.

Since k—1-—a<0, we can apply Hardy’s inequality in the dr dy integral to get the
bound

p

dyds.

+r 1 (1 —y)plk—a)— _mkein | O
S ds [ 1=y YT ()4 1 — y)- k-1 3o P9
Again the application of the lemma in 2.4 gives as bound (m=p)

(f)k+m—1u

armsk—l

P
dr ds,

ft:f: (1— PE=atm=D =1 (52 4 | — )= /Dk=1=2) (r,5)

which is of the same type as (16).

In conclusion, we have seen that (14) holds if the integrals in (16) are finite.
Recall that in (16) m=p and k,+k,=k.

An easy computation shows that the integrand in (16) is bounded by the one
of (13) for k=k, if

(18) (1 _,-)-P¢+1+Bp—n(T2(s)+ 1 __}.)(zpi‘2)~(1!2) = 0(1).

Here we see that the choice a= [)’—%—l—% works for all curves (because then ap=1
by the regularity assumption B z%), thus proving (10) and the better choice
a=2(,8——:';)+% works for complex-tangential curves, proving (11).

We remark that if the curve I' is transverse, i.e. T(s) is bounded below, every-

thing simplifies defining instead of r(s, ¢)
r(t) =1—t
(in this case only the term with k;=0, k,=k arises in the estimate of [4¥U[,

and (17) in that of 4*(f—U,)). Similarly, all the above is simpler when I' is com-
plex-tangential, in which case r(t)=1—12
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4. The interpolation problem

4.1. To prove Theorem 2, we use linear operators of interpolation from com-
plex-tangential manifolds constructed by A. Nagel in [15] that we proceed to recall.

We assume as before that our closed, simple, complex-tangential curve I' is
parametrized by [—=, z] and also that y’(s) has constant length. For each ¢=>1/2,
let h,(z) be the function

h B
(2 = f_1t l—y(s) prl z€

For z€B", we denote by d(z) the pseudodistance from z to the curve
d(z) = inf{{1-7y(s) 2|, —x =s=n).
The following estimates are proved in [15]:
Lemma,
@) |hy(2)| >~ d(2)V/>~1
(b) |Rh,(2)] = O(d(z2)2-17), i=1,2,....

We will fix in the following a tubular neighbourhood U of the curve I'. Each point
2€UnB" has a unique euclidian projection y(s,) so that Re(z—y(s,))-¥ (5=
Rez-y (5)=0. It is easy to see using Taylor’s development and again the condi-
tion y’(s)-@so that

(19) N=y(s)- 2| = 11-y(s,) - 2} +|s—s, %

In particular, d(z)=|1—7y(s,)-z|. Using this, it is immediate to check the following
estimates:
+x d

———=0(|h
- (18 (2)))-

fls !”_l__%s‘)_ o(|h(2)]) as d(z) ~0, for fixed &=>0.
. G

Assuming without loss of generality that h,(z)=0 for z€U, it follows that the
kernel
1 1

hy(2) (l-—yTs)-z)" ?

K, (s, 2) A zeU, Is|l=n
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is an approximation of the identity in the sense that

ft: K (s, 2)ds = 1,

ST IR (s, 2lds = O(1)
and

f,:z[s_s =8 |K, (s, 2)lds ~0 as d(z) -0, zeU.

As a consequence, if f(s) is a continuous function on the curve, the holomorphic
function T, f(z) defined in UnB" by

LA = [77 Ky(s, 2f(s)ds

interpolates f, i.e. T, f(z)~f(s) as z-y(s) (and it is clearly C= in U\I). To
obtain a globally defined interpolating function we solve a @ equation as usual:
if ¥ccU is another tubular neighbourhood of I, we let ¥ be a test function
supported in U and equal to 1 in ¥, and we consider the (0,1) form w=
T,fdx/h. Here h is a function in A”(B), vanishing exactly on I' (one can even
choose A as flat on I, see [13]). The form w has coefficients in C~(B) and hence
there is a function u€C>=(B) such that du=w. Moreover, u can be chosen u=Tw
where T is a linear integral operator (see [9, Lemma 5.2}). Then the function

def
]qf= Xqu" hu

is a function in the ball algebra that interpolates f on the curve, and the operator
I, is linear. The function hu is C~ up to the boundary, and hence the behavior of
T, f determines whether I, f belongs or not to a certain function space.

4.2. As before we write a=2(ﬂ—%)+%. We will complete the proof of Theo-
rem 2 in the introduction by proving:

Theorem. If I' satisfies condition (1) and q=28, I, maps B}, to Hj.

As in the previous section, and given the linearity of I,, we may assume that f
is a positive integer and « is not.

Assume k—1<a=<k and let f€ BS. By the lemma in 2.2, the Taylor remainder EXf
satisfies (7). We begin by estimating R‘]; f, i=0, ..., B. With y(s,) being the projec-
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tion of zeU,

R'T,f(z) = fj: SERK, (s, 2)ds = i St+5)RK,(t+s,, 2)dt

= 2: (1’ jl' f(])( )f+3 thrK (t+Sz, Z)dt

+ )7 B R (t+s., 2t

According to property (I), the first integrals of the last term are all bounded in z.
It is easy to check, using (19) and part (b) of the lemma in 4.1 that

()q 1/2—~1

(20) |REK, (t+s,, z)| = const —— (d( )+12)q .

In conclusion, we obtain, for i=0, ..., 8

IRT, (D) 5 g(s.) + d(aynt [T AL gy e,

—r "(7( 2)+ )
for some geB:**'cLP(T).

Next we introduce coordinates in U suitable for these estimates. In what fol-
lows we will assume that the dimension »n is 2, the computations being just a bit
more involved if n=2. That U is a tubular neighbourhood of I' means that the map

(t1, tas Iy 1) 2 p(t) + (= ta+its)y (1) + it (1)

is a coordinate map if #€[—=,n] and ¢'=(t,, #;, 7,) has |¢’| small enough, say,
|t’|=¢ (this is because y(#,), iy(f}) and y’(f,) span the orthogonal of y'(1)). If
Aty 13, 8, 2)=2, then f,=s, and d(z)sll—y(E,—)-zlzltzHlts!. Our estimate
reads in these coordinates

|EE /(1))
i < q—1/2~8 - e

@) IR S g+l Hal)? [ s

i=0, ..., 8, an estimate independent of #,. From the formula for I, f, and since

%> h, u are C=, we conclude that (21) holds for R?I, f.

In this parametrization the sphere of radius R<1 is given by
(- +63+4 =R

Since the bound we have obtained is independent of #, we choose t,, 1,, #3 to co-
ordinate SxnU, where Sgp={|z|=R}, for R close enough to 1. Then

1
do —o( I S ]dt dtydts,
YR
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(strictly speaking, we should consider two regions, one corresponding to #,>0
and the other to #,<0). The region of integration SyxnU is contained in

{lll=n0<t,<e il =& (1-6)*+553= R}

To finish the proof we have to show that

I= [ lgr ——ndeds

Sanv VR—(—y—4

= |EFf(Ddt \°
I = f |,2|+|t3|)p(q—1/z A(R2— (1-—-t)2__t2)1/2{ f+,, = TJI;LI %_I_t;‘_);} dt, dt, dt,

are bounded independently of R<1.
Using continuous Minkowski’s inequality in II and the fact that g is in L?(T)

in I, we see that
dt. dt,
VR—(1——5

+x  [|EFfll,dt }”
L N L N P
- (Bt ) TR

@) 1 = [ (6] + 11y 7= (Re—(1— 1) — 13) 32 {f

It is convenient to introduce the new variables g, y defined by
1—1t, = gcosy,
I; = gsiny,
with 1—g=p=R and Y small. Writing
It +1t5] = (+ V2 = [(1 - )*+20(1—cos Y2 = = Ao, V)

we are led to the following integrals:
R 2 2}—1/2
I= constfl_z o(R?—@?)~Y2dp,

" »
1= constflk_l fi: A, Y)Pa—PrR—p8 o(R2 _ g2)~ 12 {f:‘ (tZIL_EX;”QIZ‘f;)—)q} dody.

It is clear that the first is bounded independently of R. To evaluate the second, we
break it into two parts, I, and I],, corresponding respectively to the regions (1—g)?=
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2¢(1—cosy) and (1—p)2=29(1—cosy) which imply, respectively, A(g, )=
(I1—9) and A(p, Y)=(1—cosy)V2. InIl,, Y2=1-—-cosy < (1—g)? and hence

R +x  |EXf],dt }’
< — )P9—P/2—pB+1rp2__ ,2)—1/2 t/ lip
hsf (-0 (K= {f_,, - %

In this one, for R close to 1, we break the dp integral according to whether p=2R—1
or p=2R~1, obtaining two integrals that we call /I, ; and I, . In II; ,, 1—p=
1—R and so

R T E{‘ d{ P

p

{2B-2/Pp )P—l

= (= Ry yptpygie-sear) (77

with p’ the conjugate exponent of p. Now it is easy to see that the last integral is
for g big enough (in fact g=>pf+1/2—3/2p) dominated by (1—R)-*2-Pa+p/2+ph,
Thus

o5 [T IEN 1522 di

which is finite, in view of the lemma in 2.2.
Inll,,, R—g iscomparableto 1—¢ and we bound /1, , by making R=1, i.e.

! —p/2— +r [ EFfl,dt )p
(23) 111,1 Sfl—a (I—Q)pq p/2—pp+1/2 (f—nml—ljg)q dQ

p
- 1 —p/2— g+1/2( +r ”Eff“pdt)
:fo qu PR f_..,,; (12+Q)q d

Here we use Hardy’s inequality to obtain that if g is big enough (specifically g=>pf+
+—25) then IT, , is also bounded by

SIEEf 52207 dt < + o,

It remains now to estimate II,. In this case A(p, ¥)=(1—cos y)2=|i}| and
also (1—p)=cly|

B o yipa-pra- - +x || EXAI, 0
Th= fmin(R,l—clwnf—a Wi (R—e) 1/2{f_nm} dedy.
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The integral in dp is bounded by {¥|¥2 and hence I, is bounded by the same in-
tegral appearing in (23).
This completes the proof of the theorem. |

Remark 1. The same method of proof but using the Poisson transform P
instead of the operator I, serves to show the converse of the lemma in 2.2. If Eff
satisfies (7), then u=P[f] is an harmonic function for which (6) holds, an hence
f€B,.

5. Generalizations

5.1. The first generalization concerns the so-called Bergman—Sobolev spaces
Ajf , consisting of the holomorphic functions f such that

(24) fB,, IR f(2)IP(1 =2y’ dV (D)< +<, p=1,7>0.

In a certain sense, Hj corresponds to the limiting case y=0. It is well-known
that 4 , =4} , if Bip—n=P.p—7: (in fact, the class of harmonic functions
satisfying (24) corresponds to the Besov space Bf~7/7(S™-%)). Also it is known
(see [6]) that the regular range is here f=> ‘L 2L for p>1 and f=n+y for p=1
(in which cases 42 ,CLip,_,, )

We state the two corresponding results:

Theorem. If I is as before, the trace of A} is contained in B,
"Tf"+—:;. If I is complex tangential, the trace of AR, s contained in B®

p’
a=2(f—21)+3

Theorem. If I' is a complex-tangential curve, for which property (1) holds, the
trace of Ay , is exactly B}, with a=2(ﬁ_"Tf7)+_;_

with a=f—
with

From these results we draw the conclusion that the Hardy—Sobolev spaces
and Bergman—Sobolev spaces (i.e. Besov spaces) of holomorphic functions both
have Besov spaces as traces on complex-tangential curves, in a complete parallelism
with the real-variable theory.

The ideas to prove the above theorems are analogous to the ones used before,
but there are some technical differences that we next indicate.

The analogue of (13) for f EA‘;_7 is

— ,-)p(k+n--ﬁ)+n—2+v

| 9™ +*u
@) ff|3 " os* (r. ) [(I—PV24+T(s)]7*?
m=p, k=012, ...

drds <+ eo,

Here u(r,s)=f(ry(s)). To see this, for each z let Pf be a polydisc centered at z
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with size e(1—|z|) in the normal direction and size &(1—|z[)V? in the complex-
tangential directions, so that its volume is comparable to (1 - |z|)"+1. We need the
following one-variable result proved in [3]:

Lemma. If g is an holomorphic function in a disc |A—2| =R, then

c
S g €D Am(2).

le® Q) = =57

Fix r, s; we apply the lemma to g(A)=R"f(ry(s)+4y’(s)), %=0 and

R=c(1-n)[((1—r)2+T(s)), where c is chosen so that 1 —|ry(s)+24y’(s)|=1—r for
all A, |A]=R. We obtain

3m+k

aasE 7 9)

1—r Pk c m RN
[(l_r)1/2+TF)—J = Ffll!éll |R™f (ry () + 29" ()| dm (2).
On the other hand, by plurisubharmonicity, for each z=ry(s)+4y’'(s)

const

RSN = 7 wrr [, (RSP dmw).

Here we also used the fact that 1—|z]=1-7. An easy computation shows that,
for z=ry(s)+4y’'(s), |A|=R, one has chP”;(s) with some & =¢(¢). Therefore
we conclude that

am+k
Or™ ds* (r, )
and hence the integral in (25) is bounded by

Jo 2 a=npmpers(( s T(s)]

1— Pk
((1 r)I/Z:'-T(s)] = (1 C)n+1 fP . IR™f(W)Pdm(w)

ry(s)

{f,. |R"fw)?dm(w)}drds.

ry(s)

Next we apply Fubini’s theorem and use the fact that for fixed w
f«, 9iweps,, )((1— W2+ T(s))drds = O(1—|w])?

together with the fact that 1—|w|=1—r for weP?
to bound (25) by

%o (choosing & small enough)

S, = lwlyrm=P+1 =2 R W) [P dm ().

This finishes the proof of (25), because f¢ A5
before, to the finiteness of this integral.

¢, 1s equivalent, by the remarks made
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We point out that (25) for k=0 and m=p simply says that the measure
du=(1—r)*~2*?[(1 —r)Y2 4 T(s)]drds is a Carleson measure for the weighted Berg-
man space A4}, (those are characterized by the condition p{z€B": |1—z.{|<d}=
0(6"+?), (€S, 6=0). In this sense, all the above corresponds in the limiting case
y=0 to the argument used in Section 3.

Observe now that (24) is exactly (13) but with 8 replaced by ———, and so
itis clear that it will lead to the Besov space BA~@+"/P+1/7 for the general curve, and
BX=@+0ID+lr for the complex-tangential curves, thus completing the proof of
the restriction part of the theorems.

In the interpolation part of the second theorem we use the same interpolation
operator I,. Given f¢B}, a=2(f—"1)+, we check now that I feAf ,, using
estimate (21) for R?I /> again only in the case n=2. In the coordinates #, #;, f5,
2, used in Section 4, we have |z[2=(1—t,)2+/ 2+ and 1—|z[*=2f,—ri—1i—1;.
In the following we replace ¢, by the (equivalent) coordinate 2¢,—f;, which we con-
tinue to denote by fr,. Using (21), we have to check that

[[[[1g@lp(ty— 3y~ d, dtydty di,
k 4
SIS Gutttapra- o=,y e TESOLC aY , a, ana

—= (B4 1+ 1))

are finite, both extended over the region of integration f,=2+1; and —n=f=n.
This is clear for the first integral because g€LP. In the second integral we use
the continuous Minkowski’s inequality in d#, and perform the integration in ¢, to
bound it by

k P
pla—(1/2) =B (; _ yr~12) *7 __”Ml_”ﬂ__}
ff(t2+lt3|) (t2 ta) {f‘_n ([2+|t2|+113')q dtzdts
the first integral being extended over #i=¢,. Notice now that this is bounded by
the integral in (22), replacing § by B—X, with R=1. Since in Subsection 4.2
we showed that (22) is finite when f¢BX#~"P+1/p  the result is completely proved.

5.2. In our theorems we have considered up to now the regular case f >%
for p>1 and f=n for p=1 iec., when the functions in H% are continuous up
to the boundary, in order to have a well-defined (continuous) trace on I'. Beyond
the regular range one can still speak about traces on curves in some cases. A recent
result of P. Ahern (1] states the following: if p=1 and m=n—fp=0, and if g
is a measure on S such that u(B,;)=0(8™) for a Koranyi ball By={z: |1—z-{|<é}
of radious §J, then each function in HZ has admissible limits (i.e. within the admissible
approach regions D,({)) almost everywhere du. If p>1 and m=n—fp=0, the
result is still true if u(B;)=0(5™*%) for some e¢>0 (this follows using standard
arguments from part (iii) in Theorem 1.9 of [4]).
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If dp is arc-length on a curve, then u(B;)=0(6Y2), and thus, as a consequence
of Ahern’s results, we see that if 0=n—fp<1/2, then all functions in Hj have an
admissible limit almost everywhere along the curve. When the curve is transverse,
then u(B;)=0(J) and there is a trace when n— fp<1. Next theorems are generaliza-
tions of our main results to the non-regular range.

Theorem. Assume O=n—fp<1/2. Then the trace of HY in I' is included in

Bi‘ﬂ "AYr I [ is a transverse curve and B>~ the trace of Hp in T is contained
in BB (n—1)ip

Note that contrary to the regular case, the best trace here is for transverse
curves and the worst trace occurs in the complex-tangential case. For the general
curve, one has to live with the worst case, i.e., index of differentiability « equal to

n 1
2(6—5)+5-

Theorem. Assume I' complex-tangential satisfying condition (1) and n—fp<1/2.
Then the trace of Hj along I' is exactly B3~rip+p,

We comment briefly on the proofs of these generalizations. The restriction
part is proved exactly as in Section 3. The only difference is that now in (18) the
choice a=2(f—=)++ works for all curves (because wp—1=0), whereas the
better choice a= ﬂ—%+% works only for the transverse curves.

As for the proof of the interpolation part, everything works equally well, The
only detail to be checked is that for a general function f(s) which is just integrable
on the curve, 7, f(z) has admissible limit f(s) at almost every point y(s) of I'. Since
we already know that the limit exists and that the result holds when f is continuous,
by standard arguments it is enough to see that

(T, f)*(s) = const MF(s),

where (T, /)*(s) denotes the radial maximal function and Mf(s) the Hardy—Little-
wood maximal function. To prove this, if z=ry(s) then s,=s5 and by estimate
(20) we obtain

q—1/2
L) = e f 77 170 (1( ) dr.

Let now I, be the interval centered at s with length 2Y%(1—r)'2, k=0,1,2, ...
Then, with |I|=2%(1—r)V2

1 co a9
|T,.f(r(0))] = Constm [ L fOldt+e 3, (1 m j LA(D] dt

= Mf(s){c+c 3o, 242} = cMS(s).
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5.3. The third generalization concerns the replacement of a curve by a higher
dimensional submanifold M of the sphere. If the dimension of M is m, analogous
interpolation operators T, were introduced by Nagel for ¢g=>3 and a property (I)
can be stated. We state without proof the corresponding results.

Theorem. Let M be a complex-tangential submanifold of dimension m (i.e.
T(M)CTS(S) for each (€M, and m=n—1) for which property (1) holds. Then, if
n—Pp<<%, the space HY has a trace on M exactly equal to Bi“"""’”""" M).

For a general manifold the description of the trace would involve non-isotropic
Besov spaces in the sense of Nikol’skii, with more regularity in some directions than in
others. We simply mention that the trace is always contained in Bj="/p+m+Di2p(pf),

when n—fp<"3%.

6. Appendix

In this section we consider the property (I) used in the proof of the interpola-
tion results. We first prove it for the model curve s—(coss, sins) in C? in Sub-
section 6.1, with ¢,(m)=2m. In Subsection 6.2 we give, for a general complex-
tangential curve, a combinatorial type argument to check this property for a given
value of m. We will give details only for m=1.

6.1. For the curve y(s)=(cos s, sin 5), and with the notations used in Section 4
we prove first:

Lemma. The function

fj: K, (s, z)sin* (s—s,) ds,

is of class C up to the boundary in a neighbourhood of I if q=k, k€N.

Proof. It will be enough to show the result for
+% . .
h(z) =f_ K, (s, 2)e*ds, q = |k|, k integer.

In fact we will show that h extends holomorphically across I'. We first consider a
point z=(rcos 8, rsin §) with real coordinates. In this case

o =) ()
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Write

+x eiks

Iq,k(r) =f

—_— _ds = ) NPT ks and

e (=7 c0s )t ds—Z'jEO(j )( r) f_ne cos! sds
-4 1 (k+21

= Zimo [k+21)(_’)k+21'27~ﬁ( 1)

_ank(q)kF(q+k+1 qg+k
T 2kk! 2 2

; k41 :r2)
where F(a, b; c:2) denotes the hypergeometric function

= (a)(b)
F(a, b;c:7) = leo—#c)l‘/l’
and (a),=1, (@),=a(a+1)...(a+1-1).
Using the identity

F(a,b;c:A) = (1=-2)y"°"tF(c—a,c—b;c:A)
we obtain

2nr*(q), l+k—q 2+k—gq
fnn) = = 72
Note that the function G,,(A)=F(1k=4 2+%¥-.%11:3) is a polynomial of

degree [(g—k—1)/2], if ¢ is an integer bigger than k and that G, o(1)#0.
We can then write

L) = (1= 2P, (1—1?)

where P, , is a polynomial with P, ¢(0)=0.
Therefore we conclude that for z=(r cos 0, r sin 0)

(1—r)u2~af ( s k+1: rz) .

. P .(1—-#®)
h — pik6 . —2k ~4,k
(z) = e*r ———_Rl,o(l—rz)

with P, ((0)#0. By analytic continuation it then follows that

zl+i22)k P (1—z3—z
23425 ) Po(1—-z3—z)

for z close to I', which proves the lemma. J

h(z) = (

Let us now prove the result. Let f(s) be a C™ function on the curve. It is
enough to deal with T, f for z close to I'. Fixed z, we consider the change of vari-
able u=sin(s—s,) from a neighbourhood of s, to a neighbourhood of u=0.
We apply Taylor expansion to f(s(x)) up to order 2m—1 at u=0 to obtain

JG) = ay(s)+ay(s) sin(s—s,)+ ... + -1 (5)sI0°"* (5~ 5,) + O (Is —5, ™)
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with the ag,(s;) being C~ functions of z in the tubular neighbourhood U. From
the lemma we conclude that in order to show that T, f(z) has radial derivatives up
to order m bounded it is enough to check it for

f : K, (s, 2)O(ls—s,|*") ds.

From the estimate (20) it follows that such derivatives are bounded by

O(ls—s, |‘"') ds
(d(z)+(s s.)? )
which proves the result because the integral is O(d(z)™2+1%) if g=m+1/2.

d(z)q—(l/z)—mf+"

6.2. We indicate now the procedure to prove the result for a general curve.
Exactly as before we must prove that for ¢=2m

fi: K, (s, 2)(s—s)ds, k=2m—1

have bounded radial derivatives up to order m (in fact, this was the result needed
in Subsection 4.2). We introduce the notation

_ (s—s,)
hoi(2) = f_n—-——(1_y(b) 7

so that h, ,=h,. We must show that R’ (——:;i) are bounded for k=2m—1, i=m.
Since Rh,=qh,.,—qh, and Rh,,=qh, ., ,~qh, it is easily seen that

Ri[h;‘:’k) = DaCaihyig oo NyraPgia . k/h'“

q

Here a=(a,, o, ..., %;1,) is a multi-index of length l¢[=i and ¢, absolute con-
stants. Recall that lhy(z)| =d(z)"/*~7 and hence we must show that

(26) SaCaltgra(2) o By (Dhyia,,,4(2) = O(d(EHVED-D),

Note that each term of the sum is O (d(z)¥/?-9(+D=i+k/%) 5o that we have to show
that appropriate cancellations occur in the sum. For this we will consider asymptotic
expansions of the functions &, as a sum of terms, each having a growth exactly as
a power of d(z), as done in [15]). We write

where

G5 ) = 1= 27D~ 2 T (s—5) 45 5=

EGs, 2) = 5 (142 7)) (5= s +5r 2 )50+
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Here / is the constant such that l:y’(s)-m. Differentiating y(s)-}j’_(s_)z() we
obtain y(s)-y”(s)=—/ and hence |I+z-y"(s;)]=0(|z—v(s,)]). Since z-y'(s;) is
pure imaginary, |Re G|=+4 (s—s,)? and therefore

[Z.(2) = Oz +hs—s)

‘We can then write

— — —_ RY
(I—ZY(S))"‘I — 231;2( JQJ (quj‘), +%[O(|Z—Y(Sz)|+lS—Szl)]2m_1-

Since each factor O(|z—y(s,)|+|s—s,|) improves the corresponding integral in
d(z)"* we will have

- Gt

b = 2 () SR dsrofaym-een-om)

Next, we consider Taylor’s development of (—E)’ at s, up to order 2m+2j—2

(—EY = T*+2%-2((— E)})+ O(|s—s,|*"+*7%).

Using
no 2m4+25-1
f:z s éqiﬂ )ds—O(d(z)'"‘“)
we obtain
o 2m+2j-2(¢ __ Jj
en w3 ()T R v oery

and analogously

@9 hu) = 335 () ) T G o,

Finally, one explicitly computes integrals of the type

Jrolosy e £ d
—= G == (I=zy(s,)— 2y’ (s,) 1 + 5 20+

by contour integration, obtaining a polynomial

tr
r i 4—Ga+N+r—i+1)2 - dt
Z; D(l] f—w (1+ 22)q+1

where A=1-zy(s,) ——21-,-(z~y’(s;)2), B=—}—z~y’(sz). It is easy to see that [A|==d(z)
and |B|=0(|z—7y(s,)[)=0(d(2)/?). Inserting this in (27) and (28) gives the desired
expansions of h, and h_ . To illustrate we write the first three terms of the expan-
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sion of h,. We assume /=1 and write for short

E= Zigzei(s_sz)i
+ oo fj
G = —dt
j j.—-co (l+%t2)l
Then
h(2) = cq,oA(l/z)—p'*'{ez(chﬂ,zA‘H(l/z)+Bch+1»0A_P_(1/2))

+e3 Q(3ch+1,2AVq+(1‘/2)+Bacq+1.oA_q—(1/2))}

+{e4q [B4Cq+1,o‘4—q_(1'l2)+[3] B2Cq+1,2A“‘+(“2)+cq+1,4A“’+(3f'2)]

4+

( 4 -
+e§ 9 3 B4cq+2,0A‘q“(3/2)+ 2]B2cq+2'2A—‘1“(1/2)+cq+2,4A q+(1/2)

4(g+1)

+63 9( 5 [Bscqn.oA_q_(s'/z)-l- [g] B4Cq+2,2A—q—(l/2)

6
+ [4) Bch+2,4A_q+(1/2)+Cq+2,8A_q+(3/2)]+

) 5
+ 3233Q(q+ 1) [Bscq+2.0A—q—(3,/2) [g] Bacq+ 2,2A_q—(1/2)+ [1] ch+2,4A_‘1+(1/2))}

are the terms in d(z)*®~9, d(z)'~? and d(z)®*?~1 of h, (recall that e,=0(d(z)"/?)).
The use of these expansions of the h,,ls in (26), together with the explicit
formnla for the C,, shows that the desired cancellation takes place.
The case i=1 is short enough to be written here and will serve as illustration.
To show that

h hZ

q q

R hq.l _ q hqhq+1,1—hq,1hq+1

is bounded it is enough to consider the leading terms of h, and h,,,
hy(2) = ¢, o AYP~1+0(d(2)*9)

hy1(2) = cq,oBA(l/z)“‘+O(d(z)(3/2)“1).
Then
hahq+1,1“hq,1hq+1 = (cq_ocqﬂ’o—cq,ocq+1,0)BA‘2‘1+O(d(2)1‘2‘1)
=0 (d(2)'~%) = O(h).
To deal with Rzi:—’l it already requires a considerably longer computation. For
higher values of i we have checked all cancellations with the help of a computer.



—t

Traces on curves of Sobolev spaces of holomorphic functions 49

References

. AHERN, P., Exceptional sets for holomorphic Sobolev functions, preprint.

2. AHERN, P. and BRUNA, J., On holomorphic functions in the ball with absolutely continuous

boundary values, Duke Math. J. 56 (1988), 129—142.

. AHERN, P. and BRUNA, J., Maximal and area integral characterizations of Hardy—Sobolev

spaces in the unit ball of C", Rev. Mat. Iberoamericana 4 (1988), 123—153.

. AHERN, P. and ConNn, B., Exceptional sets for Hardy—Sobolev functions, p>1, Indiana Univ.

Math. J. 38 (1989), 417—453.

. BeaTrous, F. and BURBEA, J., Holomorphic Sobolev spaces on the ball, Dissertationes Math.

376 (1989), 1—57.

. BEATROUS, F. and BURBEA, J., Sobolev spaces of holomorphic functions, Pitman Research Notes

in Math., Longman—Harlow (to appear).

., BeAaTRous, F. and BURBEA, J., Boundary regularity for harmonic Hardy—Sobolev spaces, J.

London Math. Soc. 39 (1989), 160—174.

. BERGH J. and LOFSTROM, J., Interpolation spaces, an introduction, Springer-Verlag, Berlin—Hei-

delberg—New York, 1976.

. BRUNA, J. and ORTEGA, J. M., Interpolation by holomorphic functions smooth to the bound-

ary in the unit ball of C", Math. Ann. 274 (1986), 527—575.

10. BURBEA, J., Trace ideal criteria for Hankel operators in the ball, preprint.

11. CoirMaN, R. R., RocHBERG, R. and WEIss, G., Factorization theorems for Hardy spaces in
several complex variables, Ann. of Math. 103 (1976), 611—635.

12. GrRAHAM, L., The radial derivative, fractional integrals and the comparative growth of means
of holomorphic funcrions on the unit ball of C”, in: Recent developments in several
complex variables, Ann. of Math. Stud. 100, pp. 171—178, Princeton University
Press, New Jersey, 1981.

13. HakmM, M. and SiBony, N., Ensembles pics dans les domaines strictement pseudo-convexes,
Duke Math. J. 45 (1978), 601—617.

14. KrANTZ, S., Analysis on the Heisenberg group and estimates for functions in Hardy classes
of several complex variables, Math. Ann. 244 (1979), 243—262.

15. NAGEL, A., Smooth zero sets and interpolation sets for some algebras of holomorphic func-
tions on strictly pseudoconvex domains, Duke Math. J. 43 (1976), 323—347.

16. PEETRE, J., New thoughts on Besov spaces, Duke Univ. Math, Series 1, Duke Univ., Durham,
N.C., USA, 1976.

17. TrieseL, H., Interpolation theory, functions spaces, differential orerators, North-Holland,
Amsterdam—New York—Tokyo, 1978.

Received Oct. 27, 1988 J. Bruna and J. Ortega

in revised form Feb. 5, 1990 Department de Matematiques

Universitat Autdnoma de Barcelona
08193 Bellaterra
Spain



