On the primary ideal structure at infinity
for analytic Beurling algebras

Hikan Hedenmalm

0. Introduction

An algebra B is a Banach algebra if there is a norm defined on it such that B is
a Banach space and the multiplication is continuous. As far as we are concerned, all
Banach algebras are assumed commutative. For standard facts in the elementary
theory of commutative Banach algebras we refer to [10] and [22].

Suppose w is a locally bounded measurable (weight) function on R, which satisfies

©.1) {w(x) =1, x€R,

wx+y) = ww(), x, yeR.

Then the space LL (R) of (equivalence classes of) functions f, Lebesgue measurable on
R and satisfying

1Al = f~_1F@)Iw () dx <eo
is a Banach algebra under convolution multiplication, which we denote by * :
(fx29(x) = f:_ f(x—1g@dr for arbitrary f, gcLL(R).

Since they were introduced by Beurling in [3], these Banach algebras are called Beur-
ling algebras.
One can show that the limits

o= lim x'logw(x)
X+ +oo
B= xﬁer x~tlogw(x)

are finite, and that B=0=qa.
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In Beurling’s classification, one speaks of the analytic case when f<a. When
x=B=0, one distinguishes between the non-quasianalytic case when

fic (14+xH)tlogw(x) dx <eo

and the quasianalytic case when this integral is infinite.

Let S, be the strip or real line {z¢C: f=Imz=a}. If we extend L.(R) by
adding a unit, the corresponding maximal ideal space can be identified with S, U {e},
the one-point compactification of S,,, with the Gelfand transform on L. (R) identi-
fied with the Fourier transform

f@= [~ fwe=as zs,.

Since LL(R)cL:(R), LL(R) is semisimple, that is, the Fourier transform fi-f
is injective. Hence L. (R) can be viewed as a subalgebra of A4,(S,), the Banach
algebra of functions, holomorphic in S? and continuous on S,, U {}, having the
value 0 at o, under the supremum norm on S,,. One can easily show that L.(R)
is dense in A4,4(S,,). Let us sketch the argument: One shows that functions with ratio-
nal Fourier transform with poles outside S|, belong to L% (R) and that they are dense
in 44(S,).

An ideal 7 in LL(R) (or 4¢(S,); then the Gelfand transform is the identity)
is said to be primary at oo if it is closed and

Z() = ) (x5, ]2 =0} = 0.

If there are no non-trivial primary ideals at <o, spectral analysis is said to hold
in the algebra.

If a=p=0, so that S, is a line, it is evident that A4,(S,,) is regular, which im-
plies that the only primary ideal at < is the trivial one: the algebra A4,(S,,) itself.

N. Wiener [21] showed in 1932 that the same result holds for the subalgebra
L'(R). This is often referred to as the General Tauberian Theorem.

A few years later, A. Beurling [3] extended Wiener’s theorem to the algebra
L} (R), where the weight w has some slight regularity properties and satisfies the
non-quasianalyticity condition

f°° (1+x)logw(x) dx <oo.

In his thesis {16] 1950, B. Nyman managed to construct counterexamples in
some quasianalytic cases, which is to say that he found certain non-trivial ideals,
primary at eo.

Recently, Y. Domar [9] showed by extending the technique developed by Vret-
blad in [19] that counterexamples can be found in all quasianalytic cases. His result



On the primary ideal structure at infinity for analytic Beurling algebras 131

will be used to give a relation between two conditions on subadditive functions; it is
presented in Lemma 2.6.
“We shall discuss here the analytic case a=p, that is, when the strip S,, has

positive width. :

Let D be the open unit disc in the complex plane, and let the disc algebra 4(D)
be the Banach algebra of holomorphic functions in D which extend continuously to
the boundary, with the supremum norm.

Mapping S° conformally onto D, we can identify A44(S,) with the closed ideal

{feAD): f(-)=f1)=0} in 4(D).

The Beurling—Rudin theorem (see [17]) can be used to give a description of all
closed ideals in 4,(S,,), especially those primary at «. However, this result turns out
to be non-trivial. It is proved in Theorem 3.1.

One obtains a doubly indexed chain {f,,}, which contains all ideals that are pri-
mary at oo.

B. Nyman [16] showed that the corresponding ideals appear in L. (R), too, and
that every primary ideal at oo is contained in one of these ideals; if w is the weight

wx) = e (a=>0),

which clearly satisfies (0.1).

In 1958, B. 1. Korenblum [14] showed, independently of Nyman’s thesis, that all
primary ideals at < are indeed of the form I, ~ L} (R), where w is the weight con-
sidered by Nyman.

In 1973, A. Vretblad [19] extended Nyman’s investigations to very general
weights, in a way which connects the evasive ideals in the analytic and quasianalytic
cases.

The object of this paper is to investigate for which analytic Beurling algebras the
primary ideal structure at infinity is tha same as in 4,(S,,), in the sense that every
ideal, primary at oo, is of the form

Iy L% (R).

The conclusion, formulated in Theorems 3.3, 3.5 and Remark 3.6, is that this is
the case if the weight w satisfies certain rather weak conditions on w:s deviation from
the exponential case.

This is a generalization of Korenblum’s result which cannot be obtained without
major modifications of his method. In a sense, one could say that the method is
simpler because it is more clearly seen why certain arguments work. For example, we
use Domar’s [8] method to obtain the analytic continuation of the Carleman trans-
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form, the rather strong theorem of Levinson and Sjéberg, and Ahlfors’s delicate
distortion inequalities.

The question if the description of the evasive ideals in the quasianalytic case
given by Vretblad in [19] is complete is still open, although there might be reason to
suspect that his description is incomplete.

1. Assumptions and notation

Now and onwards, we let w be a real-valued, continuous function satisfying the
following set of conditions, (1.1—1.2).

(1.1) w(x) = exp [% lx}+z,b(x)), x€R,
where Y (x) = o(|x]) as |x] —»oo,
(1.2) wx+y) = wx)w(y), x, yeR.

From (1.1) and (1.2) it follows that |R, and ¥/|R_ are subadditive, and in a
second step that ¥(x)=0, x€R. For all weights w satisfying (1.1-2), S, ={z€C:

T . . . . .
[Im z[éz}, so to simplify our notation, we write .S instead of S,,.
The condition that

lllll x~llogw(x) = z

2
and
. T
lim x~'logw(x) = —5

is only a normalization and the results can be transferred easily to all other analytical
cases, that is, when

xlirf x"tlog w(x) = xlir_n xtlog w(x).
Define
sup WO~y (+x), x=0,

V)= sug(lﬁ(t)—t//(ﬂrx)), x=0.

Note that if i is subadditive, which is a slightly stronger condition than (1.2),
V(x)=y(—x) for every real x. Define for &=>0
My () = foo e el XV gy

1.3)
My(e) = f - e—elxl+I@® gy
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Sometimes we shall need the following additional assumptions:
(1.4) f: Tog* log* M, (e) de <eo,
(1.5) j0°° log* log* My (s) de <eo.

The dual space (L (R))* can be identified, in an obvious way, with the space
L7 (R) of (equivalence classes of) measurable functions f such that fiw€L=(R).
In bracket notation, (f,g)=[7_ f(x)g(x)dx, for fcL.(R) and g€Ly (R). This
identification could, of course, be made for continuous weight functions w not satis-
fying (1.1—2), too. Put

8.(f) =—limsupe¢log|f(&)| = 0
Et oo
and
d_(f) = —limsup eflog [f(¢)] = 0.

Er oo

Define, for o, =0, the ideals
I ={feLL,R): 6. (/) =a}
Iy = {feL,(R): 6_(f) = B}

which satisfy I;icI;: for oy=a, and Iycly for By=p,. For a=f=0 this
means that

and

I =1y = LL(R).

According to the classification of A. Vretblad [19], it follows that I} and I
are closed primary ideals corresponding to the point at infinity and that I =I;}
if ooy and Il if B;#p,, under the growth condition

(1.6) - $x)

He adds the condition that w be even, but his results remain valid without it. However,
in our restricted case, the fact that these ideals are closed is most easily demonstrated
using the Beurling—Rudin theorem in the way suggested in the introduction. This will
be done in the proof of Theorem 3.5.

Lemma 2.6 shows that in case ¥ is subadditive, (1.4) is equivalent to (1.6);
since then V¥ (x)=y(—x) for xR, (1.5) is a simple consequence of (1.4).
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2. Preparatory lemmas

Our first lemma relies heavily on a technique developed by Y. Domar in [8].
v denotes the transform f(x)=f(—x), as is standard in Fourier analysis.

Lemma 2.1. Let feLl RN\{0} and gcLy(R) satisfy
2.1 gxf=0
or, in other words, let g annihilate the non-zero ideal generated by f. Denote by Z(f)
the set {z€S: f(z)=0}. Then the function

[ eendr, Imz> 123
(2.2) 4(z) = -
[ g@e*di, Imz~< -5

which determines g uniquely, can be continued analytically to a function holomorphic

in C\Z(f).
By (2.1), we can define

(2.3) h(x) = f0°° gWf@+x)di=—[° gOf(t-+x)d1, x€R.

If My(e), defined by (1.3), is finite for every e>0, so that

R LIeY] LI gy o
Jor all =0, which implies that
h(z) = [ h@e "= dt
is holomorphic in S°, the extension of % is given by
A2
f@@°
Proof. Let B be the algebra L (R) extended with a unit. The unit can be identi-

fied with the Dirac measure 6.
Let ¢ be the M&bius mapping

2.5 ze>(z—20)71,

2.4) for z€ SINZ(f).

and define the function g by
je”¥ =0

a(t):{(), t=<0
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which obviously belongs to L1 (R). Then the Fourier transform & of a, defined as 0
at oo, coincides with ¢ on S.
Let us introduce the functions

e ™, t=

b+(t)={0, t;O

and
e, =0

b-(h = {0, >0,

where «€C is arbitrary, and call them cut-off exponentials. To ensure that
b,,b_€LL(R), Rex has to be larger than _275_

We claim that rational functions of @ with poles in C\4(S v {=}) form a dense
subspace of B. To see this, observe that the Fourier transforms of cut-off exponential
functions belonging to LL(R) are rational functions of 4, and that these cut-off
exponentials span a dense subspace of L!(R). The maximal ideal space of B can be
identified with SuU {=}, or, in the sense of {8], with 4(Su {=}).

Now regard B as a function algebra on 4(Su {==}), which is a compact subset
i 1 i
—n| 4—m 447
touch at the origin. This can be done since B is semi-simple.

Extend the functional g on LL(R) to B by defining (5, g)=0.

By assumption g f =0, which implies that (f, g)=0, so that the extended g
annihilates (f), the closure of the ideal (f) generated by fin B.

Therefore g defines a corresponding continuous functional gz on B/(f) by the
relation

1
=-—— that
4+ n

and

Z— Z—

of C, bounded by the two circles

<b+(f—)a g(]‘)> = <b’ g>
for all b€B.

In {8} Domar defines the analytic transform G of g:

G(C) = <(a '—55 +(f—))—19 g(f)>5
LEONA(Z (v {=}),

which is shown to be holomorphic in C\d(Z(f)u {=}) (Theorem 2.4 [8]).

For (€C\d(Sv{=}), G(O=({(a—{d) g).

Substituting {=¢(z), with ¢ defined by (2.5) and recalling that {3, g)=0, we
obtain the relation
2.6) Gog(z) = —i(z—2i)*%(z), z€C\S,
where % is the analytic function defined by (2.2). Since G is holomorphic in
C\4(Z(f)u {=}), we conclude that % can be extended analytically to C\Z(f).
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We will keep the symbol & for the extension. By Theorem 5.1 in [8], there exists
a one-to-one correspondence between the functional g and the holomorphic function
G; hence ¢ determines g uniquely. The first part of the lemma is now proved.

It should be observed that C\Z(f) is a connected open subset of C since f
is non-zero and f is analytic in S°, so that ¢ is determined by its behaviour on one of
the connected components of C\S. This means that g is determined uniquely by
its values on, for example, R, .

Now we assume that M (e) is finite for all £>0. For z€S° a simple estimate
gives that the function

f0°° fx+He dx, t=0

() = _
@ ~[°_ fe+nedx, t<0

belongs to L. (R) and satisfies

2.7 ezl = 1/l Mg (d (2, 9S))
(d is the Euclidean metric in C). By (2.3) and the definition of c,,
(2.8) h(z) = (c., 8)

for z&S8% A straightforward calculation shows that
(2.9) -
é,,(2) = j0°° fo“’ f+x)ye = dxdi— [° [° fli+x)e~=i=0dx dt
i
Z—ZO

[ et @ d = ()1 z)

for z,€S8° and z€S.
We are going to show that

_ie
4(z) = 70 for zES“\Z(f).
By (2.6), this amounts to proving that
ey o@D
G() =—ic2 220 &)
O = om0
for (€4(S°\Z(f)). Substituting {=o(z) in (2.8), we obtain
_y oo () i{®

—it

Too @ T Top @ 08
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Using (2.9), we find that

. S o=t () — 1 — {2 fow'l(z)—fO(P_l(C)_ -1
Fopi@ 0T O = S E TS e
_ 1 _ z{1 fop=1 {
[T oo+,
Multiplying this expression by z—{, we see that

Joo7@© "9 T

is the inverse of a—{& modulo (f) for {€4(S°\Z(f)). Recalling that {5, g)=0,
this proves the lemma.

Remark 2.2. The function ¢ defined by (2.2—4)is frequently called the Carleman
transform of g. There has been some doubt about who invented this device; maybe
the analytic transform is a better term.

We shall need the following estimate:

Lemma 2.3. Assume (1.4—S5). Suppose feLL(RN{0} and gcL=(R) satisfy
g+ f =0, and that the function 4 defined by (2.2—4) is entire. Then there exists a posi-
tive constant ¢ such that

|%(2)| = exp(ce?IRe2l),  zeC.

Proof. Note that (1.5) implies that M(e) is bounded for every £>0. This is
due to the fact that M; is a decreasing function.

In the following we use the function / as defined in (2.3). Let us write z=x-iy.

A simple calculation shows that the first of the following estimates is valid.

(2.10) 19 ()| = lglz My (d(2, 9S)), 2EC\S,
@.11) (D] = gl 1/ 1, Mi(d(z,08)), z€5°,

where d is, as in Lemma 2.1, the Euclidean metric in C, and M, and M; were de-
fined in (1.3). (2.11) is a combination of (2.7) and (2.8).
In the upper half-plane, we have an explicit formula for the Poisson kernel.

1
), z€S89°, for O=¢g=—
2

To use this, let ¢, be the conformal mapping z>i exp[1 i
(see Figure 2.4).

Let S, be the set {z€C: |Im z(<—273 (1 —¢)}, which ¢, maps onto the open upper
half-plane.
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7777 '/27/77/7\ ///// /.

(1—¢) >
LT
Figure 2.4
Define
F(Q) =fo072 ), %) = %op; '),
and

H (D) = hop7' () for (€9, (S).

By (2.4) and (2.11), 4. is a quotient of bounded holomorphic functions in the
upper half-plane for every &=0.

Without loss of generality, we can assume that %.(z) 20. Hence, according to
a factorization theorem for Hardy spaces (see [13], pages 160—161) we have for
every £¢>0 and { in the open upper half-plane IT that

(2.12) F() =% By (0eF:
i feo 1
- exp [;./‘_w ['C——'i' A1 ](108 |F ()| di—dug, (t))]
and

2.13) H,() = ¢ By () 5

.eXp[ f°° ( t2+1](10g|H(t)|dt dpig, (z))]

where y, and y, are real,
& &

(2.14) ap, = —limsup ¢ ~tlog |F,(i¢)| = 0,
frtoo
2.15) ag, = —limsup ¢ log|H,(i&)] =0,

E>doo
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and the positive singular measures g, and py_satisfy
foa dpy, (9
—— < OO
— oo 1 + t2
and
‘/-oo dug (9
R e

OO

By and By denote the respective Blaschke products.
Since o, and a, are finite for every &>0, we conclude, by the definition of ¢,,
(2.14) and (2.15) that
(2.16) oy, = o, =0
for all e=0.
To see this, choose &'>&>0. We will show that a; =0 provided that a; < eo.

Now we have that
g, = —lim sup ¢~ log |, (i8)]

Er g0

= ~limsup {log | Fopz (&)= —limsup £ ~*log|Fog; *o @007 (id)l
g~ too

Ertoo

1—¢

= —limsup £ Mlog |F,(i€T*)| = —limsup&  +* log | F,(i®)| = 0,
G too Eotoo

since Up, =< oo, which is the desired conclusion. The corresponding calculation for
oy 1s similar. ‘
Since F, and H, are analytic in ¢,(S?), which contains I\ {0}, we conclude that

Ur, = ﬁFsa(:
and
:uH€ = ﬂH‘;éO»

where §, is the Dirac measure at 0, and B r, and B, are non-negative.
Br, and B are given explicitly by the relations

Br, = —m-limsup ¢ - log | F,(i&)l,
20t

Ba, = — = -limsup ¢ - log |H,(i&).
g0t

In the same fashion as we derived (2.16) we obtain

(217) Br, = By, =0
for every &=0.
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Inserting (2.16) and (2.17) into (2.12) and (2.13, resp.) we get for &>0 and
(eIl that

@18)  F(0) =e "By (D) exp[ f°° +t2+1)log1F(t)|dt]
2.19) Ha@):e”ﬂa-BHs(o-exp[ I, [ tz+1jlong(z>ld‘J
By (2.4), we have the equality

0.0 - 20

Inserting (2.18) and (2.19), we obtain the following estimate in IT:

_Im{ . log|H ()| -log|F. ()]
(2.20) log|%, (0] = — [~ _ T dt.
The reason why |—<|=1 in IT is that 4 is entire. By (2.11) and the definition of ¢,,
Fg
s
@.21) 0 = gl I - Mo (5 ¢), iR

Choose a point {, in the open upper half-plane IT such that

Fo(Lo) # 0.

Then, due to the boundedness above and the subharmonicity of {—log [F.({),
we have the following inequality:

oy My e log|F, (9] I
log |F, (o)} = — /o T dt, 0=e=.
Since F,({o)#0, the left hand side of this inequality is, by continuity, uniformly
bounded from below for ¢ less than some &,>0 and we obtain thé estimate

(2.22) ffw—lg%t)—'dtz—co (>—c), 0=¢=s,.
Letters C with indices stand, here and in the following, for positive quantities inde-
pendent of { and e&.

Similarly, if we vary (o, we get an estimate (2.22) on a lot of open intervals, the
union of which covers [¢,, 5]. By a compactness argument, a finite number of open
intervals suffice to cover [g,, 3], so that the estimate (2.22) extends to the whole inter-
val [0, 1], possibly with a different constant C,.
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We get from (2.20), (2.21), (2.22) and the observation

IFda=an = 1F e = 1/

so that F, has a bound from above independent of ¢,

¥ 1+ 2
log|%4,(0)| = log M (7 8]+ C, Iml?
for e=0 and (€Il
If z€S,, this means that
elxl/a-e)

(2.23) log*|#(2)] = log* My (% 3]* R (=)

for 0<e=+%.
Thus we have the desired estimate in every strip Sy, ¢>0.

.. |
In particular, this is the case for 82—4—, giving

4
(2.24) log*|9(2)| = Cyed ), z€Sy,.
To extend the estimate to all of C, we proceed as follows.

1
Choose O<8§Z' On the lines 0S,,, (2.23) becomes

7 o2l

4

(2.25) log*|9(2)| = log+M¢-,( cos y) +Cy

cos y

141

Combining (2.24) and (2.25), we find that the inequality (2.25) holds for every z€S8°.

Let n be an integer and z€{n, n+2]Xi[—=, n]. Then
log* log* (|%(2)[*»(-2"D) = max (0, —2|n|+log* log*{%(2)|),

which by (2.25) can be estimated from above by

oot x ) + ]
max [0, C;+logtlog M.;[4 cos y|+log =y

for !y|<—;t—, and by
max (0, 2-+log* log* ([lgll 1= - My (d(z, 0S))))

for §<]y]§7t, due to (2.10).
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We have thus established the estimate
log*log™* (|%(z)|*p(-2I"D) =

+1logt r + 1 z
max(0, Colog* log? M cos) g™ oo |, 11 <3

max(0, 2-+log* log* (Igllz5 - My (@ (z 9S))), 5 <yl = .

Observe that z—log* log* (|%(z)|™?(~2"V) is a subharmonic function.

Since the above estimate of z—log* log* (|%(2)|"*~2""} does not depend on x
and n and is integrable in the y-interval [ — =, =], due to (1.4—5), there exists, accord-
ing to the log-log theorem of Levinson and Sjoberg (see [15], Theorem XL1il, Theo-
réme III in {18} or Theorem 4.1 in [11], and, for some further developments, {7]) a
(finite) constant M, independent of », such that

G D = M i |y = 27,

ENES

or, equivalently
9(2)] = exp (Mel")

for z¢[ +2]><’[ 352 ]
or z€[n, n il-—mn,—nrj.
4 "4

Thus we have the estimate
19(2)| = exp (Cge*™h

3
for |y[§z .

Since % (z) is bounded for |y| =3 " by (2.10), this inequality is valid in the whole
complex plane, which proves the lemma.

Remark 2.5. When one tries to obtain a Tauberian theorem like Theorem 3.3
for the ideal chains in [19] in cases when (1.4—35) are not satisfied, the extension of
Lemma 2.3 is the major crucial point.

Here follows a lemma about subadditive functions. Recall that M, was defined
by (1.3).

Lemma 2.6. Assume  is subadditive. Then the conditions

1.4 f ~log* log* My (x) dx <o
and

-  Y(x)
(1.6) f_mmdx<oo

are equivalent.
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Proof. That (1.4) is a consequence of (1.6) for subadditive y follows from Gu-
rarii [11], Lemma 3.5. At least he shows that log* log+ M,, is integrable over every
finite interval (0, @), but since M, (x)~0 as x—oo by (1.1), this amounts to the
same thing.

To get the opposite implication, assume (1.6) does not hold, that is

- Y
f—m T2 dx =oo,

which makes L, ,(R) a quasianalytic Beurling algebra. Domar shows in [9] that

there exists a proper closed ideal 7 in L, ,(R) which is primary at <. For any ar-

bitrary functional g€Ll ,(RY*=Lg ,(R) which annihilates 7, we define its

analytic (Carleman) transform

@0
exp W

f: g(ve=dt, Imz=>0

G(z) = .
(@) —ff g(He=ds, Imz<O.

Domar [8] shows that G extends to an entire function (see [8], Theorem 2.4 and
Example 3.2), and that G determines g uniquely (see [8], Theorem 5.1).
A simple calculation shows that the following estimate is valid:
G@)| =gl

exp Y

-M,(d(z,R)), zEC\R,

where d is, as in Lemma 2.1, the Euclidean metric in C.

If (1.4) holds we can apply the log-log theorem of Levinson and Sjoberg (see
[15], Theorem XLII) to deduce that G is bounded in the whole complex plane. By
Liouville’s theorem G is a constant, which has to be 0, since by the definition of G,
G(2)~0 as [Imz|—~o. Hence g=0, and by Hahn—Banach’s theorem, /=L.(R).
This gives us a contradiction; hence (1.4) cannot hold. That does it.

Remark 2.7. Observe that the previous proof implicitly proves the Tauberian
theorem for Beurling algebras, without using the fact that L:XPW(R) is regular if
satisfies (1.6). This should be compared to Dales and Hayman’s article [6].

Lemma 2.6 could probably be deduced from Lemma 1 in [4].
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3. Main results

As in the introduction, 4,(S) denotes the Banach algebra of functions analytic
on S° and continuous on v {<}, having the value 0 at «, under the uniform norm.
Mapping S° conformally onto the unit disc D, we identify 4,(S) with the closed
ideal

Iy ={fed(D): f(-1=f(1) =0}

in the disc algebra 4 (D).

For each closed ideal 7 in A(D) we can form the ideal I~ Z,, which is a closed
ideal in I,.

Conversely, is it true that each closed ideal J in I, is an ideal in 4(D)? We shall
see that the answer is affirmative. Hence the Beurling—Rudin theorem (see [17])
can be used to give a complete description of all closed ideals in Ay(S).

Theorem 3.1. Each closed ideal J in I, is a (closed) ideal in A(D).
Proof. Define, for each positive integer n,

z—1 z4+1

ne—D=1 "ncrDri’ P

e, (z)=n

One readily sees that e,€Z, for each 7, and that
3.1) e, (z)~1, as n —»oo

. - . z+1 .
uniformly on each compact subset of D\{—1,1}. Putting ¢ =z——1—, which
z—

maps D onto the lower half plane, we see that the first factor n——~—1)——1 is trans-
n(z—1)—

i
formed into -2—‘—’%-—., the modulus of which is bounded by 1 in the lower half-
ni—{+i

plane. A similar argument for the second factor yields that
legl =1, n=1,2,3,....
This, together with (3.1), implies that

3.2 le,x—xfle -0, as #n —>oo,
for each x€1,.

This is to say that {e,} form an approximate identity in I, (see [22]). Select two
arbitrary elements, x¢J and y€A(D). It is sufficient to prove that xy<J. Since
Jcl, and I, is an ideal, xy€l,. Hence, by (3.2)

xye, - Xy, as n -—co.
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Now ye,cl, since e,£1l,. Thus xye,cJ, so that

xyeJ = J,
which establishes the theorem.

Remark 3.2. The main ingredient in the proof of Theorem 3.1 is (essentially)
the fact that A(D) meets the strong analytic Ditkin condition, which for instance
is satisfied for the Wiener algebra F(/Y(N)), too.

Here the two main results follow. 8, (f) and é_ (f) were introduced in Section 1.

Theorem 3.3. Assume (1.4—75). Let M be a family of functions in LL(R) whose
Fourier transforms have no common zeros in S and suppose that

Jnf 0.(f) = inf o_(f) =

Let I, be the smallest closed ideal in L, (R) containing M. Then
Iy = L‘lv (R).

Proof. Write z=x-+ip. Let the functional g€L: (R) annihilate the closed
ideal 7.

Due to the theorem of Hahn—Banach it is sufficient to show that g=0. g€l;;
is equivalent to

gxf=0
for all fin M.

Let 4 be the corresponding analytic (Carleman) transform, that is, the function
defined by (2.2—4). By Lemma 2.1 ¢ is entire. Applymg Lemma 2.3, we find a con-~
stant ¢ such that ,

3.3) |%(2)] = exp (ce®™), zcC.

We will first investigate the behaviour of ¢ in the right half-plane. Let f be an arbi-
trary non-zero function in M. By the Ahlfors—Heins theorem (see [2], p. 341, or [5],
Theorem 7.2.6),

Jim e~ log|f(x+iy)| = =6, (f) cosy,

for almost all y in the interval [—1;«, 5]

) n
For this dense set of y in the interval (——2—, —g—), 4 (x+iy) does not grow faster
than exp ((3,(f)+e)e*), as x>+, where ¢>0 is arbitrary, since A(x+iy)
is bounded for each fixed y in the interval (—%, g—), by (2.11). Taking into account
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(3.3) and applying the Phragmén—Lindelsf principle, we get
9(2) = 0(exp (0. (N +e)e), as x —+<,

. . 3 3 I .
for all £=0, uniformly in ——S—n = yéé— 7. A second application of the Phragmén—

Lindelof principle, using (2.10) and (3.3), easily shows that
G(2) = 0(exp (6. (f)+e)e?), as x —+oo,

for all ¢>0, uniformly in y¢R. Since, by assumption,

fnellf;l 0+(f)=0,
this becomes
3.9 %(z) = O(exp (e¢¥)) as x>+

for every ¢=0, uniformly in y€R.
Put
Gy (2) = exp (—2e7*) 9 (2)
and
A(x) = log*log* M, (x), x=0.

Then A is a continuous decreasing function. In our terminology, decreasing does not
demand strict decrease. Due to the definition of M, A(x) is unbounded as x—0,
and A(x)=0 for x sufficiently large.

In {x€R,: A(x)=0}, which is a connected neighbourhood of 0, 1 is a strictly
decreasing C= function, and therefore it has an inverse AL

ILet 0: R, —~R_, be the bounded continuous decreasing function

— A1 —)—C~)
XA (2 .
0(x) tends to 0 as x—-+4oo. By (1.4)

Jo a0 dx <o,
so that
(3.5) ST o) dx <o

Define the domains
Q2 = {z =x+iyeC: x>0 and ly| < %+9(x)}
and

Q_={z=x—|—iy€C:x<0 and |yl<%+0(——x)}.
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For x>0 we have, by the definition of 6, that
(3.6) M, (0(x)) = exp (e*°9=)) = exp (e*).
Combining (3.6) with (2.10), we get
[9(2)| = |lgllzexp (%) for z€0Q,,

with Re z=>0, which makes %, bounded on 9dQ, , say by the constant M.

Put
%,(2) = % (2)/M.

Then either [%,(z)|=1 in Q,, or there exists a point z,=x,+y, in 2, such that
%1 (z0)|=1.

We assume the latter and will try to obtain a contradiction.

Let w(z, &) be the harmonic measure having the value 1 on the set {z€0Q.:

x=¢ and | y[§g~+0(x)}, and the value 0 on the parts of the boundary 0Q.,

with x<¢ (see Figure 3.4).

Figure 3.4

Define
M) = sup |%.(2)].
Z€2

Rez=¢

We are now about to use a generalized Phragmén—Lindelof argument.
According to the first distortion inequality of Ahlfors (see [1] and K. Haliste
{12], p. 3 or Theorem 3.2) we have the estimate

o(zq, &) = 7Texp(4n 7 7T 200 if fxon+26(t) > 2.

In the following, letters C with indices stand for positive (finite) quantities that
do not depend on £.
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Since log |%4,| is a subharmonic function, we have

0 < log |%.(z0)| = w (29, &) log M (&) = Cylog M(E)exp | — j gt
° 1+-7; 0(1‘)

= Clog M(&)exp (— [ 5 (1—-0()dt) = Cre~4log M(2)
due to (3.5), so that ’
M(&) =exp (Cs_leé log |4, (Zo)(),

contradicting the estimate (3.4). Thus

@@ =M in 0.,
so that
|%(2)] = Mexp (2¢*/*) in Q,.
By (2.10), this inequality (possibly with a different constant M) is valid in the
whole right half-plane, since |9(z)|=llgllM,(0(x))=|gl| exp (7% for all z4Q,

. 3 .
in the right half-plane. However, since %(z) is bounded for | y| >-Z 7, again by (2.10),

the principle of Phragmén—Lindelof yields that it is bounded in the right half-plane.

The same kind of argument works in the left half-plane, too, so that  is bounded
in the whole complex plane.

Applying Liouville’s theorem, we find that ¢ is a constant which has to be 0
by (2.2). Thus — by Lemma 2.1 — g=0, and the theorem is established.

The proof of the following theorem was inspired by ideas from Korenblum and
Nyman. This time (1.4—35) do not suffice; observe that by Lemma 2.6, the condition
on ¥ in Theorem 3.5 actually implies (1.4—5). The ideals I} and I; were introduced
in Section 1.

Theorem 3.5. Suppose { is decreasing on (—oo, 0) and increasing on (0, =) and
satisfies the non-quasianalyticity condition

(1.6) I~ lif%dk oo.

Let M be a family of functions in L. (R) whose Fourier transforms have no
common zeros in S; let Iy be the smallest closed ideal containing M. If

0y = inf 5.(f) and & = inf 5_(f),
then
Iy = I;;ﬁ[a;.

Proof. It is evident that I, I;" N1, since I;% and I are closed ideals, a fact
which was mentioned in Section 1. We will now prove this. By the Beurling—Rudin
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theorem (see [17])
J, = {fEA(D): D=1 =0 and li}‘cllﬁl_lp (A—x)log[f(x)| = —tz}

is a closed ideal in A(D) for a=0.

z—

1
Map §° conformally onto D by z+ ¢ T Identifying A4,(S) and

eZ
{feA(D): f(=1) = f(1) = 0),
J, corresponds to
{fEAO(S): lim sup e* log | f(x)] = — L;_}

X—> oo

I}, is the intersection of this closed ideal in 4,(S) with L] (R); hence by the simple
norm inequality | f]«=[fll,, I, is closed. This shows that I(;: is closed.

A similar argument for I, 5, shows that this, too, is a closed ideal. Vretblad [19]
showed this result with some extra regularity on the weight w, but his technique was
quite different from ours.

To show the opposite inclusion, that is, that 7, DI‘;_:OI&:, it is sufficient to
prove that every functional g€L:(R) satisfying

gxf=0
for all functions fin M also satisfies this equality for all f€7 ;: Nl Roughly speak-
ing, our technique will be to multiply the functions in I, by a suitable growth function
and then to apply the Tauberian Theorem 3.3.
We write z=x+iy and {=¢&-+4in. Let us keep the notation
A(x) =logtlog* M, (x)

and

= A1 ﬁ)

0(x) =2 ( 5

from the proof of Theorem 3.3.

According to the assumptions on ¥ (one of which is (1.2)), ¥ is subadditive, so
by Lemma 2.6, (1.6) implies (1.4—S5). Hence the conditions of Theorem 3.3 are sati-
sfied.

Put ©=0,0Q", or explicitly,

Q= {z =x+iy€C: |y| < %—l— O(lxl)}.

Let ¢ denote a conformal mapping Q- S° which can be extended continuously so
that + o> and — < are mapped onto themselves. Such a function ¢ exists and extends
to a homeomorphism QU {— <o, + o0} >S§U{—eo, 4o} — due to a famous theorem
by Carathéodory — since the boundary 92U {—oe, 4o} is a Jordan curve.
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By a refined version of Ahlfors’s distortion inequalities, due to Warschawski
(see [20], pp. 290—296, Theorems I11(a) and IV(a)), we find, using (3.5), that

3.7 Re ¢(2) = x+0(1),

as |x|-o, uniformly in y.

We have to check that Warschawski’s conditions are satisfied. To this end, we
will first show that log M, is a convex (and decreasing) function. Choose O<t<1
arbitrarily. Then, by Holder’s inequality,

M,(tx+(1—1y) = f°° e~ tx+ -0 +¥(@ g

= f°° e~ IR+ @ —A-0ylEl+ A g

= (fjx e—*E+v® d{)f (f‘; P RR 1) df)l—t = (M, () (M, )

for x,y=0, which shows that log M, is convex.
Since log M, is strictly decreasing, unbounded, and convex, a simple argument,
which we are about to present, shows that

—(log M) = clog M,

in some interval (0, &), g,>0, where ¢ is a positive constant.
In fact, we can choose ¢ as

oo l0oga,)Gy)
Tog My (e9)+ 2 Qo€ M, o)

if M,(ep)>1, which is shown by. Since

i

0

_d_ ( log M, (x) ] _ (log M) (x) log M, (x)
dx (log M, (x) ((dog M,) (x))?

in the interval (0, g,), we have that

log My (x) _ log M, (x) _ log M, (g9) 1

“(og MY (og My () — ° (og My ¢

with our particular choice of ¢, for all O<x=<g,. Hence



On the primary ideal structure at infinity for analytic Beurling algebras 151

in some interval (4, ). Finally, we show that

.oy
S w0 =

To see this, we make the following estimate:

. (X)) 1o S 1
A;Iﬂmadx:;?fAWQﬂdx——7;j;Bﬁodx—;ZOM)<m,

1
where we have used that ——=0"=0 on (4, «).
c

We have now verified all conditions for Warschawski’s Theorems III(a) and
IV(a). '

Let dQy(z, 0), (€08, denote the Poisson measure in Q. Then each bounded
harmonic function & on Q, which extends continuously to the boundary, satisfies

h(@) = [ o0 d0a(z O, z€Q.
Let r(z)=0(xDe!™, for z€9R, and let ¢(2) be the Poisson integral of r in ©, that is,
(3:8) 0@ = [, ,, 70 d0a(z 0.

We have to check that (3.8) converges. To this end, we map Q onto S° by ¢ and
then onto the open upper half plane II by z—ie”.
The Poisson kernel Pp(z, {) for II can be estimated from above and below by

times constants depending on z. If Pg(z, {) denotes the Poisson kernel in S°,

14-¢2
this means that there exists a constant C, only depending on z, such that
(3.9) Ps(z, ) = Ce™, zeS°, (€dS.
By (3.8—9),
0@ = [, ,,m©d0a(z 0 = [, Ps(o@, Yroo () ldL|

= Cow [ 1300 1O = Copry [, O O ldo Q).
Let us put G(C)=0([§D)for LeC. Then, by (3.7),
Soa @ RO (O 1o (O]
= [, e RO ldp )] = € [, 00 Ido D),

where C is a positive constant. Since ¢ maps ¢ homeomorphically onto 9, do(2)
is a positive measure on 9Q if we assume that the integration on 9 is directed from
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—eo to +oo. By (3.5), (3.7), and partial integration
[,,001de@©l= [, 6Qde©) =~f, Reo®dd(®) = [, Rep()(~db0()

= K+[, e(-a0Q) =K+ [, 0@Q)de=K+2[" 0(¢ehdt <e,

where K is a positive constant.

The term from infinity vanishes because of (3.7) and (3.5), which implies that
x0(x)—~0, as x>+ oo

Combining the above estimates we have now shown that g is a well-defined har-
monic function.

By the construction ¢ coincides with 7 on Q. Let R denote the holomorphic
function which satisfies
3.10) {Re’R(z) = 9(2), z€Q

Im R(0) = 0.
Thus Re R(z)=0 in Q.
Put §=6,+0,. Define ¥ to be the holomorphic function

3 3
2> exp(— 2ez_z—2e—?z) exp (—20R(2)), z€Q.

We will now show that ¥ is the Fourier transform of a function v in LL(R).
By the Fourier inversion formula,

1 e g
V() = Z—nf—w P (x) ™ dx.
Changing the path of integration, which evidently is allowed, we obtain
v() = —l-f ¥z)e*dz = ——1—f P(z)e* dz
2n ry 2n v r, ’
where I'y and I'; are the two components of 99, directed from — o to + e, I'; being
the upper one.
We get, by (3.6),
o o e 1 2=
jo (| w()dt = C"fo fo exp (—5e4 ]e""(")"““') dx dt

Lz

3
= Co_[: exp [—'?1? efx] M, (0(x))dx = Cof: exp (——2~e pES e"/2] dx < oo,

. . 3 1 . .
We have used the simple numerical fact that 2 cos —g> 7 Here and in the following,

letters C with indices are positive constants.



On the primary ideal structure at infinity for analytic Beurling algebras 153
The corresponding result for (—eo, 0) yields that véL}L(R). Let

3 3
K(z) = exp(— et —e”‘fz) exp (—OR(z)) exp (6 e*— 5,877, z€Q.

We now intend to prove that z—K(z), z€S, too, is the Fourier transform of a func-
tion k€LL(R).
First we will show that

Ky(2) = exp (— R (2)) exp (= 6,6 —5,e77)
is bounded in Q. By (3.10), this expression is bounded on 9Q:
|Ko(2)] = exp (—de™ 8 (|x[)) exp (de'*! sin 8 (|x[)) = 1
for z€0Q. Since
lexp (— 6, €° —8ze77)| = exp (de*! sin 8(|x[)) = exp (3e!*10(|x]), z€Q,
and Re R(z)=0 in @, we have that
|Ky(2)] = exp (de*10(|x[)) for zeQ.

The generalized Phragmén—Lindelof argument using distortion inequalities,
used for %, in the proof of Theorem 3.3, applies to Kj, too, and together with the fact
that 6(|x))~0 as |x|—<e, it shows that K, is bounded in Q, since K, is bounded on
0Q. Hence

3
= ¥

(3.11) K(2)| = C; exp(—%e ), zeQ.

Changing the path of integraﬁon in the Fourier inversion formula, which is allowed
by (3.11), we obtain

— 1 itz — 1 itz
k(@) "ﬁfn K(2)e" dz = -2?[“ K(z)e*dz.

We get by (3.6) and (3.11) that

3x
4

Jo_k@lw@di= G f~_ [ exp (_%e

] e~ OOM+V® gy dy

oo 1 2. oo 1 2« .
= f7 e (-5 ) M0 ax = ¢ f7 exp (et o) dx <=
We conclude that k€L, (R). We will soon establish that to each f€I;f n1; there
exists a unique f€L.(R) such that
(3.12) v f=kxf.

Taking this for granted for the moment, we will show how the theorem follows.
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Let geLZ(R) satisfy

for all feM. Then

so that

for fEM.
By the definition of K=£,

(3.13)

lirP e ~log|K(x)| =—d4,
{xlh}i e*log |K(x)] =—6,

To see this, we will show that

(3.14) o(x) =o(eM), |x| e,

from which (3.13) immediately follows. ¢ was defined as the Poisson integral in Q
of the positive function r. Mapping Q onto the open upper half-plane IT by z—ie?®
and zw>ie~*®, it suffices, by (3.7), to show that every positive function fi¢

dt . . . .
It [l e ), which the Poisson integral formula extends harmonically to IT, satisfies

Soiy) =o0(p), y ~+ee
Let y=1. Then

Y = _h0) _, w60, fo(®)
folin) = f “Tryr? f ey d fR\( v vy By a

The first term satisfies

2y A0 gy Ll 50 gy Lo SO 4
;/*tz—i—y - -1 1+12 w1412
The second term satisfies
y Jo(® y Jo(® ,
= dt =~ dt = , Y o
RN(-15 V) £2+)? T R(-Vr ¥ 1+ °0) ¥

Combining these yestimates, we obtain the desired result
So(iy) =0(y), y >+
This completes the verification of (3.13—14). By (3.14),
i — Il =
,xll_lglm e~ log |9(x)| =0,



On the primary ideal structure at infinity for analytic Beurling algebras 155

and taking (3.12—13) into account we obtain the relations

5+(f) = 6.(f)—d4,
5_(N)=6_(NH—6,
so that Theorem 3.3 implies that

g% k= 0,
hence

gxf*V =0
for all fel;f nI; . Since &,(v)=0._(v)=0, by (3.14), we can apply Theorem 3.3
again to obtain
gxf=0

for all functions feI;Ll nI;, which was the desired conclusion.

All that remains to us now is to establish the existence of £ in (3.12) for every
felfni; .

(3.12) can be reformulated in the following way:

R 2, 3, ‘
(3.15)  f(2) =f(2) exp(3;6°+ 55 exp(—e* —e * )exp(—O6R(2)), zES.
By the Phragmén—Lindelsf principle,
f(2) exp (5,67 +8,677)

is bounded on S. Combining this with the expression (3.15) and the Fourier inversion
formula, we obtain

(3.16)
ftoy = %flf{xﬂg—) L ;{ffw]?{x——i—;—) R
Put
, =0
= {‘(I;,() ;< 0
and

Yo () =Y () -y (D
By the assumptions on ¥, the functions ¥, and ¥, are subadditive, making L, v, B
and L, y,(R) into Banach algebras under convolution multiplication. If we can

show that £ (x—l—i ;] and f (x—-i ;] are Fourier transforms of functions in L, (R)
and L, (R), respectively, this will be sufficient by (3.16) to prove that feLl(R).
Since feL!(R), we have that f (x+i —Z—] and [ (x——i —;—] are Fourier trans-

Ly
forms of functions in L,

(R) and thpwz(R), respectively.
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By (3.15), it will therefore suffice to show that
Beri®)  _3feni®
H,(x) = exp(—e* (Hl 2)—.«3 4( i 2))

- exp [— OR [x—l— l%)] exp (51 ex+i?+52e‘x_i?)

is the Fourier transform of a function hlELixpl,,1 (R), and that the corresponding
. T . .
expression for y= 5 is the Fourier transform of an element thL:Xp,l,2 (R).

We shall make the necessary verifications for A;. For h, the process is analogous.
H,(z) is analytic in

{ZEC: —n—H(]xl) <y=< H(le)}
One easily sees that

exp l—(SR [z+i %]] exp (6, eZ+i?+52e‘z_iE)

is bounded on
{zeC: —e ™ < y < 6(x]},

since Re R=0. Hence we can change the path of integration in the Fourier inversion
formula to obtain

1 . 1 .
hl(t) = 77'5—‘/‘)’1 e Hl (Z) dz = —27]72 e“zHl (Z) dZ,

where y; and y, are the curves
y=0(x)) and y=—el,

respectively, both oriented from —e to + <.
We get by (3.6) that

l%x

f:' [h (D] exp ¥y (F) = C:,,f;° f: exp (—-Ze ]e“"‘"”'“” dx dt
1 2y 1 2
= C3f0°° exp [—-Ze4 ]M.,,(G(x)) dx = C3f:’ exp (—ze4 +e"/2] dx <oo.
On the left semi-axis, we get
3
/iw lh ()| dt = C4fg f: exp (——%ezx) et exp (de* sin e~ *) dx dt
| 3,
= C5f0 exp[—ze‘1 ]e"dx<oo,

hence hleLixp,,,l(R). ,
This finishes the proof of the theorem.
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Remark 3.6. Theorem 3.5 is another way of stating that the chain {I] n 17}, =0
contains all closed ideals primary at infinity.
It is easily established that

ma=&$=m

a=>0

In the last proof we constructed some elements in L% (R), among them the func-
tion k, which by (3.13) belongs to I;; N1I;. Infact, k generates I(;t NI, by (3.13).
Since k(z) has no zeros in S, I;f1 nl; is a (closed) primary ideal at o for each pair
61, 05=0.

Naturally, under the restraints imposed on V in the formulation of Theorem 3.5,
Theorem 3.3 is a simple consequence of Theorem 3.5.
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