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1. Introduction

In this paper, the determination of all convex cones in a real simple Lie
algebra invariant under the adjoint group will be essentially reduced to an abelian
problem, Specifically, if h is a compact Cartan subalgebra in the simple Lie
algebra g, the mapping C—C h is shown one-to-one from the class of (open or
closed) invariant convex cones C in g, onto an explicitly described class of cones
in h invariant under the Weyl group. All such cones C in g have open dense
interiors, and each such interior element, whether regular or not, is contained in
a unique maximal compact subalgebra. The orthogonal projection of the orbit of
such an interior element onto a compact Cartan subalgebra is determined explicitly,
extending to these noncompact orbits known results for projections of compact
group orbits. The above correspondence C—~Cnh is shown to preserve the
duality relation between cones, and the class of self-dual cones in the classical
algebras corresponding to convex quadratic cones in the compact Cartan subalgebras
is determined. ‘

It is well known that the Poincaré group, the symmetry group of Minkowski
space, contains a four-dimensional invariant semigroup, that of all vector displace-
ments into the “future”. This semigroup is the exponential of a corresponding
invariant convex cone in the Lie algebra, which is precisely the cone of generators
that are carried into nonnegative self-adjoint operators by infinitesimal unitary
representations of ““positive energy”, such as those associated with certain hyper-
bolic partial differential equations (for example, Maxwell’s equations).

This situation is not peculiar to the Poincaré group, but is applicable to a
variety of other groups. For example, the universal cover G (locally identical
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to O (2, 4)) of the conformal group of Minkowski space M, acts on the universal
cover M of conformal space (i.e. conformally compactified Minkowski space),
extending the usual action of the Poincaré group on M. Conformally invariant
wave equations extend naturally to A7. It may be seen that the semigroup within
G of all futare displacements of # contains the G-invariant semigroup generated
by the above positive-energy semigroup; otherwise the relation between the two
semigroups is not at all clear a priori. The same situation develops for the conformal
group, locally O (2,n+1), of a vector space with a flat metric of signature (1, n).
Thus the general study of invariant convex cones in Lie algebras appears of
interest from a theoretical physical standpoint. This work determines the structure
of invariant convex cones in the Lie algebras of all simple Lie groups. (According
to a result of Kostant cited by Segal in [14], only those simple Lie groups of
hermitian symmetric type can admit a nontrivial such cone.) The classification is
reduced to the determination of certain convex cones in an abelian subalgebra that
are invariant under a finite reflection group (Weyl group). It was noted independently
by Vinberg [15], and earlier in [14], that there are always unique (up to sign) minimal
and maximal causal cones; all others lie between these. These extremal cones and
others were determined more explicitly for the classical matrix algebras in [12].
It follows, for example, that in the above cases of conformal groups, the future-
displacement semigroups and the above ‘“‘positive-energy” semigroup are indeed
distinct, in fact maximally so, being generated by the maximal and minimal, re-
spectively, invariant convex cones in the Lie algebra.* Another corollary to this
work, is that the “cone of positivity”” of a unitary representation of a simple Lie
group, defined to be all elements of the Lie algebra carried to nonnegative self-
adjoint operators by the infinitesimal representation, is determined straightforwardly
by the restriction of the representation to any maximal essentially compact subgroup.
On the other hand, the symplectic Lie algebras have unique (up to sign) closed
invariant convex cones (cf. also [15]). The structure of these symplectic cones
(especially a generalization of the present Theorem 4 to the infinite-dimensional
case) has recently been utilized to determine a unique probabilistic quantization
(i.e. a unique invariant vacuum state) for a wide class of time-dependent wave
equations [11], [13]. Another important ingredient in this development is an adapta-
tion of the stability theory of M. G. Krein and collaborators [8].
Some of the results presented here (essentially Lemma 6 and parts of section 3)

* In this direction, it is interesting to note that the spin 0, 1/2, and 1 essentially conventional
mass 0 representations of the universal cover of the conformal group of four-dimensional space-time,
carry every generator of the forward-displacement semigroup into a positive self-adjoint operator,
but that for higher spins, this is the case only for generators in smaller cones dependent on the spin
[16].
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were earlier obtained by Vinberg [15]. In addition, a classification theorem equivalent
to the present Theorem 2 has recently been obtained by Olshansky [10], by a completely
different method of proof involving the holomorphic discrete series. 1 thank Gert
Heckman for his suggestions towards the “2” inclusion in Theorem 1.

2. Notation and preliminary lemmas

Let g be a simple hermitian symmetric Lie algebra with adjoint group G and
Killing form B(-, ). Let g=k+p be a fixed Cartan decomposition with Cartan
involution 6, and define the positive definite inner product

{+»)=—B(,80-)
on g. Let K be the subgroup corresponding to k.

Let h be a maximal abelian subalgebra of k, and let g%, h¢ be the com-
plexifications of g,h. Let 4 be the roots of g€ with respect to h®, and choose
root vectors H,cih for a€d as usuval, so that o(H,)=2. Also for each «a€4
choose a vector E, in the root space corresponding to « so that [E,, E_,J=H,
and i{(E,+E_,)), E,—E_,£k+ip. Given acd let o, be the associated reflection
in h

Let ¢ be the one-dimensional center of k; we have ¢&h. Choose Zce
and cornpat'ible orderings in the duals of 7¢ and /h so that, as usual, a root « is
positive and noncompact (compact) if and only if a(Z)=1 (resp. a(Z)=0). Let
Wy be the group generated by the o, with a compact. Let Q. be the set of
positive noncompact roots, and define for a€Q,

ha = ~iHa€h’ Xzz = Ea+E—rx9 Ya = _i(Ea—E—a)’
so that
[Z,X]=Y,, [ZY]=-X, X, Y]=-2h,

[H’ X,]= iOC(H)Ya, [H, Yl= _ia(H)Xa

for all Heh. We note also [X,, h,xY,]=F2(h,+7,).
Now choose some maximal strongly orthogonal system XZ,E0,. Let Z,=

12’ h,, and let h— and a be the real spans of the h, and X, respectively,

2L € Zg

where a€ X,. Then Z—Z, is orthogonal to h~ [6], and if X=2 % ’X,€a, then
6] Ad(exp X)Z = Z—Zy+73 3,5, ((cosh 26 h,— (sinh 26 Y).
Recall that there are at most two root lengths in 4.

Lemma 1. 4ll acZ, are long, and any short BcQ., Is the average of two
elements of Z,.
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Proof. By Theorem 2(b) in [9], all «€ X, have the same length; cf. also [1].
Now take any €@, such that {f, f)={«, «) for all a€X,. By Lemma 11 of [3]
there exists o€ X, such that (B, ay>0. If (B, f)>(x, a), then f—a and B—2a
are roots, which contradicts Lemma 12 in [3]: for any roots &6¢4,acZ,, d+a
cannot both be roots.

Thus all a€ X, arelong, B is short, and a—2f is a root. By Lemma 16 in 3],
the restriction of B to h~ is either o or o=fa++5y for some y€ X,. However,
the former cannot occur (otherwise o—28€ —Q, would restrict to 0 on h~),
and it follows that f=¢ since B cannot be any longer than o. Q.e.d.

Lemma 2. All long roots in Q. are conjugate under Wy.

Proof. Given «€Q, long, there exists B¢ X, as above such that (a, §)=0.
If apB then y=a—p is compact and o ()=p. Q.e.d.

3. Minimal and maximal cones

Take any long «¢€Q,, and let
@+ = Ad(G)(hm-l_Xa)’

an orbit of a “highest weight vector”. By Lemma 2, @, is independent of the
particular « chosen, and @,=Ad(G)h,+rX,+sY,) for any r,s such that
r?+s2=1. We have not defined the restricted roots, but it is clear that there exist
subgroups A4, N of G as usual so that G=KAN, Ad(AN)h,+X,)=R*(h,+X,),
and Ad(G)(h,+X,)=R+*Ad(K)(h,+X,) has closure 0,U{0}.

Definitions. Let
en={Zhco, Fha: * =0},
ey = {Xch: (X, b,y =0 for all ac0,},
Cyin=the closed convex cone generated by Ad(G)Z,
and
Cvax = {X€g: (X, Y)Y =0 forall Ye0,}

It follows from Kostant’s theorem in [14] (mentioned in §1) that Cyy, is
a proper cone in g, and that any invariant closed convex cone in g contains either
Z or —Z. The linear span of ¢, is h, and c¢,Scy because a+p¢A for all
o, B£O,. Since O, is the set of rays generated by a compact set,

(Cvar)’ = {X€g: (X, Y) =0 for all ¥€0,}.

We recall some general facts about convex sets [2]. Any convex cone C has
a nonempty interior C° relative to the space V it spans, and we have C%=C,
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(C)°=C" hence C°4+C=C"® where C denotes the closure of C. (Note that
since g is simple, the space spanned by any nonzero G-invariant convex cone
equals g.) Finally, (C*)*=C, where C*={fcV’:f(x)=0 for all x€C} is the
dual cone to C.

Lemma 3. Z<(c,)® (interior relative to h), and the convex cone generated by
Ad(G)Z is open in g.

Proof. If Heh,
(Z,H)=—Tr(ad HadZ) =23, ., ia(H) = 2

o

soZ :Za€Q+ Cohiy-

Since the h,, «€Q, spanh, Z¢c(c,,)°.

For the second statement, let % denote the convex cone generated by Ad(G)Z.
It suffices to show that Z€.#°. By Lemmas 1,2 and (1), &% includes Z+c,;
since Z€(c,)®, & also contains a neighborhood of Z in h, hence a neighborhood
of Z in k. Finally, the tangent space of Ad(G)Z at Z is p, and it follows that
&£ is a neighborhood of Z in ¢g. Q.e.d.

ce, Calhe, H) where ¢, >0,

Lemma 4. (a) (Cy;,)° #s the convex cone generated by Ad(G)Z,
(b) Cypin— {0} is the convex hull of 0., and
(C) CMingCMax'

Proof. (a) follows from (Z)°=%% and Lemma 3. By the earlier remarks
on 0., for (b) it suffices to show that Z€convex hull of 0., and h,+ Y ,£Cyin
if a€ZX,. Now we showed in Lemma 3 that Z¢c,,, and the convex hull of 0,
contains all h,, ®€Q, by Lemmas 1, 2. On the other hand, by (1)

2 . lim (cosh2:)™* Ad (exp tX,)Z = h,+Y,.
Finally, Z€Cy,, because if f€Z, and a=exp 3, 5 "X,
(Z, Ad (a7 (hy+Y) = ((cosh 2" 3 hy— (sinh 21) 3 ¥, hy+¥,)
= (hy, hgyexp (—2tF)=0. Q.e.d.
Corollaxy 1. If C is a G-invariant convex cone, (Crh)’=C°nh.

Proof. 2 is immediate. If X€(Cnh)’, then (we may assume) X—eZ¢C
for some ¢=>0, and Z&C® by Lemma 4(a). Thus Xe€C+C°CC°. Q.e.d.

The proof of Lemma 4 and duality also show
Corollary 2. ¢, S Cy.,nh and ¢, ECyinnh, and

Corollary 3. Cyy;, and Cy,, are, respectively, minimal and maximal closed
invariant convex comes in g.
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4. Ellipticity of the open cones and a projection lemma

In fact the inclusions in Corollary 2 are equalities, but this fact requires requires
Kostant’s generalization [7] of a result of Horn [5], listed here as [H—K]. To state
this result and introduce notation for later use, we let h(X), k(X), p(X) be the
(+, -)-orthogonal projections of X onto h,k, p, respectively, and write |p(X)|=
(p(X), p(X))"/% In these terms [H—K] states that given H¢ch, {h(Ad(k)H): k€K}
is equal to the convex hull of the W -orbit of H.

Corollary 4. The inclusions in Corollary 2 are equalities.

Proof. The remaining two inclusions are equivalent to (Ad(k)X, h,+Y,)=0
for all k€K, acX,, and X€c,, which follows from [H—K]. Q.e.d.

Definitions. Let X,Y€h. Say X is in the noncompact convex hull of Y if
X=L+V, where Lcc, and V is in the convex hull of the Wg-orbit of Y..

Lemma 5. If Xcg—k and k(X) is conjugate under K to HE(cy)® then
there exists 'Y in the G-orbit of X such that (a) |p(Y)|<|p(X)|, and (b) h(X) is
in the noncompact convex hull of WY).

Proof. There exists k€K such that k(Ad (k)X)€h, and by [H—K] it suffices
to consider the case where k(X)ch. Therefore let

X = H+ZaEQ+ Cqu+daYa

where a(fH)=0 for all «€Q,.
Take U=_25, esXs+/3Y4€p, and compute

WU, X1=Dcq, IBUHNSXs—epYp)+ M+, (€ady—C,f)21H,,
where M¢k and h(M)=0. Taking now e‘ﬁ:dﬂ/(iﬁ(H ), f3 =—cu/(iB(H)), we have
[Ua X] = —ZG~EQ+ (CaXu_’_daYa)_}_M_Wy
where

W=23.co, 2(a(H) i +d)hkEcy.
It follows that

Ad (exp eU)X = H+(1—8) 2, ¢ (CXo+d Y ) +eM—eW +O(e%).

Thus (a) and (b) will follow (taking ¥ =Ad (exp eU)X, £>0 small), provided we
can show that
9) H—h(Ad (exp eU)X )€c,
for ¢>0 sufficiently small.

¢. Is generated by finitely many vectors, so the same must be true of the dual
cone cy. Thus there exist V;ch, j=1,...,n, such that X¢c, if and only if
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V=0, j=1,...,n Recall the nonzero W¢c, earlier, and suppose that
W, V;)=0 for j=1,...,r, where r<n. Then j=r if and only if (forall «€Q,)
¢,=d,=0 and/or a(¥;)=0, which in turn happens if and only if [U, V;]=0.

Thus if j=r,

3 (H—h(Ad (exp eU)X), V)

=~—B(X, V;)+B(Ad (exp eU)X, V;) =—B(X, V;)+ B(X, Ad (exp—U) V;) = 0
identically in &. If j>r then (3)is p;e+ O(¢?) for p;>0, which proves(2). Q.e.d.
Lemma 6. Each orbit in (Cy,,)° is closed and intersects (cy).

Proof. If (X, Y)=0 for all Y€O,, then there exists k>0 such that

) (X, Y)=k(Y,Y)* forall Y€O,.
If now
) Ad(g)X ~Q€g as m —~ o,

we write g,=Kk,a,t, accordingto G=KA*K sothat Ad (g,)X=Ad (k,)Ad(a,) X,
where X, also satisfies (4). We will show that (5) implies that the g, remain
bounded so that some subsequence of {g,} converges.

Since a,€A*, let a,=][c; exptX,, where #,=0.

Now take any fixed a€X,, and let X, =c,h,+d,X,+e,Y,+W, where W, is
perpendicular to 4,, X, Y,. (4) implies that

Cy— (A2 +e2)r =k, =0 for all m.
One computes that

Ad(a,) X, = [(cosh2t%)e,—(sinh 2¢%)c, )Y, + U,
where (U, Y ,y=0, and (using %5=0) estimates

©) (cosh 2/%)e,,—(sinh 21%)
= (sinh 28%)e,, + |e,,| —(sinh 21%)c,, = k1 sinh 2% + le,,|.

Now |e,| and (6) must remain bounded as m-oo (since the X,, and Ad(a,)X,
are uniformly bounded) so all ¢, hence a,, must remain bounded.
To complete the proof, let X€(Cy,,)® and partially order Ad (G)X by
Y=Y, if and only if

@ [p(r)=[p(¥y)| and
(b) h(Y,) isin the noncompact convex hull of h(Y,).

Lemma 5 implies that =-maximal elements of m={Y€Ad(G)X:Y =X}
must be in k, and such exist by Zorn’s lemma. (m is compact since Ad (G)X is
closed.) Thus there exists Hech in the orbit of X. Finally, H¢(cy)® by Cors. 1
and 4. Q.e.d.
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Lemma 7. For all H¢(cy)® and g€G, W(Ad(g)H) is in the noncompact convex
hull of H.

Proof. As noted above, (cp)?=(Cynx)’h. The argument of Lemma 6 implies
that h(Ad(g)H) is in the noncompact convex hull of some H,;€(cy)° to which
H is conjugate under G. But then o(H)=H, for some oW . Q.ed.

Let Nch(H) denote the noncompact convex hull of an Hch. Lemma 7
shows that the (-, -)-orthogonal projection of the Ad(G)-orbit of an Hé€(cy)®
is contained in Nch (H). In fact, the reverse inclusion holds (Theorem 1), but this
fact will not be needed to classify the invariant cones (Theorem 2). We remark
also, that simple examples show that the conclusion of Lemma 7 fails generically
if the H¢h there is in an open Weyl chamber not contained in (cy,)°.

Theorem 1. If H€(cy)®, then
{h(Ad (g)H): g€G} = Nch(H).

Proof. By Lemma 7, it suffices to prove “2”. Let LéNch (H), so that
L=M+X, for some Xt€c, and M in the convex hull of W(H). By [H—K]
there exists k€K such that Y =Ad(k)H satisfies h(Y)=M. To obtain a Y€
Ad(G)H such that AW(Y;)=M+X, we make certain successive applications of

Ad (&%) (for t=0, a€Q,) and Ad(e%) (recall that Z spans the center of k)
to Y, uvsing the identity (for a€Q,, Hch)
@) Ad (e*) H = H+(ia(H)/2) (cosh 2t—1)h,
—(ia(H)/2) (sinh 20)Y,,
which are determined in the next paragraph. However, we first make an observation
about the adjoint action, namely that if «€Q, and Y,€g where W(¥;)=0, then
there exists a real number s such that
h(Ad (etxm) Ad (esz) Yl) - h (Ad (esz) Yl) = h(Yl)

for all . This follows from the fact that h(Ad(e"*=) Y;) depends only on the
Y,-component of Y, (with respect to the basis X, ¥, €O, of p), and that an
initial application of some Ad(e*’) can rotate a linear combination rX,+uY,
into (2+u®)'2X,, which is fixed under Ad (¢"%=).

Now let X=23, .4 7., where all r,=0. Take any «€Q,, and determine
t so that h(Ad(e*-)Y)=M+rh,, using (7) and ix(M)=>0. Next take another
BE€Q.,, and apply the observation at the end of the previous paragraph to the
Ad (e"*s)-action, to obtain u, s such that

h(Ad (e%s) Ad (e9) Ad (e%)Y) = M+1,h,+1hy,

using also the fact that if(h,)=0. Continuing in this way with the remaining roots
in Q,, obtain finally a Y;€Ad(G)H such that (¥Y,)=M+X=L. Q.ed.
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5. Classification of the open and closed cones and further pupperties

We define some collections of convex cones.

Definitions. Let

.= {Cch: C is an open Wjx-invariant convex cone, (c,)°SC < (cy)’}
w,°={Cch: C is a closed Wg-invariant convex cone, ¢,SCScy),
Q,°= {Ccg: C is an open G-invariant convex cone containing Z},
Q.°= {Ccg: C is a closed G-invariant convex cone containing Z}.

For convenience we record the following corollary of Lemma 7.

Corollary 5. If HEC for some Ccw.®, then WAd(g)H)EC for all g¢G.
Our main result on the classification of cones is
Theorem 2. (a) Cohcw ,® for all CecQ.°% and
® Q> w," C-~Cnh
is a bijection. For all C€Q.°,
© C ={Xeg: Ad(g)XcCnh for some g€G}
={X elliptic: (Ad(g)X)eCnh for all gcG}.
(b) Cnhew,® forall CcQ.,° and
(10) Q,°>w,°:C~Cnh
is a bijection. For all CcQ,°, ‘
an {Xcg: Ad(g)XeCnh for some gcG}

={X elliptic: h((Ad(g)X)eCnh for all gcG}
and
(12) C={Xcg: (Ad(g)X)eCnh for all geG)
={Xeg: for all ¢=0, Ad(g)(X+¢eZ)e(Cnh)® for some g€G).

Proof. (a) Let C€Q,° Cnh is clearly an open Wg-invariant convex cone,
and then Cnh€w ° by Corollaries 1, 3, 4. The first equality in (9) (which establishes
injectivity of (8)) follows from Lemma 6 and C S (Cy,)’, and the second follows
from Lemma 7 and Cnh=Cn~h+Cnh.

It remains to show that (8) is surjective. Given C,€w.° define Co={X¢g: X
is G-conjugate to some HEC;), and note that Co={X€(Cy,,)’: N(Ad (9)X)€C,
for all g€G}, again by Lemmas 6, 7. C, is open by Corollary 1, so C,cQ.°
Finally, Cynh=C, again by Lemma 7.
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(b) Let C€Q.°. Cnhéw,® is clear from Cors. 3, 4. (11) follows directly
from Corollary 5. Proceeding to (12), we note that if X€¢C and g€G, then for all
¢>0 there exists g,6G such that Ad(g,)(X+&Z)ehnC. Thus h (Ad(g)(X+eZ))¢
hnC by Corollary 5, so

(13) C S {Xcg: h(Ad(9)X)eCnh for all geG}.
Conversely, the r.h.s. of (13) defines an element C,€Q.° If X¢eC; then
X+6Z€(Cray)’ for all =0, so X+eZcC by Lemma 6, hence Xe€C since C is
closed. The last equality in (12) follows from Corollary 1 and (8).

As in (a) it remains to show that (10) is surjective. Given C €w.®, clearly
C.={Xcg: h(Ad(g)X)eC, for all geG}eQ,°, and Cynh=C; is immediate
from Corollary 5. Q.ed.

Theorem 3. For all CcQ.,°,
C*nh=(Cnh)*,
the duals being takenin g and h, respectively.
- Proof. < is clear. Conversely, assume that Hch and
(14 (H,Yy=0 for all YeCnh.

We want to conclude that (H, Y)=0 for all Y¢C. But (H, Y)=0 for all Y¢C®
by (14), Lemma 7, and ¢, S(Cnh)*. Thus (H, ¥)=0 forall Y€(CH)=C. Q.e.d.

Corollary 6. (c))°={H¢ch: Ty=—ad Z ad H: p~p is positive definite}.

Proof. Simply note that if a€Q,, X, and Y, are eigenvectors for Ty with
eigenvalue iw(H). Q.e.d.

Theorem 4. An Xch is contained in a unique maximal compact subalgebra
if and only if no noncompact root vanishes on X. In particular, each X€(cy)°,
hence each X€(Cy,,)® (by Lemma 6) is contained in a unique maximal compact
subalgebra.

Proof. If «(X)=0 for some a€Q,, then [X,Ad(*)Z]=0, and
XcAd (*)k=k.

Conversely, suppose that no a€Q vanishes on X. If X is contained in the
maximal compact {Weg:[W, Ad(")Z]=0}, determined uniquely by some
Y€p, then necessarily Ad(e')Zck, since ad X stabilizes k and p, and vanishes
on no nonzero vector in p by hypothesis.

Therefore [Z, Ad (¢')Z]=0, in which case we may assume that Y€a, and
apply formula (1) to conclude that ¥ =0. Q.e.d.
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6. Self-dual cones

As noted in [12] and [15], Cy;,=Cy,, if and only if g is isomorphic to some
sp (n, R) (using the notation of [4] for the classical algebras), and then clearly
Cwmin is self-dual: (Cyin)*=Cuia- In this case one finds that Cyy;,~h is orthogonally
equivalent to the positive orthant

P,={x,cR": x; =0} in R"=xh.

In the other cases it is natural to look for intermediate cones C€ Q¢ such that
Crmin ECECyyx and C*=C. By Theorems 2 and 3 the problem is reduced to the
consideration of Wg-invariant cones in h. One finds that such self-dual cones
exist and are unique for su (2, 1) and su (2, 2) [12]. The cases of so* (2n) also
possess self-dual cones C,€Q,°, and again C,nh~ P, (orthogonal equivalence).

However, at least in the cases so* (6) ~ su(3,1) and so* (8), such self-dual
cones are not in general unique, as seen from the previous paragraph and the follow-
ing existence result.

Theorem 5. Let
ez = {Xeh: (Z, Xy = (3)5(Z, Z)}(X, X4},

a self-dual cone in h. Then, among all classical simple Lie algebras g, cz€w .
if and only if g is isomorphic to one of the following:

sp(n,R) for n=1,2; su(n,1) for n=1, and su(2,2);
so*(2n) for n=3,4; so(2,n) for n=1 and n=3.

In these cases ¢z is the intersection with h of a self-dual G-invariant convex cone
in g

Proof. One checks that all the h,, a€g, make angles =17 with Z only
in the cases indicated. Q.e.d.
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