Monotonicity properties of interpolation spaces™
Michael Cwikel

Abstract

For any interpolation pair (4,4, 4;), Peetre’s K-functional is defined by:
K(t,a; Ay, 4)) = aziafgf_al(”ao”Ao"‘ t ”41”41)-

It is known that for several important interpolation pairs (4,, 4,), all the interpola-
tion spaces A of the pair can be characterised by the property of K-monotonicity, that
is, if acd and K(z,b; Ay, A)=K(t, a; A,, 4;) for all positive ¢ then bEA also.

We give a necessary condition for an interpolation pair to have its interpola-
tion spaces characterized by K-monotonicity. We describe a weaker form of K-mono-
tonicity which holds for all the interpolation spaces of any interpolation pair and
show that in a certain sense it is the strongest form of monotonicity which holds
in such generality. On the other hand there exist pairs whose interpolation spaces
exhibit properties lying somewhere between K-monotonicity and weak K-mono-
tonicity. Finally we give an alternative proof of a result of Gunnar Sparr, that all the
interpolation spaces for (LZ, L2) are K-monotone.

0. Introduction

In the study of interpolation spaces the point of departure is usually a pair of
Banach spaces 4, and 4; which are both continuously embedded in some Hausdorff
topological vector space «/. We refer to the couple (4,4, 4,) as an interpolation pair.

For such a pair the vector spaces 4,n A; and Ay+4; are well defined and,
when normed by

lall4gna, = max (laf 4, lal)
and

lallagsay =, 30E | (laollag+ Il
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become Banach spaces continuously embedded in /. 4o+ 4, can be equivalently
renormed by Peetre’s “K-functional”

K(t, a; Ao, A) = inf (laollay Il

for any positive number ¢. The abbreviated notation K (¢, a) is also used where there
is no risk of ambiguity. For each fixed a€ 4,+ 4,, K(¢, ) is a continuous non decreas-
ing concave function of # (see [2] p. 167).

A vector space 4 is called intermediate if Ayn A,C ACAy+ A4,, the inclusions
being continuous embeddings if A4 is topologized. An intermediate. space A is an
interpolation space if all linear operators on A4y+A4, which map A4, continuously
into itself and A, continuously into itself also map A into itself (continuously if 4
is topologized).

Several mathematicians have studied the problem of characterizing all interpola-
tion spaces for a given pair (4,, 4,). In [5] Calderédn gave a solution for the pair
(LY, L™). Subsequently Lorentz and Shimogaki [11] treated the pair (L?, L™) with
1<p=<e<o, and Sedaev and Semenov [15], [16], dealt with a pair of L? spaces with
different weights, and also with a pair of Hilbert spaces. Sparr [17, 18] generalised
the weighted L? case permitting two different values of p. Certain pairs of spaces
of compact operators have been considered by Gapaillard [7]. In each of the above
cases it was found that the interpolation spaces for the pair could be characterized
as those spaces possessing a property which we shall call K-monotonicity.

Definition 1.- The space A is K-monotone with respect to the pair (4,, 4,) if
whenever a€ A, bcA,+A4, and K(t,b; A,, AY)=K({, a; A,, 4, for all positive ¢,
it follows that € 4.

In view of the above series of results we also introduce the following terminology.

Definition 2. The interpolation pair (4,, 4,) will be called a Calderén pair if
every intermediate space is an interpolation space if and only if it is K-monotone.

In this paper we first study interpolation pairs which are not Calderdn. In sec-
tion 2 we describe a necessary condition for a pair to be Calderén and also show that
it is not sufficient. In section 3 we show that for an arbitrary interpolation pair
(4,, 4;), every interpolation space 4 satisfies a weak form of K-monotonicity: if
acA and b€ A,+ A, then b is also in 4 if the inequality K(z, H)=w(t) K(¢, a) holds
for all positive 7, where w(f) is a positive measurable function satisfying
f o min (s, w(t))dt/t—<es for some positive constant &. This result seems very close
to the best possible. It will be seen that the hypothesis on w(r) cannot be
weakened to [ min (g, w(r)?)dt/t<eo for some p>1. At the same time we note
that for some non-Calderdn pairs the hypothesis on w(¢) can be weakened. We
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study a case where it suffices that lim,_,w(#)=0. Finally in section 4 we give an
alternative and independently conceived proof of Gunnar Sparr’s result that a pair
of weighted L? spaces is Calderén. We take this opportunity to thank Professor
Jaak Peetre for having informed us that this result was already known, and also
Dr. Sparr himself for having provided some details of his forthcoming paper [18]
which will elaborate the work announced in [17]. Thanks are also due to Dr. Yoram
Sagher for a stimulating discussion concerning this class of problems, and to the
referee for some suggestions for improving the presentation of this paper. We remark
in passing that the description of all interpolation spaces for the pair (L?, L?) is of
interest in connection with norm convergence of Fourier series in rearrangement
invariant Banach spaces. (See [6].)

1. Preliminaries

(a) For any pair of Banach spaces 4 and B, ¥ (4, B) will denote the class of all
bounded linear operators mapping 4 into B, and %,(4, B) will denote the subclass
of (4, B) of operators with norm not exceeding A. Let L (=L (4, 4) and
L( A=, (4, A).

(b) Let R denote the real line and R, the positive real line, each equipped
with Lebesgue measure. Let T denote the circle group with Haar measure.

(c) The spaces L? are defined in the usual way, and where it is necessary to
indicate the underlying measure space (X, X, 1) we shall use any one of the follow-
ing notations: L?(X), L? (w), L? (du). For a positive weight function w(x), the weighted
L? space L% consists of all functions f(x) such that f(x)w(x)€L” with [ f L. =
=| fwlre.

(d) Given an interpolation pair (4,, 4;) there are two important special methods
of constructing interpolation spaces.

(i) The real method (see for example [2] Chapter 3): For 0<6<1 and 1=g< o,
the space (4,, 4,)y, , is defined to consist of all elements a€ 4,+ A4, such that

@t ano, o = ([ 1K a3 o, A dt/t)" < oo

(Ag, A1)y, ., is defined similarly by the norm sup,_, " °K(1, a).

(if) The complex method (see for example [4]): Let ¢ (4,, A;) be the space of
Ay+ A, -valued functions f(z) continuous in the strip 0=Re z=1 and analytic in its
interior such that

I/ly = max{ sup [f@)la> sup [fA+D)a} <<=

—oo<y<oo — oo <y-<oo

Then the complex interpolation space [4,, 4,y is defined by [4,, 4;]e={F(0)|fc 7},
and as norm we usually take ||all,=inf {|| /()| ;| f(0)=a}.
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(¢) The notation @ (¢, f)~ ¥ (z,f) shall mean that there exists a positive con-
stant C independent of ¢ and f such that C™*®(t, /)=¥ (1, /)=CP(t, f).

(f) It is a simple matter to show that if S€Z,(4,) N L(A4,) and ac€Ady+4,,
then K(¢, Sa; Ay, A))=max (o, p)K(t, a; Ay, A). Thus any K-monotone space is
necessarily an interpolation space with respect to (44, 4;). The non trivial part of
the proof that a given pair (4,, 4;) is Calderon is to show that if f, g are in 4+ 4;
with K(z, g)=K(¢, f) for all positive ¢, then there exists an operator S€.Z (4g) "L (4y)
with Sf=g and so every interpolation space is K-monotone.

(g) For any measurable function f on (X, X, ) we let f*(¢) denote the non-
increasing rearrangement of |f] on R,. Then

K(t, f3 L L=) = [;f*(s)ds (Peetre [12])
and
K(t, f; L2, L) ~ ([ f*(spds)™™  (Krée [10]).

For 0<p=<g= o, Holmstedt [8] has shown that:
K(t, f; L7, L0 ~ ([ o ds) "+ e ([ (sys)”
where 1/o=1/p—1/q.

2. Interpolation pairs which are not Calderén

Define Ay + == - 4, to be the space of all elements a€ 44+ 4; for which [lall . ..., =
=lim,  _ K(t, a; A,, Ay) is finite.

f~ oo

Let A,+ <-4, be defined analogously, so that
1 o
lally 4.0y = im K(t, a5 Ay, Ao) = lim — Kz, a; Ao, 4y).

It is not very difficult to see that 4,+ <-4, is a Banach space which contains
4y, and that for each a€4, llall4 4.4, =lall,,- In fact Ay+oo- A4, can be thought
of as a sort of closure of 4, with respect to 4,, as the following lemma shows.

Lemma 1. An element a of Ay+ A, is in Ay+ =+ A, if and only if there exists a
sequence (a,),”, in Ay with sup,|a,| << and lim,_ . la—a,| 4, =0. For each such
a, lall 4, 1 co.q,=Inf {sUp,ll@,ll o} where the infimum is taken over all sequences (ay)

in Ay for which lim, _, 1|a—a,,||A1=0.
Proof. We leave the details to the reader.

Lemma 2. For all ac Ay+ A, and all positive t, K(t, a; Ag+ 0+ A;, Ay+ o+ Ag)=
:K(t, a, Ao, Al)'
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Proof. Fix a and ¢, and let bcA,+ -4, and c€A4;+ -4, be such that
a=b+c and

16l g0ty FElClay 4 ooay = K(E @5 Agt o0 Ay, Ay + o0 Ag)+e

for some arbitrarily small positive number ¢. Let (5,),>, and (c,);-, be sequences
which approximate & and ¢ in 4; and 4, norms respectively such that

SUP [[bnll4 = 1Bl 4gse.ay+& and  sup flenlls, = flehayse.a0 e

Then
K(t7 a; AOD Al) = ”bn'l_ C——C,,”Ao'{- f”C,, +b_bn”A1 =

= [bllagseo -ty T EIClags 0.4, + 1+ D) e+ O ().

It follows that K(t, a; 4y, A)=K(@, a; Ag+ o+ Ay, A1+ o=+ 4,). The reverse inequality
is an immediate consequence of the inequalities || Agtood, = llall 4y llall Aypoody =
=|all,,-

Lemma 3. If (4, 4,) is a Calderén pair, then Ay=Ay+ - A, and A=A+ - 4,.

Proof. Let a€Ay+ -4, and let (a,);>; be a bounded sequence in 4, with
Iimn*mjla—a,,HAl:O. For all positive ¢ K(t, a)§“a”Ao+w,Al, and also for any

fixed n
K(t,a) = K(t,a—a,)+ K(t, a,)

= tlla— a4+ K, a,).

So K(t, )=K(t, a,) +min(tfa—a,| A lall Agtoora) K (¢, @) is a positive non decreas-
ing concave function and so for a sufficiently large positive number A, K(¢, a)=
=AK(1, a,). But, by hypothesis, 4, as an interpolation space must be K-monotone
and 1a,€A4,. Thus a€ 4, and Ay=Ay+ o=+ A,. Similarly 4;=A;+ - A,.

Remark. It can be seen that if 4,44+ - A, then interpolation spaces other
than the “end point” spaces 4, and 4, may also fail to be K-monotone.

Examples. Let C(R) be the space of continuous bounded functions on R with
supremum norm, and let W (R) be the Sobolev space of L1(R) functions f whose
first derivatives f” (in the distribution sense) are also in L*(R). (The norm is || fff;y1,1=
={flpa+ 17 M) Then CR)+ oo« L1=L> and, for example, C(R) and C(R)~ L*
are not K-monotone. (L, W) also fails to be a Calderén pair. In fact Wb+ oo [1=
=BV nI1, the space of integrable functions of bounded variation on R with norm

I/ 1 gy zz=var ()15 -

The last example will show that Lemma 3 does not have a converse. Let T
denote the circle group with Haar measure and W ?(T) the Sobolev space of func-
tions f'in L”(T) whose (distributional) first derivatives f” are also in L?(T). As norm
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take || fllyr»=|fll Lo +1f"]z». For 1=p<eoo we have an estimate of Peetre,

K(t, f; LP(T), W-?(T)) ~ Y, f)
where

Y, = OSSEIPStllf(X+h)—f(X)HLP+lllfllu» for t<1

= |[flle for t=1.

See [12], [13], also [2] p. 258. Though these proofs are given for (L?(R"), W"P(R")
rather than for spaces taken on the circle or n-torus, the result for T or T" can be
readily deduced. (For example construct an operator S€ Z(L (T, LPRYH)n
NZ (Wb P(T%, WHP(R") where Sf is the periodic extension of f multiplied by a
suitable C* function of compact support, so that Sf|x=f and [ Sf || Loy~ I/l Lo y
1SF s o~ 1F g seny and ®(t, SH)~ ¥ (1,1).)

Let H?(T) be the space of tempered distributions f on T whose Fourier coeffi-
cients f(n) are given by f(n)=(1+ [n|)~*2$ (n), where ¢ is a function in L?(T). Let
£z =ll@ll» . There are analogous definitions for HZ on T” and R". For our purposes
it suffices to consider the parameter « in the range (0,1) and in this case
HP=[L?, Wb?] , as was shown by Calderén ([3], [4]). However H? is not K-monot-
one, at least if 2<p< o and 1/p<a<1. This may be seen with the help of some
special functions used by Taibleson [19]} to show non-inclusions between H? and
certain generalised Lipschitz or Besov spaces (L?, Wl’p)d,q.

The function k=k, ,, which has the Fourier series >; 2 "*n~"cos 2"x does
not belong to HZ ([19] p. 473 paragraph (d)). Using the estimate on p. 472 of [19] we
see that ||k (x+h)—k(xX)]| ooy =M |h]* log="*(1/|h]) for some constant M. However
the function f=f, ;. 1,4, With Fourier series 3, n=*""? log™"/"~*n cos nx is in
H? for each ¢=0 and furthermore | f(x+A)—f(X) Lo =M, |h* log=%7=%(1/|h))
for some constant M, ([19] pp. 473-—474, paragraph (h)). We choose e=1/2—1/p
and clearly K(t, k)=K(t, Af) for all t+ and some constant A.

(It is easy to deduce that H?(R") and H?(T") are also not K-monotone for the
above ranges of values of p and « using Lemmas 23, 24 and 25 of [19]. Incidentally,
by using interpolation methods with an operator of the form S as above, one can
give an immediate proof of Lemma 25.)

Obviously L?+ - W“?=[?, and from the weak compactness of the unit ball
of L? for 1<p= - we may readily deduce that W¥? 4 0. LP=W"?, Let us summarize
the results of this section.

Theorem. Every Calderén pair (44, A)) has the “mutual closure” property
Ag=Ag+ oo Ay, Ay=A,+ o+ Ay, but this property is not a sufficient condition for an
interpolation pair to be Caldercn.
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3. Weak K-monotonicity

Having observed that there are at least two different “mechanisms” which
may prevent an interpolation space from being K-monotone, we now turn to the
study of a monotonicity property weaker than -K-monotonicity which holds in all
interpolation spaces.

Lemma 1. Let w(t) be a positive measurable function such that f o W(t)dt[t<oo,
and let (A4, Ay) be an interpolation pair. Let f, g€ Ay+ A, such that K(t, 9)=w(@) K, f)
Jor all positive t. Then there exists an operator S€%,(4,) 0L, (A4,) such that Sf=g.
A may be taken to be any number greater than min,_, (2u/loga) [ w(f)dt/t.

Remark. In connection with this lemma we should draw attention to the work
of Joran Bergh [1]. It has been pointed out to us that Bergh’s Theorem 2.1, when
combined with the so-called “fundamental lemma” (see for example [2] page 172,
Lemma 3.2.10) which relates Peetre’s K and J functionals, can readily give a proof of a
discretized version of Lemma 1, in which K(2*, g)=w,K(Q", f) for n=0, +1, £+2, ...
and >%_w,<oco imply the existence of S€.%(4,)n L (4, with Sf=g. In fact,
by arguments similar to those in the proof of Theorem 1 below, the discrete and
continuous versions of Lemma 1 imply each other to within a constant; the passage
from either version to the other worsens the estimates for the norms of S. The
proof which follows will implicitly contain proofs of both the “fundamental lemma”
and Bergh’s result, together with a “rescaling” which gives better norm estimates
for S.

Proof. Let r=1 be such that min,_, 2«/log a=2r/log r. Choose a number g=0.
For each n=0, £1, £2, ..., let g=a,+b,, where a,£A4,, b,€4;, and IIa,,I]Ao—l-
+r" byl 4, =(1+) K(r", g). We shall need two estimates:

© lon =01y = (140 LD ([ w0 ) K2, ).
(2) @y — an_ills, = (1+8) 2;0_;; ([ w(®) dt]t) K(m, ).
For (1),

”an —"an—llle = “an”Ao+ “an—lqu = (1 +8)(K(r", g) +K(rn~1’ g))

= (1+e)(A+NKFE", g),
since K(t, g)/t is non-increasing,
o K(t, g)dift
=14+ +r) ‘/——r—"——
j o dift
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since K{(t, ) is non-decreasing,
(147
logr

= (1+¢) - ([-aw () i) K6, f).
For (2),
Hd,,--d —1“Al = ”bn—-l""bn”Al = (1 +8)(r—n+1K(rn—1, g) +l,.—nK(rn’ g))

= (1+9) (2r-"+11<<r"~1, 2)

= +s) (fr,,_lw(t) dtjt) K@, ).

For each n [[A]| =K (", k) is a norm on A,+ 4, and thus there exists a continuous
linear functional /, on 4,+4; such that [, (f)=K(@", f) and |,(h)|=K (", h) for all
h€Ay+A4;. The operator S will be given by

RAON
Sh=23__ —a,_y) forall heAd,+4,.
2,,_ K( f) ( 1) 0 1
If heAd,, Sh is given by an absolutely convergent A,-valued series, since
. IN()) (1+ 7) fe
7 2 oy arali = (O [ ) el from (1),
Similarly if h¢ 4,
- | ()] w0
e K7y 1 Ol = (49 15— f w(e)drft by (2)

and 'so Sh€d;, and indeed S€Z(4))nZ(4;) for every A greater than
(1+e)2r/logr [5 w(t)di/t. Since feAy+4,, Sf=3"_(a,—a,-,) is a series con-
verging absolutely in 4,4+ A4, norm.
Sf = Zgw (an _ari—l) +2]°.° (bn—l —_bn)
= ao—nlir_n Q,_1+by— lim b,,.
As in the proof of (1),

K@, g) = 101 —( [ w(@) dtjt) K@+, ).

Thus as n—~ — e K(r", g)~0 and as n— + - K(", g)/r"—~0. From

@l sy +7" 1Bal g, = (1 +0) K(", g)
we have

0 gy = O [l gy = O Him B, 4y, = lim [y, = 0.

SO Sf=ao+b0=g.
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Theorem 1. Let w(t) be a positive measurable function such that for some positive
number &, [;°min (g, w(t))dt/t<eo. Let 4 be an interpolation space for (4,, Ay).
Then if fCA and g€ A,+ A, such that K(t, 2)=w()K(t,f) for all t=0 it follows
that gc A.

Proof. We change to a notation in which 4, and 4; appear more symmetrically.
Let K, (x, )=e *2K(¢*, a) and w, (x)=w(e*), so that K, (x, ©)=w, (X) K, (x, ) for
all x€(—oo, o) and [7_ min(e, w, (x))dx<ee. For any a€A,+4, and any real x
and y we see that K, (x+y, @)=e"2K, (x,a). Let H(x)=K, (x, g)/K, (x, f). We
deduce immediately that H(x+y)=e "' H(x) for all real x and y. Further, since
H(x)=w,(x), the set {x| H(x)>n} must have finite Lebesgue measure for any posi-
tive #. It follows that lim,, . H(x)=0, and that [Z_ H(x)dx<oco. Let w,(t)=
=H(log t). f‘: wy(t)dt/t< and K, gy=w;(t)K(t,f). Using Lemma 1 we con-
clude that g€ 4.

Remarks. In some particular cases the condition K(z, g)=w(t)K(,f) for fc4
forces g to be in a class much smaller than 4. For example if f€(4,, 4;)y, ., g must
be in (4,, A1) 1, and if f€ 4, or 4, then g must be zero. This seems to suggest that
the above theorem is rather crude and -that for example, it should be possible to
weaken the conditions imposed on w(¢) and still have g€ 4. Bearing in mind that
for some interpolation pairs we only need w(z) to be bounded, we ask if it is possible
to weaken the requirement ;" min (g, w(¢))dt/t<o to something corresponding
to a slower convergence of w(t) to zero as t—~0 and t-o, for example
f7 min (e, w(®)?)dt/t<oo for some p=>1. We shall construct an example which
shows that such a sharpening of the theorem is in fact impossible.. On the other
hand there are specific cases of non-Calderdn pairs where a weaker condition on w(¢)
certainly does suffice. As a second example we shall consider the pair (L (1), c(D)
for which it suffices that lim,_ ,w(z)=0.

Example 1. Let {B,}=., be a sequence of Banach spaces. For 1=p=co define
the space /7{B,} to consist of all vector valued sequences {a,},-, satisfying a,€B,
for each n, and |[{a,}l;o(3,=(2=, 14,l5,) <= The usual modification is made
for p=-co.

Lemma 2. Let (B,,C,) n=1,2,... be a sequence of interpolation pairs. Then
(1*{B.}, I*{C,}) is an interpolation pair and

@) K(t {a}; (B}, I*{C) = 37 K(t, a,; B,, C,)
(1) I*{(Bp» Clo, g (I*{B.}, 1M{Ci})o,q for 0 <80 <1 and 1=gq=-oo.
The inclusion is an equality for q=1.

(iii) [M{B.}, M{C) o = I*{IB., G} for 0 <0 <1.
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Proof. 1t is easy to see that /'{B,} and /' {C,} are each Banach spaces contin-
uously embedded in /*{B,+C,}. The proofs of (i) and (ii) are left to the reader.
For (iii) it is convenient to use a different construction for the complex interpolation
space [4y, A1)y Let # 1(4,, 4,) be the space of Ay+4,-valued analytic functions
J(z) defined in the strip 0<Re z<1 such that as x—j (j=0, 1) f(x-+iy) converges
in the weak topology of tempered 4,-+ 4;-valued distributions on R to a strongly
measurable A;-valued function f(j+iy) for which [Z_| f(j+i)l 4,dy<<o. Then
[A4y, A;)s consists of all elements a€ 4, + A4; such that a=f(0) for some f(z)€ #; 1(4y, A1)
and may be normed by

lallap a0 = i0f [ 1SN ao+ 1S+ 8L}

Using ideas implicit in section 9.4 of [4] which are further explained in [14] (Lemma
1.1) it can be seen that this construction gives the same space to within equivalence
of norm as that obtained from the original definition.

Let {a,}€!*{[B,, C,Jo}. There exist analytic functions f,(z)¢#; 1(B,,C,) such
that f,(0)=a, and

lales,, c0 = (1=8) [ 7 {1/ @5, + 1 /:(1+ e, )} d-

Let {f, »(2)} and {a, ,,} be truncated sequences, that is f£, ,,(2)=f,(2), a, n=a, for
n=m and f, ,,(2)=0, a, »=0 for n>m. Noting that I*{B,}+I1'{C,} = I*{B,+C,}
has dual space /={B,nC,}, we see that for each m, {f, ,(2)}€.4 (I*{B.}, I*{C.})
and so {a, .} €[I*{B,}, I*{C,}]s with norm

Han, mhlmesy, nicate = s [2AL@s,+ 140 +B)c,) dv.

By similar estimates {a, ,,} is 2 Cauchy sequence with respect to m in [/*{B,}, I* {C,}],.
Thus its limit {g,} in /*{B,}+/*{C,} must also be in [/*{B,}, I*{C,}],. This shows
that I*{[B,, C,Jo}<[I*{B,}, I*{C,}]s- We leave the proof of the reverse inclusion
to the reader.

We can now construct the required interpolation pair with the help of Lemma 2.
Let {r,};>, be a sequence including all the rational numbers in (1, «). Let us take
B,=L'»(R,) and C,=L=(R,) for n=1,2,... and let' dy=1{L’~(R,)}, 4;=
=[{L=(R,)Y. Then [dg, Ajly=1{[L"", L~],}=1*{L"/"~9} ({4], 13.5, 13.6). We next
observe that
) (Ao> Ar)o,q & [4os 4]y for all g > 1/(1-6).

The space (I*{L™}, I*{L™}), , includes sequences {a,} such that a,=0 for all n>m
and a,€(L™, L=), ,=L(1,,/(1—06), )¢ L~ if m is such that g=r,,/(1—0). (See
{2], p. 187 and [9] p. 225.)
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Now let us suppose that there exists a number p=>1 such that the conclusion of
Theorem 1 holds when w(r) satisfies the weakened integrability condition
[ min (¢, w(t)?)dt/t<o-. We shall see that this contradicts (3). Let us choose 6
sufficiently small so that p=1/(1—6). We also introduce a second positive number
o chosen to ensure that

@ O p=1/(1-0(1-0)=1/(1-6)
(i) r=p(1—0)(1 —a)/« is a rational number greater than 1.

Let  g={g,}€(4o, Ao, ju-oy- Then w(O)=("°K(t, g; Ay, 4,))'"* satisfies
f;" w(t)Pdtft<o and K(t, g)=w(f) t"“’“)(K(t, Q)

Our next step will be to show that 1**~?(K(z, g))*=K(¢, f) for some f€[A4,y, 4;]s-
On the assumption that the sharpened version of Theorem 1 is true, K(¢, g)=
=w()K(,f) then implies that gé&[4,, 4;],. But g is an arbitrary element of
(Ay, A1s, ja-o and so (3) will be contradicted.

As a non-decreasing concave function of t, K(¢, g) must be absolutely contin-
uous on every compact subinterval of (0, <-). Thus it is differentiable almost every-
where and the derivative K'(f, g) must coincide almost everywhere with a non-
increasing non-negative function. We introduce the function A(¢),

h (t) — [0 (1 — a) f-x)-1 (K(tllr, g))aer + o1 —%) +l/r—1(K/ (ll/r, g))ar —1]1/;-.
From (4) and the fact that K(¢, g)/t is non-increasing we see that 4(¢) is a non-
increasing function such that %(2)"=(d/de) [~ (K (", g))] almost everywhere.

But /*“~I(K(r'", g))* is also absolutely continuous on every compact subinterval
of (0, ) and tends to zero as ¢ tends to zero. It follows that

0= (K@, @)y = [ h(sy ds
and so
0e-(K(t, o) = ( [y hlsy ds)'" = K(t, by ' R,), L*(R,))

(as in [10] p. 159). Since r is rational r=r,, for some m and if f={f,} is a sequence in
Ay+ A, which is zero for all ns2m and has £, = h, then K(¢, f; Ay, A)=K(t, h; L', L™).
It remains only to show that f¢[4,, 4,], which amounts to showing that A¢L7@=9,
But

1
Ry = = [oh(sy ds = 0= 2(K (@, ),
and so
f: h([)r/(l—ﬁ) dt = ‘/'(;” [l—f)/rK(tl/r, )P dit/t
= (’:”g”(Ao,Al)g’p(l_a))p(l_a) = oo.

Example 2. Let C(T) be the space of continuous functions on T with the
supremum norm. In the light of section 2 we can immediately see that (L1(T), C(T))
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is not a Calderdn pair and that
K@, f; INC) = K(t, f; LM L) = [ f*(s)ds for 0~<t=2m,
= KQ2n,f) = || filn for t=2m
Theorem 2. Let f and g belong to L (T)+C(T) such that K(t, 9)=w(t)K(t, f)

Sor all t, 0<t=2m, where 0=w(t)=1 and lim, ,w(t)=0. Then for any £=0 there
exists an operator S€ X, (LN &L, (C) such that Sf=g.

Proof. Let ¢ be a C= function on [—=x, 7] with @(n)=¢(—n)=0 and

J7 . o(x)dx=1. For each positive integer 7 let
0, (x) = np(nx) for |x|=mn/n
=0 for n/n=|x|=n.

We shall first prove the theorem under the extra assumption that g is bounded.
From Calderén’s study of (L%, L) in [5] there exists anoperator U in % (LY) n %, (L™)
with Uf=g. Let (m,);>, be an increasing subsequence of the positive integers, and
(@), a sequence of positive numbers tending to zero. Let E,={x|| /(x)| >f*(a,)}
and let a,=|E,|. Then 4,=a,.

The required operator S will have the form:

Sh = S;h+Syh
Sz BlFlIfdx

= Uh*(pml"'zr:l(g*(q)m,.u'—(tomn)) j- |f]dx
E".

where “x” denotes convolution of functions on T.

First note that Sf=g since Uf=g and lim,_,!|g* ¢,—gll;=0. It is clear that
S1€Z,(IMN N Z,(C) and thus it suffices to show that for suitable choices of the
sequences (m,) and (a,), So€ ZL,(LN)n ZL,(C).

For any he C(T),

ISehllc = 35, 18% (Pmyes— Pkl [ |/1dx
= 2lglp= e Zrey aif f, 1f1dx.
For each 4 sufficiently small we have:
Igl=a, = 2 [ g* (D) dt = 2w(ay) [ f*(t) dt = 2w(ap) [ | fldx.

Therefore || S,hlo=4|hlc 2>, ,w(a,). By choosing a sequence (a,) of sufficiently
small and sufficiently rapidly decreasing numbers we will have | SyZ|c=¢|#] . Now
for any hell,

1Sehls = Wl Sy 18 % @y~ Cundlis [ 5 1 F1bx.
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The choice of the sequence (a,) which we have made to guarantee that S,€.%,(C)
is independent of the sequence (m,). Since lim,_ . |lg*¢@,—gl1=0, we can now
choose the sequence (m,) so as to obtain that S,€ %, (L'). This completes the proof
if g is bounded.

Now the proof will be extended to the case of g€ ' +C=1I* Let (k,) be a
positive sequence increasing to infinity. Let G,(x)=min (|g(x)], k,)g(x)/|g(x)|. Thus
G,~g in I* or equivalently g=>" . ¢, where g,=G,, g,=G,—G,_, for n=2, and
the sum converges in L. Clearly [} gf(s)ds= f{ g*(s)ds=w()[] f*(s)ds and thus
using the boundedness of g;, we can find an operator U;€%,,,,,(LYNn %, ,,,(C)
with U, f=g,. Forn=2, |g,(x)|=|g(x)| and g,(x) vanishes for all x such that |g(x)|=
=k,_,. Therefore g¥(¢)=0 for all t>k,=|{x| |g(x)|>k,—1}|. It follows that

[ogi©) ds = w0 [ f*(s)ds

wo(f) = w(t) for 0<t=k,
=w(ky) for t=k,.

where

If k, increases rapidly enough, k&, decreases sufficiently rapidly to give
SUP, -, 9, W, (1) =627""2 The function g, is bounded and so, by an obvious rescaling
of the first part of the proof, there exists an operator U, in Zs_w-1(LY) N Lig-n-1(C)
such that U,f=g,. Clearly the operator S=3" U, is in %, (LYn %, (O)
and Sf=g.

Remark. Using methods very similar to those in the proof of Theorem ! we
can readily weaken the hypotheses on w(¢) in the above theorem to, for example,

limw@2™ =0 or lim [777"" min (e, w())dt/t = 0

n—>co

for some ¢>0 and some r=>1. Of course in these cases we will have poorer estimates
for the norms of the operator S.

4. Weighted L? spaces

Let (X, X, p) be a measure space on which are defined two positive weight
functions v(x) and w(x). Let p and g€[1, «]. We present an alternative proof of
Sparr’s result that (LZ(u), L% (1)) is a Calderén pair. It seems that both Sparr’s
and our methods could well provide ideas for the study of further interpolation
pairs and for obtaining better estimates of the constants in quantitative versions
of these types of theorems. One advantage of Sparr’s method is that it can also be
applied when p or q take values less than 1.

The main result of this section will be Theorem 4, which, together with the
remarks of section 1, shows that (L?, L9) is a Calderén pair. We give the proofs
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for an arbitrary underlying measure space, thus dispensing with some restrictions
imposed in earlier studies of (L', L=) and (L?, L*). The case where L? and L2 have
different weights will be an easy corollary when p>g. Finally we consider the case
p=gq and give a brief description of analogues of Theorems 1, 2 and 3 which lead to
an alternative proof of the result of Sedaev.

Theorem 1. Let p€[1, =) and let f, g be non-negative non-increasing simple func-
tions on R, such that:

f 8P ds = f o J)Pds  for all positive t.
Then there exists an operator S€ %, (L*(R,))n L (L™ (R,)) such that Sf=g.
Proof. This is exactly Lemma 4 of [11]. (The case p=1 was treated in [5].)

Theorem 2. Let g€(1, =) and let f, g be non-negative non-increasing simple func-
tions on R, such that:

1) f . g(s)tds = f . f(s)ids  for all positive t.
Then there exists an operator U€ %, (L*R.)) N L (LY (R,)) such that Uf=g.
Proof. We proceed via two lemmas.

Lemma 2A. Let ¢, be two measurable functions on a finite measure space such
that ¢ is a constant and let q=1. Then || =@l . implies Y| =] 1.

Proof. Simple application of Holder’s inequality.

Lemma 2B. Let f be a non-negative non-increasing simple function on R taking
a constant value o on an interval [a, b). Then for any o', 0<a’=a, there exists an
operator S€ L (L*(R.))N Z(LIR,)) such that:

(1) Sf is non-negative and non-increasing

(i) Sf =« on [d,b)

(i) [7(Sfyds= [7 fids forall 0Ost=a’
where [a”, a’) is the interval of constancy of Sf preceding [a’, b)

(v) The number of different values taken by Sf on [0, @) does not exceed the
number of different values taken by f on [0, a).

Proof. Let f= 2?:1 % Xla;1,a) T WXia,p) + S Hip, ) Where 0 =ap<ay<...<ay=
=a, and oy> dy>...>oy>a. For each uc{ay_,,ay) define the function f, to
equal o on [y, ay) and to equal A(¥)oy on [ay, ), where A(u) =1 is chosen to give

an f;lqu=./':llz_lfqu'

an -1

“  fds = fg_g_l Fds.

ay -1

By Lemma 2A,
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Clearly A(u) is a continuous decreasing function of u. Let uy be the smallest
value of u in [ay_,, ay) for which A(W)ay=ay_,, and for all u€luy, ay) define the
operator S, by:

S = m/g hds on [ay-1, ay)
= f - elsewhere,
for all Ac L'+ L1,

It is easy to see that S,€ L (LY N L (LY, and that S, f=f, on [ay_q, ay) and
equals f elsewhere. Thus S, f satisfies (i), (ii), (iii) and (iv) with ¢’=u and [a”, a’)=
=[ay_y, u). If the given number o’ satisfies a’=wuy this completes the proof of the
lemma. If instead a’<uy the process must be reapplied as follows. Let us redefine
ay—q to be uy. Then

N-1
f= 2}:1 %5 Xla;_g,a5) T %Kian 1, )+ b, 00

We may apply the preceding argument to the function S, ./ and construct a new
function S,(S, f ) which equals « on the interval [u, b). This construction will be
valid for all uE[uN 1, Uy) Where uy_ is determined by conditions analogous to those
above which fix uy. Again S, will be an operator in the class %, (LY) N %, (LY and
consequently the composed operator S, S, will also be in this class. Reiterating this
argument as many times as necessary we can, so to speak, move the point # back to
any point ¢’=0 by an operator S=S,, Sutne Sure 1 Sug? such that S€ LN N L UIH
and Sf satisfies (i), (ii), (iii) and (iv).

Proof of Theorem 2. Let F and g be functions satisfying the hypotheses of the
theorem. Let f—Z, 1% Xie,_q.cp> with O=c¢y<c¢;<cp<...<cy and oy >dy>... >ay.
We shall perform induction’ on N.If N=1 » J=0%0,c,)» & Must vanish outside [0, ¢;)
and so [g*g%ds= [5'f?ds. By Lemma 2A we then have forgds=f¢fds and the
desired operator U is given by Uh=((tyc))~" [;*hds) g for all he L1+ L7

Now suppose the theorem is proven in the case where f has N—1 different
positive values and consider f—Z'J 1% Xe, ) and .g as above such that (1) holds
for all #=0. It follows that g(s) must vanish for s=>cy and so:

©) S gids= [ fids = o (ey—cy-o)-
At this point we must consider two possible cases.

Case 1. Suppose that [c¥g?ds=afcy. Then, by Lemma 2A, [~ gds=aycy
and the operator U can be obtained in the form Uh=(cy* [~ hifds)g.

Case 2. Alternatively we have:

3 [ov guds = afyey.
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From (2) and (3) and the fact that g is non-increasing we deduce that there
exists a number a’€(0, ¢y—_4] for which

@ [ox grds = oy (ey—a') = [ (Sf)rds,

where S Z,(IMNN % (LY is an operator of the type constructed in Lemma 2B,
chosen to give Sf=oay on [a’, c¢y). Furthermore Sf is a non-negative non-increasing
simple function vanishing on (cy, =) and

(5) f:o qus = .[:n (Sf)llds fOI' all r=4qa’

where [a”, @’) is the interval of constancy of Sf preceding a’. In fact (5) will be
shown to hold for all positive z. If t=cy

[T gds = [7(Sfyrds = 0.

[ (Sfyds = af(en—1) = [ g1ds

from (4) and the fact that g is non-increasing. It remains to consider 7€[a”, a’).
‘On this interval [;”(Sf)?ds is a linear function and [ g%ds is a convex function
since its gradient is increasing (becoming less negative). The inequality (5) holds for
t=a", t=da’, and so holds for all #¢[a”, a’].

Using (4) and the constancy of Sf on [4, cy) we see that the operator W,
defined by

If tc [a,, CN)

! “~h dS] A, en) 8

Wh = N+ | ————
h=tow +[°‘N(CN’—a') ¢

is in LUIHNZL (L) and WSF=¥10,0)Sf+ Ao, )8 0,05/ i @ non-increasing
simple function taking no more than N—1 different non-zero values (by (iv) in
Lemma 2A) and from (4) and (5),

[T lo.orgltds = [T 10,1 Sf12ds for all ¢ =0.

By the inductive hypothesis there exists an operator V¢ (LY)n % (LY with

V(Xt0,ay SS)=X10.a1 8-
Let U be the operator

Uh = X{o,a") V[X[O, a’) Sh] + Ao, en) W[X[a’, en) Sh]
for alt Ac L'+ L2 Then Uc ¥ (LY n (L9 and Uf=g, proving Theorem 2.

Theorem 3. Let 1=p<g<-o and let the number o be given by 1ja=1/p—1/q.
Let f and g be non-negative non-increasing simple functions on R, such that

(6) ( f :)" g° ds)l“’ +t ( /‘;’ & ds]llqé ( /‘:‘ Vi ds)l“’ +t( = 11 ds]llq
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Sor all positive t. Then there exists an operator W€ Lprn(L? (R ,)) " Lovo(LY(R L))
such that Wf=g.

Proof. Let P(t)= [}, (f*—g")dsand Q(t)= [ (f*~g"ds. Let A= {t€R,|P(£)=0},
B={tcR,|Q(+)=0}. By (6) AU B=R,. A4 is a union of disjoint intervals 4, i=1, ..., n
with P(¢)=0 at each end point. Similarly B={J{", B; ‘where the B;s are disjoint
intervals with Q(¢)=0 at the end points.

In the following it will be convenient to use a second copy of R, which we
shall denote R’,. R, URY, will denote the measure space consisting of the disjoint
union of R and R’ each equipped with Lebesgue measure. Let ¢ be the measure
preserving map of R URY, onto itself which interchanges each point ¢ of R, with
the corresponding point z° of RY,.

The operator W will be constructed as the composition of three operators
W =W, W,W,, where

©) W€ Ly (LP(R ), LP(R L UR%)) N Lua(L4(R L), LI(R L URY))
®)  MeA(L’R, URY), LP (R, UR%)) N Z (LR, URY), L1(R, URY))
) /AS %(LP(R+ URY), LP(R+)) ngl(y (R, URY), Lq(R+))-

From this it follows of course that W€ %,,,(L?(R,)) 0 %l,q(f,q (R,)). For each
heLP(R)+LI(R,), W; puts a copy of & onto both R, and R%, that is:

Wh(@) = xx (Oh(@) + xre (Dh(p?) for all t€R, UR].

Then (7) is obvious.
Since P(1)=0 at the left end point g; of the interval 4; it follows that

[i 0 @?ds = [0 Ga f)Pds forall 1=a.

Thus, using Theorem 1 and an obvious translation, there exists an operator
Ue 4(LP(R D)) A (L” (R,)) such that
Ui(ta f) = 24,8
Then the operator U given by
Uh = 2’?:1 XAiUvi(XA;h)

is also in Z(LP(R,))n L (L™ (R,)) and Uy, f)=x48. Since Q(r)=0 at the right
end point of the interval B; we also have [, (x5 g)"dx= [} (x f)?dx for all #, and
a translation of Theorem 2 gives us an operator V;€Z (L' R.))n Z(L/(R,))
such that V(ys f)=xpg Then Vh=3", x,Vi(xsh) defines an operator in
3’1(L1 (R+)) N %(Lq(RQ)-

Let V9 denote the operator which is a copy of ¥ acting on functions defined on
R’ instead of on R,. Then W, is defined by:

Weh = UQua) +V° (o )



230 Michael Cwikel

(8) can readily be deduced with the help of the Riesz—Thorin theorem ([20]
Chapter XII). Finally W, collects up pieces of function on R, and R’, and patches
them together on R, :

Wsh(t) = xaa DD+ xpDh (@) for all he LP(R, URY) +LI(R, URY)
and all ¢<R,.
Clearly (9) holds and Wf=W,W,W, f=g, completing the proof of the theorem.

Remark. This proof of Theorem 3 doés not seem to use the full strength of
condition (6). Possibly a more refined proof would enable the sharpened con-
clusion W¢e % (LP)n % (L9).

Theorem 4. Let p, g€[1, o] and let f and g be complex valued functions in L + 14
on a measure space (X, X, ) such that

(10 K(t, g5 L*(w), L1()) = K(t, /5 L*(w), L1(w) for all ¢t > 0.

Then there exists an operator S€ %,(LF (i) N Z,(L(w)), where ¢ and n are constants
depending only on p and q, such that Sf=g.

Proof. The operator @, ®h=ph where || ~=1, is in the class Z, (L") n L (L9
and so it suffices to treat the case where f and g are non-negative. Also, since
K(t, a; 4y, A)=tK(1l/t,a; A, A) we can suppose without loss of generality that
p<gq. In view of Holmstedt’s estimate for X(t,f; L?, L9 (see section 1) there exists
a constant 2 depending only on p and ¢, such that:

an  (f5 ey ds)‘“’+ t( f - (g"yds)= (fy (Af)pds)i? 4t (/7= Gy ds)“q

for all ¢=0, where 1/x=1/p—1/q and the L7 integrals are understood to be zero
if g=ce.

Step 1. If f and g are simple functions then Theorems 1 and 3 together with
(11) give an operator S, in Z(L?(R,))n Z,(L*(R,)) which maps /* to g*. £ and ¢
depend only on p and ¢ (for example =27}, y=2Y%, if g<oo). One can easily
find an operator S in & (L*(n), L*(R})) 0 % (L (), L= (R,)) taking f to f* and
another, S; in & (L*(R.,), L*(w)n £, (L~ (R,), L= (1)) taking g* to g. (Cf. Lemma 2
in [5].) Using the Riesz—Thorin theorem we obtain that S=35,5, ;€ %(L? (1)
N Z,(L%(u)) and of course Sf=g.

Step 2. If only g is simple then, given any & O<e<1, we shall construct
S€ZL(LP)n &, (L9 with Sf=(1—¢)g where ¢ and # are as estimated in step 1.
If g=o it is easy to see that there exists a simple function f,=f such that
Jol(1—e)g*)Pds= [ (f;)"ds for all £>0. Thus the desired operator is obtained by
first multiplying by (f/f) X1« 7x)~ ) @nd then applying the operator in % (L?) n %, (L)
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which maps f, to (1 —g&)g. For g< < more care is needed. We must first examine the
behaviour of the function K(z, g)=K(t, g; L?, L9 near t=0 and t=<. For each
t=0, there exist functions u,, v, such that u,+v,=g, 0=u,=g, 0=0v,=g and

(12) l[4]le + £ [27]]pa— min (2, 1/¢%) = K(, g) = min (|igllzr, £]1g]lz)-

Consequently -lim,_ , [|v,/l;«=lim,,,[l%|/;»=0. Thus there are subsequences
{vimhe1> {#hney Which tend to zero almost everywhere. (lim,., . ¢(n)=-o,
lim,_, ., s(n)=0.) By dominated convergence Umy—>g in L7 and vy, —~g in L7 K(¢, g)
and K(t, g)/t=K(1/t, g; L, LP) are each continuous monotone functions. So using

(12) again we deduoce that
. .1
lim Kz, g) = |igllee and  lim—K(t, g) = |ig]lzs-

In particular, given ¢, 0 <g<1, there exist positive numbers a, and a_, such that:

K(t,(1—e)g) < (1—¢/2)|gllLat < K(t,g) forall t=a,
and
K(t;(1—-9g) < (1—¢/2)|glr < K(t,g) forall ¢= a...

We seck to construct a continuous piecewise linear function H(z) with finitely
many vertices such that K(t, (1—e)g)<H(t)<K(t, g) for all r>0. From the above
estimates we may take H(f)=(1—¢/2)|gll;.t on (0, @] and H(t)=(1—¢/2)|igl,, on
[a.., =). Since K(t, g) is continuous and strictly positive on the compact interval
[ay, a..] it is easy to extend the definition of H(¢) to the whole of (0, «) using only
finitely many linear segments.

Let (f));., be an increasing sequence of simple functions, 0=f,=f, ., =f with
lim, . f,=f ae. Since f€L?+L9 f, tends to f in L?+ L7 norm also and thus
lim,, K@, f)=K( f) for each positive ¢t. Also K(t,/)=K({, f,.)=...=K(@1,[)
since multiplication by the function (f,/ fa DX Foor(3)>0) is an operator in %, (L)
NZ (LY. Let vy, 0y, ..., Uy be the values of ¢ where H(¢) has its vertices. For some
sufficiently large # we have K(v;, f,)=H(v;) for i=1,2,..., M. But K(¢, f,) is con-
cave and so for all =0 K(z,f,)>H(t)=>K(t, (1—¢)g). It follows that

(f5(a-egy ds)''”+ t([i (1 —9)g*yds)= ( f o Anhrds) ([ Gfe ds)'?

for all positive #, and so, as for g= o, we have an operator in %, (L?) n &, (L9 taking
fto(l—-g)g.

Step 3. Proof of the theorem under the assumption that the measure space. is
o-finite: Let (g,);~, be a sequence of simple functions which tend monotonically
almost everywhere to g from below. Then using step 2, let S, be an operator in
L(LPYn Z, (L9 with S, f=(1—1/n)g,. Let w be a continuous linear functional of
norm one on /= such that w({a,})=lim,, ,_ a, for every convergent sequence
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{a,}. Define the bilinear functional 7 acting on pairs of simple functions, by
(@, ) = o ({f (S.p) v d}).

Of course (¢, ) is defined also for ¢ and y ranging over larger classes of functions.

In particular

[t(@, )| = Ell@llee Wil for all @eLr, YeL”
and

lr@, W) = nllolel¥lpe forall @elLt, YelLf.

Thus for a fixed p€L? 1(p, §) is a continuous linear functional on L? and so,
since ¢>1, there exists a function /,€L? determined by ¢ uniquely to within a set
of zero measure, such that t (¢, )= [ h,¥du for all Y€ L7, The above estimates for
= imply that ||A, ]l .=nll¢l.. and if 9€L? A L? we also have ||h,l,=¢|¢ll.. The
operator S, Sp=h, is thus in &, (L9 and its restriction to L? n L7 extends uniquely
to an operator in %;(L?) which we may also denote by S. If y€L? N L7, (¢, ¥) is
defined for o €L*+ L7 and (¢, )= [ (S)y du. In particular

f@SHvde=<(£¥) = o({ (S HVd}) = o({(1—1/n) [ &b du}) = [ gy du

and since this is true for all Yy €L? n L7 it follows that Sf=g.

Step 4. Proof of the theorem for an arbitrary measure space: If g<<o then the
subset of the measure space where f and g are non zero is o-finite and the methods
of step 3 apply immediately. Thus we need only consider the case g= . Given posi-
tive functions f, g€ L+ L~ which satisfy (10), it follows that [ (¢*)?ds= i (Af*)Pds
for all ¢=0.

Let

. . 1 1/p
A Y T

Then G = {x|g(x) > o} is o-finite and (gye)* () = g*(¢) for all positive 1.
Let

p= tins 0 = im (1 L0
Then F, = {x|f(x) > B} is o-finite.

Case 1. If B=0, then «=0 and both f and g have o-finite support. Step 3 is
immediately applicable.

Case 2. B=>0. Case 24. If p(Fy)=-<o then (fip)*(t)=/"(t) and there exists an
operator So€ %, (L?) N Z, (L) which maps fyr to gxe. Let F,={x|f(x)=p+1/n}
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and let ® be the functional introduced in step 3. Define the operator S, by

¢ ({_N_(IF;)_ fF" " dﬂ}] 8Xx\¢-
oy fou )

Then S; maps L? to {0} and maps L™ into itself with norm bounded by «/B=A.
The operator S, Sh=ys So(xrh)+ S1h, is in L(IYN L (L) and Sf=g.

Case 2B. u(Fy)<e<o. Then for each n, the set E,={x|f=f(x)>p—1/n} has
infinite measure.

Slh =

Case 2B (i). Suppose that each measurable subset E of E, with u(E)=c~ has
a subset of finite positive measure. Then each E, hasa subset D,, n=u(D,)<<e. Let
F=F,0lJ,, D,. Fis o-finite and (fyp)*(t)=/"(¢). Much as before we can obtain.
So€ Z,(L?) 0 Z,(L™) which maps fy; to gx¢, and S;, given by

o (7(13”)— fD" hd}L]

. l H—(%J fD” fd'u) 8Xx\6

Slh =

and S, Sh=yg So(xrh)+ Syh is the required operator.

Case 2B (ii). The only remaining possibility is that the above defined sets E,
for each integer bigger than some integer m contain measurable subsets C, such
that every measurable subset of C, has either zero or infinite measure. Let L= (C,)
be the subspace of L= (u) consisting of functions which are a.e. zero on X\ C,.

Let ], be a continuous linear functional of norm 1 on L™ (C,) such that /,(x¢_f)=
=lxc, fll=- Let (¥, v) be a measure space consisting of the disjoint union
of F, equipped with y-measure together with a sequence (R,),._,, of disjoint copies
of the real line, each equipped with Lebesgue measure. We define an operator

Qe L (L2 (w), LPM) 0 L (L= (), L=(v) by  Qh = xrh+ 35, 1r O, B)-

In fact yc h=0 a.e. for any h€L”(u). Q has the further property that (Qf)*(t)=
=f*(t), and since (¥, %, v) is o-finite we may use the arguments of case 2B(i)
to construct an operator S€.%,(L?(v), L?(u)) N (L= (v), L= (1)) which maps Qf
to g. SQ is then required operator and the proof of theorem 4 is complete.

Corollary 1. (L?(w), L“()) is a Calderdn pair.
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Corollary 2. (L2 (), L%,()) is a Calderdn pair when p#q.

Proof. Let u be the function (W7v~?)Y@=P and let y=vPu~?. It follows that
y=wlu"? also. For any fe L} )+ L (1)

Kt f5 Ly, L) = inf (( [ |glpordp)"+1 ([ |hlews du)™)

g+h=f
= i ([ Vgl dit)"+ 2 f Vhufey di)™)
= K(t, fu; L?(y dp), L1(y dp)).
Thus if K(2, g; L2 (), L% (W)=K(z, f; L? (), L2 (w)) for all positive ¢, there exists an
operator Q€%,(L?(ydu))n%,(L(ydp)) such that Q(fu)=gu. Define the oper-
ator § by Sh=u"'(Q(hu)). Then Sf=g and one can readily check that

SeZL(LE(W)NZ,(LL (). If g=-co the argument is virtually the same. We have
K(t,f; LY (w), Ly W)=K(t, fw; L (wPw™Pdy), L= (P w™Pdp)).

Remarks about the pair (L?, LE)

The above proof cannot be used for the case p=gq. Nevertheless it is possible
to adapt the ideas of Theorems 1, 2 and 3 to give a fairly simple proof that
(L (p), LE () is Calderdén. This result is originally due to Sedaev and Semenov
[15], [16]. We shall sketch some details of our alternative proof.

It is not difficult to reduce the problem to the proof of the following theorem:

Theorem 4. Let f and g be non-negative step functions of compact support on
R, which are constant on each interval [n,n+1). Let w(x)=€"™ for some positive
constant r. Then, if K(t,g; L*(R), LL(R)=K(s, f; L*R), LE(R)) for all positive t,
there exists an operator S€Z,(L?(R))n Z,(L2(R)) such that Sf=g. Moreover, a
depends only on'p and r and remains bounded as r approaches zero.

Theorem 4" will be a consequence of Theorems 1’, 2’ and 3’ and the estimate:
K(t, 5 LP@R), LER)) ~ ([ 110502 |G dx) P42 ([T 11087 fx) Perr=dx) .
Theorem 1°. Let f and g be step functions as above on R such that
f:" lg(x)|Pdx = f:° [ fx)|?dx  for all real s.

Then there exists an operator S€Z,(L”(R))n %, (L5 (R)) such that Sf=g, where a
is as above.

Theorem 2°. Let f and g be step functions as above on R such that
[i.lg@Perdx = [° | f(x)per=dx for all real s.

Then there exists an operator S exactly as in Theorem I’
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These two theorems are proved by induction, rather more easily than their
analogues above, Theorems 1 and 2. It is convenient to first consider w(x) replaced
by the equivalent function v(x)=¢™ on the interval [n, n+1) for each n. In that
version Theorem 2’ is an immediate consequence of Theorem 1’.

Theorem 3°. Let f and g be step functions as above such that
(7 s10gr-1 [P dx) P42 (771105 g ()P err=dx) P =
= ([T apogra SO dx) Pt ([ 157 f)lrer=ax)'? for all t =0,
Then there exists an operator S€ Lyu» ,(LF (R)) "\ Lyr o (LE(R)) such that Sf=g

The proof of Theorem 3’ using Theorems 1” and 2’ is almost exactly analogous
1o that of Theorem 3 from Theorems 1 and 2. We use a second copy R, of the real
line and the spaces L*(RUR,) and L%, (RURy). In fact it is necessary to use
slightly modified versions of Theorems 1’ and 2’.
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