The convergence of Padé approximants
to series of Stieltjes
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1. Introduction

A series of Stieltjes is a (formal) power series f(z)= 2>, , c,(—z)" where
Cp= f :’ t*du(t) for some real, bounded, nondecreasing function «(7) assuming infini-
tely many values on ¢=0. These functions were first studied by Stieltjes who proved
that the moment problem on [0, [ associated with {c,}:2, is determinate if and
only if the corresponding continued fractions expansion of f{z) converges except on
the negative real axis. (Stieltjes [10].) This theorem is also of significance for the
theory of Padé approximation (Padé [8}).

Definition. The rational function P,(z)/Q,,(z) is called the [r, m] Padé approxi-
mant to the formal power series f(z) if P, and Q,, are polynomials of degree at most
n and m, tespectively, Q,,#0 and the formal product Q,,-f— P, only contains terms
of degree greater than n+m. In the sequel the [n, m] Padé approximant to fis denoted
fln, m](2).

If f(z) is a series of Stieltjes then the 2n:th convergent of the corresponding
continued fractions expansion is just f[n—1, n](z) and thus Stieltjes’ theorem gives
a condition assuring that

w do(®)
fln—1,nl(2) -~ g(2) = |, Trar
except on the negative real axis. The convergence of {f[n—1, #](z)}; and the deter-
minacy of the moment problem are also connected with the convergence problem
of the Gauss—Jacobi quadrature procedure for the measure det. This connection is
indicated by the fact that f[n—1, n](z) is exactly the n:th order Gaussian quadrature
approximation to g(z) defined above (see e.g. Perron [9] p. 200—201).
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Following Stieltjes, many authors have discussed conditions on {c,};” ensuring
that fln—1,n](z2)>g(z). We mention here Carleman [4], who proved that
Do (1fe) =0 is sufficient. If f(z) has a positive radius of convergence R, «(t)
is constant for #=1/R and f(z)= f ollR doc(2)/(1+zt). In this case Carleman’s con-
dition is clearly fulfilled and fln—1, n](z) »f(2). It is also possible in this case to
estimate the rate of convergence; Gragg [6] has proved for z not in the interval
I=]—o, —R]

e L=V zR |
|f(2)—fIn—1,n](2)] = C(Z)' VIR

where C(z) is bounded in any compact set disjoint from I.

The theory presented here was inspired by a variety of problems and the results
on Padé approximation are without exception implicit in the respective work. It
therefore seems worth while to give a coherent presentation of the theory in the
language of Padé approximation. Parts of such a program have been carried out
by Baker [3] using determinant theory and recently by Allen et al [1, 2] using the
Schwinger variational principle and the theory of generalized matrix inverses. In
this paper we present a unified and complete approach to the subject based on the
presumably more well-known theory of orthogonal polynomials. Most of the results
are well-known and we have not been able in all cases to trace them to their first
appearance. In these cases we give reference to some easily available source.

2. Main results

In this section we state the main results of the paper. Proofs are given in the
following sections.
We first collect the necessary algebraic properties of the Padé approximant.

Theorem 1. Let f(z) be a series of Stieltjes, i.e. f(z)=2,._, c,(—2)" where
c,= ] o 1"du(t) for some real, bounded, nondecreasing function o(t) taking infinitely
many values on t=0. Let P,(z) be the n:th orthogonal polynomial with respect to do
and v, the leading coefficient of P,. Put g(z)= / o da(®)f(1+21t), z¢ R_.={z{z=0}.
Then

2
(a) fln—1,n](z) = Z?ﬂﬁ;,z
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where {o;,}7_., are the zeros of P,(z) and {A}i-. the corresponding Christoffel
numbers.

() 2()—fln—1, rl(2) = 11 'ff P,.gtzra;o;(t): : 1 : f&” P,,§t3rcio;(t)’
n(-3) 7(-+)
z¢ R_.
© fln=1, 1@ —fln, n+ 1](z) = 2242 ! Z¢R_.

A _i). (_i]’
ZP,,( z Pia Z

As mentioned above (a) can be found in Perron [9], as can (c) (p. 193) and the
first error expression in (b) (p. 194). The simple but useful reformulation that gives
the last equality in (b) seems to be new.

(a) has a corollary worth noting:

Corollary 1.. The poles of f[n, n+1]1(z) are all simple and located on the negative
real axis. Between any two neighbouring poles lies one pole of fln—1, n](2) and also
one zero of fln, n+1](2).

The basic convergence theorem is the following due to Stieltjes [10] and Carle-
man [4].

Theorem 2. Under the conditions of Theorem 1, { fln—1, nl(2)};., converges to a
holomorphic function uniformly on compact sets disjoint from R_. If 3= (1/e,)/*" =0
the limit function is g(z).

When the radius of convergence is positive we can estimate the rate of con-
vergence by means of the following theorem.

Theorem 3. Suppose f(z) is a series of Stieltjes with radius of convergence R=>0.
Let |dul| be the total mass of du, d(-, ) denote the distance function and

1-V1+2z/R

1+Vi+zR°

where \/ denotes the principal branch of the square root. Then for z¢ 1

¢(2) = z¢I=]1~<, —R]

|do] - | ()™ 2
P R

Remark 1. The function C(z) in Gragg’s theorem is not the same as in Theo-
rem 3. A comparison between the two results shows that neither of the error bounds

f@~—fln—1,7@) =

1+ ¢*~2(2)|
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obtained is generally superior to the other. Theorem 3 gives a smaller bound for z
close to zero while Gragg’s result is better for z near the cut.

That the geometric degree of convergence implied by Theorem 3 cannot in general
be improved is shown by the following theorem which seems to be new (the partic-
ular case R=1, a(t)=t is in Gragg [6]).

Theorem 4. Suppose that R=0 and that du is absolutely continuous with respect
to Lebesgue measure. Put h(0)=a'(1+cos 6)/2R-|sin 0|. Suppose also that
/fn lfog h(6)|d < oo. Let ¢ (2) have the same meaning as in Theorem 3. Then forz¢ I

n-D(9(2)

R_V-T:-z/:R @)% (1+,(2)

g@)—fln—1,7l(2) =

where

D(z):exp{ S logh(0) sy Hze :

d()} and ¢,(z) >0 as n— oo,

uniformly on compact sets disjoint from I.

Remark 2. Theorems 1—4 are true with obvious modifications of statements
and proofs if the lower limit O in the integrals defining ¢, is replaced by any number
a=>—oo (for ¢(z) in Theorems 3 and 4 should be taken that conformal mapping
of {z|—1/z¢[a, 1/R]} into the interior of the unit circle which maps 0 to 0 and is
real for real z).

When f(z) is a series of Stieltjes simple relations exist between f{n—1, n](z)
and fIn+j, n](z), j=0. These relations permit extension of most of the above results
to other sequences {f[n+j,n]};~, of Padé approximants. These extensions are
discussed in Baker [3]. For the sake of completeness we collect the results in the
following theorem.

Theorem 5. Let f(z) be a series of Stieltjes and let j>—1. Then

(a) Corollary 1 and Theorem 2 are still valid if fln—1,n](z) is replaced by
fIn+j, nl(z) throughout.

(b) If R=0 then

If@)—fIn+7, ()| = C; @)

1—V1+z/R ™

14+V14-z/R

where C;(z) is bounded in any compact set disjoint from I.
(¢) The following inequalities hold for z=0:

) (1Y (fln+j+ 1, n+1]—fln+j,n) = 0,
@ 0 (In+i+La—1]—fln+j,n) <0
(i) (—1)/**(@—fIn-+Jj,n]) > 0.
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3. Auxiliary results on orthogonal polynomials

In the proof of Theorems 1—5 we shall make extensive use of known properties
of orthogonal polynomials. We collect some necessary estimates in the following
lemma,

Lemma 1. Let a(t) be a real, bounded, nondecreasing function taking infinitely
many values on [0, 1/R]. Put

1—V1=1jRz
1+V1=1/Rz

¥Y(z) =

z¢[0, 1/R].

Then with the notation of Theorem 1—4 we have
@ |P,(2)] = R-|do|~*2-d(z, [0, 1/R]) - |¥ (2" * + ¥ (2)~ V)

() if [T, llogh(0)|d0 < =, then

. R 1+r,(2)
ne = | % o

where r,(z) - O uniformly on any closed set disjoint from [0, 1/R]. Furthermore,
Ve[V ~ 4R as k > oo

Proof. (b) is a classical result by Szegd (see Szegd [11] pp. 297 and 309). (a) is
just a more informative version of Theorem IIL. 7.1 in Freud [5]. Just keeping track
of the various constants appearing in Freud’s proof gives the statement of the lomma.

Remark. We note here that the function ¢(z) of Theorems 3 and 4 is defined
so that @ (2)=V(—1/2).

4. Proof of Theorem 1

(a) is a consequence of the fact that the Gauss—Jacobi quadrature formula
Qu(do; )= 27_1 Ain S = f fdo is exact for polynomials of degree =2n—1. Thus

. ._ . Sn-1 i, ™)
Qn[da, 1+Zt] = Qn[d‘x? i=0 —Zt) + 1+zt =

t2n

= 25 2 Qudn; ) 20, ["“; m] = 2 a2 +0E"), z 0.
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Since Q,(du; 1/(1+2zt)) is a rational function of type (n—1, n) and interpolates to
fof order 2n—1 at the origin it is the [n—1, n] Padé approximant (this proof is also
given in Allen et al [1]).

(b) We prove the first error formula. Put fln—1,n](z2)=R,-1(2)/0,(2),
0,(@)=1%_o Bz From (a) we conclude that P,(t)=k,t"-Q,(—1/t)=
=k, Do Be(=1F- "% for some constant k,. Now R,_, must have the same
Taylor coefficients as Q,-f in the first »n slots:

Roy(2) = STz Do (P ey i o = Snih 2 ShooBee [o (1 *du(t)=
= [ 3 Sho B (O R () = [ SR ShTa B2 (1) Rdn(n) =

1—(—zey"*
14zt

[ Gl 10

= [T Ziaobi2 du(t) = 0u(2) 8@ ~2" [ "

Thus

2(2)— R,_i(2)/0,(2) = 11) fo P, (1) du())

P, (___ 14zt
z

That the second error formula is valid follows immediately from the first and the
observation that S(t)=(P,(t)—P,(—1/2))/(1+zt) is a polynomial of degree n—1
in ¢ and thus [° P,(¢)- S()du(t)=0.

(c) follows from (b) and the Christoffel—Darboux summation formula

_ % Pis@P) = P(® Py 1 (W)
Z’i‘oP-(n-Pi(w)—ykfl el

Integrating both sides with respect to du(f) and dividing by (y4/Ve+1) Pr(W) + Praa(W)
yields

Vs 1 [ P,,,,l(z) dec(t) f P, (t) dat (t)
Px Pk(W) Pk+1(w) Pk+1(W) —-W Pk(W)
Now put w=—1/z to get the desired conclusion.

As to the corollary the assertion concerning the poles is just a reformulation of
the corresponding well-known property of the zeros of orthogonal polynomials
(see Szegd [11], section 3.3). The interlacing property of the zeros is a consequence
of the fact that all ,,>0.
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5. Proof of Theorem 2

We first prove that the sequence {f[n—1, n](z)};" is uniformly bounded in any
compact set F disjoint from R_.

}“in
1404,z

==

max
z€F

2?:1 2?=1j’in-

max max ————--
zeF =0 |1 41z
Put r = max,r|z|. Now if ¢ < 1/2r and z€F |1/(1+12)| <2 and if ¢ = 1/2r

1
142z

1 _ 2r
T dR_,F)’

t 1—I—z
t

Thus

max | f[n—1, n](z)| = max [2 —i—] + |do.

ZEF ’ > d(R_, F)
If we can prove that { fln—1, n](2)} converges at a set of points having a limit point
in the interior of the complement of R_ we can apply Vitali’s theorem (Titchmarsh
[12], p. 168) to conclude that the sequence converges uniformly on compact sets
disjoint from R_. But for z=0 it follows from Theorem 1 (b) and (c¢) that
SfIn—1,nl(2)<fIn, n+1](z)<g(z). Thus for these z the sequence converges being
a bounded, increasing sequence of real numbers. For the second part of the theo-
rem, suppose 3 u. , (Vp+1/7.)"% = and fix z,>0. Put wy= —1/z,. Schwarz’ inequality
yields

1/2 1/2

’)’n+1 - { [__ yn+1 . 1 ]- __P W, P W, }
sl {2l e pi) 2 ReoRa00

From the first part of the theorem and Theorem 1 (c) follows that the first series to

the right converges, which forces > P,(wo) Py, 1(Wo) = o=. Now — P, (W) P p1(Wg) =

= 1/2(P,(we)*+ P, ,1(wp)?) implies > P,(wp)? = o. From Theorem 1(b) we get

P@)da()

Puwo) - (8Go)~fTn—~1, @) = [ =57

which defines the nth Fourier coefficient of 1/(1+2z,¢). Next we invoke Bessel’s
inequality:

2 P2 (50~ 110 = [ e <=

From this inequality and the fact that > P?Z(w,)=c we conclude that at least a
subsequence of { f[n—1, n](ze)};>, converges to g(z,). Since this holds for any zy>0
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and we know that the whole sequence converges to a holomorphic function except
on the negative real axis we must have fln—1, n](z)~>g(z) for z¢ R_.

It remains to prove that > (1/¢,)/*"=co implies > (Vp41/7m)"2=oc. We first
note that 1/y,= _/ o P, ()da(t)=Vc¢,, by Schwarz’ inequality. We also need Carle-
man’s inequality (Carleman [4]; see also Hardy, Littlewood, Polya [8], p. 249): If
u,=0, n=1,2,... then

Dy tye o cu ) = 37w,
Hence

i/2 1/2n 1/2n 1/an

oo Va — 1 oo (YI Ve Vn ] 1 eo(?n] c oo[ 1]
| ==, == ] ==27|=l =const. —l .
23 (?n—l] e ="My N Pn—1 ey 21 Copn

But > (1/e )Y and 3 (1/c,,)"** diverge simultaneously. This holds since c,=
=Y ¢,_1 Cnr1 by Schwarz’ inequality and thus {c,); is either bounded or increasing
for large n. In the latter case

1 \uante 1 YY/4n) - vt 1\

Cont1 Con Con

This completes the proof of Theorem 2.

6. Proofs of Theorems 3 and 4

Theorems 3 and 4 are both established by inserting an estimate of P,(z) into
one of the error formulae of Theorem 1.

Proof of Theorem 3. We use Theorem 1(b) and Lemma 1(a):

t

#(-3)

AT R R
|de] .
Re-p-d* (1, [0, 2]} lo@r -t + oo

f RO @] _

{g(z)—f[n—— 1, n](Z)f = 0 14zt

1
141z

« max
2 €00, 1YRI

- [SR PRt du(r) =



The convergence of Padé approximants to series of Stieltjes 51

Proof of Theorem 4. From Lemma 1(b) and Theorem 1(b) we conclude that
it is enough to prove that f o P2(0)do(t)/(1+2¢)~1/Y1+2z/R uniformly on com-
pact subsets disjoint from I. Theorem 1(c) implies that

14zt 1 1y’
Rt o

1
= p2 P ——
In(z) :/ M — Z;:;n Pr+1 . ( Z)

But Lemma I (b) implies that for any >0 the inequality

1
2| _ .
- P; [ Z) 4R (z)?-m+1 g AReM2E-m+1
. 1 - = 3
Tk Z‘Pk(_?)'PkJ-l[_‘%') z zgg(lll\l)lzl

holds uniformly in D(M)= {z[[(p (2)|=M~<1} for large enough n if k=>n. Thus

4ReM

IR I -1, 2(k—ny+1] =
II"(Z) a4k 0(2) l— min |z|-(1—M?
z€D(M)

and we have that

4Ro(z)**!  4Re(z) 1
z  z(1-9*®@)  Yi+zR

In(z) - Z::O

uniformly on compact sets disjoint from I since any such set is contained in D (M)
for some M <1,
This completes the proof of Theorem 4.
7. Proof of Theorem 5
Put f;(z)= ;o €kt j+1* (—2)*. Then f;(2) is also a series of Stieltjes since its

power series coefficients are moments of the measure #/+*du(z). Simple calculations
show that for k=0 and j=—1

flntj+k,nl = Ji_cu(—z)+(—z)* - filn+k—1,1), (1)

f=SIntk+j,n = (=2 (f;—filn+k—1, ). @



52 Johan Karlsson and Bjorn von Sydow

Using (2) for k=0 we conclude that (a) and (b) follow immediately from Corollary 1
and Theorem 2 and 3. As to (c), it is enough to prove (i) and (iii) for j=—1. In this
case (i) follows from Theorem 1(b) and (iii) from Theorem 1(c). It remains to prove
(ii) which by means of (2) for k=0 and k=2 can be reduced to proving

fln—1,n@)~flp,n—11(z) > 0 for z= 0.

To this end put fln—1,n](z) = 4,_,(z)/Bx(z) and [[n, n—1]() = Cu(2)/Dy-1(2)
with B,(0) = D,_,(0) = 1. Then

An-—l(z)_ C,,(Z) s An—an—l—BnCn
B,,(Z) D;:‘—l(z) B BnDn—l

= 0™, z-~0.

But 4,_,D,_,— B,C, is a polynomial of degree 2n and thus

k,, . ZZn
fin=1, i@~ n=1@ = =55
Since B, and D,_; only have negative zeros this expression does not change sign
for z=0. But f[n—1, rn](2)—0 for z— - and we must prove that f[n, n—1](z)~> — s,
i.e. that the leading coefficient of C, is negative. Put D,,_l(z)zzg‘l d,z*, dy=1
and let P,(df; t) with leading coefficient y, (dff) =0 be the nth orthogonal polynomial
with respect to dfi=t2dua. By reasoning as in the proof of Theorem 1 (b) we find that
the leading coefficient of C, equals

e A (=1 = — [ SR A (D R da () =

- _v,,(i%ﬁ_)f: P,_1(dB; Ot do(t) = =

yn—l(dﬁ) ° Pn—l(dﬁ; 0)

f: Pi_.(dB; D1 du().

Since the last integral is positive and sign P,_;(df; 0)=(--1)""! we find that the
leading coefficient of C, is negative which completes the proof of Theorem 5.

Note added in proof. After submission of this paper an article by G. Freud
appeared, in which he proves essentially our Theorem 3, stated for Padé approxi-
mants at infinity, using methods very similar to ours. (Reference: FReuD, G., An
estimate of the error of Padé approximants, Acta Math. Sci. Hungar. 25 1974,
(213—221).)



R JN-NEV NN

o

The convergence of Padé approximants to series of Stieltjes 53

References

. ALLeN, G. D., Cuur, C. K., MapycH, W. R., NarRcowicH, F. J., SmiTH, P. W., Padé approxi-

mation and Gaussian quadrature, Bull. Austral. Math. Soc. 11 (1974), 63—69.

. ALLEN, G. D., Caur, C. K., MapbycH, W. R., Narcowich, F. J., SMrtH, P. W., Padé approxi-

mants and orthogonal polynomials, Bull. Austral. Math. Soc. 10 (1974), 263—270,

. BAKER, G. A. Jr, The theory and application of the Padé approximant method, Advances in

Theoretical Physics: 1 (Brueckner ed.), Academic Press, New York 1965, 1—58.

. CARLEMAN, T., Les fonctions quasi-analytiques, Gauthier-Villars, Paris 1926.

FreUD, G., Orthogonal Polynomials, Pergamon Press, Oxford 1971.

. GRAGG, W. B., Truncation error bounds for g-fractions, Numer. Math. 11 (1968), 370—379.
. Harpy, G., LirtLewoop, J. E., PoLya, G., Inequalities, Cambridge University Press, Cam-

bridge 1959.

. PADE, H., Sur la representation approchée d’une fonction par des fractions rationelles, Ann.

Sci. Ecole Norm. Sup. (3) 9 (1892) supplément, 1—93.

. PERRON, O., Die Lehre von den Kettenbriichen, Band II, B. G. Teubner Verlag, Stuttgart 1957.
. Strerties, T. J., Recherches sur les fractions continues, Ann. Fac. Sci. Univ. Toulouse 8 (1894),

1—122, 9 (1895), 1—47.

11. SzeGo, G., Orthogonal Polynomials, 3rd. ed., American Mathematical Society, Providence
1967.

12. TrrcuMmARrsH, E. C., The Theory of Functions, 2nd ed., Oxford University Press, Oxford 1939,

Received January 16, 1975 Johan Karlsson

and

Bjorn von Sydow
Department of Mathematics
University of Umed

S-901 87 Umed

Sweden



