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1. Introduction 

The  purpose of this paper  is not  to give a complete  t r e a t m e n t  of  so-called convex 
measures bu t  mere ly  to point  out  a new technique.  I t  will be p roved  t h a t  a Gauss 
measure is a convex measure,  and using the  inequal i ty  (Is) below, we get  v e ry  
nea t  proofs of  results  a l ready known for Gauss measures.  On the  o ther  hand  our  
results app ly  to all convex measures.  

Throughou t  this  paper  E denotes  a locally convex t i au sd o r f f  vec tor  space, 
and  ~ ( E )  is the  set of  all Borel  sets in E.  Given a Borel  probabi l i ty  measure # 
on E we define the  inner  / t-measure # . ( A )  of  a subset  A of  E b y  

# . ( A )  = sup {#(K)IK compact  ~ A}. 

We shall say  t h a t  # is a Radon  probabi l i ty  measure  if  # . (A )  --~ #(A) for all 
A E ~ (E) .  I t  is known t h a t  all Borel  p robabi l i ty  measures on E are R a d o n  
probabi l i ty  measures,  if  E is a Souslin space. (See e.g. [3, p. 132].) Fur the r ,  we def ine 
M~(u,v)  = (~u ~ +  ( 1 - -  ~)vS) 1/~, - -  ~ < s < 0 ,  ~ m i n ( u , v ) ,  s ~ - -  ~ ,  and  
u~v I ~, s ~-- O, for u, v > 0 .  Here  0 ~  0. 

Definition 1.1. Le t  # be a Radon  probabi l i ty  measure on E and assume 
s E [--  ~ ,  0]. Then  we shall say  t h a t  # belongs to  the  class ~ , ( E )  if  the  inequa l i ty  

~ , (~A + (1 - -  ~)B) >_ M~(~(A), ~(B)) (L) 

holds for all 0 < 2 <  1, and  all A, B E ~ ( E ) .  
A measure belonging to  the  class TX_+(E) will be called a convex measure.  
B y  definit ion,  hA -~ (1 - -  2)B = {2x + (1 - -  ~)ylx E A ,  y E B}. Note  t h a t  this  

set need not  be a Borel  set even if  A and B are so. (See [7].) Note  also 
t h a t  ~,~(E) ~ ~ , ( E ) ,  if  s 1 > s2, and therefore  the  class ~ _ + ( E )  is the  largest  
one. 

In  a recent  paper  [4] the  au thor  gives a complete  descript ion of  the  classes 
9X,(R")( - ~ < s < 0) and for the  readers  conveniency we recapi tu la te  the  resul t  
here 
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T~EORE~ 1.1. A Radon probability measure it on R n belongs to the class ~ ( R  n) 
i f  and only i f  there are an integer k, 0 < k < n, a Radon probability measure 
on R k, absolutely continuous with respect to Lebesgue measure ink, and an affine 
mapping h: Rk--+ R n such that # = rh -1 and such that the funct ion e,,k(dv/dmk) 
i 8  c o n v e x ,  s 

H e r e  e~,k(u) = u  -lj~, s = - -  ~ ,  = u  1 ~, - -  ~ < s < 0 ,  and  ~ - - l o g u ,  
s = 0 ,  for u _ ~ 0 ,  k >  0. We recall  t h a t  a cont inuous m a p p i n g  h : E - - ~ F ,  for 
each Borel  p robab i l i t y  measure  r on E,  induces a Borel  p robab i l i t y  measure  
~h -1 on F (a topological  space),  def ined  b y  rh-l(C) = v(h-l(C)), when  C E ~ ( F ) .  
No te  t h a t  vh -~ is a R a d o n  p robab i l i t y  measure  i f  v is so. 

The  " i f "  p a r t  of  Theo rem  1.1 is r a the r  easy  to p rove  and  let  us now br ie f ly  

indicate  how this  can be done. 
Proof  of Theorem 1.1. Using L e m m a  2.1 below, it  is read i ly  seen t h a t  we only 

need  to consider the  case when  # = fm~ and  es,=(f) is a convex  funct ion  on R ~. 
An appl ica t ion  of  HSlder ' s  inequa l i ty  (several t imes)  t h e n  yields 

n n n 

f (~x  + (1 - -  2)y) ~ (Xa~ @ (1 - -  X)bi) ~ M~(f(x)  "H a , f ( y )  - ~  b~) ( ] . l )  
1 1 1 

for all x, y E R  N, al . . . .  , a , , b x  . . . . .  b ~ >  0, and  0 < ~ <  1. L e t  ~ be the  fami ly  

of  all f ini te  disjoint  unions of  compac t  non-degenera ted  n-dimensionM intervals ,  
wi th  sides paral lel  to the  coordinate  axes, and  which are included in the  in ter ior  
of  supp  (f).  I t  is enough to show the  inequa l i ty  (L) when  A, B E ~ and  0 < ~ < 1. 
Le t  n(A)  be the  n u m b e r  of  disjoint  in tervals  def ining A E ~.  Suppose f i rs t  t h a t  
the  inequa l i ty  (Is) is t rue  when  n(A)  + n(B) ~ p, where p _~ 2 is a f ixed  na tu ra l  
number .  We will t hen  p rove  t h a t  the  inequa l i ty  (Is) is still t rue  when  n(A)  + n(B) -~ 
p @ 1. To see this  we can assume t h a t  n(A)  > 2. We  t h e n  choose a hype rp l ane  
x~ = c, with  a no rma l  vec to r  paral lel  to the  i : th  basis vector ,  so t h a t  n(A' )  < n(A)  
and  n(A") < n(A) ,  i f  A '  = A Cl {xi < c} and  A" = A N {xi > c} respect ively.  

Set 

~,(A') --~ O~(A), N A " )  = (1 --  O)~(A), (1.2) 

where  0 < 0  < 1. 
Since # << m,,  we can f ind  a hype rp l ane  x~ ~ d so t h a t  

tt(B') = O#(B), /~(B") = (1 - -  O)tt(B), (1.3) 

where  B ' - - B N { x ~ d }  and  B " = B f l { x ~ > _ d } .  
Using t h a t  the  inequa l i ty  (L) is t rue  wheneve r  A, B E ~ and  n(A) + n(B) < p, 

we get  

#(2A @ (1 - -  ).)B) > #(; tA'  + (1 - -  ~t)B') U (2A" + (1 - -  ;t)B") = 

# (2A '  + (1 - -  2)B') + #(2A" @ (1 - -  2)B") > M~(#(A'),  tt(B')) + M~(#(A"), #(B")) 

OM~,(#(A), #(B))  + (1 - -  O)M~(/t(A), #(B) = M~,(#(A), #(B)),  0 < ~ < 1. 
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From now on let 2, 0 < 2 < 1, be fixed. I t  only remains to be proved tha t  the 
inequali ty (I~) is t rue when A, B E ~  and n ( A ) = n ( B ) =  1. I f  not  there is a 
positive number  e such t h a t  

#~(2A @ (1 --  2)B) < M~(#(A), #(B)), (1.4) 

where #, = ( f +  o(e))mn, and  

~o(e) = sup If(x) -- f(y)]. 
ix yl  <~" 

x, y e ~ t A + ( 1  2)B 

Now let us divide A into two congruent  intervals A'  = A N {x~ _< c} and  
A" = A N {x I > c}, respectively, and choose 0 so t h a t  (1.2) holds. In  the nex t  
step we choose d such tha t  (1 .3 )ho lds  wi th  B' = B g l { x  I <_d} and B " =  
B fl {x 1 >_ d}. Using the same technique as above, we conclude tha t  the inequal i ty 
(1.4) cannot  be wrong for both  the pairs (A', B') and (A", B"). By repeti t ion we 
conclude tha t  

~ ( 2 C  + (1 -- 2)D) < ~i~(~(C); ~(D)) 

where C ~ A, D _c B, and where diam (C) and diam (D) can be made arbitrari ly 
small. Setting 

n t~ 

C = ] ~ [ u ~ - - ( 1 / 2 ) a , u ~ @  (1/2)a~], D =  I I [ v - -  (1/2)b~,v,-~ (1/2)b~], ( a , b ~ >  0), 
1 1 

we conclude tha t  there are points x E C ,  y E D ,  and z C 2 C  + ( 1 - -  2)D such 
tha t  

n n n 

(f(z) + ~o(s)) I--~ (2a~ § (1 -- 2)b,) < M~(f(x) - ~  a,,f(y) ~ b,). 
1 1 1 

By choosing C and D small enough, we have f(z) @ og(e) ~_f(2x ~ (1 -- 2)y), 
and we have got an inequal i ty  opposite to (1.1). This contradict ion proves t ha t  the 
inequal i ty  (L) must  be t rue when A, B E ~ and n(A) 4- n(B) = 2. This proves 
the "if" par t  of Theorem 1.1. 

2. Characterization of the classes ~ l ts (E)( - -  oo < s < 0) 

Suppose ~1 . . . . .  G E E' ,  the topological dual of E. We shall write #h -1 = 
w h e n  

/ ~ 1 .  �9  Z~ '  

h(x) = (~l(x), . . . ,  G(x)), x E E. (2.1) 

THEOIiEM 2.1. A Radon probability measure # on E belongs to the class ~J~s(E) 
i f  and only i f  #21...~n E ~J~(R n) for all ~1 . . . . .  G E E', and all positive integers n. 
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We need 

LE~MA 2.1. Let E and F be locally convex Hausdorff vector spaces and let 
h: E --> 2' be a continuous linear mapping. Then #h -1 E ?~(F), i f  # E ~ ( E ) .  

Proof of Lemma 2.1. We have  

Xh-~(C) § (1 - -  ~)h-~(D) = h-~[2(C N h(E)) § (1 - -  X)(D N h(E))] (2.2) 

for all 0 < 2 < 1 ,  and all C, D c F .  
Using t ha t  (#h-1),(C)~ tt,(h-l(C)), C E F, the  p roof  of L e m m a  2.1 follows 

at  once f rom the  inequal i ty  (L). 
Proof of Theorem 2.1. L e m m a  2.1 proves the  "on ly  i f "  par t .  To prove  the "if" 

par t  let  h be of  the  form (2.1). The  assumptions and the  iden t i ty  (2.2) then  yield 

#,(,~h-~(C) § (1 - -  2)h-~(D)) ~ M~(#(h-~(C)), #(h-~(D))) (2.3) 

for all 0 < ~ <  1, and  all C, D E ~ ( R " ) .  
Now choose 2, E [0, 1], ~nd compact  sets A and B in E.  Holding ~ ,A,  

and B fixed,  we shall prove  the  inequal i ty  (I,), which will prove  the  theorem.  
To this end let 0 be an open set containing ~A + (1 --  ~)B. Since 2A § (1 - -  ~)B 
is compact  there  is an open convex ne ighbourhood V of the  origin so t h a t  

O p e r a  + ( 1 - -  ~ ) B +  2V. 

Fur the r ,  choose Xl . . . .  , x~ (~ _/1 and  y1 . . . .  , y~ E B such t h a t  

nt n 

O (x,§ V) 2 A ,  U ( y j §  V) ~__B, (2.4) 
1 1 

and set 

F = U (~x, § (~ - X)yj + 17). 
i , ]  

Note  t ha t  0 2 F .  For  each z ~ F ,  i C { 1 , . . . , m } ,  and  j E ( 1  . . . . .  n}, the Hahn-  
Ba na c h  separat ion theorem gives us a kqz C R, and  a ~q~ E E '  such t h a t  

z ~ ~x, + (1 - ~)yj + ~,jol([ki~., § ~ [ ) ,  -1 ~jo ([~jo, + ~ [ )  2 17. (2.5) 

Set 
- 1  "~z = U (~Xi -~ ( 1  - -  ~)yj ~- ~ijz ([]Cijz, -~ 0 0 D ) "  

i , j  

Clearly, F = f'lz ~ F Fz, 

/~(F) ---- inf  #(F,~ N . . .  N F~) .  (2.6) 
z 1 . . . . .  Z p ~ F  

p E Z +  

and since # is a Radon  probabi l i ty  measure we have 

Fur the rmore ,  it  holds t h a t  
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~,j i , j ,r  

= ' ~ [ U  (Xl -Jr- f~ ~jzXr([~ijZr, ~-  00[)2 -t-  (1 - -  ~ ) [ U  (Yj -~- ~ ~Zlr(El~ijZr , -~ 00[) ] .  
i i , j ,r  j i , j .r 

t I e r e  the r ight -hand side is of  the form 

2h-a(C) + (1 - -  2)h-~(D) 

C, D E 1t ~'~, and h ~ (E') m"e. The equat ions  (2.3)--(2.6) therefore  for  suitable 
yield 

tt(O) > Ms(#(A), #(B)). 

Since 0 is an a rb i t r a ry  open set containing 2A + (1 - -  2)B, we get  the  inequal i ty  
(I,). This proves  Theorem 2.1. 

A R a don  probabi l i ty  measure # on E is said to  be a Gauss measure,  if  #~ 
is a Gauss measure on R for all ~ C E ' .  The  set of all Gauss measures on E will 
be  denoted  by  ~(E) .  Assuming t ha t  # is a Gauss measure,  it  is well known t h a t  
#~1--. r E ffr ") for  all ~1 . . . .  , ~n E E ' ,  and all posi t ive integers n. 

Theorems 1.1 and 2.1 thus  give 

COROLLARY 2.1. ~ ( E )  C_ ~YJ~0(E). 

In  part icular ,  the  Wiener  measure W on C[0, 1], equipped wi th  the  uniform 
topology,  satisfies the  inequal i ty  (I0). 

Nowadays  there  is no real problem to const ruct  Rad o n  probabi l i ty  measures 
on our  most  impor t an t  vec tor  spaces. We recall the  fundamenta l  theorems due to  
Kolmogorov,  Minlos, and Sazonov. (See e.g. [16], [15], and [21].) The so-called 
Radoni fy ing  mappings,  in t roduced  by  L. Schwartz (see e.g. [2]), also make  im p o r t an t  
contr ibut ions  to  this area. 

To check t h a t  a given measure # belongs to ~J~(E), it  is no t  necessary to prove  
t h a t  #sl...en belongs to  g)~s(R n) for all ~ 1 . . .  ~n E E ' ,  and all n EZ+.  R a t h e r  

t h a n  giving a general theorem,  we will i l lustrate this in a few examples.  Suppose 
tt is a l~adon probabi l i ty  measure on RZ+, equipped wi th  the  p roduc t  topology,  
and  let  H, :  RZ+ -+  R ~ be the  na tura l  project ion.  We claim t h a t  # C ~J~,(RZ+), 
i f  /~H21 C g2~(R n) for all n C Z+. To see this, let e,,(x) = xn, x = {xn}[, and  note  
t h a t  each bounded  linear funct ional  on Rz+ is a f ini te  l inear combinat ion  of  
the  % Therefore,  given $1 . . . .  , ~n E E', there  are m E Z+, and  a l inear mapping  
h: Rm-+ R ~ such t h a t  

_ h-1 (#H2 l )h  -1. ~ 1 . . "  ~n - -  [~1. . .  ~,~ =" 

Using L e m m a  2.1, we conclude t h a t  /~1 ..-~, E ~J~(Rn). This proves the  assertion. 

Now let # be a Radon  probabi l i ty  measure on a separable Hi lber t  space H,  
and  let  {e~}~ ~ be an or thonormal  basis in H.  We claim t h a t  # E ~J~(E), if  
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#~ . . . .  ~ ~ Tdt~(R ~) for all posi t ive  integers  n. As above,  we conclude t h a t  

ffYt~(R~), i f  each ~ is a f in i te  l inear  combina t ion  of the  G. Hence  it  /~1- �9 �9 t~ 
suffices to  p rove  t h a t  the  class ~Jt~(R") is weak ly  closed. 

TheOREM 2.2. Let  E be metrizable ~) and let #~, n ~ N, be Radon  probabi l i ty  

measures  on E such that #~ ~ #o, as n -+ -~ ~ .  T h e n  #o ~ ~t~(E), i f  ~ ~ ~J~(E) 

for  each n ~ Z+. 

Proof .  Le t  d be  a t r ans l a t ion - inva r i an t  met r ic  on E.  For  e > 0, and  C c E ,  
let C~ = {x]d(x,  C ) ~  e}, and  let  q0~ be a cont inuous  funct ion  = 1 on C, and  
= 0  on E ~ C .  Now choose 2 C [ 0 , 1 ] ,  and  compac t  subsets  A and  B of  E.  
We have  

M 2 ( t t ( A )  , # ~ ( B ) )  > s[jVA #n, V ,  #,, , n E Z+. 

B y  let t ing n - - ~ - ~  ~ ,  and  m a k i n g  use of  t r iv ia l  inequalit ies,  we get  

/~0((~A + (1 - -  ~)B):~) ~_ M~(~o(A),  #0(B)). 

I f  ~ tends  to zero, we ob ta in  the  inequa l i ty  (I,) and  the  p roof  is clear 
F ina l ly  we shall say a few words  abou t  the  space 1310, 1], equ ipped  wi th  the  

sup-norm topology.  Given a R a d o n  p robab i l i t y  measure  # on 1310, 1], we h a v e  
E~YJ~,(R ~) for all 0 < tl ~ t2 ~ ~ t, ~ 1, t h a t  # E ~J~(13[0, 1]), i f  # ,h~. . .~ - -  . . . .  

and  all pos i t ive  integers  n. He re  ~, is the  Dirac  measure  a t  the  point  t. Fo r  
example ,  set  S~ = ( ~  @ W)h -1, where h(O, x) = Ox, 0 > 0, x E C[0, 1], and  where  
a~ is the  p robab i l i t y  d is t r ibut ion  of a rea l -va lued  r a n d o m  var iab le  X, such t h a t  
~ / X  2 has a chi-square d is t r ibut ion  wi th  ~ degrees of  f reedom. A s t ra igh t - fo rward  

�9 E ~ ~/~(R ~) and  so S~ E g2_~/~(13[0, 1]). c o m p u t a t i o n  shows t h a t  (S~)%.. % 

The measure  S~ will be called a S tuden t  measure  on 1310, 1], and  in the  special 
case a = t we have  the  Cauehy  measure  on 1310, 1]. I t  is no t  ha rd  to p rove  t h a t  
S ~  IV, when  ~ - + q -  co. 

3. Integrability for certain functions of seminorms 

F o r  a long t ime  it was an open quest ion whe the r  the  no rm in a separable  B a n a c h  
space  E m u s t  be LP-integrable  for each 1 ~ p ~ ~), wi th  respect  to an  a r b i t r a r y  
Gauss measure .  The  quest ion was solved in the  a f f i rma t ive  b y  Vakhan ia  in case 
E - - I  q, 1 ~ q ~  ~- ~ .  (See e.g. [3, p. 184].) Later ,  a much  s t ronger  resul t  was 

2) This condition can easily be omitted. 
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given by Fernique [811). Given a Gauss measure # on E, which now m a y  be arbi t rary,  
and  a /t-measurable seminorm 9, which is f inite a.e. [#], Fernique proves t h a t  
exp (s~02) C L~(/~), i f  ~ > 0 is small enough. Other, less precise results, m a y  be 
found in [17] and [3, p. 187]. 

We have 

THEOREM 3.1. Let tt C ?~(E) and assume that q~ is a re-measurable seminorm 
on E, which is finite a.e. [#]. Then in case s ~ O, the function exp (sq~) C Ll(/t), 
i f  ~ ~ 0 is small enough, and in case s ~ O, the function q~e Le(#) for all 
O ~ p ~  -- 1Is. 

We need 

LEMMA 3.1. Let [~ E ~;~(E) and let A be a convex, 
symmetric about the origin. Assume #(A) - - 0  ~ 1/2. Then 

in case s = O :  # . ( E ~ t A )  < 0 \ ~ - ]  , t ~ l ,  

in case -- + < s  < 0: # , ( E ~ t A )  ~ / t - ~  1 [ (1 - -  0 ) ' - -0" ]  
( ~  

#-measurable, subset of E, 

1/s 

+ 0 ~  / , t > _ l .  

Proof of Lemma 3.1. We have 

2 t - - 1  
E ~ A 2 ~ - -  I ( E ~ t A ) + t ~ A ,  t _ ~ l .  (3.1) 

2 t - - 1  
In  fact, assume a' -- x @ where ' a" ~ a", a ,  E A. This yields 

t + 1 

(t + I a' t - -  l~ ) 
x = t \ ~ -  + (--a") EtA,  

which proves (3.1). 
Now let --  Go < s < 0. The inequal i ty  (I,) gives 

2 t - - 1  
S ( E  ~ A) ~ (t + 1) y,(W ~ tA) + : t -~ i  #'(A), 

and an easy computa t ion  yields the desired estimate. The ease s = 0 can be t rea ted  
similarly. 

Proof of Theorem 3.1. We only consider the case --  0o < s < 0. By  definition, 

l) See a lso  L a n d a u  & S h e p p ,  O n  t h e  s u p r e m u m  o f  a G a u s s i a n  p roces s ,  S a n k h y a ,  Ser .  A.  32, 
3 6 9 - - 3 7 8  (197t) .  
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oo 

0 

Since ~o < -t- oe a.e. [~], there  is a 2 > 0 such t h a t  #{xl~(x ) < ~t} > 1/2. L e m m a  
3.1 implies t ha t  #{xIq)(x ) > ~tt} = O(tl/s), t--~ + o% and this proves the theorem.  

4.  A z e r o - o n e  l a w  for c o n v e x  m e a s u r e s  

Le t  /~ be a Gauss measure on E, and assume th a t  G is an addit ive,  
#-measurable,  subgroup of  E.  Then  Kal l ianpur  [11] 1) proves t h a t  G is #-trivial ,  
t h a t  is #(G) = 0 or  1. Kal l ianpur ' s  p roof  has been simplified b y  Le Page [14J. 
There  are several o ther  papers  in the  l i terature ,  proving less precise zero-one laws, 
and the  interested reader  m a y  consult  [5], [20], and [10]. 

We have 

THEOREm 4.1. Let # be a convex measure on E and G an additive subgroup 
of E. Then # . ( G ) = O  or 1. 

Pro@ Suppose # . (G)  > 0, and  let  K 0 be a compact  subset of  G such t h a t  
#(K0) > 0. Set K = K 0 U ( - -  K0), and  let  H be the  least addi t ive subgroup of  
E containing K,  t ha t  is 

H =  (.J ( K + K + . . . q - K ) .  
n E Z +  ~ ,," 

n te rms 

We will prove  t ha t  # , (G)  ---- 1 and  therefore  it suffices to prove #(H) ---- 1. Suppose 
to  the  con t ra ry  t h a t  #(H) < 1, and choose e > 0 so t h a t  

s < min (1 --  #(H), #(K)). 

Fur ther ,  choose a compact  subset  L of  E ~ H such t h a t  

#(L) > 1 - -  #(H) - -  e. 

Now observe t h a t  (1) 
E \ ( H U L ) ~ - - { E \ [ H U ( ( n - - 1 ) K + n L ) ] } +  1 - -  K, n e Z + .  

- -  n 

This re la t ion can be p roved  in the  same manne r  as (3.1). Using the inequal i ty  ( I_~) ,  
we get  

# (E  ~ ,  (H U L)) > rain (#(E ~ [ g  tJ ((n - -  1)K + nL)]), #(K)).  

1) See also footnote 1), p. 245. 
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But  

Hence 

be(E ~ (H U L)) ---- 1 -- be(H) -- be(L) < s < be(K). 

s > be(E ~ (H U L)) ~ be(E ~ [H U ((n - -  1)K -}- nL)]) ,  n CZ+. 

This yields 

be((n--  1 ) K - ~ n L )  ~_ 1 - -  be(H) - -  s ~ O, n EZ+.  (4.1) 

Now choose a compact  subset  A of  E such t h a t  

be(E ~ A) < �89 --  be(H) - -  s). (4.2) 

Since K and L are compact  sets, and 0 ~ K ~ L, we can f ind  a posit ive integer  
n so t ha t  

(n - -  1)K -~ n L  c E ~ A .  (4.3) 

Clearly, (4.1)--(4.3) give a contradict ion.  Hence  be(H)--~ 1, which proves the  
theorem.  

Given a convex measure  be, and  an addit ive,  be-measurable, subgroup G of  
E, it  is interest ing to  know whether  G is of  probabi l i ty  zero or one. R a t h e r  t h a n  
giving a general theorem of this kind, we prefer  to i l lustrate  the  m e th o d  in a simple 
c a s e .  

Le t  D o ---- [0, 1], and  D n ~-- {(t, u)lt,  u ~_ O, t ~- n u  ~_ 1}, n E Z+. F o r  
x E R [~ set Aox(t ) = x(t),  t E D o, Z]ix(t  , U) : x ( t  -~- U) - -  x ( t ) ,  (t, U) E D~, and  
A~x(t, u) = A~(An_ax(', u))(t, u), (t, u) E Dn, n ~ 2. 

We have  

T H E O R E M  4.2. .Let 

be C ~s(C[0, 1]), 

T h e n  

where 

(~ be a a-f ini te  posi t ive  Borel  measure  on Dn, and  let 
0 ~ s > - -  l /p ,  where l ~ p  ~ + ~) is a f i x e d  real number .  

be{x E C[0, 1] IA,~x e LP(~)} = 1 iff e e L~(~), 

e(')=(flAox(.)Iedbe(x)) lIP . 

Shepp [18, Section 19] proves  the  special case n = 0, a << ml, p = 2, be ~-- W, 
and  Varberg [22, Theorem 3] the  special case n = 0, a<<ml ,  p = 2, 
be e ~(c[0 ,  1]). 

Proof .  Fubini ' s  t heorem gives 

f ePd~ = f ( f  lAox]'d~) dbe(x). (4.4) 
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The " i f "  pa r t  is t r ivial .  To p rove  the  other  direction, set 

(f T q~(x) = [A~x[Pd(~ , x E 1310, 1]. 

Then  ~ is a # -measurab le  seminorm,  and  qv < -~ oo a.e. [#], b y  assumpt ion .  
Theorem 3.1 now tells us t h a t  ~ E LP(#), and  (4.4) gives the  result .  

Fo r  example ,  let  S~ be the  S tuden t  measure  in t roduced  a t  the  ve ry  end  of  
Sect ion 2, and  assume ~ > p,  n > 1. Then  a s t r a igh t - fo rward  c o m p u t a t i o n  shows 
t h a t  S~{x C {J[0, 1][A,~x C LP(Itl-~dtdu)} = 1 if  and  only if  a < p/2 @ 1. 

N o w  let  #CgJ~(RZ+) ,  0 > s >  - -  1/19, where 1 < p  < q- oo is a f ixed  real  
number ,  and  let  0k >_ 0, /c E Z+. The same technique  as in the  p roof  of  Theo rem 
4.2. t hen  yields 

#{x I ~ Okixk] p < @ oo} = 1  iff  ~ Ok f ]xkl'd#(x) < + oo. (4.5) 
1 J 1 

For  instance,  let  2k _> 0, 
S: l 2 --> l 2, b y  se t t ing  

k E Z+, X2k < q- 0% and  define a l inear  opera to r  

S{x~} = {~k~k}, { ~ }  e l~. 

B y  Sazonov ' s  t h eo rem  [16, p. 160], there  is a Gauss measure  # on l 2 such t h a t  

fei<X'y>d~(x) e - <sy' y>, E 12 . Y 

Using (4.5), we conclude t h a t  

~{m/~ Oklxkl p < § oo} = 1 iff  ~ 0k2~/2 < @ oo. 

F ina l ly  we shall discuss HSlder  condit ions.  L e t  o~: ]0, 1 ] - ~  ] 0 , - ~  oo[ be  a 
cont inuous funct ion.  We  shall say t h a t  a cont inuous  funct ion  x: [0, 1] --~ I I  belongs 
to H,(m), n >  1, i f  

]A.x(t, u) l 
sup < ~- oo. 

(,, u) e b.  o(u)  

THEORE)% 4.3. Let tt, p, and e be as in Theorem 4.2. Then 

e(t, u) 
sup ~(u) - -  ~ oo  implies #(H~(co)) = O. 

Proof. L e t  y be a nonnega t ive  Lebesgue  in tegrable  funct ion  on D,,  

f a,,x(t, _~) ~ 11/~ 
~(x) = o(u)  y(t, u)dt du] , x c 0[0, ]]. 

and  set  
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Suppose #(H~(~o))> 0, t h a t  is #(H,(o~))= 1. Then  ~s < + c~ a.e. [#], and 
Theorem 3.1 gives 9 E LP(#). Hence,  by  Fubini ' s  theorem,  

Since y ~ 0 is an a rb i t r a ry  Lebesgue integrable function,  we have 

es s  s u p  (o~(u))-l~(t, u) < § co. 

Theorem 3.1 implies t ha t  ~ is continuous,  and  therefore  we have a contradict ion.  
Hence  #(H~(o~)) = 0, which proves the  theorem.  

The converse of  Theorem 4.3 is, of  course, wrong. Take # = W, ~(u) -~ u ~/2, 
and n : 1. I t  is well known tha t  W(HI(u~/2)) : O. 

5. The support of a convex measure 

The suppor t  supp (#) of  a Radon  probabi l i ty  measure # is, b y  definit ion, the  
least closed set which carries the  to ta l  mass one. I t  is well known t h a t  the suppor t  
of  a Gauss measure on E is a closed l inear subvar ie ty ,  at  least if  the  space E is 
not  too complicated.  (See [9], [12], and  [13].) 

We have 

THEOREIV[ 5.1. Let # be a convex measure on E and assume that 

supp (#~) ~- singleton set or R,  all ~ E E'.  (5.1) 

Then supp (#) is a closed linear subvariety of E.  Especially, it holds that 

supp (#) ~- N { H I H  e 3}, (5.2) 

where ~ is the fami ly  of all closed hyperplanes in E with #-measure one. 

Proof. The inequal i ty  (I_~) implies t ha t  supp (#) is convex. Fur the rmore ,  we 
h a v e  

supp (#) c n {HI  e 3} 

since /~ is a l~andon probabi l i ty  measure.  
Suppose 

Xo C [N {H[H E 3}] ~ supp (S). (5.3) 

The H a h n - B a n a c h  separat ion theorem gives us a ~ C E '  such t h a t  

k: = sup ~(supp (~)) < ~(x0). 

Bu t  #~(]k, ~- oo[) ~-- #(~-l(]k, -~- oo[)) = 0, and therefore  (5.1) says t h a t  ~ is 
constant:  = l a.e. [#]. Clearly, 1 ~ k and ~-1({l}) C 3- F r o m  (5.3) we have  
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}(X0)-  l, which implies that  1 > /c .  This contradiction proves (5.2) and the 
theorem. 

Note that  a Gauss measure /~ satisfies (5.1). 

6. Some properties of convolutions 

We shall conclude this paper with a brief discussion of convolutions. First, we 
give a generalization of the important inequMity due to Anderson [1]. (See also 
[19].) 

A measure # is said to be symmetric if #(A) ---- #(--  A) for all A e ~(E). 

TI~EO~EM 6.1. Let /~ be a symmetric and convex measure on E, and let f ,  g be 
nonnegative Borel functions such that the sets 

{xlf(x)  >_ t} and {xlg(x) ~_ t} 

are convex and symmetric about the origin for all t ~ O. Then 

( f  , g)~(2x) ~ ( f  * g),Ax), ]~t ~ 1, x e E, 

where 

( f .  g),(x) ~- ff(x-y)g(y)d~(y), x E E .  

Proof. Without  loss of generality it can be assumed that  f and g are 
characteristic functions of convex sets A and B, respectively, both symmetric 
about the origin. Then 

(A + ~x) n B 2 - - ~  [(A -- x) n B] + - ~  [(A + x) n Z], L~I <-- 1, x e E. 

I-~enee 

# ( ( A + ~ x )  A B ) > # ( ( A + x ) P ~ ) ,  ]~l ~ 1 ,  x e E ,  

which proves the theorem. 

THEOREM 6.2. Let # C ~)~o(E) and v C 9~o(F). Then the product measure 
# Q v E Tf~o(E | F). Especially, the convolution # * ~ E ?)~o(E) in case F -~ E. 

Note here that  u (~ v extends to a Radon probabili ty measure on E Q F,  
equipped with the product topology. (See [3, p. 94].) 

Proof. The product measure # Q v clearly satisfies the inequality (I0) when A 
and B are rectangles in E | F.  The first assertion therefore follows from Theorem 
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2.1. a n d  [4, Cor. 3.1]. The  second  a s se r t i on  follows f rom t he  f i r s t  a n d  L e m m a  2.1, 

s ince  # * v --~ (/~ if9 v)h -1, where  h(x ,  y)  = x -ff y ,  x ,  y E E .  Thi s  p roves  t h e  t h e o r e m .  

F r o m  T h e o r e m  6.2 i t  is n o t  h a r d  to  p r ove  t h a t  ( f .  g) .  is a l o g a r i t h m i c a l l y  

concave  f u n c t i o n  on  E ,  w h e n e v e r  # C ~ 0 ( E ) ,  a n d  f ,  g are  n o n n e g a t i v e ,  loga-  

r i t h m i c a l l y  concave ,  Bore l  m e a s u r a b l e  func t i ons .  This  e x t e n d s  [6], w h i c h  p roves  

t he  r e su l t  w h e n  E =  R" a n d  # = m , .  
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