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ABSTRACT. The well-known von Bahr—Esseen bound on the absolute pth mo-
ments of martingales with p € (1,2] is extended to a large class of moment
functions, and now with a best possible constant factor (which depends on the
moment function). As an application, measure concentration inequalities for
separately Lipschitz functions on product spaces are obtained. Relations with
p-uniformly smooth and g-uniformly convex normed spaces are discussed.

1. SUMMARY AND DISCUSSION

L.1. Summary. Given any sequence (S;)7_; of (real-valued) r.v.’s, let X; :=
S; — Sj—1 denote the corresponding differences, for j € 1,n, with the convention
Sp := 0, so that X; = S7; here and in what follows, for any m and n in the set
{0,1,...,00} we let T1, 7@ stand for the set of all integers i such that m <i < n.

If E|X;| < 0o and E(X;|S;_1) = 0 for all j € 2,n, let us say that the sequence
(S5)7=y is a v-martingale (where “v” stands for “virtual”); in such a case, let
us also say that (Xj);?:1 is a v-martingale difference sequence, or simply that the
X;’s are v-martingale differences. Note that, for a general v-martingale difference
sequence (X;)%_;, X1 may be any r.v. whatsoever; in particular, its mean (if it
exists) may or may not be 0. It is clear that any martingale (S;)}_, is a v-
martingale. Quite similarly one can define v-martingales with values in a normed

space.
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Introduce the following class of generalized moment functions:

Fip:={f € C'(R): f(0)=0, fis even,

f" is nondecreasing and concave on |0, oo)}

={feC'(R): f(0)=0, fiseven,

f" is nonnegative and nonincreasing on (0,00)};  (1.1)
here, as usual, C'(R) is the class of all continuously differentiable real-valued
functions on R, and then f” denotes the right derivative on (0,00) of f’; on
(—00,0), f” will denote the left derivative of f’. It is clear that each function
f € Fi2 is convex and hence nonnegative. Also, for each function f € Fj 5 one
has f/(0) = 0. It follows that f’ > 0 on (0,00) and hence f > 0 on R\ {0} for
any function f € Fi5\ {0}.

Theorem 1.1.
(I) For any f € Fi2\ {0}, n € 2,00, and v-martingale (S;)}_,,

Ef(Sn) SEf(X1)+C ) Ef(X)) (1.2)

j=2

with C' = Cy, where

B oy -
Lys(x) = f(w —s) = f(2) + s['(2). (1.4)

(II) The constant factor C; is the best possible in the sense that, for each f €
Fi2\ {0} and each n € 2,00, the number C; is the smallest value of C
such that inequality (1.2) holds for all v-martingales (S;)5_,; in fact, Cy is
the best possible even if the differences X1, ..., X, are assumed to be any

independent zero-mean r.v.’s.
(I1I) For each f € Fi2\ {0},

1<Cr <2 (1.5)

(IV) For each C € [1,2] there is some f € Fio \ {0} such that C; = C; in
particular, it follows that the bounds 1 and 2 on Cy in (1.5) are the best
possible ones.

Since all functions f in JFj 2 are nonnegative, the expressions on both sides of
inequality (1.2) are well defined. At that, it is possible for the right-hand side, or
for both sides, of (1.2) to equal co. In the case when the differences X7, ..., X,
are independent zero-mean r.v.’s, if the left-hand side of (1.2) is finite then (by
Jensen’s inequality) E f(X;) < oo for each j € 1,n, so that the right-hand side is
finite as well; thus, for independent zero-mean X7, ..., X, the two sides of (1.2)
are either both finite or both infinite.
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1.2. Discussion. In this subsection, we shall

1.

describe the structure of the class Fj 5 as a convex cone, which will be useful
in most of the proofs, and provide examples of functions in the class Fj o,
including the (absolute) power functions and “extreme” functions (that is,
functions belonging to the extreme rays of the convex cone Fj »);

present a general approach to effective calculation of the best possible constant
Cy, with further information on this constant for the power functions and
“extreme” functions;

give an application to the concentration of measure for separately Lipschitz
functions on product spaces;

. state other corollaries of the main theorem and relate the results with the rele-

vant ones in the literature, by von Bahr and Esseen (vBE) and other authors.

Each of these items will be presented in a separate subsubsection.

1.2.1. Structure of the class Fi12 and examples of functions in this class. The
following proposition describes the convex-cone structure of the class Fj 5.

Proposition 1.2.

(I) A function f: R — R belongs to the class Fi o if and only if there exists a
(nonnegative, possibly infinite) Borel measure v = ¢ on (0, 00] such that
Joo o (EA D) (dE) < o0 and

fz) = i)y (dt) (1.6)

(0,00]
for all x € R, where

e(r) = a” — (|2 = )7,

assuming the conventions uy := 0V u, uf’r = (uy)?, u — 0o := —o0, and
(—o00)y := 0, for all real u, so that Vs (x) = x* for all v € R. Also,
%;d&(x)'z&f|x| (1.7)

uniformly in x € R.
(II) For each f € Fi, the corresponding measure v = vy is unique and deter-
maned by the condition that

(@, 00]) = 5 f"(2) (1.8)
for all x € (0,00).

(I11) For any f € F15 and x € [0,00),

F@= [ wann =2 @non(a. (1.9)

(0,00] (0,00]

Proposition 1.2 will be used in the proofs of most of the other results of this

paper.

Note that the rays R, corresponding to the functions )y (for t e (0, oo])

are precisely the extreme rays of the convex cone Fj o, where Ry f := {Af: X €
(0,00)}, for any f € Fi2\ {0}. This follows because the rays R v, = Rid,
(with t € (0, oo]) are precisely the extreme rays of the corresponding convex cone
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{vf: f € Fi2} of measures, where J; stands for the Dirac measure at the point
t. (A ray R, f of a convex cone is called extreme if, for any nonzero f; and f5 in
the cone such that f; + fo = f, both f; and f; must lie on the ray.)

Also, note that ¢;(z) = 22 I{|z| < t} + (2t|x] — t*) Y{|z| > t}, so that ¢y(z)
equals 22 for small enough |z| and is asymptotic to 2¢|x| as |z| — oco. Thus, the
“extreme” function 1, is in a sense intermediate between the absolute powers | - |
and | -|%. So, by (1.6), all functions f € Fi inherit such a property. This should
explain the choice of the notation Fj .

Classes of moment functions similar to J; o arise naturally in extremal prob-
lems in probability and statistics; see e.g. [14, 39, 28, 16, 4, 31, 30] and further
references therein; F o is especially similar to the class Oq 3 considered in [16].

Let us now give some examples of functions f in F; 5. The “extreme” functions
1y have been already mentioned. Perhaps the most important members of the
class Fj o are the power functions | - [P with p € (1,2]. The function |- | is not in
Fi2, since it is not in C*(R).

It is easy to construct many other kinds of examples of functions f € Fi » by (i)
letting f” be (on (0,00)) any function, say g, which is nonnegative, nonincreasing,
right-continuous, and integrable on any interval of the form (0,u|, for any u €
(0,00); then (ii) finding f on [0, 00) as the solution to the following initial value
problem: f(0) = f/(0) =0 and f” = g on (0,00); and finally (iii) extending f to
the entire real line R as an even function.

E.g., taking g(x) = (1 + 2)?72 for p € (1,2) and = € (0,00), one ends up
with f(z) = zﬁ (1 + |z])P — 1 — plz|] for all x € R, which is asymptotic
to $2% as @ — 0 and to ]ﬁ |z|P as |x| — oo; if the condition p € (1,2) is

replaced here by p € (—00,0)U (0, 1), then f(z) is asymptotic to | | as x| — oo.
Similarly one can get f(z) = e Il — 1 + |z| (by starting with g( ) = e for
€ (0,00)); f(x) = |al — In(1 + o) (with g(z) = 152); F(2) = JalIn(1 + Jo])
(with g(z) = H% + (H;x)g)
Perhaps a more interesting example is the following family of functions, which
are parabolic splines (and will also be used in Remark 1.5):

& [I2] = o + ma41)] (@re — 20)
(on + 1)

 (al— )
2y —1—12/3

fan(x) = + (1.10)

=0

if z; < |z| < zj41 and j € 0,00, where z := 0, z; is any positive real number,
and z; :=¢*  —1for ¢ := z,+1 and all j € 2,00, so that xjH +1= (:c] +1)2 for
all j =1,2,... (we use the standard conventions a* := a®) and 37,1, ... :=0).

It is easy to check that fa; € Fio and f,(z) = (z; + 1)7%% = (v, —1— 1)*1/3
if z; < |z| < zj41 and j € 0, 00, so that the function f7), alternates between the
powers (| - |4+ 1)7%/3 and (| - | + 1)7'/3, as shown in the left panel of Figure 1.
So, one might expect that the function f,) alternates (far away from 0) between
something like the powers |-|7%/3%2 = |.|4/3 and |-|~1/3+2 = |-|/3. This expectation
is only partially justified.
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Indeed, introduce the (local) “effective” exponent of the function f,; at a point
x € R\ {0} by the formula

Deff (3})

pei(w) :=log, fan(r), sothat fau(r)=|z
The following proposition shows that the effective exponent p.g eventually, “in
the limit”, alternates between % (rather than the expected %) and g In this sense,
one might say that f”, stays closer to (| -| 4 1)7*/% than to (| - | + 1)7%%, “most
of the time”.

Proposition 1.3.
(1) per(z) = ﬁcﬁ(p('x)) +0(1) as © — oo, where Pe(r) == (2 —2)V (14 =)
and p(x) := 2" log,(x + 1) for x € (zj,xj41].
(i) For each j € 1,00, the function p increases from 1 to 2 on the interval
(0, 2 41]-
(i1i) For each j € 1,00, the approxzimate effective exponent peg (p(x)) decreases
from g to % and then increases back to g as v + 1 increases from x; + 1 to
(z; + 1)¥3 and then on to xj,1 + 1 = (z; + 1)2, respectively.

Part of the graph of the (exact) effective exponent peg (with 21 = 15) is shown
in the right panel of Figure 1. Recall that the x;’s grow very fast in j for large
7. Therefore, for better presentation, the horizontal axis in the right panel is
nonlinearly rescaled so that the z;’s appear equally spaced. Namely, what is
actually shown here is part of the graph {(log,log,(z + 1),pe(2)): © > 21};

note that log, log,(7; +1) =j —1forall j € 1,00.

f') Peit (X)

1+
T 5/3

—_—

3/2

0 L I X
Xy X3 X4 X5

FIGURE 1. Left panel: f” (solid) for f = fa alternates between
(| - |+ 1)723 (dotted) and (| - | + 1)~/3 (dotted). Right panel:
the effective exponent pog (solid) for f = f.; eventually alternates
between 2 (dotted) and 2 (dotted).

1.2.2. On the best possible constant Cy in general and, in particular, for the
power and extreme functions. The following proposition concerns some general
properties of the constant factor C'y for nonzero f in Fj o except for f = 1); in
the latter, trivial case, one has Cy = 1, as also stated in Proposition 1.6; recall
that 1. (z) = 22 for all z € R.
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Proposition 1.4. Take any f € Fi2 \ {0,¢}. Let sy := infsuppry, where
suppy stands for the support of the measure v = 7 defined in Proposition 1.2.
Recall the definition of Ly.s(x) in (1.4). Then the following statements hold.
(1) sy € ]0,00).
(i1) For any s € (0,sy], one has Lys(x) = f(s) for all x € (0, s).
(i) For any s € (sy,00), one has L. (04) > 0 and L%, (s—) < 0.
(iv) For any s € (0,00), there is some (not necessarily unique) xss € (0,s)
such that Lys(x) is nondecreasing in x € (0,x75] and nonincreasing in
T E [Tfs,S).
(v) One has

Cf = supse(sfm) [ﬁ maxwe(o’s) Lfvs(l')}
= Supse(sjr,oo) [ﬁ Lf§5(l‘f§5)} > 1.

Remark 1.5. Proposition 1.4 provides for an effective maximization of Ly, (z) in
x € (0,s), for any given s € (0,00), so that L(s) := ﬁ maXye(0,5) Lfis(®) =
ﬁ Ly.s(xy.) can be effectively found. In the important special case when f is a

power function | - [P (with p € (1,2]), one can also use the homogeneity of f in
order to compute the constant C'y quite effectively, as described in Proposition 1.8.
However, in general it remains to maximize L£¢(s) in s € (sg, 00). It appears that
usually L£;(s) is monotonically nondecreasing in s, if the function f is not too
irregular; one “exceptional” function f for which £ lacks such a monotonicity
property is a function f, of the “alternating” family described by formula (1.10).
Indeed, take f = fa; with 21 = % Then E(%) < E(%). One may still ask
whether it is true for all f € JFj, that the limit £;(co—) exists, and if so,
whether it is true that L£¢(s) < Lf(co—) for all s € (sf,00), so that C; be found
as Lf(co—). In any case, Theorem 1.1 reduces the problem of finding the optimal
constant C' in (1.2) to a maximization just in two real variables, s and z, which
should not usually be too difficult.

Now let us provide a simple description of the constant C'y in the case when
f is an “extreme” function v, representing the extreme rays of the convex cone

fl’gi
Proposition 1.6. One has Cy, =2 for each t € (0,00), whereas Cy_ = 1.

Remark 1.7. Proposition 1.6 might seem quite surprising: whereas, by Theo-
rem 1.1, the range of the values of C over all nonzero f in the convex cone Fj o
is the entire interval [1,2], the only value that C takes on all the extreme rays
Ry (Which span the cone Fj 5 in the sense of (16)) is 2. This suggests strong
nonlinearity of the optimal constant factor Cy in f. However, as seen from the
proof of Proposition 1.6, the fact that Cy, is the same for all ¢ € (0, 00) is due to
a simple homogeneity property. Note also the discontinuity of Cy, in t at t = oo.

As mentioned earlier, for any p € (1, 2] the power function | - [P belongs to the
class Fi o; for such p, consider the corresponding constant factor

Cp = CHp,
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so that for any v-martingale (S;)j_,

E[S.” SEIXi[P+C, Y EXP. (1.11)

=2
Note that | - | = 1), so that, by Proposition 1.6,
Cy=1. (1.12)

Proposition 1.8.
(i) For any p € (1,2)

C, = {l(p,z,) = max {(p,x),

z€(0,1)
where
U(p,x) := Lypa(z) = (1 —x)P — 2P + pa?~! (1.13)
for x € (0,1), and x, is the only root x € (0,1) of the equation
(1—2)P 4Pt =(p—1)aP2 (1.14)

Moreover, {(p, x) is increasing in x € (0,z,) and decreasing in x € (xp,1),
for each p € (1,2).

(i1) In fact, Tp € (1, 21) € (0,1) for all p € (1,2). i

(111) Further, C, is continuously (and strictly) decreasing inp € (1,2] from Cy4 =
2t0Cy=1; furthermore, C’p is real-analytic in p € (1,2).

(i) The values C, are algebraic for all rational p € (1,2]; in particular, C’g/g =

1+ 75 = 1306 (with wy, = § (2—V2) =0.146... ).
(v) Ezplicit upper and lower bounds on C, are given by the inequalities
ColvC P <Cy<CHACH <O < W, (1.15)
for all p € (1,2), where
G, =27 ((B=p + (p— 1" (p+ 1),
G2 :=57((6—p)P +(p— 1)’ (4p+1)),
! =z (0 — 1P (150 + 181p — 152p* + 21p?)
+ (3 — p)P (450 — 381p + 152p° — 21p?)),
Cy? =g (4(p — 1)P 71 (12 — 35p + 94p” — 21p”)
+ (6 — p)P~'(288 — 15p — 94p® + 21p?)),

+
+

W, :=9227P,

The upper bound W, on ép is exact at the endpoints of the interval (1,2) in
the sense that Cyy = Wiy and Cy = Co = Ws_ = Wy, each of the bounds

C’Zj’l, C';’Q, C’;“l, and C’;“Q is also exact in the similar sense.
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C2% P ‘ - -
The graphs of the ratios of C,, C 1
100 G2 CPt, CF?, and W, to W, = 2777
are shown in Figure 2. The graph of C),
0.95! in comparison with ¥, and the von Bahr—
Esseen constant CZ‘)’BE, is presented in Fig-
0.90! ure 3.
As mentioned in Subsubsection 1.2.1,

10 12 14 16 18 207 the absolute-value function |- | is is not in
the class Fj 5. However, by (1.7), |- | is in
FIGURE 2. The ratios of C,, (black), the closure of J; 5 with respect to the uni-
C‘p—J (red), C‘p—ﬂ (orange), pr+,1 form convergence on R. It is also clear that
(green), é;z (blue), and W, (ma- inequality (1.2) holds for f =1-| (and any
genta) to 227 r.v.’s Xi,...,X,) with C = C; := 1. From
this viewpoint, there is a discontinuity of

C, at p = 1, namely, é’1+ —2+41=2C,.

1.2.3. Application: concentration inequalities for separately Lipschitz functions
on product spaces. Let X4, ..., X, beindependent r.v.’s with values in measurable
spaces X1, ...,X,, respectively. Let ¢g: 8 — R be a measurable function on the
product space P := X; x .-+ x X,,. Let us say (cf. [5, 30]) that g is separately
Lipschitz if it satisfies a Lipschitz type condition in each of its arguments:

’g(l’l, S i.iaxi+17 Ce ,.%'n) — g(xl, ce ,.I'n)| < pz(i'za xz) (116)
for some measurable functions p;: X; x X; = Rand alli € 1,n, (z1,...,z,) €,
and i’z c %z

Take now any separately Lipschitz function g and let
Y =g(Xy,...,X,).
Suppose that the r.v. Y has a finite mean. Then one has the following.

Corollary 1.9. For each i € 1,n, take any x; € X;.
(I) For any f € Fi12\ {0}

EFOY) < FEY) +r,Cp Y Ef(pilXi 7)), (1.17)

where :
K= sup{%: s €(0,00), c€(0,3), ac (0,0)} € [1,2], (1.18)
Us(c,s,a) =cf(s—c+a)+(s—c)f(a—c) (1.19)

(the above definition of ks is valid, because f > 0 on R\ {0} and hence
Us(c,s,a) >0 for any s € (0,00), c € (0,5), and a € (O,c)).
(II) For any p € (1,2]

EIY]P < |EYP+#C, Y E|p(Xi,2:)|, (1.20)

=1
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where

. _ RN 1 \p-1
Rp = Klp = cerf(lfif/{z] (@ '+ Q=P (e T+ (1—c)r )] (1.21)

Moreover, i, continuously and strictly decreases in p € (1,2] from 2 to 1.
Furthermore, the values of &, are algebraic for all rational p € (1,2]; in

particular, Kz = é\/ 51 + 217 = 1.14. .., corresponding to ¢ = %(3 —
14 2v7) =0.081... in (1.21). The graph of &, is shown below.

Kp
2 One can observe some similarity be-
\ tween C’f,C‘p and Ky, kp. Thus, going
7 from the “one-dimensional” inequality
Lo T (1.2) or (1.11) for v-martingales to the
“multi-dimensional” measure concen-
tration inequality (1.17) or (1.20) en-
0, P tails an extra factor, ks or K,, whose

values are between 1 and 2.
Kp, solid; 1, dotted.

The proof of Corollary 1.9 is partly based on the following proposition, which
may be of independent interest.

Proposition 1.10. For any zero-mean r.v. X, f € Fi2\ {0}, and a € R
E f(X) < RE f(X +a) (1.22)
with k = K¢, and Ky is the best possible constant k in (1.22).
In turn, the proof of Proposition 1.10 uses

Proposition 1.11. Take any f € Fi2\ {0}, s € (0,00), and ¢ € (0,3). Then
Us(e,s,a) (defined in (1.19)) is convex in a € R. Moreover, Ug(c,s,a) attains
its minimum over all a € R at a unique point ay,. s € [0,c). In particular, for all

t € (0,00), s € (0,00), and c € (0, 3)
Qe = 25 (5 — 0 — 1), (1.23)

S—

and Ky, = 2.

On the other hand, Proposition 1.11 obviously complements Corollary 1.9.

A difficulty in proving the uniqueness of the minimizer of Us(c,s,a) in a in
Proposition 1.11 is that, in general, Uf(c, s, a) is not strictly convex in a.

An example of separately Lipschitz functions g : X" — R is given by the

formula g(z1,...,2,) = ||x1 + -+ + x,,|| for all zy,...,x, in a separable Banach
space (X, - ]|). In this case, one may take p;(Z;,z;) = ||Z; — x;||. Thus, one
obtains

Corollary 1.12. Let Xq,..., X, be independent random vectors in the Banach
space (X, - ||). Let S, :== X1+ -+ X,,. For each i € 1,n, take any z; € X.
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Then for any f € Fi2\ {0}

ES(I1Sall) < FENSal) +5sCp Y EF(I1X = ill)-

i=1
Moreover, for any p € (1,2]
E (ISl < (ENSull)” + #5Cp > ENIX0 — 7. (1.24)
i=1

For p = 2, inequality (1.24) was obtained in [36, Theorem 4], based on an
improvement the method of Yurinskii(1974) [19]. The proof of Corollary 1.9 is
based in part on the same kind of improvement.

As can be seen from that proof, both Corollaries 1.9 and 1.12 will hold even if
the separately-Lipschitz condition (1.16) is relaxed to

| Eg(:l'fl, sy Ti—1, jfiaXH-l? s 7Xn) - Eg(xb s 7xi7Xi+17 cee 7X’n)| < pl(jh’xl)
(1.25)

Note also that in Corollaries 1.9 and 1.12 the r.v.’s X, do not have to be zero-
mean, or even to have any definable mean; at that, the arbitrarily chosen x;’s
may act as the centers, in some sense, of the distributions of the corresponding
XZ"S.

Clearly, the separate-Lipschitz (sep-Lip) condition (1.16) is easier to check
than a joint-Lipschitz one. Also, sep-Lip (especially in the relaxed form (1.25)) is
more generally applicable. On the other hand, when a joint-Lipschitz condition is
satisfied, one can generally obtain better bounds. Literature on the concentration
of measure phenomenon, almost all of it for joint-Lipschitz settings, is vast; let
us mention here only [24, 22, 21, 6, 23].

1.2.4. Other corollaries of Theorem 1.1 and comparisons with known results.
Take any p € (1,2]. A normed space (X, ||-]|) (or, briefly, X) is called p-uniformly
smooth [3] if for some constant D € (0, c0) (referred to as a p-uniform smoothness
constant of X) and all z and y in X one has 3 (||[z+y|[P+|lz—y||?) < |lz[[?+D?||y||?
or, equivalently,

E o+ Xyl < lle]” + D" E|X]7 ly]” (1.26)
for all symmetric(ally distributed) real-valued r.v. X. If X is p-uniformly smooth
with a p-uniform smoothness constant D, let us say that X is (p, D)-uniformly
smooth or, simply, (p, D)-smooth. For instance, for any ¢ € [2,00) the space
Li(u) is (2, D)-smooth with D = \/q — 1, which is the best possible constant of
the 2-uniform smoothness as long as the space L(u) is at least two-dimensional
— see e.g. [29, Proposition 2.1], [3, Proposition 3|, and [13, Corollary 2.8].

Dual to the notion of (p, D)-uniform smoothness is that of (¢, D~!)-uniform
convexity, whose definition can be obtained by reversing the inequality sign in
(1.26) and replacing there p and D by g and D!, respectively; here, i—i—% =1.In
particular, a result due to Ball, Carlen, and Lieb [3, Lemma 5] is that X is (p, D)-
uniformly smooth iff its dual X* is (¢, D™!)-uniformly convex; cf. e.g. [11, 25].
Note that g-uniform convexity and p-uniform smoothness are refinements of the
notions of uniform convexity and uniform smoothness, which go back to Clarkson
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[9] and Day [11]; cf. [18, 41]. These notions are important in functional analysis.
In particular, Pisier [37] showed that every super-reflexive space is g-uniformly
convex and p-uniformly smooth for some ¢ and some p; an earlier result due
to Enflo [15] stated that X is super-reflexive iff it is isomorphic to a uniformly
convex space. Among many other results, Pisier [37] also showed that the super-
reflexivity is equivalent to the super-Radon-Nikodym property. Applications of
the 2-uniform convexity/2-uniform smoothness to Finsler manifolds were given
by Ohta [27].

It is clear that X is (p, D)-smooth iff inequality (1.2) with C' = DP and f =
| - [[” holds for all martingales (or even v-martingales) (5;)7_; with values in X
and conditionally symmetric differences X, ..., X,,; by symmetrization, the same
inequality will then hold without the conditional symmetry restriction, but with
the worse constant C' = (2D)? instead of C' = DP. These considerations suggest
the following.

Let us say that the space X is completely (p, D)-smooth if inequality (1.26)
holds for all zero-mean real-valued r.v.’s X (and all  and y in X). It is clear that
X is completely (p, D)-smooth iff inequality (1.2) with C' = DP and f = || - ||P
holds for all martingales (or even v-martingales) (S;)j_, with values in X. Also,
Proposition 1.8 immediately implies

Corollary 1.13. Take any p € (1,2] and any measure p on any measurable space.
Then the space LP(u) is completely (p, D)-smooth with the best possible constant

D =Cy". So, for any n € 2,00 and v-martingale (S5)5=y with values in LP(p),

EllSally <ENXullp+Cy Y ENXGIE

Jj=2

(cf. (1.24)).

The above discussion suggests that the form of inequality (1.2) is rather natural
in such contexts as concentration of measure, uniform smoothness, and martin-
gales (or v-martingales). Yet, in the case when the differences Xi,..., X, are
independent real-valued zero-mean r.v.’s, the form of the following immediate
corollary of Theorem 1.1 may be more relevant.

Corollary 1.14. For any f € Fia, n € 2,00, and (real-valued) v-martingale
(Sj)?:lf

EF(S,) < K S ES(Y) (127)

wz’th K = Of.

However, in inequality (1.27) the constant factor K = C is no longer the best
possible one, at least for independent zero-mean X;’s. One way to reduce the
constant is as follows. In the conditions of Corollary 1.14, rewrite the right-hand
side of (1.2) with C'= Cyas Cy Y7 E f(X;)—(Cy—1) E f(X1). Then, assuming
that E f(X;) > 2 > -1 E f(X;) for some A € (0,00), one sees that the constant
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factor K = C} in (1.27) can be reduced by spreading the “excess” Cy —1 > 0
over all the summands E f(X),...,E f(X,), to get (1.27) with

K=C;—2(C;—1)<Cy. (1.28)

To develop this simple observation a bit further, let us take any A € (0, 00)
and say that a sequence (S;)}_; is a A-good rearranged-v-martingale if there are
(i) some ¢ € 1,n such that E f(X;) > 2 > i1 Ef(X;) and (ii) a permutation
(415 -+ Jn—1) of the set 1,n \ {i} such that (X;, X;,,..., X;, ) is the difference
sequence of a v-martingale. Note that, if the differences X1, ..., X, of a sequence
(S5)%-, are independent zero-mean 1.v.’s, then (5;)7_, is a 1-good rearranged-v-
martingale. (In general, a A\-good rearranged-v-martingale does not have to be a
v-martingale.) Thus, one obtains

Corollary 1.15. For any f € Fi2 \ {0}, n € 2,00, and \-good rearranged-v-
martingale (S;)%_,, inequality (1.27) holds, again with K as in (1.28).

In the special case of the power functions | - | (With p € (1, 2)) in place of
general f € Fi2\ {0}, an inequality of the form (1.27) was obtained by von Bahr
and Esseen (vVBE) [2]:

EIS. < K S E X[, (1.29)
j=1

with the constant factor K = 2 — 1 = 2 — 1(2 — 1), which, by part (iii) of
Proposition 1.8, is greater than the K in (1.28), again for f = |- |P with p € (1, 2).
The vBE inequality (1.29) has been used in various kinds of studies.

As noted by vBE [2], the special case of inequality (1.29) (with K = 1) when
the conditional distributions of the differences X; given S;_; are symmetric for
all i € 2,n easily follows from Clarkson’s inequality [9]

|z +yl + |z —yP <2/z|” +2Jy|? (1.30)

for all real = and y and all p € [1,2]. (As pointed out in [9], inequality (1.30)
obviously implies that L? is uniformly smooth, and in fact p-uniformly smooth.)
Actually, it is easy to see that Clarkson’s inequality (1.30) is equivalent to the
symmetric case of (1.29), with K = 1.

As mentioned in [2], an inequality of the form (1.29) is not of optimal order
in n for independent identically distributed real-valued zero-mean X;’s and may
be used together with a Holder bound such as E |S,|P < (E S?)P/2. Using similar
considerations together with symmetrization and truncation, Manstavichyus [26]
obtained bounds on E |S,|P from above and below, which differ from each other by
an (unspecified) factor depending only on p. The proof of Theorem 1.1 (and espe-
cially that of part (II) of Lemma 2.5) shows that near-extremal r.v.’s Xi,..., X,,
for which the constant C' in (1.2) cannot be non-negligibly less than Cy, are as
follows: X; and X, are independent, zero-mean, and both highly skewed in the
same direction (both to the right or both to the left); | X5| is much smaller than
| X1|; and X3,..., X, are zero or nearly so. This suggests that the inequality
(1.29) should be most useful for independent real-valued zero-mean X;’s when
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the distributions of the X;’s are quite different from one another and/or highly
skewed and/or heavy-tailed.
Again in the case when the differences X1, ..., X,, are independent zero- mean
r.v.’s, von Bahr and Esseen [2] made an effort to improve their constant K = 2— =
(1.29) For such X;’s and the values of p in a left neighborhood of 2 such that

D(p) = ;ég?pl“( )sin % = 2(£)2PT(p)sin 2 < 1, they showed that (1.29)

holds with K = C’;BE = ﬁ7 assuming the convention % := oo; in fact, the
1-D
+

constant factor CYP¥ may improve on (i.e., may be less than) the factor 2 — +
only for values of p in a left neighborhood of 2 such that D(p) < i. Tt is stated
(without proof) in [2] that D(p) decreases in p € (1,2) and that the mentioned
left neighborhood contains the interval [1.6, 2]; cf. Figure 3, where the von Bahr—
Esseen constant factor 2A CYP" is compared with the optimal (for (1.2)) constant

factor C,,. (There are a couple of typos in [2]: in [2, (11)], one should have r(2.6)"
instead of (r2.6)", and also the expression [2, (12)] for D(p) should have 7(2.6)"
instead of (72.6)".)

The method of [2] is based on a repre-
sentation of the absolute moment E |X|P
of ar.v. X as a certain integral transform
of the Fourier transform of the distribu-
tion of X. More general representations,
for the positive-part moments E X, were
obtained in [7, 33].

Take now again any p € (1,2]. Woy-
czyfiski [10] considered the class G,_; of
1 2" Banach spaces X defined by the following

~ condition: there exist a map G: X — X*

FIGURE 3. (), solid; W, magenta; and a constant A = A,x € (0,00) such

2 A CyBP, dashed; 1, dotted. that for all z and y in X one has (i)

IG (@) = [lz[P7, (i) G(x)x = |lz|[?, and

(iii) |G(z) — G(y)|| < A|lx — y||P~'. The class G; was introduced by Fortet and

Mourier [17]. Hoffmann-Jgrgensen [18] proved that X € G, iff X is p-uniformly
smooth.

Woyczyniski [40] showed that inequality (1.29) holds for any independent zero-
mean random vectors Xj, ..., X, in any Banach space X € G,_;, with |- | and
K replaced by || - || and A, x. As noted in [10], the space L is in G,_;, with the
constant A = 2; at that, one should take G(z) = 2P~ := |z[P~'signa € LI =
(LP)* for all x € LP. It is not hard to see that the best possible constant A = A, x
for X = L? is

1 -yl
W, = — = 2%P
p S(l_lp ) (1 o U)p 1 )
which is in agreement with the definition of W, in part (v) of Proposition 1.8.
Thus, one has (1.29) with K = W, = 227? for independent zero-mean differences
Xi,...,X,, which may be either real-valued or, equivalently, with values in L?
(in which case | -| is replaced by || -||,). The constant K = W), in (1.29) is not the
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best possible one, even for independent zero-mean real-valued X1, ..., X, even
if n is not fixed; indeed, by part (v) of Proposition 1.8, W, > C,. On the other
hand, the following proposition takes place.

Proposition 1.16. One has CyP" > W, for all p € [1,2).

So, CyPF > W, > C, for all p € (1,2). This comparison is illustrated in
Figure 3.

Topchii and Vatutin [38, Theorem 2] obtained inequality (1.27) with K = 4.
Alsmeyer and Rosler [1] improved Topchii and Vatutin’s constant factor K = 4
to K = 2. In fact, they showed that inequality (1.2) holds with C' = 2 for all
f € Fi2, and they also showed that the constant factor C' = 2 is optimal over
the entire class F} o of functions. The main difference between Theorem 1.1 in
the present paper and the result of [1] is that the factor C'; in Theorem 1.1 is
optimal for each given moment function f in Fjo, and one can see that Cy is
strictly less than 2 for all f € F} o except f lying on the extreme rays R 1 of
the convex cone F} o, discussed after the statement of Proposition 1.2. Another
advantage of having the individualized optimal factor C is that it directly leads
to the optimal factor ép for the pth absolute power moments, and the optimal
C'p is different for different values of p between 1 and 2; at that, by part (iii)
of Proposition 1.8, é’p is strictly less than 2 for all p € (1,2]. Recall also that
the matter of effective calculation of the constant Cy for any given f in Fj is
addressed in Proposition 1.4. On the other hand, in view of (1.5), the result of
[1] immediately follows from our Theorem 1.1.

Note also that a result very similar to the “only if” half of part (I) of our
Proposition 1.2 was presented as Lemma 1 in [I]. However, the conclusion
in that lemma that the “mixing” measure (denoted by @, in [1] and by 7 in
Proposition 1.2 here) must be finite is mistaken. Indeed, as Proposition 1.2
shows, it is enough that f(O,oo]<t A 1)y(dt) < oo. For instance, in the case

when f is the absolute power function | - [P with p € (1,2), the correspond-
ing mixing measure v = 7y is given, according to (1.8), by the formula 7((m, oo])
= 1p(p—1)aP? for z € (0,00), and so, 7y is an infinite measure on (0, o0).

Kemperman and Smit [20] give an expression for the best possible constant
factor ép in a version of the von Bahr—Esseen inequality for the absolute pth power
moments. The paper [20] appears to be an abstract of a conference presentation,
with only a brief description of the method of proof, which latter seems to consist
in deriving, and then working with, a recursion formula. I have been unable to
reconstruct the proof based on that description. It appears that the method in
the present paper — based on the optimal inequality for moment functions f in
the general class F 5 — is quite different from that in [20]. Also, the corresponding
inequality in [20] contains the constant factor at the first summand, E|X;|?, as
well, and thus is a bit weaker than inequality (1.11) in the present paper; cf.
(1.27) and (1.28).

Cox [10] gives a version of the von Bahr—Esseen inequality for the pth power
moment of the norm of a martingale with values in a p-smooth Banach space
(with p € (1,2]). Based on the mentioned result in Kemperman and Smit [20],
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it is shown in [10] that the constant factor in the inequality in [10] is optimal in
Hilbert space case. In contrast, the focus in applications in the present paper is
on a different kind of extension of the von Bahr—Esseen inequality, which is valid
for all Banach spaces (smooth or not) and also, more generally, for the f-moments
for all f in the class F} 5, and at that for arbitrary separately Lipschitz functions
on product spaces — instead of martingales; indeed, recall our Corollaries 1.91.12.
For other, related results on martingales with values in a 2-smooth Banach spaces,
one may see [29, 34].

2. PrROOFS

This section consists of four subsections. In Subsection 2.1, we shall prove 5
propositions, of the 8 ones stated in Section 1; three of these 5 propositions will
be used in the proof of Theorem 1.1, in Subsection 2.4. The proof of Proposi-
tion 1.8 (which is also used in the proof of Theorem 1.1) is more involved than
those of the other propositions, and it will be presented separately, in Subsec-
tion 2.2. Corollary 1.9 and the related Propositions 1.10 and 1.11 will be proved
in Subsection 2.3.

2.1. Proofs of Propositions 1.2, 1.3, 1.4, 1.6, and 1.16.
Proof of Proposition 1.2. To begin, note that

Pi(x) =2(t AN ) (2.1)
for all z € [0,00) and t € (0,00). Take any f € F; 5. Then, by (1.1) and the right

continuity of the monotonic right derivative f” of f’; the relation (1.8) defines a
nonnegative Borel measure v = 7 on (0, co] and, by Fubini’s theorem,

/f” du—2/ du/(m] (dt) —2/(000] (dt)/o Y
_2/@00]@“) (dt) (2.2)

for all x € [0,00). In particular, this proves part (III) of the proposition and
(taken with x = 1) implies the condition f(o (tA1)y(dt) < oo in part (I) of the
proposition. Further, for all z € [0,00) (2.2) yieids

/f u—2/ du/ooo]t/\u dt)—Q/(OOO] (dt)/o(t/\u)d

which implies (1.6), since [; (t Au) du = 5 ¢y (z) for all z € [0,00) and ¢ € (0, o).
This proves the “only if” implication in part (I) of the proposition, since the
functions f and 1, are even.

To prove the “if” implication, assume that (1.6) holds for some nonnegative
Borel measure 7 on (0, oo] such that f(o o] (t A1)y(dt) < oo and for all z € R.
In view of (2.1), the condition f(o o] (t A1)y(dt) < oo implies that the integral
f(O,oo] Yi(x)y(dt) converges uniformly over all z in any given compact subset of

the interval (0,00). So, one finds that (1.6) implies (1.9), which in turn implies
that f’ is nondecreasing and concave on [0, 00) (because the function v is so,
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for each ¢t € (0,00)). It is also easy to see that f € C'(R), f(0) = 0, and f is
even. Thus, it is checked that f € Fj,, which completes the proof of the “if”
implication in part (I) of the proposition.

It remains to prove part (II). Take indeed any f € Fj 5. Take also any nonneg-
ative Borel measure 7 on (0, 0o such that f((),oo] (tA1)y(dt) < oo and (1.6) holds

for all z € R. We have to show that (1.8) takes place for all = € (0,00). Take
indeed any such x. Then, as has been shown, one has identities (1.9). Therefore,

for any h € (0, 00)
1 fllw+h)— f'(z) _ / ro(z, h)y(dt), (2.3)
(0,00]

2 h

where r,(z, h) := 3 [((z + h) At) — (z At)], which is bounded (between 0 and 1)
and converges to I{t > z} as h | 0. So, (1.8) follows from (2.3) by dominated
convergence. This completes the proof of part (IT) of the proposition as well. [J

Proof of Proposition 1.3. Part (ii) of the proposition is obvious on recalling that
z;=¢q* " —1for j € T,00. Note also that p((z; + 1Y% —1) = 3 for j € T, 0.
So, to prove then part (iii), it is enough to show that p.g(r) decreases from % to
5 and then increases back to 2 3 as r increases from 1 to % and then to 2, which
follows because the expressions 2 — 3— and 1 + are, respectively, increasing and
decreasing in r € [1, 2], and they are equal to each other at r = 3.

[t remains to prove part (i) of the proposition, which is equivalent to

Fau(w) = aPentrro) (2.4)

as r — oo, where r 1= p(z) € (1,2], so that z = ¢'¥ ' — 1. In other words,
it suffices to prove that the convergence (2.4) with x = ¥ -1 takes place
uniformly in 7 € (1,2] as j — co. Assume indeed that j — oo and x = ¥ —1.
Introduce y; := x; + 1, so that y; = ¢* ' for j=1,2,.... Then z = yr“(l) and
uniformly over all k € {0,...,7—1} one has z — 1 (x; +Jzk+1) = '+ moreover,
if at that k — oo then gy — 2 = 5 0 = 42" which shows that the kth
summand in the sum >37_0 ... in (1.10) is (zy; 2/3)1+"(1) (Y] y4/3)1+0 as k —
0c. So, the sum Y757 ... in (1.10) is (} yj/ﬁ)Ho( )= (g /) o) = TR,

To estimate the difference z—x;, which appears on the right-hand side of (1.10),

we need to distinguish two possible cases: r € [1,3) and r € [3,2]. Uniformly
over all 7 € [3,2] one has x — z; = z!T°() = y;“(l), so that the term on the

] —2 o . .
right-hand side of (1.10) before the sum Z s yJQ»T st (1), which yields

2r—2+4o(1 r+2+o(1 2r——\/r+ +o(1 Dot ()0 b off (1) 40
Fan(x) = g 2T g marel) _ Grev e (o) — ppea(rtolt),

J 9] J
as in (2.4).
It remains to consider the values r € [1, 3). For such values of 7, the relation z—
T; = 21+ no longer holds; for instance, r—x; =0ifr = 1. However in this case
one can obviously write 0 < x —z; < z and also peg(r) =1 + > 2— 5. So, the

term on the right-hand side of (1.10) before the sum $7_¢ ... is < y] ol <
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r4+2+40(1 . i— r4+2+4o0(1 r+2+40(1 r4+2+40(1

; z (),Whereasstlﬂ Z?ﬁ:éjyj 3 ()3 S0, y] 3 ()<falt(m)<yj 3 ()+
7j+§+0(1), whence f(z) = y§+§+0(1) = y;pe‘cf(r)“(l) = gPer()+o() thus proving
(2.4) uniformly over all r € [1,3) as well. O

Proof of Proposition 1./.

(i) Since the function f is nonzero, the set supp+y is a nonempty subset of
(0,00]. So, sy = infsuppy € [0,00]. If sy = oo then suppy = {oo}, which
implies, in view of (1.6), that f = 1), which contradicts the assumption on f in
Proposition 1.4. This proves part (i) of the proposition.

(ii) Take any s € (0,sy] and ¢t € supp~, so that ¢ € [sy, 00]. Then sy > 0 and
it is straightforward to check that Ly,.s(z) = ¢(s) for any x € (0, s). Hence, by
(1.6) and (1.9),

L) = [ Luslen(d) = [ wilshr(dn = 7(s),
(0,00] (0,00]
which proves part (ii) of Proposition 1.4.
(iii) Take any s € (sf,00). Then L, (04+) = 2(s —t), for any ¢ € (0, 00].
So, by (1.9) and (1.8),

B0 = [ Zuu0mntan =2 [ =10 >0

(0,00]

since for any s € (sy, 00) one has ((0,s)) > 0. Similarly,

(5 = / 1, (s—)y(dt) = —2 / FI{E < s}ry(dE) < 0.
(0,00] (0,00]
This proves part (iii) of Proposition 1.4.

(iv) In view of the rescaling identity Ly () = Ly,1(%) with fo(u) := f(su),
without loss of generality (w.l.o.g.) s = 1. Then part (iv) of the proposition
follows by parts (ii) and (iii) and the observation that ¢;(z) := Ly (1 — v/2) is
concave in z € (0,1). In view of (1.6), it is enough to prove this observation for
f =1y witht € (0, 00]; at that, by part (ii) of Proposition 1.4 and because sy, = t,
w.l.o.g. let us assume that 0 < ¢ < s = 1. Observe that the second derivative
£7,(z) in z admits of a piecewise-algebraic expression, which may be quickly
obtained by using the Mathematica command PiecewiseExpand. Applying then
a Reduce command, one finds that £7 () < 0 for all ¢t € (0,1) and 2 € (0,1).
Now part (iv) of Proposition 1.4 follows.

(v) Part (v) of the proposition follows by parts (i)-(iv), on recalling (1.3)
and taking into account that L;¢(0+) = f(s), for all s € (0, 00).

Proposition 1.4 is now completely proved. 0

Proof of Proposition 1.6. Take any t € (0,00]. That Cy,_ = 1 follows im-
mediately by (1.3). So, w.lo.g. t € (0,00), and then, by (1.3) and homo-
geneity, w.l.o.g. t = 1. Thus, it remains to show that Cy, = 2. Take any
s € (sy,,00) = (1,00) and observe that L;, (1) = —2(s A 2) < 0, whereas

ws(1=) = —=2(s A2) +2s > 0. Therefore, by part (iv) of Proposition 1.4,
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MaXye(0,5) Lpyis () = Lyy;s(1) = s — (s — 2)3. NOW using part (v) of Proposi-

(s 2)7L o 52*(8*2)1

]_700) 82 (S 1)2 ]-lmS—)OO -

tion 1.4, it is easy to see that Cy, = sup,g (1)

2.

Proof of Proposition 1.16. Take any p € [1,2). It suffices to show that
.M
B(p) == (1 - D(p))2** < 1. (2.5)
Observe that
B'(p) = —2*PIn2+ (£)** ¥ [2(sin Z2)(In 2 — (InT)'(p)) — m cos 2]
—22PIn2 > —2In2 > —1.4;

the first inequality here follows because cos %> < 0, sin“ > 0, and ln— —
(InT)(p) > In2 — (InT)'(2) > 0, taking into account that InT" is convex and
hence (InT")" is increasing. It is easy to see that max{ﬁ(l—l— L e 1,2} < 1-0.49.
So, B(p) < B(1+ %)+ (1.4)% <1—049+(14) <lforpe[l+“E 144 and
i € 1,2; thus, (2.5) holds for all p € [1, 3].
Next,
Ba(p) := 257 8" (p) 2" = A+ B(E\ + Ey + E3 + Ey),

where

A:=50r In’2, B:=169T(p) ()",

p
PIR)

E3:=—4((InT)'(p)* + (ln I')"(p)) sin 22,

Ey = (InT)(p)( — 47 cos %2 4 81n 2 sin 22),

By =47 (cos ) In%, E,:=rsin

and £ =72 —4In*2 — 41n* 22 —8In2 In 43 < 0, whence E, < 0. Also, E3 < 0,
because (InT")” > 0. Let us next bound E1 and E, from above, assuming that
p € [3,2]. Then By < 47 (cos(72) In2 < —14.6; also, (InT')’(p) = (In)'(3) > 0
and (InT)(p) < (InT)'(2), so that £; < (InT)’(2)(47 +81In %) < 10.9. Thus, for
all p € [2,2]

Ba(p) < 507 In? 2+169F()( )( 146 +109) < -6 <0

and hence ”(p) < 0, so that g is strictly concave on [%, 2]. At that, 8(2) =

and '(2) =1 —1In2 > 0; so, (2.5) holds for all p € [2,2) as well. O

2.2. Proof of Proposition 1.8. Of the 5 parts of the proposition, the most
difficult to prove are parts (iii) and (v), which are based to a certain extent
on several lemmas. To state these lemmas, we need more notation. Recall the
definition of ¢(p,x) in (1.13) and introduce

0 0
Kp(pa l’) = a_pg(pa‘r)a gx(pa‘r) = %6097 IL‘),

0 o

gm,x(]% ZE) = %‘gx(pa JI) = a3 9
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and also
ph=1(252+2) and ) := £ (2p—1),

so that © =z, <= p =p,. Now we are ready to state the lemmas:

Lemrna 2.1. For all p € (1,2) and x € (0, 3), one has {y,(p,z) < 0 and hence

Lemma 2.2. For all p € (1,2),
B(p):=4(p—-1)"" = (6—p)P ' >0. (2.6)

Lemma 2.3. Forallp € (1,2) and x € (0,}) such that x > x5, one has (y(p, x) <
0.

Lemma 2.4. Forallp € (1,2) and x € (0, 3) such that x < x,, one has (,(p, z) <
0.

The proofs of these lemmas are deferred to the end of this subsection. Let us
now consider the four parts of Proposition 1.8.

(i,ii) Take any p € (1,2). Observe that (,(p, ) = 21_p((p — 1)t —
(3—p)P!)p < 0, since p—1 < 3—p. On the other hand, ¢,(p, ) = 5'PpB(p) >
0 by Lemma 2.2. So, any value of x;s as in part (1v) of Proposition 1.4 (for

= |-|P) must be in the interval (2+, 2-1) C (0, 3). By Lemma 2.1 and part (iii)
of Proposition 1.4 (with s; = 0), £,(p, z) is strictly decreasing in z € (0, 1) from a
positive value to a negative one. Now, in view of part (v) of Proposition 1.4, parts
(i) and (ii) of Proposition 1.8 follow, taking also into account that the equation
(1.14) is equivalent to £, (p,z) = 0.

(iii) By part (i) of Proposition 1.8, , is the only root € (0,1) of the equa-
tion £, (p,z) = 0, for each p € (1,2). So, by Lemma 2.1 and the implicit function
theorem, Cp is differentiable, and even real-analytic, and hence continuous in
pe(1,2).

Next, by Lemma 2.3, for any p € (1,2) and z € (0, %) the equality £,(p,x) =0
implies x < x, which in turn implies l,(p,x) < 0, by Lemma 2.4. So, for
any p € (1,2) one has ¢,(p,z,) < 0, whence dipép = dipﬁ(p, xp) = Lp(p,xp) +
(. (p, xp)aa x, = £,(p,x,) < 0, which verifies that C,, is decreasing in p € (1,2).

Thus, to complete the proof of part (111) of the proposition, it remains to show
that C14 = 2 and Cy_ = 1 (recall that Cy = 1, by (1.12)). Here, consider first the
case p | 1. Observe that then £(p — 1,p) = (2 p)P—(p—1)P +p(p — 1)t — 2
on the other hand, by (1.5), C, < 2 for all p € (1,2]. It indeed follows that
Ciy = 2. Next, for all z € (0,1) and p € (2,2), one has £(2,z) = 1 and
2P Inz| < [zP~'Inz| < [#V/%Inz| < 2 < 1, whence |{,(p, z)| = |2? " +pzP~ ' Inz—
PInx+(1—2)PIn(l—2z)| < |27~ + |peP Inz|+ |2 Inz| + ](1 a:)p In(l1—2z)| <
14+2+1+1=05; so, letting p 1 2, one has £(p,z) = £(2, ) f Oy(ryz)dr <

1+ 5(2 —p) — 1, whence limsup,;, C, = lim sup,o £(p, 7,) < 1. It remains to
refer, again, to (1.5).
(iv) The proof of part (iv) of the proposition is straightforward.
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(v) The equalities C’1+ = Wi, and C~’2~: C~'2~_ =Wa =Wy, and thg similar
equalities for the upper and lower bounds C,>*, C>%, C)-', and C;F? on C, follow
immediately by part (iii) of the proposition. Take now any p € (1,2). Consider

U(p,z) :==L(p,1 —+/z), where z € (0,1). By parts (i) and (ii) of Proposition 1.8,

C, = max {(p,z) = max {(p,z),
P z€(0,1) (p ) z€(z1,22) <p )

where z; 1= z(p) := (32)? and 2 := z(p) = (%2)? (since the values Z1
and ’%1 of x correspond, respectively, to the values z; and 25 of z under the
correspondence given by the formula z = 1—\/2.) Hence, C'p > g(p, zl)\/g(p, 29) =
é’; Ly C’Ij 2 which proves the first inequality in (1.15). It follows from the proof
of part (iv) of Proposition 1.4 that ¢(p, z) is concave in z € (0,1). Also, in the
proof of parts (i) and (ii) of the proposition it was observed that ¢, (p, ;%1) >
0 > (,(p, %5*), which is equivalent to l.(p,2) < 0 < €,(p,2), where {, := g—f.
Therefore, £(p, z) < £(p, z1) + L. (p, 21)(z— 21) < U(p, 21) 4+ Lo (p, 21) (22 — 21) = C';“l
and (p, 2) < (p, 23) + L. (p, 2) (2 — 23) < (p, 23) + Lo (p, 25) (21 — 22) = (:”;72 for
all z € (21, 22), which yields the second inequality in (1.15). The third inequality
in (1.15) is trivial.

So, it remains to prove the last inequality in (1.15). It is enough to show that
p(p) < 0, where

p(p) =2 X 5p(é’p+’2 — 22*7’)
= A(p) + § %= p(p — 1)B(p),
A(p) == 10p(p — 1)P~H = 2(p — 1)P — 257752 4-2(6 — p)?,
and B(p) is as in (2.6). Observe next that 27 — 7p < 53(6 — p)®>. Hence and in
view of Lemma 2.2,
4p(p) < plp) = 4A(p) + 3(6 — p)p(p — 1) B(p);

thus, it suffices to show that p(p) < 0, which can be rewritten as p(r) < 0 for
r € (0,%), where

) = 16()E (14 31,
One has

. 1+ s)?
nis) = T~ A ) 4 a7,

where
Ay(s) = 16(—62 + 22025 + 1160s® 4 1215%) 4 80(40 + 3825 + 1055 + 85%) In 2

1+s?
Bi(s) := 1572 — 3675 — 7955 — 81s” + (—1310s + 755> + 160s”) In 2,

and s = %— 1, so that r = 1%5, and r € (0,%) iff s > 4. Using a Reduce
command, one finds that Bj(s) switches in sign from — to + as s increases from
4 to oo, and the switch occurs at a certain point s, = 31.4.... With

- 1S Al S

Buls) = pi(s) () L,

o s5/(1+s) By (s) o s5/(1+9) B, (s)



BEST BOUNDS OF THE VON BAHR-ESSEEN TYPE 21

another Reduce command shows (in about 12 sec) that

pa(s) = B () By )75/ (L

switches in sign from + to — to + to — as s increases from 4 to oo, and the
switches occur at certain points s; = 5.2..., so = 21.5..., and s3 = 42.7....
So, p1(s) switches from increase to decrease to increase as s increases from 4
to s = 5.2... to sy = 21.5... to s, = 31.4..., and then p(s) switches from
increase to decrease as s increases from s, = 31.4... to s3 = 42.7... to oco. Next,
p1(s) < 0 for s € {4, 51,59, 53}; also, p1(s.) < 0, whence p;(s.—) = oo > 0 and
p1(ss+) = —oo < 0 (on recalling the definitions of pi(s) and s,). It follows that
p1(s) switches in sign from — to + as s increases from 4 to s,, and p; < 0 on
(S4,00). Therefore, p;(s) switches in sign from + to — as s increases from 4 to
co. Equivalently, p/(r) switches in sign from — to + as r increases from 0 to
2. This implies that p(r) switches from decrease to increase as r increases from
0 to 2. Equivalently, (2)?5(p) switches from decrease to increase as p increases
from 1 to 2. Note also that p(1+) = p(2—) = p(2) = 0. So, indeed p(p) < 0,
for all p € (1,2). This proves part (v) and thus the entire proposition, modulo
Lemmas 2.1-2.4.

Proof of Lemma 2.1. Introduce the new variable y := 1_79”, so that y > 1 for
z € (0,4). Then, for any p € (1,2) and z € (0, 3),

(1—2)*7 3— 2—
bpw(p,0) —————=1-2—-p)y" P =B —-py~ "
(p, ) =1 (2-ply (3-py
<1-(2-p-B-p =2p-2) <0,
which proves the lemma. |

Proof of Lemma 2.2. Take indeed any p € (1,2). Note that (2.6) is equivalent
to B(p) := In(4(p —1)"!) —In((6 —p)»~') > 0. Next, B'(p) = 1 +r +Inr,

where r 1= g%ll), so that B'(p) is increasing in p, and B'(2) < 0, which implies
that B'(p) < 0 and hence B(p) is decreasing in p, with B(2) = 0. Thus, indeed
B(p) > 0. O

Proof of Lemma 2.3. Throughout the proof, it is assumed that indeed p € (1, 2)
and z € (0,3). Let

l2(p, )

(Do) (p; ) == (1 — 21

so that D¢ equals (, in sign. Then 2 (D,()(p, z) = (p—2)(p—1)(1—z) Par—3 <0,
so that (D.¢)(p, x) decreases in x. Consider now

H(p) := (D.0)(p, x;) = (27 — 4p)' P(dp — 2)P7*(21p — 23) — 1.
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Obviously, H(p) < 0 for p < 2. Let us show that H(p) < 0 for p € (£,2) as
well. Observe that

y A2T —4p)Pt(2p — 1)*(4p — 2)77
Hp) 21p — 23

2 _ _
~Hy(p) = 25 (42p* — 92p + 73) I 4p — 2 .
27 —4p)(2p — D(21p —23) 27 —4p

Using the Mathematica command Minimize, one finds that H;(p) > 0 and hence
H'(p) > 0 for p € (£,2]. Since H(2) = 0, it indeed follows that H(p) < 0 for
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p € (£,2) and thus for all p € (1,2). So, one has (D,0)(p, x}) < 0. Recalling that
(D.0)(p, x) decreases in x, one has (D,¢)(p,x) < 0 or, equivalently, ¢,(p,z) < 0

— provided that x > x;. O

Proof of Lemma 2.4. Throughout the proof, it is assumed that indeed p € (1, 2)
and z € (0, 3). Let

- Ep(pa J}) o «Tpil(l‘k (p—x) lna:)
(Dp@(}%f) = _(1 —x)pln(l —LE) = _(1 —I)p ln(l —I) -1,
I(Dy0)(p,x) (1 —x)? In(1 — x)

(DpDyl)(p, ) =

9

dp xp~—1 Inzx
so that D,¢ and D,D,l equal ¢, and a(g;;e) in sign, respectively. Then
(%(Dpré) (p,x) =In(l —z) —Inz > 0 (since z € (0,3)), so that (D,D,0)(p, z)
increases in p. Consider now

(D, D,0) (0 ) = 4+ 21z +2)Inz]In(1 41:U) 8+ (21 + 2) Inz] ln:L’.
nx
Observe that 1 < p; <2 <= 5 <z < %, and then use the Mathematica
command Reduce to find that (D,D,0)(p%, ) > 0 provided that = < z < .
Similarly, (D,D,¢)(1,x) > 0 provided that 0 < = < Z. Thus, (D,D,0)(1V
pi,x) > 0 for all z € (0,5). Recalling that (D,D,()(p,z) increases in p, one
has (D,D,0)(p,x) > 0 for all p € [1V p%,2). It follows that (D,¢)(p,x) increases
in p € [1Vp:2). Now use Reduce to check that (D,l)(2,z) < 0, which yields
(D) (p,z) < 0 or, equivalently, ¢,(p,z) < 0 for p € [1V p%,2) or, equivalently,
for z < z3. O]

2

2.3. Proofs of Corollary 1.9 and Propositions 1.10 and 1.11. First in this
subsection we shall prove Proposition 1.11, then Proposition 1.10, and finally
Corollary 1.9.

Proof of Proposition 1.11. The convexity of Uy(c,s,a) in a € R follows immedi-
ately from that of f. Since f’ is strictly positive and nondecreasing on (0, 00),
it follows that f(co—) = oo; similarly (or because f is even), f(—oo+) = .
So, Ug(c,s,a) — oo as |a] — oo. Therefore and by continuity, there is a
minimizer of Us(c,s,a) in @ € R. Take any such minimizer, say a,. Since
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f € CYR), the partial derivative of Us(c,s,a) in a at a = a, is 0; that is,
cf'(s —c+ay) + (s —¢)f'(ax — ¢) = 0, which can be rewritten as

cf'(s —c+a,) = (s—c)f(c—ay), (2.7)

since f is even and hence f’ is odd. Recall also that f is strictly positive and
hence nowhere zero on (0, 00). It follows that the arguments s — ¢+ a, and ¢ — a,
of fin (2.7) must be of the same sign; noting that the sum of these arguments is
s > 0, one concludes that they must be both positive; equivalently, a, € (c—s,¢).
Moreover, f’ is positive and nondecreasing on (0,00) and 0 < ¢ < s — ¢, so that
(2.7) yields f'(s — ¢+ as) > f'(c — a,) and hence

§—cCHa, > ¢ — a. (2.8)

If a minimizer of Uy(c, s, a) in a is not unique, then the first two partial deriva-
tives of Uf(c,s,a) in a are identically zero for all ¢ in some nonempty open
interval (ai,as) C (¢ — s,¢). That is, ¢f'(s —c+a) = (s —¢)f'(c — a) and
cf"(s—c+a)+ (s—c)f"(a—c)=0for all a € (a1,az). Since f” is nonnegative
and even, it follows that f”’(c —a) = f"(a — ¢) = 0 for all a € (ay,as), so that
f” =0 on the interval (¢ — as,c — ay). Because ay < ¢ and f” is nonnegative and
nonincreasing on (0,00), one has f” = 0 on the interval (¢ — ag,c0), so that f’ is
constant on the same interval. On recalling (2.8), one has s—c+a > c—a > c—ay
for any a € (ai,az), which shows that f'(s — c+ a) = f'(c — a); however, this
contradicts the previously obtained inequality f'(s — c+ a.) > f'(c — a,) for any
minimizer a.,.

Next, the formula (1.23) for the unique minimizer of Uy, (¢, s,a) in a is easy to
verify by noting that the partial derivative of Uy, (c, s,a) ina at a = - (s—c—t)4

U¢1 (C, S, 0)

is 0. Moreover, for any real c an ¢ such that ¢ > ¢ > 0 one has —
Uy, (¢, S, Qyyie,s) s=0

2 — %, and then 2 — £ — 2, which shows that x,, = 2.

2c
CcC—00
It remains to prove that the unique minimizer a = ay,. , is nonnegative. Equiv-

alently, it remains to show that the partial derivative of Uy(c,s,a) in a is no
greater than 0 at a = 0, that is,

cf'(s—c)=(s—c)f'(c). (2.9)

By the linearity relation (1.9) and homogeneity, w.l.o.g. f = 1, for some t €
(0,00), in which case (2.9) is equivalent to ay,,.s > 0, and that is obvious from
(1.23). O

Proof of Proposition 1.10. Take indeed any f € Fi5\ {0}. By e.g. [32, Proposi-
tion 3.18], any zero-mean probability distribution on R\ {0} is a mixture of zero-
mean probability distributions on 2-point sets. Therefore, w.l.0.g. the zero-mean
r.v. X takes on only two values, so that X = X4, where c and d are positive real
numbers, and X, 4 is a r.v. such that P(X,.4 = —¢) = C%d and P(X.4 = d)
Take now any ¢ and s such that 0 < ¢ < s < oo, and introduce

Uf(C, S,O) Ef(XC,S_C)

Ry(c,s,a) = Ur(c,sa) = Ef(Xon o ta)

— _C_
T ctd”
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So, the best constant x in (1.22) is given by a formula similar to (1.18), but with
the restrictions ¢ € (0,5) and a € R instead of ¢ € (0, 3) and a € (0,¢). That ¢ €
(0,5) can be reduced to ¢ € (0, 3) follows by the symmetry relation Ry(c,s,a) =
R(s—c,s,—a) and the continuity of Ry(c, s,a) in c¢. Finally, the condition a € R
can be reduced to a € (0, c¢) by Proposition 1.11 and the continuity of Ry(c, s, a)

in a. O

Proof of Corollary 1.9.
(I) Take indeed any f € Fio \ {0}. Consider the martingale expansion

Y=EY+&++6
of Y with the martingale-differences
&=EY-E.Y

for i € 1,n, where E; stands for the conditional expectation given the o-algebra
generated by (Xi,...,X;), with Ey := E. For each i € 1,n introduce the r.v.
n; = Ei (Y — }N/Z), where Y; := 9(X1,. ., Xio1, x4, Xy, ..., X,,); then, in view of
(1.16) or (1.25), |n;| < pi(Xi, z;); because f(u) is increasing in |ul, it follows that
Fmi) < f(pi(Xi,2;)) and hence E f(n;) < E f(pi(Xi, x)); also, & = n; — Ei_1 s,
since the r.v.’s Xy, ..., X, are independent. Now (1.17) follows from Theorem 1.1
and Proposition 1.10, which latter yields E;_; (&) < xfE;—1 f(n;) and hence
Ef(&) < rpEf(m)

To check the inclusion k¢ € [1,2] in (1.18), note first that the inequality £y > 1
follows by the continuity of Us(c, s, a) in a, at @ = 0. As for the inequality x; < 2,
it can be rewritten as

Ut(c,s,0) < 2Uf(c, s, a) (2.10)
for all s € (0,00), ¢ € (0,%), and a € (0,c), where w.lo.g. f = ¢ (for some
t € (0,00), by (1.19) and (1.6)) and s = 1 (by homogeneity). Take then indeed
any ¢ € (0,3) and a € (0,¢). By Proposition 1.11, w.1.o.g. @ = ayc,1. Using a
Simplify Mathematica command for Uy, (c, 1, ay,..1) and then following with a
Reduce, one quickly verifies that (2.10) indeed holds for f = ;. This completes
the proof of part (I) of Corollary 1.9.

(II)  To obtain the expression in (1.21) for &, = k|.|», note first that, by homo-
geneity of the power function f = |- |P, w.lL.o.g. s = 1. Then solve the equation
(2.7) to find the unique minimizer

A1)

C /D) 4 (1= o)D)

Qs = Ap;c - = a,Hp;c =C

of Uy(c,a) == U.p(c,1,a) in a. Finally, substitute this minimizer for a in R,(c,a)
— qp(C,O)
Up(c,a)
under the max sign in (1.21).
The continuity of %, in p follows because 7.(p) is continuous in p € (1,2]
uniformly in ¢ € [0, 3] (indeed, the derivative, 7.(p), of #.(p) in p is bounded over
all ¢ € [0, 1] and all p in any compact subinterval of (1,2]). That &, = 1 is trivial.

To check that k. = 2, observe that Rp(p —1,p) — 2 as p | 1 and recall that

and simplify, to show that 7.(p) := R,(c,ap.) equals the expression
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ky < 2forall fe Fio\ {0} The statements that the values of &, are algebraic
for all rational p € (1,2] and &3 = § /51 +21V/7 = 1.14.. ., corresponding to
=:B-V1+ 2¢/7) = 0.081 ..., are straightforward to check.
It remains to prove that &, strictly decreases in p € (1,2]. To accomplish this,
it is enough to show that 7.(p) does so for each ¢ € (0, 1), since 7y(p) = 71/2(p) = 1
for all p € (1,2] and 7,(2) = 1 for all ¢ € [0, 5]. Take indeed any p € (1,2) and
¢ € (0, 3) and observe that (In7.) (p) =7y + 72 — ]ﬁrg, where
A Tne+ (1 —c)Ptin(l —¢)
o= )
4 (1 —c)pt
To 1= ln (Cl/(pfl) _'_ (1 _ )1/(p71))
Dinc+ (1 —c)YPVin(1 —¢)
D 4 (1= )/ D '

Ts =

Note that r; —1—7"2—#7“3 = Ri+ Ry, where Ry :=r1—r3 and Ry := 7"2+(1—1ﬁ)r3.
Observe that

(N
(cp% T (1- c)ril) (P14 (1 — c)p,l)

since —¢ >1andp—1<1<—
It remalns to show that Ry < 0. Consider the new variable
et/ (=)

= oD 4 (1— )1

R, =

<0,

pp—L

TR Then one can check that

so that b € (0,3) and ¢ =
Ry =h(b) := (p—2)(bInb+ (1 —b)In(1 — b)) —In (t* "+ (1 —b)" ")
and
R (B)B* (1 — b)* (6" + (1 — )P )% = hgy (b)haa(b),

where
ha(0) = (552 = 1) (%) "+ 1 haa(0) = (35)" (55— 1) — 1.

with By, (5) = (b — 2)(p — D(Z) (1 = 1) < 0 and hyu(b) = (p — 2)

(p —1)(:&)"b% < 0, so that both hoi(b) and ho(b) are decreasing in b.
Slnce ho1(3) = 2(2 — p) > 0, it follows that hsy > 0 on (0,1). So, h”(b) equals
hao(b) in sign. Since hg(0+) = 0o > 0 and hg(L) = 2( —2) < 0, both hay(b)
and h”(b) switch from + to — as b increases from 0 to 5. Therefore, h(b) switches
from convexity to concavity in b € (0,3). At that, h(0+) =h(3)=N(3)=0.TIt
follows that h < 0 and hence Ry < 0. This completes the proof of part (II) and
thus that of the entire Corollary 1.9. O
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2.4. Proof of Theorem 1.1.
(I, IT) By induction and conditioning, parts (I) and (IT) of Theorem 1.1 follow
immediately from

Lemma 2.5. Take any f € Fi5\ {0}.
(I) For any v € R and zero-mean r.v. Y

Ef(z+Y) < f(z)+ CrEf(Y).
(II) If a constant factor C is such that
Ef(X+Y)<Ef(X)+CEf(Y) (2.11)
for all independent zero-mean r.v.’s X and Y, then C = Cy.

We shall turn to the proof of this lemma in a moment, after the proof of parts
(III) and (IV) of Theorem 1.1 is completed.

(ITII) Take any f € Fi2 \ {0}. The inequality Cy > 1 follows by (1.3), since
Lys(x) — f(s) as = L 0. On the other hand, in view of Proposition 1.6 and (1.3),
one has Ly,.s(x) < 2¢y(s) for any ¢ € (0,00] and z, s such that 0 < z < s < 00;
so, (1.6) implies Ly (x) < 2f(s), whence, by (1.3), Cy < 2.

(IV) Part (IV) of Theorem 1.1 follows immediately from Propositions 1.6
and 1.8.

Thus, Theorem 1.1 is proved, modulo Lemma 2.5.

Proof of Lemma 2.5. The main idea of this proof is to use appropriate Taylor
expansions. A similar approach was used e.g. in [12; 8, 35, 29, 28 34].
(I) Clearly, for all real z and y,

Flz+y) < f(2) +yf'(2) + Crf(y), (2.12)
where
C = Eglg Ri(z,y) and Ry(z,y) = fz+y) _f{;'j) — yf’(z). (2.13)

yeR\{0}
Here one may recall that, as was noted at the end of the paragraph containing
(1.1), f > 0on R\ {0}. Concerning the validity of (2.12) when y = 0, recall that
£(0) = 0 and assume that C;f(y) = 0 if y = 0 and C; = oo (in fact, later it will
be seen that éf is always between 1 and 2.
It is not hard to see that

C;=Cy. (2.14)
Indeed, because f is an even function and hence f’ is an odd function, it follows
that Rf(—z,—y) = Rs(z,y) for any z € R and y € R\ {0}. So, one may replace
the condition y € R\ {0} in (2.13) by y € (—00,0). Take indeed any such y and
consider the Taylor expansion

Ri(z,y)f(y) = f(z+y) — f(2) —yf'(2) = yZ/O (I—=t)f"(z+ty)dt. (2.15)

By (1.1), f” is nondecreasing on the interval (—oo,0). Next, note that z+ty < 0
whenever z € (—00,0], y € (—00,0), and t € (0,1). Therefore, in view of
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(2.15) and the continuity of f and f’, Rs(z,y) is nondecreasing in z € (—o0, 0].
Similarly, R¢(z,y) is nonincreasing in z € [—y, 00), because f” is nonincreasing
on the interval (0,00) and z + ty > 0 whenever z € [—y,o0), y € (—00,0), and
t € (0,1). Hence, the condition z € R,y € R\ {0} in (2.13) can be replaced by
y € (—00,0),2z € (0,—y). Thus, (2.14) follows by replacing s and z in (1.3) by
—y and z, respectively.

Now part (I) of Lemma 2.5 follows immediately from (2.12) and (2.14).

(IT) For any positive real numbers ¢ and d, let X4 stand for any r.v. such
that P(X.4 = —c¢) = C%d and P(X.q = d) = ;. Take now any c and s such that
0 < ¢ < s < 0o and introduce

gf;c,s(x) = Ef(l‘ + Xc,s—c) - f(x> and Jf;c,s(x) = M;
9fie,s(0)
the latter definition is correct, because f > 0 on R\ {0} and hence g, s(0) =

Ef(Xes—c)>0.
In view of the Taylor expansion in (2.15), for any z € R

Sres(®) = cf(e 45— )+ (s — ) f (@ — ) - s(2)

= (s— c)c/0 (L=t)[(s =) f"(z+ (s —)t) + cf"(x — ct)] dt. (2.16)

Since f” is even on R and nonnegative and nonincreasing on (0, 00), the identity
(2.16) implies that gy..s(z) converges to a finite limit as + — —oo, and then so
does Jy..s(z). Let now a and b be any positive real numbers. Then

E f(Xa,b + Xc,s—c) - Ef(Xa,b) b a

E f(Xc,s—c) B a—+ be;QS(_a) N a+b

assuming that the r.v.’s X, and X ,_. are independent. So, the constant C' in
(2.11) cannot be less than Jy..4(b), for any ¢, s, b such that 0 < ¢ < s < oo and
0<b< oo

On the other hand, by I’'Hospital’s rule, for any = € R,

Lys(@)
J we,s\T) — ’—a
reol®) 32 5 )
with L(x) as in (1.4) So, in view of (1.3), C > Cy. So, part (II) of Lemma 2.5
is proved as well. O

Jf;c,s (b) a_>—0>o Jf;c,sa))a

Now Theorem 1.1 is completely proved.
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