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ABSTRACT. In this paper, we study the problem of isometric extension on the
unit sphere of the space I NIP(H) for 0 < p < 1. We obtain that an isometric
mapping of the unit sphere S(I N IP(H)) onto itself can be extended to an
isometry on the whole space | N IP(H).

1. INTRODUCTION AND PRELIMINARIES

Let E and F' be metric linear spaces. A mapping V' : E — F is called an isometry
if dp(Vx,Vy) = dg(x,y) for all z,y € E. The classical Mazur—Ulam theorem
in [7] describes the relation between isometry and linearity and states that every
onto isometry V' between two normed spaces with V(0) = 0 is linear. So far, this
has been generalized in several directions (see, e.g., [8]). One of them is the study
of the isometric extension problem.

In 1987, Tingley [10] raised such a problem: Let E and F' be normed spaces
with unit spheres S(E) and S(F'). Suppose that V; : S(E) — S(F) is a surjective
isometric mapping, is there a linear isometric mapping V' : E — F such that
Vs = Vo?

It is very difficult to answer this question, even in two dimensional cases. In
the same paper, Tingley proved that if £ and F' are finite-dimensional Banach
spaces and Vj : S(E) — S(F) is a surjective isometry, then Vy(x) = —Vy(—x) for
all x € S(F). In [1], Ding gave an affirmative answer to Tingley problem, when
E and F are Hilbert spaces. Kadets and Martin in [6] proved that any surjective
isometry between unit spheres of finite-dimensional polyhedral Banach spaces has
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a linear isometric extension to the whole space. See also [2, 3, 4, 5,9, 11, 12] for
some related results.

Let p be a real number such that 0 < p < 1 and let H be a Hilbert space. The
collection of all H-valued sequences {x(k)}, for which Y 7~ | ||x(k)||+> ey [z (R)] [P
is finite, is a vector space. Let the F-norm be defined on this vector space by the
formula

] =) |l (k ||+Z||l‘ P (1.1)

In this paper, we study the problem of isometric extension for isometric map-
pings on the unit sphere of the space I N IP(H)(0 < p < 1). We prove that if V;
is an isometric mapping from the unit sphere of the [ N {P(H) onto itself, then it
can be extended to an isometry on the whole space [ N IP(H).

Here is a notation used throughout this paper. Let z = {x(k)} € INIP(H) and
a(lla(m)]) = [[2(n)|| + [lz(n)]”. Then

ey = (0,--+ ,2(n),0,---) € INIP(H), (1.2)

~
n—th place

and
Nleaemll
a([lz(m)[])
when z(n) # 0. If eyny € S(INIP(H)), then a(||z(n)|]) = ||z(n)|| + [[z(n)||? = 1.

=1, (1.3)

2. MAIN RESULTS

The main results of this paper is illustrated in this section. For this purpose,
we need some lemmas that will be used in the proofs of our main results. We
begin with the following result.

Lemma 2.1. Ifz,y € INIP(H) (0<p<1), then
|z = yll = [l«][ + [[yl| & supp x N suppy =0,
where supp x = {n: x(n) #0, n € N}

Proof. The sufficiency is trivial. Next, we prove the necessity.
Suppose that x = {x(n)} and y = {y(n)} are elements in [ N {P(H) and that
||z = yll = [l=[| + lly[|- Then

lex(n) H+ZH$ n)|[”
|I$ H+ZH?J H+Z!Ix(n)l|”+2|ly(n)\|”- (2.1)

In view of (2.1), it is sufficient to show that

n=
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lz(n) —y()|] + lJz(n) —y()[|” < [lz)]| + [ly@)[] + [lz@)[[P + [ly()]]?,
(2.2)

and the equality holds if and only if ||z(n)||||y(n)|| = 0 for all n.
Indeed, the function ¢(u) = u + u?(u > 0) satisfies the following inequality

pla+B) < pla) + ¢(B) (2.3)

and the equality holds if and only if a8 = 0.
Since ¢ is increasing on [0, 00), it follows from (2.3) that

() = y()[| + [|z(n) = y(n)||P
= @(llz(n) = y(n)l)

< o(llam)ll + 1yl
<

< ¢ (llzmll) + e (Ilyml)
= [l + [ly()] + [[)]” + [[y(n)][*. (2.4)
The equality holds if and only if ||z(n)||||y(n)|| = 0. O

Lemma 2.2. Let Vi be an isometric mapping from the unit sphere S(INIP(H))
onto itself (0 <p<1). Then

(supp x) N (supp y) = 0 & (supp Vox) N (supp Voy) = 0.

Proof. Necessity. Take any two disjoint elements z and y in S(I NIP(H)). Let

Vor = {a’(n)} and Voy = {y'(n)}.
Since V; is an isometry, we have by Lemma 2.1 and (2.2) that

2= [lzll + llyll = [lz = yll = [IVoz = Voy||

=Yl — \+Zux ol
<D+ Sl + 3 [ ||p+Z||y IP=2 (25

Thus,
Vo = Voyl| = Vol + [[Voyll. (2.6)
According to Lemma 2.1 again, we obtain
(supp Vox) N (supp Voy) = 0.

The proof of sufficiency is similar to that of necessity because V; ' is also an
isometry from the unit sphere S(I NIP(H)) onto itself. O

Lemma 2.3. Suppose that x1 and y; are elements in the Hilbert space H, \ and
W are some non - zero real numbers, ||Axy £ pyr|| = || Az2 £ pyell, ||z1]] = ||zl

and ||y ]| = [lgal|- Then [[zy — ] = |22 — gl
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Proof. 1t is easy to prove that by the parallelogram law. O

Lemma 2.4. Let Vy be an isometric mapping from the unit sphere S(INIP(H))
onto itself (0 < p < 1).Then, for any ey € S(INIP(H)), suppVoeqn) is a single
point set, so is suppVO_l(ex(n)).

Proof. Without loss of generality, we can assume

%( —65,; +Zex (3)»
i#k
where 2/(k) # 0. When 2/(:) = 0, we define e,/;) = 0. Let

Ca’ (k)

Y=o
afllz'(k)[1)
Since Vj is surjective, there exists u € S(INIP(H)) such that Vou = y. By Lemma
2.2,

(suppVou) N(suppVoeamy) = (suppy) N(suppVoesm))

C (suppVoea(n)) N(suppVoeom)) =0
holds for any n # 1.
Applying Lemma 2.2 again,we have

(suppu) m(suppez(n)) =0 (n#1).
This means that u = e,(), and this implies suppVj(ez1y) = {k}.
Since VO_ is also an isometry from the unit sphere S(I N (P(H)) onto itself,
suppVy ' (ex(n)) is also a single point set. O

Now we are in a position to state the main result and proof in this paper.

Theorem 2.5. Let Vi be an isometric mapping from the unit sphere S(INIP(H))
onto itself (0 < p < 1). Then Vy can be extended to an isometry on the whole
space [N IP(H).

Proof. Let x = 269: @ € S(INIP(H)), so that Z [lz(d)|| + Z ||z(4)||P = 1. For i
and j in supp x such that i # 7, it follows from Lemma 2.2 that

w4 regam) (o o (G) = =0

Since Vj is surjective, there is an element z in S({?(H)) such that

Z”“’ e (28)

If |2 (i)|| = 0, then vo( o OB ) .

For k € N — supp x and ¢ € supp x, since
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s o (o) o Y Gegom) = 29
it follows from (2.8) and (2.9) that
supp %(a(He;((’Z)H)) ﬂ supp Vo(z) = 0. (2.10)
Thus,
H (||y((k H - HV"( (]Z)H)) VO(Z)H =2 (2.11)
and so
supp z N (N — supp x) = 0, (2.12)
it means that
supp z C supp x. (2.13)

For each i € supp x, we have

|-~ zmaml = 1%e - w(GmEm)|
- Z"‘” (i) — Ve (g
= Zux I (Gecp) + (I = D% ()|

|
J#i
=Y D)+ (= (=@ + D lle@OIP + (1= [|=(@)]])?
J#i J#i
=2 = 22 (@) — [=(@)| P + (1~ [l (2.14)

By (2.13), we can assume z = ) e.(;), then
j=1

- €x(4)
HZ%)_ ')||)H

—g\\z H+ZHZ H“H a( )H+H2<i)_a(|]xx(8)|]) p
= 1= @ = s + o) - <|sz>||>”+”2(”‘a(!fs%m ,,
> 2= 2|2()]] = ||2@)]IP + (1 = []2(@)]])7- (2.15)

From (2.14) and (2.15), we get

=2[[z @[] = [l=@" + Q@ = [z(@)[)" = =2[[z(@I] = [lzO]F + (1 = |[z@)]])"-
(2.16)



92 X. FU

Since ||z(9)]| < 1, ||2(d)|] < 1 and the fact that f(t) = (1 — )P — t* — 2t is
decreasing on [0, 1], it follows from (2.16) that

|z < [[2(@)]]. (2.17)
By (2.8), we get

ZHZ ||+Z||Z 7= [lz[| = [[Vo(2)]]
:H;Hﬁ(imvo( ||€;(l Bl )H_ZHx |+Z||x I (2.18)

Combining (2.17) and (2.18) yields

[z @I = [l (2.19)
It follows from (2.14), (2.15)) and (2.19) that
m—mI]kwmm (2.20)
and consequently
x(i) = z(3). (2.21)

That is

(3 em) = 2 0l ) 22

We now define a mapping on the subspace Eq of [ NI[P(H) which consists of all
elements in which every element only has finitely many non-zero items as follows

i
E

vi( %)MZWHM o) (2.23)

n=1

for all '3 .00y € o © L1 P(H). 1 lan)]| = 0, then Va(z2) “ o,
n=1

(I

Suppose that i €a(n) and i ey(n) are elements in Ey. By Lemma 2.4 and
n=1 n=1

(2.22), we can assume

V1< Z em(n)) = Z €a/ (k(n))
n=1

and

n=m

Vl( > ey(n>> =D ey,
n=1

n=1
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()| = [[2"(k(n))]] andlly( ) = ly'(k(n))]]. To prove

(X o) =4 X )] = | o
n=1

n=1

H) 93

6:1:

ey(n (2.24)

We proceed as follows.

Let Vo(z) = _‘/‘J(a(im((z) u>> then

€x(i)

s = -l -2+ @

By Lemma 2.4, suppz; is a single set. From (2.25), we have

Zi —

10
T all 220
Thus,
€ _ €z (i)
(- o) ~ % Gamam) (2.27)

Since Vj is an isometry, it follows from (2.27) that

Meirn |>)”< |T§")||)’_H T * sl
_ z(n) (n) (n) P
_Hoé(Hﬂ?(?”b)H)lL Hy ) H H (I )H)ia(ﬁl/y(n)!!) '
On the other hand,

I (Getam) = % Gl = lagee G|

T O = 2Ty GG
2 km) y(k(n)) 2 (k(n)) y(k(n) |7
= |z e * stvaenl | sgen <n>>||>i T,

(2.28)

If ||x(n)|| = 0, then a(lg\gw(?rz)ll) “I0 and % “10. 1t follows from (2.28) and
(2.29) that
y(n )
= ol =l ol ew
HOé(HI(n)H) aflly(n ||~”U n))ll) ||?J ||

Notice that ||z(n)|| = ||2'(k (n))||, that Hy(n)H = ||y (k(n ))|| and (2.30), it follows
that from Lemma 2.3 that

lz(n) = y(n)ll = [[+"(k(n)) =y (k(n)]. (2.31)

Since
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(3 ) (S )]
= f: 2" (k(n)) — ' (k(n)[| + zmj |2’ (k(n)) — v/ (k(n)|” (2.32)

and

HZ‘W—E% Zilw |+lex ). (2.33)

(2.31), (2.32) and (2.33) assure (2.24) holds. That is we have obtained an isometry
on the subspace Ey of [N IP(H) and V] is a continuous mapping.
Now we define a mapping on the whole space [ N [P(H) as follows

V(Y eam) lex )

= 1im Vi 2; ). (2.34)

Since Ey is dense in [ N{P(H) and V] is a continuous mapping on Ejy, we see that
V' is an isometry on [ N {P(H) and it is the extension of Vj. O
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