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ABSTRACT. We consider in four space dimensions, the initial value problem
for a fourth-order semi-linear Schréodinger equation with exponential type non-
linearity. In the defocusing sign, we obtain unconditional global well-posedness
in the energy space. In the focusing case, global well-posedness via existence
of ground state holds for small radial data.

1. INTRODUCTION AND PRELIMINARIES

1.1. Introduction. Consider the initial value problem for a semilinear fourth-
order Schrodinger equation

iOpu + A%u = —pg(u) = —puG'(Juf?),

(1.1)

up = u(0,.),

where u := u(t,x) is a complex-valued function of the variable (¢,7) € R x R*
and G € C?*(R,) is a positive real function vanishing on zero.

Fourth-order Schrodinger equation, which is a formal extension of the classical
Schrodinger equation, was introduced by Karpman[8] and Karpman and Sha-
galov [9] to take into account the role of small fourth-order dispersion terms in
the propagation of intense laser beams in a bulk medium with Kerr nonlinearity.
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Any Solution to (1.1) formally satisfies the conservation of mass and energy
1
M(t) = M(u(t)) = 5 llu@®)z2@,

BI(t) = B(u(t) i= 31 8u®la + 5 [ GlutP) do

If p = 1, the energy is always positive and the problem (1.1) is said to be de-
focusing, otherwise it is focusing. In order to use the conserved quantities, we
consider the usual Sobolev space H?(R*) endowed with the complete norm

HhH%ﬂ(R‘*) = ||h||%2(R4) + ||Ah||%2(R4)'

Before going further let recall some historic facts about this problem.
There was an increasing activity in recent years on models involving nonlinear
fourth-order partial differential equations. The book [20] by Peletier and Troy
presents several such models. Fourth-order equations was also subject to an in-
creasing activity in conformal geometry through the analysis of the Paneitz and
Branson-Paneitz operators.

The model case given by a pure power nonlinearity is of particular interest.
The question of well-posedness in the energy space H? was widely investigated.
We denote for p > 1 the fourth-order Schrodinger problem

(NLS), i0u+ Autuuf™'=0, u:RxR"—C.
This equation satisfies a scaling invariance. In fact, if u is a solution to (NLS),

with data wg, then u, = )\P%u()\‘l.,)\.) is a solution to (NLS), with data
4 .
Ai—Tug(X.). For s, := 2 — -2 the space H* whose norm is invariant under the

2 p—1
dilatation uw — wy is relevant in this theory. When s, = 2, which is the energy
critical case, the critical power is p. := Z—j, n > 5. Pausader [17] established

global well-posedness in the defocusing subcritical case, namely 1 < p < p,.
Moreover, he established global well-posedness and scattering for radial data in
the defocusing critical case, namely p = p.. The same result in the critical case
without radial condition was obtained by Miao, Xu and Zhao [14], for n > 9.
The focusing case was treated by the last authors in [13]. They obtained results
similar to Kenig and Merle ones [10] in the classical Schrodinger case.

Naturally, the ideas and techniques which come from the study of classical
nonlinear Schrodinger equation were applied in order to study the fourth-order
nonlinear Schrodinger equation.

Recall that for the monomial Schrodinger equation, local well-posedness and
global well-posedness for small data were established by Cazenave and Weissler
[4]. There exist a lot of works devoted to obtain global well-posedness and scat-
tering for large data in the defocusing case [3, 6, 23, 31, 33]. However, the global
well-posedness and scattering for large data in focusing case remains not com-
pletely solved. The work of Kenig and Merle [10] gives an approach of this case.
When n = 2 every polynomial nonlinearity is subcritical for classical Schrodinger
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equation. So, motivated by this fact and the so called Moser-Trudinger type in-
equalities [1, 16, 32], it was natural to consider nonlinearities with exponential
growth.

Global well-posedness in the defocusing case was established by Nakamura and
Ozawa [15] for small data, then by Colliander, Ibrahim, Majdoub and Mas-
moudi [5], see also [24, 27, 26, 30, 28] (similar esults hold for the wave equation
[11, 12, 29]). Scattering was established in the subcritical case [7]. In the critical
case a decay result was proved by the author [25]. Scattering in the critical case

is obtained very recently [2].

When the space dimension is equal to four, every polynomial nonlinearity is
subcritical for (NLS),. Motivated by this fact and the so called Moser-Trudinger
type inequalities [21], we consider nonlinearities with exponential growth.

It is the goal of this paper to obtain global well-posedness in the energy space
for the problem (1.1), when the nonlinearity satisfies an exponential growth. In
the defocusing case unconditional well-posedness is proved. In the focusing case,
global well-posedness for small radial data holds via existence of ground state.
It is worth pointing out that the present study uses the potential well method
based on the concepts of invariant sets suggested by Payne and Sattinger in [19].

The rest of the paper is organized as follows. The next subsection contains
some notations and technical tools needed in the sequel. The second section
groups the main results of this note. Section three is devoted to prove global
well-posedness of (1.1) in the defocusing case. The fourth section deals with ex-
istence of a ground state solution to (1.1). In the last section we prove global
well-posedness of (1.1) in the focusing case for small radial data.

We mention that C' (respectively Cr) will denote a constant (respectively a
constant depending on 7°) which may vary from line to line and if A and B are
nonnegative real numbers, A < B means that A < CB. For 1 < r < oo and
(s,T) € [1,00) x (0,00), we denote the Lebesgue space L™ := L"(R?) and the
usual norms

A=l = 01 2,

T !
sy i= ([ oz ar)”

“+o00 1
ey = ([ oz ae)”

For simplicity, we denote the usual Sobolev Space W7 := W*P(R*) and H® :=
W2, Note that we identify g with a function on R? and dg denotes the R?
derivative of the identified function. Moreover, we denote the operator Df(x) :=
xf'(x), where fis areal function. If X is an abstract space Cp(X) := C([0, 7], X)
stands for the set of continuous functions valued in X and X,4 is the set of radial
functions in X.

ul
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1.2. Background Material. Here and hereafter, we denote for o, € R and
v € H?, the quantities

S(0) = ol + ol = [ G(lof)da
vgﬂ = (e ), LopS(v) = —8,\(5( 8))A=0;
Kolv) = £agS(0) = [ [alAvP + (a-+20)of = alvlg(u]) = 25G(of*)] da

K&0)i= [ | [l + (@ + 20)of] ds

K20) = = [ [alvlg(leD +28G(oP)] da

Hopfo) = (1 22 )5(0) = 529180 + A4<|v|g<rv|>—a<|v|2>> da.

Map = inf {S(v), s.t K,p(v)=0}, (1.2)

0A4veH?,
Al ={ve H? s. t S()<mas and K,gz(v) >0},

Let fix the set of nonlinearity considered along this paper.

(1) Behavior on zero

G'(0) = G"(0) = 0. (1.3)
(2) Existence condition, Ve > 0,3C. > 0 such that
dg(21) = d2g(z)] < Celzy — 2l (127 =14 e 1), W €€ (14)
(3) Ground state condition

Vo> 0, 3C, > 0/ |g(s)] < Che®’, Vs € R, (1.5)
E|5>Os.t(D—1—5)G>Oand( )G>O on R%. '

1
Remark 1.1. The function G(r) := e*")* — £ — ¢ is an explicit example.

Proof. For t := \/r + 1, we have G(r) = ' —£t* — 5. Thus, DG(r) = 2t1(e —et).
Then, for € > 0,

¢(t):2(D—1—5)G(r):et(t—%—2—25)+e(€t2+2+5), > 1

1 1
¢’(t)—e(t—¥+t—2—1—25)+265t

1 2 2
gzﬁ"(t)—e(t——+————2€)+265>0

t3
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Since ¢(1) = ¢'(1) = 0, we have ¢ > 0. Moreover,

_ g Yoot
D(D - 1)G(r) = 1€ (t Zf)(zf 1 t+t2)’
1 1 1
(D —1)*G(r) = Z[et(t2 —3t+2+ " + o) t_3> —4de| = =1)(t),
, 3 3 3
Y(t) = e (t* —t s —5-5 t—4)_0
Since ¥(1) = 0, we have 1 > 0. O

In what follows, we collect some estimates needed in the sequel.

Definition 1.2. A couple of real numbers (g, ) is said to be admissible if

1 1 1
2<q,r <0, (q,7) # (2,00) and —+—:§,
q r

In order to estimate a possible solution of (1.1), we will use the following
Strichartz estimates (see for example [18]).

Proposition 1.3. Let two admissible pairs (q,r), (a,b) and T" > 0. There exists
a positive real number C such that

Jull g ey < € (Jluoll + Nidh + A2l gy asr)- (16)
In particular, we have the following energy estimate

Proposition 1.4.
lull e 2y + Jull s w2y < C'(||U0||H? + [[i0pu + AiuHLlT(H?))- (L.7)

In order to control the nonlinear part of the energy in the space L} (H?), we
will use the following Moser-Trudinger inequality [21, 22, 1, 16, 32].

Proposition 1.5. For any positive real number o < 3272, we have

K= sup / (e"““(‘””2 - 1) dx < o0. (1.8)
R4

weH?, |lu—Aul|<1
Moreover, this is false for a > 3272
Recall some Sobolev embeddings.
Proposition 1.6. The continuous injection
WP (RY) — LI(RY)
holds whenever
l<p<g<oo,s>0 and

<-4 2
— d'

==
< |

We end this section with the generalized Pohozaev identity.

Proposition 1.7. Let ¢ € H? a solution to (2.1). Then, K, 3(¢) = 0 for any
a, € R.
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Proof. Take the action
S(v) = | Av]l* + |lv]l* - /WG(’UP) d.

Then, S'(v)u = 2R((A%v + v — g(v),u)r2), so if ¢ is a solution to (2.1) then
S’(¢) = 0. Compute for o, 5, X € R,

S('Ugwg) _ €2a>\||AU||2 + 62(a+2,8)>\||v||2 . €4ﬂ)\/ G(€2a>\|v|2) dx,
R4
1
5ONS(v55) = ae® [ Av|* + (a + 23)e* 20|12

_2664ﬁ)\ /R4 G(eQaA|U|2) _ an(?ﬁ—l—a)/\ /R4 |,U|2G/(€2a/\|v|2) d$,

2050 o = Al + @+ 200l ~ [ (25G(1F) + aloP G (o)) do
R4

Since ¢ is solution to (2.1), we have S'(¢) = 0. Then 0,S(¢), 5)jr=0 = 0, Which
closes the proof. O

2. MAIN RESULTS

The results proved in this manuscript are listed in this section. Our first result
is about global well-posedness of the fourth-order Schrédinger problem (1.1) in
the energy space.

Theorem 2.1. Let uy € H? and g satisfying (1.4). Then, the fourth-order
Schrodinger problem (1.1) has a unique maximal solution u in the energy space

C(0,T%), H?).
Moreover,
(1) u belongs to the Strichartz space L8((0,T*), W?23);

(2) in the defocusing case u is global (7™ = oco);
(3) u satisfies conservation of the mass and the energy.

Next, we are interested on the focusing sign in (1.1), which is related to the
stationary problem
Ap+o=g(¢), 0#¢ecH (2.1)
In fact, if ¢ is solution to (2.1), then e ¢ is a global solution to (1.1) called
soliton or standing wave. We prove that (2.1) has a ground state in the meaning
that it has a nontrivial positive radial solution which minimizes the energy with
some restraint. The next result guarantees the existence of ground state.

Theorem 2.2. Let two real numbers (0,0) # («,() € RY. Assume that G
satisfies (1.5) and (1.3). Then,
(1) m := m4p is nonzero and independent of (a, 3).

(2) There is a minimizer of (1.2), which is some solution to (2.1).

The last result is about global existence of solution to the Schrodinger problem
(1.1) in the focusing case.
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Theorem 2.3. Assume that G satisfies (1.3)-(1.5). Let uy € H?, and u €
Cr+(H?) the maximal solution to (1.1). If there exist (0,0) # (a, ) € R and
to € [0, T*) such that u(ty) € A7 5, then u is global.

3. GLOBAL WELL-POSEDNESS IN THE DEFOCUSING CASE

In this section, we prove that (1.1) has a unique local solution in the energy
space C([0,T*), H?), moreover the solution is global in the defocusing case. First,
we prove the local existence by a fixed point argument.

3.1. Local existence. Recall that, for 7' > 0, the space
Er = C([0,T], H*) N L°([0, T], W*?)

is complete under the norm

[Pl := sup [|A(¢, )z + (|7l g w2y

te[0,T]
We denote by Er(1) the unit ball of & with center zero and w the solution of the
following free fourth-order Schrédinger problem
0w + A*w =0,  w(0,.) = up.

We consider the map ¢ on Er(1) given by ¢(v) = v, where v solves

100 + A% = g(v+w),  ©(0,.)=0.

We prove that the map ¢ leaves Er(1) stable and is a contraction for 7" sufficiently
small. Applying the energy and Strichartz estimates (1.6)-(1.7) to vy, vy € Ep(1),
we get

[0r = 02l S llg(vr +w) = g(v + W)l Ly a2y = [lg(wa) = g(ua)l| Ly a2
T T
Using Holder inequality via (1.4), we deduce that for any ¢ > 0,

lg(un) = g@u) 2 S Coffln =l D7 (e = 1) |
i=1,2

€05 (e 1)
i=1,2

2 1
S Cellur —wofl Y [l —1J7. (3.1)

i=1,2

N

On other hand, using the energy conservation, we get

2
i = Al < (Il + Al

IN

2/l
2
< 21+ |fuollaz)

Now, let

7T2

Eg - — 5" (32)
(14 ol rzqe)
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Using Moser-Trudinger inequality (1.8) we have

) ) [ug
ezl _ 1, — / (ezaollul—Auz\P(mp B 1) g
R4
< K.

Thus, by (3.1),
lg(u1) — g(u2)l L1 22y S Tllur — ua|l7.

It remains to estimate ||A(g(u1) — g(uz))||-
We identify C with R?, g with a function on R?, ¢’ with dg and ¢” with d*g. We
have

[A(g(ur) — g(u2))|l < | A(ur — u2)g (1) + [|Aua(g'(ur) — g'(uz))||
+ (Vur = [Vua*)g" (un) || + [|[[Vual* (9" (u1) — g" (ua))|
< (I)+ D)+ (III)+(IV).
Now, by Moser-Trudinger inequality (1.8), via (1.4),
IOl < 1A —u2)(e ™ = 1)l 12

< A = u2) |l Ly zsylle

< luy — us|7 TS,

~Y

2
[ur]® _ 1||L§‘9(L6)

With the same way, via Holder inequality
(1) = [Auz(g'(u1) — g'(u2))]
< [[Auslsllg(ur) — g'(u2)l6
< gl Y (e = ua) (e — 1) g

IN

1
| A 5llur — o= [lefoll — 112
7

S [Augsflur — ualr.
Thus

5
6

(LD s, Jur — wallr||Ausl| g (13T
(1+ [Juoll =) |Jur — ual| 2T

Arguing as previously,

(1) = [(IVu]* = [Vus|*)g" ()|
S MV = u)|([Vu| + [Vuz|)g" (u)|
S V(= )| (V| + [V ) (e 107 — 1.

Using the Sobolev embedding
WH(RY) — LIR?Y), V1< q<12,
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via the interpolation inequality |Juvw]| < |Julls||v||s||w]|s, we have

up|? 5 2
(L), IV (ur — )| g ) [V | g oy 1€ = L1 10y T3

N
S (U [lugll) us — ual 2T,
By Moser-Trudinger inequality (1.8),

1V) = [[[Vue’(¢"(u1) — g"(w))||

< (un — ug) | Vue? Z(e%oh‘iP -1
7
< Yl — wallol| Va2 e — 1
%

S llur — ualls][ Va3
Thus, by the Sobolev embeddings
W3 (RY) — LIRY), Vqe (1,12],
H*(R*) — LIY(R*Y), Vg€ (2,00),
we get
Iy S Il = wall )| Veallg gy T3
S (U ol 2)? | = walT5

Thus, for T' > 0 small enough, ¢ is a contraction satisfying

l6(v1) = $(va)llr S (1+ ol ) [lr — w22 T5.

Taking in the last inequality v, = 0, yields

2
le()llr S (1 + lluolla2)*T3 + llg(w)ll 1o

Let estimate the quantity
lg(@)llLyme == llg(w)l Ly crz) + IA(g(w)) Ly (r2)-
Using Moser-Trudinger inequality (1.8) via (1.4) and (3.2), we deduce that

||g(w>||2 SJ CO/ (eeolwb_l) d
]R4

‘. / (eaoﬂw—AwHQ(%)z _ 1) d
R4

< K.

N

Where Cy depends only on ||ugl||gz. Moreover,

IA(gw)] < lAwg (w)] + [[[Vw]*g" (w)]
< (I)+(11).

257
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Now, by Moser-Trudinger inequality (1.8) via (1.4),
DNy < Aw(Eed ™ = 1)l 2

0 2
< “AwHLl L3)||6 fua —1||L39(L6)

S NwleTs S Jluoll T
With the same way, via Holder inequality
(I1) = [[[Vwl]*q"(w)|
< [IVwlfg ||9”( )lo
S IVelllle® ™ = 1jls S IVl
Using the Sobolev injection
W3 (RY) — LYR*Y) forany ¢ € (1,12),
yields

Y

2 2
1D, S NwligwesT? < lluoll7=T5.

Finally, we have [[g(w)|[z1 > < |luolla=(1 + l[wo|zr2)T'3. Then, for T > 0 small
enough, ¢ maps the unit ball into itself, in fact

2 2
le(u)llz S (1 + [luoll2)*T® + lg(w) | gz S (1 + [Juoll1r2)*T>.

So, for small time ¢ is a contraction of the unit ball. Existence of solution to the
fourth-order Schrodinger problem (1.1) follows by a classical Theorem of Picard.

3.2. Uniqueness in the energy space. The uniqueness proof is a consequence
of the following Lemma and the proof of local existence of solution to (1.1).

Lemma 3.1. Let § > 0, ug € H? and u € C([0,T*), H?) a solution to (1.1).
Then, there exists T5 > 0 such that

HUHL6T(W2,3) S (5, for all 0 S T S T(;.

Proof. Let v := €3y to be the solution to the free associated problem and
w = u — v. By the Strichartz estimate (1.6), we have

[l 2. w23 S llg(ll

‘ﬂ wio

We have

1A g g, < 1Aug @l g 5 +IVulPg @I g 5

L33 — L3(L L
< (I)+ (II).

Using a continuity argument, there exists 7' > 0 such that |[ul| s (z2y < 1+([uo||m2-
2

(1+||UOHH2 )27

5
() < ||AU||L;°(L2)||€€0|u|2—1||L;°(L6)T6

Noio

For ¢ : by Moser-Trudinger inequality (1.8),

~

_ 2 [u] 2 = 5
5 ||AU||L%°(L2)”€660“U Aull* (= aay)” 1||2%O(L1)T6
S

Ko ||ul| e 2T — 0 as T — 0.
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: — 2 1
Let estimate (I1) = |||Vu|®g (u)||L§(L§)

HY(R*Y) — LY(R*) for all ¢ €]1,4],
with Holder inequality, we have

(I < MVaf(es™ - 1))

~

L5(L2
2
S VUl nlle ™ =1

%
Ly (LS)

1
wl? 6
S ol (e = 1o ) 78

S Ko fulls) T3 =0, as T —0.

Arguing as previously we have

2
gl S lles=M — 1)
Il s 5 S | I,
< el — g T
~ FLY)
< KsTs —0 as T — 0.

Which implies that
Jwl|zs w2sy < Cr — 0, as T — 0.

Thus, by the energy conservation of the free solution v,

HUHLGT(W2»3) < CTl|ugllgz +Cr — 0 as T — 0.

The proof is closed.

5 . Using the Sobolev embedding

259

O

3.3. Global existence in the defocusing case. This subsection is devoted to
prove that the solution given by Theorem 2.1 is global in the case u = 1. We
recall an important fact that is the time of local existence depends only on the

quantity ||uol|g2rsy. Let u to be the unique maximal solution of (1.

1) in the

space Ep for any T < T*, where 0 < T* < +o0 is the lifespan of u. We shall
prove that u is global. By contradiction, suppose that 7™ < 400, we consider for

0 < s < T7, the following problem

(P.) 10w + A% +0G'(|v]?) = 0
° v(s,.) = u(s,.).
By the same arguments used in the local existence, and taking

W2

0<e< A aB@O))

instead of gy, we can find a real 7 > 0 and a solution v to (Ps) on [s,s + 7.
According to the section of local existence, and using the conservation of energy,
7 does not depend on s. Thus, if we let s be close to T™ such that s + 7 > T,
we can extend v for times higher than 7™. This fact contradicts the maximality

of T*. We obtain the result claimed in Theorem 2.1.
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4. THE STATIONARY PROBLEM

The goal of this section to prove that the elliptic problem associated to (1.1)
has a ground state in the meaning that it has a nontrivial positive radial solution
which minimizes of the action S when K, g vanishes.

Remark 4.1.

(1) The proof of Theorem 2.2 is based on several Lemmas.
(2) In this section, we write, for easy notation, ¢* = ¢, 5, K = Ko 3, K9 =

KS3 KN = KNy L= Log, H=Hapand m = mgp.

Lemma 4.2. Let (0,0) # (o, 8) € R%. Then

(1) min(LH(¢), H(¢)) >0, forall ¢ e H>
(2) If  # 0 then min(LH (¢), H(¢)) >0, forall 0# ¢ e H%
(3) X +— H(¢") is increasing.

Proof. With (1.5) yields H(¢) = ﬁ 20| Ad|1* + o [u(D — 1)G(|¢)?) dz| > 0.

Moreover, with a computation

c
LH(9) = L0 - Z7755)5(9)
1 L
= —a+26(£—o¢)(£— (a+28))S(¢) + a(l — a+25)5(¢>
1
= —axzp LTI~ (@+20)5(9) + aH(9).

Now, since (£ — a)||Ag||> = (£ — (o + 28))||6]|* = 0, we have (L — a)(L — (o +
26))161I32 = 0, and LG(|¢]?) = (aD +28)G(|¢]*). So

LH@G) > et =)L~ (a+29) [ GloP)da
_ af% 3 <a(D— 1)2 +26(D — 1))G(y¢|2)dx
> 0.

The last inequality is by (1.5). The two first points of the Lemma follow. The
last point is a consequence of the equality 9y H (¢*) = LH (¢™). O

The next intermediate result is the following

Lemma 4.3. Let a > 0, 8 € R and (¢,) a bounded sequence of H* — {0} such
that lim K%(¢,) = 0. Then, there exists ny € N such that K(¢,) > 0 for all

n > ng.

Proof. We have, for some p > 2, [rg(r)| + |G(r?)] < rP(e” — 1). In fact, by the
first equation of (1.5), the ratio tends to zero on infinity and using (1.3), the ratio
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is bounded near zero. Thus, for any ¢ > 1,

KY0) 5 [ e = 1do
S Tyl = 1]

2
S ol e — 1.

~

Now, if ¢*||v — Av||? < 3272, by Moser-Trudinger inequality K™ (v) < ||v|2,. By
the interpolation inequality

2 1—2
[Vllzr sy S N0l L2y | AV 2y, V7 € [2, 00), (4.1)

we have KV (v) < [lvlp, S o] ||Av|]p 7. Since [|Agy|? < K9(¢,), the proof is
achieved via taking ¢ such that p — 5 > 2. O

The last Lemma of this section reads
Lemma 4.4. Let o > 0 and 3 > 0. Then

maeg = inf {H, , 8.t K, < 0}. 4.2
o= it {(Heol0), 5.t Kusl0) <0} (12)

Proof. Let m; the right hand side, then it is sufficient to prove that m < my. Take
¢ € H? such that K, g(¢) < 0 then by Lemma 4.3, the fact that Alim KO?B(QS’\) =

0 and A — H(¢), 3) is increasing, there exists A < 0 such that
Kop(@") =0, Hap(¢") < H(0). (4.3)
The proof is closed. O

Proof of Theorem 2.2
First case o # 0.
Let (¢,) a minimizing sequence, namely

0+#¢, € H, K(¢,) =0and lim H (¢y) = lim S(¢,) = m. (4.4)

e First step: (¢,) is bounded in H?.
We have al[lgnllls = fuu |oulg(lnl) do| = m[fw (I6al?) do — [lén]2] and
<||gbn||§1,2 — Ji G(|0n?) :L‘> — m. Denoting \ := E’ yields

6l = [ 1onla16) do = X[1867 = lonlFye + | Gl )]

So, the following sequences are bounded

(= Mael+lonlle = [ 16alatonDds). (Il [ Gllon) o).

Thus, for any real number a, the following sequence is also bounded

MAG1* + (@ = Dl éullz + /RLL(D — a)G(|¢n|*) dz
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Now, taking a > 1 near to one and using the assumption (1.5), yields that (¢,)
is bounded in H?.

e Second step: the limit of ¢,, is nonzero and m > 0.

Taking account of the compact injection of the radial Sobolev space HZ;(R?*) on
the Lebesgue space LP(R?) for any 2 < p < oo, we take

¢n — ¢ in H* and ¢, — ¢ in LP, Vp € (2,00). (4.5)

By (1.5), for some p > 2 and a > 0 small enough

wax{ [ GllonP)do. [ Ionlallon)dz} S 03 = D,

1
l9nll5l€*H " — 117
[@nll5p]|@nll — 0.
In the last lines, we used the fact that (¢,) is bounded in H? via Moser-Trudinger

inequality. If we assume that ¢ = 0, by Lemma 4.3, K(¢,) > 0 for large n which
is absurd. So

S
S

¢ #0. (4.6)

By the Moser—Trudinger inequality via (1.3) with (1.5), the mean value theorem
and the convexity of the exponential, for any € > 0,

/\G<r¢\2>—G(l¢n\2>ldx S /|¢—¢n|<|¢n|+|¢|)(e€¢“—1+e€'¢2—1>dx
R4 R4

< 16— dulls(ldulls + I6lls) (bl + 161%).
Thus
/ G(|6l?) d — / G(|6f?) d.
R4 R4

Similarly, we have

[ Jalatonlydz — [ 1ola(lol) de

So, with lower semi continuity of H? norm, we have

0 = liminf K(¢,)

> aliminf||A¢nH2+(a+26)liminf||gbn||2—/ (aD +28)C(l6P) d
n n ]Rzl
> K(¢).

Similarly, we have H(¢) < m. Using (4.3), we can assume that K(¢) = 0 and
S(¢) = H(¢) < m. So that ¢ is a minimizer satisfying (4.4). Since H(¢) =

L [26||A¢||2 + o [pu(D = 1)G(¢]?) dx], via the assumption (1.5), we have

a+23

m > 0.



FOURTH-ORDER SCHRODINGER EQUATION 263

e Third step: ¢ is a solution to (2.1).
Now, there is a Lagrange multiplier 7 € R such that S’(¢) = nK’(¢). Thus
0=K(¢) = LS(¢)=(5(9),L(¢))
= n(K'(¢), L(9))
= nLEK(¢) =nLS().

With a previous computation and taking account of the second equation of (1.5),
—L25(¢) —aa+20)S(¢) = —(L—(a+20))(L~a)S(¢)
= D —1)?+23(D—1))G(|¢]*) d
o [, (atD = 12+ 25(D - 1) G(1oP) da

> 0.
Thus n = 0 and S’(¢) = 0. So, ¢ is a ground state and m is independent of «, (3.

Second case a = 0.
Without loss of generality, we take § = 1. Let (¢,) a minimizing sequence. Since

(4.4) is invariant by the scaling qﬁn(\/”—) because HA¢n(\/H¢—)H2 = [|Ag,]?
and Ko 1(¢n( — ”)) = 0. Thus, we may assume that ||¢,|| = 1. Moreover,

H(¢,) = [|[A¢,||*> — m, thus ¢, is bounded in H? Using compact Sobolev
embedding as previously, we take ¢, — ¢ in H? and ¢,, — ¢ in LP, Vp € (2, 00).
Now, by the fact that

=mm=u4ymﬁweb4ﬁwmm

we have

¢ # 0.
Using (1.3), for A = 0%, |[KY(\¢)| = o( K?(A\p)) = N2K?(¢). Thus
K(¢) <0=3x€(0,1), /K(A\) =0, H(\d) < H(¢) = [|Ag]*.

So, we may assume that K(¢) = 0 and S(¢) = H(¢) < m. Thus m = H(¢) =
|A@||> > 0. Now, with a Lagrange multiplicator 7, we have S'(¢) = ZK'(¢).

Then A% = (n—1)(¢ — g(¢)). Moreover, since (¢, — g(¢))r2 = $Ko1(¢) —

Jea (D = 1)G(|9]?) < 0, then (n — 1) < 0. Taking a positive real A, we have
A¥p(e™) = e —Dgle ™) — glo(e™))].

Finally, for A such that e=%*(n—1) = —1, we have a ground state, which concludes

the proof.

5. GLOBAL WELL-POSEDNESS IN THE FOCUSING CASE

In this section, we prove Theorem 2.3 about global well-psedness of the focusing
case associated to (1.1). Let us start with an auxiliary result.

Lemma 5.1. The set A} ; is invariant under the flow of (1.1).
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Proof. Let ug € A} 5 and u € Cp-(H?) the maximal solution to (1.1). Assume
that there exists some time t, € (0,7*) such that u(to) ¢ A ;. Since S(u)

is conserved, we have K, g(u(tg)) < 0. So, with a continuity argument, there
exists a positive time ¢; € (0,%y) such that K, g(u(t1)) = 0. This contradicts the

definition of m, 3. The proof is finished. 0
Lemma 5.2. Let (0,0) # (o, 3) € R. Then, the set A ; is independent of
(o, B).

Proof. Let (o, 3) and (¢, 8') in RY — {(0,0)}. We denote, for § > 0, the sets
A;% ={veH? s.t Sw)<m—-3 and K,z(v)>0};
A;fsﬁ ={veH® s.t Sw)<m—-3 and K,z(v) <0}

By Theorem 2.2, the reunion A;’"SﬁUA;‘SB is independent of (o, 3). So, it is sufficient
to prove that A;‘fsﬁ is independent of (o, 3). If S(¢) < m and K,z(¢) = 0,
then ¢ = 0. So A;‘; is open. The rescaling ¢* := e ¢(e~#*.) implies that a
neighborhood of zero is in AI%. Moreover, this rescaling with A — —oo gives
that A;’% is contracted to zero and so it is connected. Now, by the definition,
A;éﬁ is open, and 0 € A:;% N Az,‘fﬁ,. Write A:;é = (A;% N Az,‘fﬁ,) U (A;% N Aa_ffﬁ,).

Using a connexity argument, we have A;% = A;‘,‘Sﬂ,. The proof is achieved.  [J

Now, we prove Theorem 2.3. With a translation argument, we assume that
Uug € A:[ﬁ, for some positive real numbers (0,0) # («, ) € R%. By Lemmas 5.1,
u(t) € AL 5 for any t € [0, 7*). Using Lemma 5.2, u(t) € Af, for any t € [0,T*).
Thus,

m > (S — Kl’l)(U)
= H171(U)

= g[1auE+ [ (0= n6(P) ds

v

2
1A
Moreover, since the L? norm of u is conserved, we have
sup |Ju(t)|| gz < oo.
0<t<T*
Thus T% = oco. This ends the proof.
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