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ABSTRACT. We consider Hankel operators H 7 with anti-meromorphic symbols
f and describe several spectral properties of these operators. Namely, we study
their boundedness, compactness and Schatten class membership.

1. INTRODUCTION

In this paper we consider Hankel operators with anti-meromorphic symbols. The
case of anti-holomorphic symbols has a long history. It has been studied by several
authors see [1, 3, 5, 6, 29, 34, 35] and [37] in the case of Hardy and Bergman type
spaces. The study of Hankel operators in Fock type spaces was considered in the
one dimensional setting by [21] and [27] and in the higher dimensional setting by
[15, 16, 17] and [23]. The method used by these authors relies on computing the
operator norm using the explicit expression for the monomials z*, k € N. Later,
in a joint work of the third named author with Bommier—Hato and ([7, 8]) and
with Seip [28], this result was generalized in multi-dimensional case in connection
with the Stieltjes moment problem.

We recall that studying the spectral properties of Hankel operators in the
context of Bergman spaces and generalized Fock spaces consists in characterizing
those symbols f for which the Hankel operator Hy is bounded (resp. compact,
in Schatten class). See Theorem A in [7].

We are interested by study the possibility to have bounded Hankel opera-
tors (resp. compact, in Schatten class) whose symbols are not necessarily entire
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functions and in particular not polynomials. To this end we consider the space
A%(f1,), m > 0 of all holomorphic functions in C \ {0} such that

F(2)Pe(F ) dA(z) < 4o,
.

where dp,,(2) = EOZWJFW)OM(Z), and dA is the Lebesgue measure in the
complex plane.
The sequence of moments of the measure p,, are well-defined and given by

+0o0
Sq = / tdef(tmr%m)dt.
0

for arbitrary integers d in the set of all integers Z. The notion of Laurent poly-
nomial and related L-degree will be introduced in Section 2 and will be used
to define Hankel operators. We shall prove that the space A?(i,,) is closed in
L?(j1,,) and denote by K,,(+, -) its reproducing kernel. For f € A?(u,,) the Hankel
operator Hy is defined for symbols in the class x(m) by

Hro)E) = [ Kon(e)e(@)F(E) = Flldn )

where x(m) is the class of functions f € A?*(u,,) such that foK,,(z,.) € L* (i)
and ¢ is holomorphic Laurent polynomial. Finally, if f is a function defined on
C\ {0}, we set

Ui =1(3) s c\ o

Our results are the following :

Theorem 1.1. Suppose that f € A*(pim), where m > 0. Then
1) The operators Hy and Hgy are bounded on the space A% (1) if and only if
f is a Laurent polynomial of L-degree at most 2m.

2)The operators Hy and Hgy are compacts on the space A% (1) if and only if
f s a Laurent polynomial of L-degree smaller than 2m.

3) The operators Hy and Heyy are in Schatten class Sp(A*(ptm), L* (ptm)) if and

only if p > 2 and f is a Laurent polynomial of L-degree smaller than 2m(;)—2).

2. PRELIMINARIES

A distribution di(t) is said to be a strong distribution on (a,b) C (0,+00)
if 1(t) is real-valued, bounded, non-decreasing function and has infinitely many
points of increase on (a, b). In this case all the moments

b
Sp = / thdy(t), k € Z (2.1)

exist.
Such distributions are called strong Stieltjes distributions. They were intro-
duced in 1982 in the context of the study of the strong moment problem [19] that
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is, given a sequence of real numbers {s;}7% what are necessary and sufficient

conditions about the function () on (0, 400), such that (2.1) holds. The theory
of orthogonal Laurent polynomials appeared later in connection with different
type of strong moment problems [10, 18, 20] and [26]. Other extensions of the
moment problem have been developed in the context of this theory, especially in
the case of rapidly decreasing functions[13].

Herein, we consider Hankel operators in a Hilbert space of meromorphic func-
tions in connection with the strong moment problem. More precisely if the se-
quence s = (s, )pez of the form

b b 1
Sq = / t?du(t) and s_g4 = / tdu(t) = [ tdi(t) = 54

b

where d € N and 0 < a < b < +00. And, furthermore, the measure p is a non-
negative measure on [a, b], called a representing measure for s, and the measure
it is the image measure of p under the transformation ¢ — % We denote by S
the set of such sequences and by &* the set of all non-vanishing elements of S.

Let s € §*, by Cauchy—Schwarz inequality we see that the sequence (sizl )a>0
is non-decreasing and hence converges as d — +o00o to the radius of convergence
r, of the entire series :

400 \ ¢4

Fi(\)=) =, xeC

S
d=0 4

Similarly, the sequence (Sé—zl)dzo is non-decreasing and hence converges as d —
+o0o to the radius of convergence r_ of the entire series :
+o00o
)\d

F.(\) =) S,xeC.

S
d=1 ¢

. Sd+1 . 1

Ry : = lim, ,/— = lim sg
d—+o00 Sd d—+o0

1 . Sd+1 . ~

— = lim 4/ —— = lim s
R_ d—-+o00 Sd d—+o0

and assume that r_ < r, and we define the series

We set

al~

1
F,(\) :==F,(\) + F_ (X) T h <N <y

Denote by s = {2z € C / R_ < |2| < R;} the annulus of radius R_ and R;.
We denote by A2(s) the Hilbert space of holomorphic functions f(z) = > azz*
kez
on (2, that satisfy
+oo

Zsk la|” < 400

—0o0
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equipped with the standard inner product

<f7 .g> = Zskaka

kEZ

if f(2)= > apz® and g(z) = > br2"* are two elements of A?(s).
kEZ keZ
Now let o be the rotation invariant probability measure on the unit circle and g

be the representing measure of s. We denote by us the image measure on C, of
¢ ® o under the map (,&) — /¢ from [a, b] x [0, 27] onto C.

Let L?(us) be the Hilbert space of all square integrable complex-valued func-
tions with respect to the measure g equipped with the norm

Hﬂ@%yZAV@W@MA

In addition, we consider the set of Laurent polynomials (L-polynomials) denoted
by A. This is the space of those rational fractions of the form P(z) = Z;L:m a;zd,
where m,n € Z m < n and a; € C. We denote by A,,, the set of Laurent
polynomials belonging to span{z’ /m < j < n}. The next two classes of Laurent

polynomials are of particular interest.
Ay, = {P € A_,,,, such that the coefficient of 2" is nonzero}
and
Agpi1 = {P € A_, 1, such that the coefficient of 27"~' is nonzero}

We define the following inner product on A by

<ﬁm=/#@a5w&ww€A

For each P € A, it is obvious that there exists a unique k£ € N such that P € A,.
In this case P is said to be of L-degree k. In particular, for the L-degree of an
ordinary polynomial is twice its degree.

The study of these polynomials first appeared in connection with the strong
moments problem [19], and it will be developed later see [20] and [26], the theory
of Laurent polynomials extends now to other fields of applications, including
quadrature formulas [9] and pade approximation [12] and [22], for more details
on the theory of Laurent polynomials see [10]. Another result of this paper is the
following

Theorem 2.1. The measure s is supported by the closure of the domain Q. In
addition, for each set compact K C Qs, there exists M = M(K) > 0 such that :

supl| f (2)| < M ([ £l (.,
zeK
for all holomorphic Laurent polynomials f in Q. Furthermore, the space A?(s)

coincides with the closure of the holomorphic Laurent polynomials in L*(u,) and
its reproducing kernel is given by

Ky (z,w) = Fs(20) z,w € Q.
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Proof. Suppose that r is a positif real number that satisfies r > a and p(]r, b[) = 0.
1

Then for d € N, we have sy < 7% u(]a, b[) and hence limsup, s¢ < r, showing that
the radius of convergence r, of the series F, satisfies

ry <inf{r: p(lr,b]) =0}.
Conversely, suppose that r > a satisfies p(]r, b[) > 0. Then
riu(lr b)) < sq.

Therefore

1
. . E . E
r < hml%f sg <limsupsg
d
since

inf{r : u(]r,b]) = 0} = sup{r: u(]r, b)) > 0},

_p2 _
we see that r, = R = dhm sd.
—+00

Applying the same arguments to the sequence s; we show that

1
r_=RZ?>= lim s4.
d——+o0
Thus, the measure p, is supported by the closure Q, and for each z € Qj, the

series
“+o0

1
K, (z,w) = —(zw0)%w e Q,
() =3 (9
converges on §),. Moreover, using the orthogonality of Laurent polynomials with
respect to ug it follows that
2

N
Ks 2d3 < i inf d ds
| P < gmint [ ZN 2| dun(w)
2
< . . - —\d
¢ ] S|t

< Ki(z,2)

Hence for any fixed z on 2, the series K,(z,w) converges in L*(u,), and for
k € Z, we have

kazwds / (z) ds =
/QS (2, w)dps( st ps(w) =

This shows that the kernel K(z,w) reproduces holomorphic Laurent polynomials

and
sup | f(2)] < vV Ks(z,2) [/l 12

zeK
for all holomorphic Laurent polynomial f and each compact K C €. O
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3. HANKEL OPERATORS

As mentioned before, the orthogonal projection associated to A%(s) is given for
all g € L?(us) by

(Pu.g)(2) = : Ky (z,w)g(w)dps(w), 2 €

This integral operator can be extended in a natural way to functions g such
that K(z,.)g € L'(u,) for all z € Q. This allows us to define Hankel operators.
Indeed, we denote by x(s) the class of functions f € A?(s) such that fpK,(z,.) €
L*(u,) for each holomorphic Laurent polynomial ¢ and z € €2, and

Hy(p)(2) = | Ki(z,w)ew)[f(2) = f(@)ldus(w), z € Qs

Qs
is a densely defined operator from A*(s) into L*(u). This operator will be called
the Hankel operator with symbol f and it can be written in the form

Hy(p) = (I = Pu.)(f¢)

for all holomorphic Laurent polynomial ¢. For f € x(s), we denote by spec(f)
the set of all indices k € Z such that the coefficient of the Laurent series of f is
nonzero. It is not hard to see that the class x(s) contains all holomorphic Laurent
polynomials.

In this section we give the expression of the operators H;x and H, Hzx for holo-
morphic Laurent monomials.

Proposition 3.1. Suppose that k,l € Z, and g is the monomial g (z) = z'. Then

ifk>0
PR if 1>k
P, (Zg) =
(~DF 2 iy ey 1< 0
ifk <0
A LR 95Uy ifl <k
Pl (zkg) =

(1) 525U E=Ug if1>0

where U is the transformation defined by Ug(z) = g (%) .
For general Laurent polynomials g the projection can be computed by linearity

s Py () = S90) P (3+2)

Proof. Let h be a holomorphic Laurent polynomial. Using the properties of P,_,
we see that

(Pu.(Z°9), h) 12

(ms)

= <ga Zkh)LfM

In patricular, if h(z) = 2™ with m € Z, we have

<Pﬂs (Ekg>7 h>L?ﬂs) =0

s)
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as long as [ # k + m. However, when | = k + m, we consider the following two
cases :

Case where k£ > 0

If I > 0, then

S (l — k‘)' 8’“

—k .
<P/—Ls(z g)? h)L%‘LS) - Sk l' <8Zkg7 h>L%Ms).

If I < 0, then using the observation that

R — _1 N T =

Sty oy TR
we get

(=l—-1)! 3, 60"
= h .
(_l + k - 1)' Sfl+k <azkg >L%ﬂs)
Therefore, for g = 2!, I € Z and k > 0 we have
T Ay if 1>k

Sl—k I ozk

(Pu.(Z"g), B2 = (=1)F

(s)

P.(zhg) =

k(-1 5 b
(1" Sy a9 W 1<0

Since s_; = sy, it follows that

S] (l*k‘)! ok g lfl Z ]f

sj_p Il 9zF

P/»Ls (Ekg> -

k s (=1-1)! 9k .
(D rrrmary H1<0

Case where k£ < 0 We make use of the transformation U f(z) = f (%) .
If I <0, then
<P;Ufs (zkg>7 h>L2

(ms)

= <ga Zkh>L?MS) = <UgvzikUh’>L?ﬁS)

and hence

5 (l+k), O07*
U, =Ug,

(Pu.(Z*9), )2

pu— = h
(ns) Sfl+]€ (-l)' >

L%Hs).
For | > 0, using the fact that
o* p(—k-1)
e U Y. A S
= e i TR
we get
[-1)! o7k
A Ug ,Uh)ys .
L(,us) ( ) S (l — k= 1>‘ <az_k g, >L(ﬁs

)
Therefore, for g = 2!, | € Z and k < 0 we have
51 (—H—k)!U o~k Ug if <k

S_pyr (DY T 9z7F

(Pu.(Z"9), )

P (Z"g) = | )
(=1)k = DL 078 7 if >0

Sl—k (l*k*l)! 9z—F
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Using again the fact that s_; = s;, wee see that

S CERULS Uy ifI<k

P,U«s (zkg) =

() G UE=Ug 11> 0

This completes the proof. O

Proposition 3.2. Suppose that k,l € 7Z and let g be the monomial of the form
g(2) == 2'. Then

Ifk>0
Ekﬁl—;—jkﬁl—’f if I>korifl<0
(Hzrg)(§) =
g'e! if0<l<k
If k<0

?f“—jgf”k if l<korifl>0
(Hzg)(§) =
gl ifk<1<0

Proof. Since H3(p) = (I — P,.)(f¢) for each holomorphic Laurent polynomial ¢,
from Proposition 1 it follows that that the Hankel operator Hzx can be written
in the following form:

Case where k£ > 0

€g(e) - o B2 g(¢) if 1>k

(Hzrg)(§) =
€9(6) — (-1)F GLE s Kg if 1< 0.
In particular, for ¢ = 2!, | € Z the latter equality reduces to
€ — gk ifi>korif 1<0
(Hzg)(§) =

el if0<l<k

Case where k < 0 :
In this case the Hankel operator Hz« can be expressed in the following form:

€g(6) — 2 CHtuisug  if 1<k

(Hzxg)(§) =

—k B .
£9(¢) — (—1)F 225U E=Ug if 1>0
especially, for g = 2!, | € Z, we have
get— gk ifl<korifl>0
(Hzrg)(§) =

gel if k<1<0.



HANKEL OPERATORS WITH ANTI-MEROMORPHIC SYMBOLS 151
The proof is now complete. O
Lemma 3.3. Suppose that u,v and g are holomorphic Laurent polynomials. Then
HiHzg = P, (vug) — v, (ug)
Proof. In fact, for h € A%(s)
(Hag, Hoh)z | = {tig — P, (g). oh — P, (oh)

()
= (vug, h)z | — (B, (Ug), 0h) 2+ (P, — 1)ug, P, (0h)) 2
Since P, (vh) € A%*(us) and (P,, — I)(ug) is orthogonal to A?(us) we see that
HiHyg = P, (vig) — vP,,(ug).
and thus the proof of the lemma follows. O
Next, we shall establish the expression of the operator HZ Hz.

Proposition 3.4. Suppose that k € Z and let g be holomorphic Laurent polyno-
mial. Then

. sie (O 9% 4 st (L—k)! 0~
l _

;g:g() { T A GO e TR
H Hz(g) = =

~ I—k—1)!'s k —I-1)! s k
HDF Ty 500) [ e 25 (ivtg) — LD ok 221

if k >0 and,
7 5 —1)! s 14 k)!
Src090) [ 28 (U U (44 — pon Gl hy 225 124
~ S ! k s o
D sk 90 [ e LR R 25 U (M) — 2 LU 25Uz }
otherwise.

Proof. We first notice that if £ > 0

sipp  (Lhp—k)! ok :
slik : (+lip)!) o (279) ifl+p>k

p//'s (szkg) =

l 1 s .
(=1)* ((z s )1) slijpkaaz (2Pg) if l+p<0

and for £ < 0, we have

st (CLoptRN 1y 078 1722 g) if l+p<k

Si4p—k (=l=p)!

PNS (szkg) =

s k .
(-1 gt mU = U(rg) if L+p >0,

Then we use the previous lemma to conclude.
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In particular, for g = &', | € Z we deduce that :

For k > 0,
S S l -
(5 -wm)e sk
Ltk gl ifo<i<k
(HzHzg)(§) =
— gl if —k<1<0
S S l .
\ (;le—ﬁ)g if 1< —k,
and for £ <0,
S S l .
(22— )¢ iris<k
Sls—jkgl if k<1<0
(HZHzg)(§) =
— gl if0<1<—k
S S l -
\ (;;j—ﬁﬁ if 1> —k

O
This result allows us to obtain the eigenvalues associated to the operator

H?, Hze and to study its spectral properties. This leads to the following result.

Theorem 3.5. Suppose that f is holomorphic Laurent polynomial. Then
1) The operator Hy is bounded if and only if

Sp S Sh Sn

sup( th_ ) < +00 and sup( ntk ) < 400, Vk € spec(f).
neN Sn, Sn—k neN Sn, Sn—k

2) The operator Hy is compact if and only if

) Snik S . Sntk s,
lim s — =0 and lm aEAR—
n—+o0 Sn Sn—k

n—-+40o

= ) =0, Vk € spec(f).
Sn Sn—k

Proof. 1t suffices to observe that the sequence (\;) of eigenvalues of the operator
H?, Hx can be written as follows :

If k>0,

(22— ) if 1>k
Sls—tk 1f 0<I<k

Al = < ~ (3.1)

S_1 .
o iof —k<Il<0
S_(i+k) 5 .
\ ( §: N g—(l—lk)) if <k
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If k<0,

¢ ~ _
S—(+k) 85— .
( 51 g—(l—k)) =k
e ifk<1<0

\ = (3.2)

— if0<l<—k

\ <;__> if 1>~k

The proof of the theorem follows since the operator HZ, Hz. is bounded if and
only if the sequence sup |\| is bounded and H?, Hx is compact if and only if the
sequence sup |\;| tends to zero. O

We recall that if £ and F' are two Hilbert spaces and 0 < p < oo, then the
p'"-Schatten class S,(F, F'), is the space of all compact operators T' from E to F
such that the the sequence of singular values of 7', {s,,(T) }sen, satisfies

1T\l s,z,r) = (Z[sn(T)]p)E < 400
neN
with s,(T) = [\ (T*T)]2, for all n € N.
The class S; is the trace class. Specifically, if T" € &7, then the trace of T is

noted
tr(T) == |Tlls, = Y _su(T)
neN
The following two theorems are well-known facts and reduce the study of the
membership of an operator 7" to the Schatten class S,, to membership of (T *T)g
to the class S;.

Theorem 3.6. Let E be a Hilbert space and p > 0. If T is a positif compact
operator from E to E, then T € S,(E,E) if and only if TP € S\(E,E). In
addition, we have

HTng(E,E) - HTpHSl(E,E)
Theorem 3.7. Let E and F be two Hilbert spaces and 1 < p < oo. If T is
a compact operator from E to F, then T € S,(E,F) if and only if (T*T)% €
S1(E, E). In addition, we have

112, 5.y = ||(T°T)

See Meise and Vogt [25] or Zhu [36] for the above material.
The following theorem characterizes the membership of the operator Hf to the
Schatten class S,(A?(us), L*(1s))-

Theorem 3.8. Suppose that f is holomorphic Laurent polynomial. Then the
operator Hy is in Schatten class Sy(A*(is), L*(115)) if and only if

p P

Sn+k Sn 2 §ﬁ+k gﬁ 2
— < d — — < , Vk )
g ( 5, ) +00 an E ( 5 ) +0o0 € spec(f)

Sp— S
neN n—k neN n—k

P
2

Sl(E,E)
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4. APPLICATION

In this section we consider the space A?(j,,) defined in the introduction. We

remind that p, = e_‘zrn_ﬁdé(z), m > 0 and dA(z) is the Lebesgue measure in
complex plane.

We set T' = HZ, Hzx, then T is well-defined on the space of holomorphic Laurent
polynomials which is dense in A?(f,,). In addition, the eigenvalues corresponding
to T are given by relations (3.1) and (3.2).

The moments of the measure pu,, are given by

+o0 1
Sq = / t?exp (—tm — ﬁ) dt, d e Z.
0

In addition, they satisfy s, = s_,, = s, for all n € N and we have

1 f(too  ndl_

Sp = f0+°° t" exp (—tm — th) dt = - |, "t Lexp (—t — l) dt.
Therefore s, = 2 Kns1(2) with K, is the function defined by

+oo
K,(z) = /0 exp (z cosh(t)) cosh(vt)dt.

This function is called modified Bessel function of the second kind or Macdonald
function. It is a solution of a modified Bessel differential equation and has been
studied by several authors see [2, 14, 24, 30, 31, 32] and [33]. More precisely, from
relation 1.66 in [4] we have

Ly [T 22

The eigenvalue associated to the operator T corresponding to the eigenvector &
is given by the relations (3.1) and (3.2). This allows us to study asymptotically
these eigenvalues and to deduce the spectral properties of the operator 7. To
achieve this, we need the following lemma which provides the approximation of
Macdonald function as v — oc.

Lemma 4.1. Let a, 8 and v be real numbers, for v — +oo and z fixed we have :

[f_ﬁgi _ (1Z>ﬁ“ pos <1 L la _m(;;ﬁ -1 O(%)) o)

2
Proof. Let o, be real numbers and v — 400, . By [30, Relation 9.37 page
234], we have the following asymptotic relation

1 1\
K, ~ 51“(1/) (5) Re(v)>0and z — 0
This estimation remains true if z is fixed and v — 4o0.
We also use another estimate of K, (z) when z is fixed and v — +o0, see [11,

page 44] , when v — +o0o0 and z is positive we have

ey
T
Kulz) ~ ﬁ—
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Using the fact that

Iv+a) o (1 1 (o — 5)(;}4- g—1) + O(%)) ,when v — 400,

I'(v+a)
then we have

Koialz) 1 )P 5<1+ (a—=B)la+B-1)

14

Kos(2) 2 2 +O<,,12>) +o(1)

and thus the proof of the lemma is complete. O

It is well-known that H.x is bounded (resp. compact) if and only if H, Hx is
bounded (resp.compact). Now we state the following spectral properties of the
operator Hxr as :

Theorem 4.2. Suppose that k € Z and m s a positive real number. Then

1) The Hankel operator Hox is bounded on the space A*(pn) if and only if
k<m.

2) The Hankel operator H_x is compact on the space A*(u.,) if and only if
k< m.

3) The Hankel operator Hyr is in Schatten class S,(A*(tim), L*(pm)), p > 0, if
and only if pk < m(p — 2).

Proof. Since the moments are symmetric, the operator Hxx is bounded if and only

if
Sn+k Sn
sup ( — < +00.
neN Sn Sn—k

On the other hand, a little computing shows that

P . _ Kagen ) Kni1(2)
<T - E) o K%@)  Knk1(2)
. Kn$l+%(2) KTLTl(2)
- Kna(?) _K%ﬂ,%@)
Therefore, Lemma 4.1 implies that
Kop 8@ _ 1\& Y (k—m) |
Kni1(3) (E) (n+1)m (1 + 2m(nr1) + O((n+1)2))
and s @)
Y 1yw E k(k+m) 1
Kni1 x (2) (_) (TL + 1) (1 T 2m(n+1) + O((n+1)2>)

m

This shows that
£ - —m
k(k+m)
o <1 o 2m(n+1) + O((n+1)2)>>
k
- (1)m (Tl—|—1) <m(n+1 +O( n+1 ))

Thus the Hankel operator H.x is bounded if and only if £ +—1 <0, and it is
compact if and only if % —-1<0.
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We observe that A\, ~ (n + 1)%_1. Thus the Hankel operator Hzr is in the
Schatten class S,(A? (), L2 (im)), p > 0, if and only if pk < m(p — 2). O

Next, denote by M the subspace of all functions f € A*(u,y,) such that Hj is
bounded on A?(u,,). We equip this space with semi-norm

LI = ([ H ]| + 1£(0)]

The subspace of M consisting of those functions f such that Hy is a compact
operator will be denoted by M. Is not hard to see that M, is a closed subspace
of M.

If p > 0, we denote by M, the subspace of all functions f € M such that Hy is

in the Schatten S,(A%(tm), L*(tm)). We equip this space with semi-norm
171 = | Hy s, + 1£O)

For § € R, we let Ry be the rotation on C given by Ry(z) = €z for all z € C. This
induces a linear transformation defined on functions f defined on a Ry-invariant
subset of C of by

Rof :==foRy
Lemma 4.3. Let 6 € R. Then the operator Ry is a unitary isometry from L*(pm)
onto itself, and from A?(u) onto itself. Moreover we have the following results
1D)IffeM, Rof € M and ||Rofl| g = [ fll vy -
2)If f € My, Rof € M.
3)If f € My, Rof € M,, and ||R€f||/v1p = ||f||/v1p

Proof. Tt is clear that the operator Ryf is a unitary isometry from L?(p,,) onto
itself, and from A?(u,,) onto itself. Let f € M and 6§ € R. Then Ryf € A*(pi).
Moreover, if g is holomorphic Laurent polynomial, then

Hyr(9)(2) = (I = B, )(Rof 9)(2) = (I = P,,)(f (Roz)g(2))
= (I = P,,,)(f (Roz)g(R_gRyz))
= (I = P.,.)(f R-99)(Rg2)

= (RoH7R_4)(9)(2)

showing that

1 |l = [ H7 |
and thus
8o fll v = 111l pa
The proof of parts 2) and 3) of the lemma is similar. O

Lemma 4.4. The spaces M and M,, p > 1, are Banach spaces. If 0 < p <1
then M, is quasi-Banach space.
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Proof. Let (f;)qsen be a Cauchy sequence in M. Without loss of generality we
may assume that f,(0) = 0 for all ¢ € N. Then the sequence (Hy, )sen is a Cauchy

sequence of bounded operators on A?(u,,). Therefore, there is an operator T €
A*(pim) such that (Hp,)sen converges to T'in the norm operator. Let f := T(1)
be the conjugate of the image T'(1) of the constant function 1. Since Hy, (1) = f,,
it follows that

Ifo = oy = Mo =T, = [H7 (D) =T s,

< NHz = Tl gy - 12 gu)

which shows that lim || f, — fHLQ(#m) = 0 and thus f € A?(pm)-

q—-—+o0
It remains to show that the operator Hy is bounded. To do so, let g be a holo-
morphic Laurent polynomial. Then

P (F = F) D) ()] < 1o = Fll 2y 19K m (2 ) 12, -
Therefore qEI—ElooPMM((f — f.)9)(z) = 0. Since qEI—Poo 1fa = fll 2,y = 0, it follows

that
lim (Hy, — Hy)(g)(z) =0

g—-+o0
showing that T'= Hy and hence M is a Banach space.
The proof of the rest of lemma is similar. O

Lemma 4.5. Suppose that f € A*(un,) and Hy is bounded on A*(pi,). Then for
all g € A*(pim), the mapping 0 — Hg7(g) is continuous from [0,27] into L*(jiy,).

Proof. Let g € A%(ju,,) written as g(z) = Y. ap2*. If 6,9 € [0, 27], Then a little
kez
computing shows that

Hm — HTM = RQH?R_Q — R@H?R_Lp
= RyH7R_g — RyH7R_, + RyH7R_, — R,H7R_,

= R@H?(R_g — R_Lp) + (Rg — R@)H?R_Lp.
Thus
|rs(0) ~ Hr s,

©

On the other hand,
(B — B-)gll72(,)

< |7 1B=0 = B-gll g, + || (B0 = Bo)HFR- 0

L2 (i)

l9(R=02) = 9(Bp2) 22,
= S @ [[(Roo2) — (Rep2)|[3a.

kEZ
i ko2
= E aisk|e k0 _ ¢ Zk‘P‘ < 400.
ke,

Therefore
(glglp I(R-p — R—@)QHLQ(um) =0
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A similar argument shows that

;Lﬂg (R — Rw)H?ngHL?(um) = 0.

Therefore,

I HH Ho ) —0,
m Rgf g9) — va(g) L2 ()

which completes the proof O

Lemma 4.6. Let f € A*(m).
1) If f € M, then for any k € spec(f), the monomial 2* is in M.
2) If f € Mo, then for any k € spec(f), the monomial 2* is in Mo,
3)Ifp>1and f € M,, then for any k € spec(f), the monomial z* is in M,,.

Proof. Suppose that f € M and write f(z) = Y a2"*. Then is clear that
keEZ

1 2w

21 Jo

akzk =

f(Ryz)e™™dp, ¥z € C*.

Let g be a holomorphic Laurent polynomial, and h € L?(u,,). By Fubini’s theorem
we see that

1 2 .
o (Hpy7(9), Y12 (uye™d0 = (Hy—(9), B) 12,0 (4.1)
By Lemmas 4.3 and 4.4, there exists a constant C' such that
|trzsta)],.,, < Clolin,

Thus H, (f)-

Suppose now that f € M, and let (g,)sen be a sequence in A?(u,,) wich
converges weakly to 0. Since Hg_ 7 is a compact operator, we have that

qulOOHHRQf 90l 2, = 0: V0 € [0,27].
But ,
HHm(gq) 2 S/O HHm(gq)HLZ(um) do.
This implies that
lim H - zk =0
P [ )],

and hence zF € M, whenever k € spec(f).
We recall that if T is a compact operator from A*(u,,) to L*(i,,) then its
singular numbers v,(T), ¢ € N, are given by

v(T) == inf |IT - 4|

where R, is the space of all operators from A?(p,,) to L?(u,) with finite rank at
most q.



HANKEL OPERATORS WITH ANTI-MEROMORPHIC SYMBOLS 159

Let f € M,, then the sequence (v,(Hg)), is in [P. Moreover, there are an
orthonormal system (u,), in A?(u,,) and an orthonormal system (v,), in L*(ft,)
such that

+oo
Hf = Z%(H?)(w Ug) Vg,
q=0

where the series converges in the operator norm. See Proposition 16.3 in [25]. If
q is a positive integer, consider the operators with finite rank at most ¢ given by

q—1
A, = ZVj(HfM-,Ukjij
=0

where

1 2m . 1 27
= 2—/ (Rng)(Z)e—zkedQ et Ukj (z) = _/ (Revsz)e—zkede
T Jo 21 Jo

The dominated convergence theorem, combined with relations relation (4.1), leads
for h € L*(py,) and g € A%(y,) to

1

T or

U, (Z)

27 +oo
(H,x(g) — Ag), h) / > vi(Hy){(Rgg,u;) (v;, Rgh)e™*’d6
0 j=q
Due to the fact that the systems (u;); and (v;); are orthonormal and the sequence
(vj(Hy)); is non-increasing, it follows that

< Ve(H7) 191l a2y 1Bl 22 5

“+oo

> vi(Hp)(Rag, u;) (v;, Rgh)
J=q

for all h € L*(p4,,) and g € A?(pt,). Thus
| Hoete) = A)

< Vq(H?)

This implies that
vy(Hy—) < Vq(Hf>-

a2k

Consequently, 2% € M, for all k € spec(f). O
Now we give the proof of the main result.
Proof of Theorem 1. Follows from Theorems 3.7 and 3.8 and Lemma 4.5.

We use the same notation as in the previous section. Our results apply also
to establish the spectral properties of the 0-canonical solution operator. This
is the densely defined operator S from A?(p,,) into L?(p,,) defined on Laurent

polynomials g by S(g) = u where is the solution to the d-equation
ou=g

and u is orthogonal to holomorphic functions in L?(p,,). Then, using the re-
producing property of the Bergman kernel, a little computing shows that the
canonical solution operator can be expressed as

Sg = Hz(g)
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Therefore, by our results, the operator S extends boundedly from A%(u,,) into
L?(j1,,) as long as m > 1 and compactly as long as m > 1.
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