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UNBOUNDED WEIGHTS
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Communicated by J. Esterle

ABSTRACT. Let ¢ be an analytic self-map of the open unit disk. It is given
several sufficient conditions on ¢ for which there is u € H?\ H® such that the
weighted composition operator M, C, on H? is bounded.

1. INTRODUCTION

Let D be the open unit disk and m be the normalized Lebesgue measure on 0.
We denote by L?(0D) the space of square integrable functions on 9D with respect
tom. For 1 < p < 00, let HP be the space of analytic functions f on D satisfying

||f|]£ = lim/ | f(re®) [P dm(e?) < oco.
r—1 )

The space H? is called the Hardy space. We denote by H* the space of bounded
analytic functions on D with the supremum norm || f||o. For each f € H?, there
is the boundary function f* of f defined by f*(e) = lim,_; f(re®) a.e. on .
We have f* € L*(9D) (see [2, 3, 4]).

We denote by & the set of analytic self-maps of D. For each ¢ € S, we
may define the composition operator C, by C,f = f o ¢ for f € H® By the
Littlewood subordination theorem [6], C,, is a bounded linear operator on H?.
Recently there are many researches on composition operators on various spaces
of analytic functions. For v € H*, we may define the weighted composition
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operator M,C,, : H* — H? by (M,C,)f = u(f o). Of course, M,C,, is bounded
on H?2. See [1, 9] for the basic properties of (weighted) composition operators.
Let u € H? and ¢ € S. For each f € H?, we have

[MuCoflly < Nlull2llCo fllo < Nlull2|Co [l fl2-

Hence M,C, : H* — H' is a bounded linear map. If ||¢]|o < 1, then it is not
difficult to see that M,C, : H* — H? is bounded.

In this paper, for ¢ € S with |||« = 1 we shall study the boundedness of
M,C, : H* — H? (see [, 8]). More precisely, we consider the following problem.

Problem 1.1. For which ¢ € S, is there u € H*\ H* such that M,C, : H* — H?
is bounded?

A function ¢ € H* is called inner if [¢p*| = 1 a.e. on dD. In [5, Corollary 2.2],
Nguyen, Ohno and the first author showed that if ¢ € § is not inner, then there
is u € H*\ H* such that M,C, : H> — H? is bounded. So mainly we assume
that ¢ is an inner function. We denote by supp(¢) the set of ¢ € 9D at which
¢ does not have a continuous extension. Then supp(yp) is a closed subset of OD.
It is known that supp(p) = 0 if and only if ¢ is a finite Blaschke product. Tt is
not difficult to see that if supp(p) = 0, then M,C, : H* — H? is unbounded for
every u € H?\ H™ (see [5, p. 1335]).

It is known that ¢ may be extended to a non-vanishing analytic function on
some neighborhood of each e € 9D \ supp(p). Hence we may think that ¢* is
differentiable on 9D \ supp(¢). In [5, Proposition 2.9], Nguyen, Ohno and the
first author essentially proved that if sup,capsupp(e) |97 (2)| = 00, then there is
u € H?*\ H* such that M,C, : H> — H? is bounded.

In Section 2, we shall prove that if there is an open subarc U of 0D such that
U N supp(p) # O and U N supp(p) does not contain any interior points, then
SUD, com\ supp(e) |7 (2)] = 00, so there exists a function v € H? \ H* such that
M,C, : H* — H? is bounded.

For an inner function ¢, we consider the following two conditions.

(a)) There is a sequence of mutually disjoint measurable subsets {C), },,>1 of 0D
and a sequence of positive numbers {d, },>1 satisfying > - 8, < oo such that
m(C,) > 0 and m(C, N ¢*Y(E)) < 6,m(E) for every measurable subset E of
0D and for every n > 1.

(B) There is a sequence of mutually disjoint measurable subsets { £, },>; of 0D
such that m(E, N ¢*Y(E)) > 0 for every measurable subset £ of JD satisfying
m(E) > 0 and for every n > 1.

We do not know whether conditions («) and () hold or not for every inner
function ¢ satisfying m(supp(¢)) > 0. In Section 3, we shall prove that if an
inner function ¢ satisfies condition (), then there is w € H* \ H™ such that
M,C, : H* — H? is bounded. We also show that if ¢ satisfies condition (8),
then ¢ satisfies condition («).

The techniques used here will give us some light on further study of Problem
1.1.
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2. BOUNDED WEIGHTED COMPOSITION OPERATORS

The following proposition was proven in [5, Corollary 2.2]. We shall give its
another proof.

Proposition 2.1. Let ¢ € S. If p is not inner, then there is u € H*\ H*® such
that M,,C, : H* — H? is bounded.

Proof. For 0 < r < 1, we write {|p*| < r} = {e¢ € ID : |¢*(e")| < r}. Take
0 < r < 1 satisfying m({|¢*| < r}) > 0. Let n be a positive unbounded function
in L?(0D) such that n =1 on dD \ {|p*| < r} and n > 1 a.e. on {|p*| < r}. By
[4, p. 53], there is u € H? satisfying |u*| = n a.e. on 9D. We have u ¢ H*. For
f € H% by [2, p. 36] we have

)] < Y2l

A=

|2l <7

Hence
. 2 .
e < YL e i<y,
Therefore

IMuCo 115

= [ WPl oy Eam
— [ wPfeerPams [ WPfop)Fdm
{le*l<r} OD\{|p*|<r}

2
<2 [ wdme [ ((fop)fam
L=7r Jop oD
2||7ll3
< (TZZ+ICI) 113
Thus M,C, : H* — H2 is bounded. O

Hereafter, to study Problem 1.1 we assume that ¢ is an inner function satisfying
supp(p) # 0. In [5, Proposition 2.9], Nguyen, Ohno and the first author proved
the following essentially.

Lemma 2.2. Let ¢ be an inner function. If SUp,eop supp(p) |9 (2)] = 00, then
there exists a function u € H*\ H* such that M,C, : H*> — H? is bounded.

Let ¢ be an inner function and I = {e” : t; < t < to} satisfy I N supp(p) = 0.
Then there is a real valued differentiable function o (¢) such that ¢*(e') = eio®
and o'(t) > 0 on (t1,t2). Admitting the values 0o, —oo, we may define s, =
lim;_;, o(t) for k = 1,2. Putting o(tx) = s, we think o(¢) of an extended real
valued continuous function on [t1,ts] and p*(I) = {e" : sy < s < 51}

For e € 9D and € > 0, we write I.(e"0) = {e" 1ty —e <t < ty+¢c}.

Lemma 2.3. Let ¢ be an inner function. If supp(p) = {e"}, then

sup  [p"(2)] = oo
2€L(e10)\{e't0}



INNER FUNCTIONS AND WEIGHTED COMPOSITION OPERATORS 107

for every € > 0.

Proof. There is a real valued differentiable function o(t) on (to,ty + 27) such
that ¢*(e™) = €“® and o'(t) > 0 for every ty < t < to + 27. Then either
limy 4, 0(t) = —o0 or limy_y 12, 0(t) = 00 (see [3, p. 90-91]). Hence we get the
assertion. 0J

Lemma 2.4. Let 1, s be inner functions and I be an open subarc of 0D such
that I 0 supp(p1p2) = 0. Then |(prp2)™| = [@1'| + 05| on 1.

Proof. Let I = {e" : t; < t < t3}. There are real valued differentiable functions
a1(t),02(t) on (t1,t3) such that j(e”) = 1), pi(e') = 72, o (t) > 0 and
oh(t) > 0 for every t; < t < t,. We have (p1¢9)*(e't) = e@1()+22()) " Hence
] . —1 d * (1 —1 (o o
(ripa)(¢) = —ie™" = (p1p2)"(€") = €7 (0}(t) + 0 (1)) I+
for t; <t < ty. Therefore

[(prep2) " (e")] = 01 (£) + 05 (1) = I7(€")] + |03 (e")]-

For a subset E of 0D, we denote by int E the interior of E in 0D.

Theorem 2.5. Let ¢ be an inner function. If supp(e) # int supp(p), then
Supzeaﬂ)\supp(tp) |S0*,<z)’ = 0.

Proof. Take e € supp(p) \ int supp(p) and then take an open subarc I of
D such that e € I and I N ntsupp(p) = 0. For each X € D, let 7\(z) =
(z—\)/(1 — X2),z € D. By Frostman’s theorem (see [3, p. 79]), there is A € D
such that 1) := 7, o ¢ is a Blaschke product. We have supp(¢) = supp(y). Then
there is a sequence {a }x>1 in D such that ¢ (az) = 0 for every k > 1 and aj, — €'
as k — oo. Let ¢y be the Blaschke subproduct of ¢ with zeros {aj}r>1. Then
supp(t) = {e"}. Let 1y = ¥ /1. Retaking a further subsequence of {ay}i>1,
we may assume that supp(is) = supp(). Since e® € I, we may take ¢ > 0
satisfying
L(e")={e":tgy—e<t<ty+e}CI
By Lemma 2.3, we have sup,c;_ it (it 7' (2)| = 0. Since I'Nint supp(y) = 0,
I.(e") \ supp(v)) is dense in I.(e"). Hence
sup [¥7'(2)] = oo.
z€I (e0)\supp(¥)

Therefore by Lemma 2.4, we have

sup [ (z)] = sup (|97 (2)] + [¥3'(2)])
z€1c(e0)\supp(v) z€I ("0)\supp(y)
> s () =0
z€l(e"0)\supp(y)
We have ¢ = 7.5 0 and ¢* = ¢*(7/, o ¥*) on I.(e") \ supp(+). Since
inf.cop |77 ,(2)] > 0, we have Sup,e;_(cito)supp(ey |9 (2)| = 00. Since supp(yp) =

supp()), we get the assertion. O
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By Lemma 2.2 and Theorem 2.5, we have the following theorem.

Theorem 2.6. Let ¢ be an inner function. If supp(p) # int supp(yp), then there
exists a function uw € H* \ H* such that M,,C,, : H* — H? is bounded.

There are many examples of inner functions ¢ such that supp(y) = int supp(p)
and there exists a function v € H*\ H* such that M, C,, : H*> — H? is bounded.
For example, let ¢ be an inner function satisfying supp(p1) = {e" : 0 < ¢ < 7}.
Let

z+1  z-1
z—112 + 1>'

Then s is a singular inner function satisfying supp(ps) = {1, —1}. Put ¢ = p1¢.
Then we have that supp(p) = {e" : 0 <t < 7} and

pa(z) = exp <

sup |¢™'(e")| = oo.
T2

Hence there exists a function v € H?\ H*> such that M,C, : H* — H? is
bounded.

Let 1) be an inner function with supp(1) = 0D. By the above fact, Cy(M,C,) =
M yoyClpoy is bounded on H?. We have that supp(pot)) = 9D and uoy) € H*\ H™.
Hence there are an inner function n with supp(n) = D and v € H?\ H* such
that M,C, : H*> — H? is bounded.

We shall give another sufficient condition. One may check the following easily.

Lemma 2.7. Let 1, s be inner functions and I be an open subarc of 0D such
that 101 supp(1p2) — 0. Then m(}(1)) < m((102)"(1)).

Lemma 2.8. Let ¢ be an inner function and I be an open subarc of 0D such
that I N supp(p) = 0. We write I = {e® : t; < t < ty}. Let o(t) be an
extended real valued continuous function on [ty,t] such that p*(e®) = €@, o(t)
is differentiable and o'(t) > 0 on (t1,t2). If o(ta) — o(t1) < oo, then for each
e > 0, there is an inner function ¢ such that ¢/ is inner, supp(v)) = supp(p)
and m(Y*(1)) < e.

Proof. By the assumption, —oo < o(t;) < o(tz) < co. Take a positive integer n
satisfying (o(t2) — o(t1))/2nm < e. It is not difficult to see the existence of inner
functions @1, 9, -+, ¢ such that ¢ = @199 - -, and supp(p;) = supp(p) for
every 1 < 7 <n. For each 1 < j < n, there is a real valued continuous function
0;(t) on [t1, t5] such that ¢¥(e™) = €7/®) o;(t) is differentiable and o%(t) > 0 on
(t1,t2). We have

n

o(t2) —o(t) = Z(%‘(b) —0;(t1)).

j=1
Then (0, (t2) — 0y (t1))/2m < € for some 1 < jo < n. Hence m(p (I)) < e. Put
) = pj,. Then ¢/ is inner, supp(y) = supp(p) and m(¢*(I)) < e. O

For an inner function ¢ and a measurable subset £ C JD, we put

e C(E)={e” € aD : p*(e”) € E}.
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If ¢(0) = 0, then it is known that
m(¢""D(E)) = m(E)
for any measurable subset F of dD.

Theorem 2.9. Let ¢ be an inner function. Suppose that there is a sequence of
mutually disjoint open subarcs {I,}n>1 of OD such that | J,—, I, = 0D \ supp(ep).
For eachn > 1, let I,, = {€" : t,,; <t < t,2} and 0,(t) be an extended real valued
continuous function on [t, 1,t,2] such that ¢%(e®) = e o, (t) is differentiable
and al,(t) > 0 on (tn1,tn2). Then we have the following.
(i) If on(tn2) — on(tn1) = 00, then sup,¢; |¢*'(2)] = oc.
(ii) Suppose that o, (tn2) — on(tn1) < 0o for everyn > 1. If Y (0, (tn2) —
Un@n,l)) = o0, then
sup  [¢"(2)] = oc.
z€0D\supp(p)
(iii) Suppose that o, (tn2) — on(tn1) < 0o for every n > 1. If m(supp(p)) =0,
then > 7 (0n(tn2) — On(tn1)) = 0.
If one of the assumptions of (1), (ii) and (111) holds, then there exists u € H*\ H*®
such that M,C,, : H? — H? is bounded.

Proof. (i) follows from the mean valued theorem.
(ii) For each positive integer j, there is n; such that

Unj (tnj,2> - Unj (tnj,1>

7 <
tnj,2 - tnj,l

For, if not, then there is j, such that

Un(tn,2) - Un(tn,l)
tn,2 - tn,l

< Jo
for every n > 1. Then we have

o0 = Z(O-n(th) - Un(tn,l)) < ,j(] Z(tn,2 - tn,l) < 27Tj0-
n=1 n=1
This is a contradiction.
By the mean valued theorem, there is ¢,,, 1 < 0; < t,,, 2 satisfying j < a;j (0,) =
|*'(e%3)| for every j. Therefore we get

sup |p*(2)] = sup sup |¢*(2)] = 0.
z€0D\ supp(p) n>1 zel,

(iii) To prove (iii), suppose that Y >° (0, (tn2) — on(tn1)) < co. We shall
lead a contradiction. By the assumption, there is ng such that 3777 (0,(tn2) —
on(tn1)) < 1. By Lemmas 2.7 and 2.8, there is an inner function ¢ such that

@/ is inner, supp(v) = supp(p) and Y2, m(¥*(1,)) < 1. Therefore

m (v O L)) =m( G W) < im(wuﬂ)) <1

n=1
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Let A = ¢(0) and 75(2) = (2 — A)/(1 — Xz). Set n(z) = 7, 0 %. Since 7y is
an automorphism, m(E) = 0 if and only if m(75(E)) = 0 for every measurable
subset £ of 0D. Then we have

n(r(00) =i (1) <1

n—= n=1

Since 7 is an inner function and 7(0) = 0, we have

(1) mlr r(08) =n(or(Un) <2

n= n= n=1
Since m(supp(p)) = 0, we have m(|J,—, I,) = 1. Thus we get a contradiction.
The last part of the assertion follows from Lemma 2.2. 0

3. OTHER SUFFICIENT CONDITIONS
For an inner function ¢, first we consider the following condition.

() There is a sequence of mutually disjoint measurable subsets {C,, },>; of 0D
and a sequence of positive numbers {4, },>1 satisfying > 7 4, < oo such that
m(C,) > 0 and m(C, N ¢*CY(E)) < §,m(E) for every measurable subset E of
JD and for every n > 1.

We do not know whether condition («) holds or not for any inner function ¢
satisfying m(supp(¢)) > 0. We shall show the following theorem.

Theorem 3.1. Let ¢ be an inner function satisfying condition (o). Then there
isu € H?*\ H* such that M,C, : H* — H? is bounded.

Proof. Since {C),},>1 is a sequence of mutually disjoint measurable subsets of
ID, we have >, m(C,) < m(dD) = 1. Then there is a sequence of positive
numbers {a, },>1 such that a, > 1 for every n,

i a,m(C,) < oo
n=1

and a, — oo as n — oo. Since Y, d, < 0o, moreover we may assume that

o0
Z Uy 0p < OO.
n=1

Put ap = 1 and Cy = 9D \ U,—, Cp. Let n be the function on 0D defined by
n = a, on C, for every n > 0. Then n > 1 on 0D and

ndm = a,m(C,) < 0.
| > aum(C)

By [4, p. 53], there exists u € H? such that |u|> =7 a.e. on dD. Since a,, — oo
as n — oo and m(C,,) > 0 for every n > 1, we have u ¢ H®.
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Let £ be the set of measurable simple functions on 0D. Let f € £. We may
write

¢
=Y cxa,
=1

where m(A;) > 0 for every i and A; N A; = 0 for ¢ # j. We have

IMLCfIE = /d WPlf o Pdm =Y a [ Ifo¢dm
oD n=0 n
00 ¢
= [reetan eSSl [ o dm
Co n=1 i=1 Cn

00 ¢
[ ArowPdm 3 an S laPm(Cun V()
oD n=1 =1

IN

) 4
< NCIPNIAN3 + Z UnOn Z |ci*m(A;) by condition ()
n—1 i—1

= (UG + 3 anda ) I£15.
n=1

Since > a0, < oo, M,C, : L — L*(0D) is a bounded linear map. Since
L is dense in L*(9D), M,C, may be extended boundedly on L?*(9D). Thus
M,C, : H> — H? is bounded. O

We shall give a sufficient condition on an inner function ¢ for which satisfies
condition (a). We consider the following condition for .

(B) There is a sequence of mutually disjoint measurable subsets { £, },>; of 0D
such that m(E, N ¢*Y(E)) > 0 for every measurable subset £ of O satisfying
m(E) > 0 and for every n > 1.

We do not know whether condition (/) holds or not for any inner function ¢
satisfying m(supp(p)) > 0.

Theorem 3.2. If an inner function ¢ satisfies condition ((3), then ¢ satisfies
condition (o).

Proof. We divide the proof into two cases.

Case 1. Suppose that ¢(0) = 0. Then it is known that
(3.1) m(p""V(E)) = m(E)

for any measurable subset £ of 9. By condition (), there is a family of mutually
disjoint measurable subsets {£,, ; : 1 <n,1 < j < N,} of D such that

(3.2) m(E,; N "V (E)) >0
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for every measurable subset E of JD satisfying m(FE) > 0 and for every n >
1,1 < j < N,,. Moreover we may assume that

e}

(3.3) > Ni < 0.

n=1 n

For each n > 1, let W,, = Ujvz"l E, ;. Then

(3.4) {W,}n>1 is a sequence of mutually disjoint sets.

Put
Hng(B) = m(Eny N "V (E))
for every measurable subset E of OD. Then y, ; is a positive measure on 0D. By

(3.1), we have p,, ; < m, so there is a nonnegative integrable function f,, ; on 0D
such that

(3.5) / fojdm =m(E,; N “V(E)).
E
By (3.1) again, we have

/Ei fogdm =m(W, N " “V(E)) <m(p""V(E)) = m(E)

for every measurable subset E of 0D. Hence

Nn
(3.6) 0< an] <1 a.e. on JdD.
j=1
Let
i0 i0 1
(3.7) Ay, = {e €D : f,,(e?) < F}'
By (3.6) and (3.7), we have
N”L
m(om\ J Ans) =0
j=1
Let
j—1
(38) Bn,l = An,la Bn,j = An,j \ U An,i (2 < ] < Nn)
i=1

Then
(3.9) {B,;:1<j7<N,} isasetof mutually disjoint sets
and

Np, Nn
(3.10) m<UBw-> :m(UAw-) ~1.

j=1 j=1

We have that
(3.11) m(B, ;) >0 for some 1 <j < N,.
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For a measurable subset £ of B,, ;, we have

m(Ewﬂgo*(_l)(E)) = /fn,jdm by (3.5)
E

by (3.7) and (3.8).

- N,
Hence
(3.12) m(E,; Ne*tY(E)) < mjsff) for every E C B,, ;.
For each 1 < j < N, let
(3.13) Crj = Enj 0"V (Bny)

and for each n > 1, set C,, = UjV:"l Cyj. Then C,, C W, and by (3.4), {C}, }n>1 is
a sequence of mutually disjoint sets. For each n > 1, we have

m(Cy) = ) m(Cn;)

Nn,
= Z m(E,; N “Y(B, ;) by (3.13)

=
> 0 by (3.2) and (3.11).

Hence m(C,,) > 0 for every n > 1.
For a measurable subset E of 0D and n > 1, we have

G EB) = Y mlCas 0 (E)

= z”:z": Cn]ﬂap )(Bn,kﬂE))

7=1 k=1

by (3.9) and (3.10)
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= ZZ m(En; 0 D(Buy)
Ne* (B, NE)) by (3.13)

Nn,
= Z m(E,; N ©*“V(B,; N E)) by (3.9)

j=1
S (B, N E)
j=1
E
- m]E[ ) by (3.9) and (3.10).

Putting 8, = 1/N, > 0, we have m(C, N ¢*CY(E)) < §,m(E). By (3.3),
> oo, 0, < 00. Thus ¢ satisfies condition («).

Case 2. Suppose that A := <p(0) # 0. Let (2) = (z = N)/(1 — A\2) and
Y = Ty o . We have y* = 7y o ¢*. For a measurable subset E of 0D with
m(E) > 0, v*“Y(E) = V(7] “CU(E)). Since m(T;(fl)(E)) > 0 and ¢ satisfies
condition (), we have

m(E, 14" 0(E)) = m(B, 0" (R TV(E))) > 0

for every n > 1. Hence 1 satisfies condition (). By Case 1, ¢ satisfies condition
(). Then there is a sequence of mutually disjoint measurable subsets {D,, },>1
of 0D and a sequence of positive numbers {0, },>1 satisfying > | 0,, < oo such
that m(D,,) > 0 and
m(Dy OV (A)) < om(A)

for every measurable subset A of dD and for every n > 1. Since 7, is an auto-
morphism, there is K > 0 such that m(75(A)) < Km(A) for every A. We have
o ED(5(A4)) = 97 D(A) and

m(D, N*"Y(A)) = m(D, Ny (73(4))
< o,m(1y(A)) < o, Km(A).

Hence ¢ satisfies condition («). O
By Theorems 3.1 and 3.2, we have the following.

Corollary 3.3. Let ¢ be an inner function satisfying condition (3). Then there
is u € H*\ H* such that M,C, : H* — H? is bounded.
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