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ABSTRACT. We prove equality between the Topological Stable Rank and the
Bass Stable Rank for finitely generated projective left modules over a unital
C*-algebra. In order to do so, the concept of Stable Rank of a Hilbert module
is introduced.

1. INTRODUCTION AND PRELIMINARIES

In the mid 1960s, H. Bass introduced the concept of Stable Rank of a ring A,
now refered to as Bass Stable Rank and denoted by Bsr(A) € N. In the late 1970s,
R. B. Warfield extend this concept defining the Bass Stable Rank for modules
over rings. Later, in [4], M. A. Rieffel introduced the notion of Topological Stable
Rank for a Banach algebra A, tsr(A) € N, as well as for Banach modules over
unital Banach algebras. In this work, Rieffel shows that Bsr(A) < tsr(A) holds
for unital Banach Algebras and that Bsr(V') < tsr(V') holds for finitely generated
projective modules V' over unital C*-algebras. In [3], R. H. Herman and L. N.
Vaserstein prove that Bsr(A) = tsr(A) for a unital C*-algebra A.

In this article we show that Bsr(V) = tsr(V') for finitely generated projective
modules V' over unital C*-algebras, using similar techniques to the ones presented
in [3]. In order to generalize Herman-Vaserstein’s theorem, we introduce the
concept of Stable Rank for a Hilbert module. This definition is inspired by the
works of Ara and Goodearl [1] and Blackadar [2].
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2. TYPES OF STABLE RANKS

Definition 2.1. Let 4V be a left module over a ring A. The set of n-generators
of V is defined as
Gen,(V) = {(z1,...,20) EV" i Ay + -+ Az, =V}

When n = 1 we simply write Gen(V) = Gen;(V). We say that an (n + 1)-
generator (z1,...,%,,y) € Gen,1(V) is reducible if there exist ai,...,a, € A
such that (z1 4+ a1 -y, ..., T, + a, - y) € Gen, (V).

Remark 2.2. The column space V" can be viewed as a left module over the matrix
ring M, (A). In that case we have

Gen,(4V) = Gen(ag,(4)V").

Definition 2.3. Let 4V be a left module over a ring A. The Bass Stable Rank
of V, denoted Bsr(V), is defined as the least n € N (n > 1) such that every
(n + 1)-generator (z1,...,x,,y) € Gen,;1(V) is reducible.

When V' = 4A and A has a unit, this definition becomes definition 2.1 in [4] and
it’s due to Bass. For arbitrary V' and unital A, the above definition is equivalent

to definition [4, Definition 9.1] of Bass stable rank for modules, introduced by
Warfield.

Definition 2.4. ([4, Definition 9.3]) Let 4V be a left Banach module over a
Banach algebra A. The Topological Stable Rank of V is defined as

tsr(V) = min{n € N : Gen,, (V) is dense in V"}.
3. STABLE RANK FOR HILBERT MODULES

Definition 3.1. Given a right Hilbert module Xp over a unital C*-algebra B,
we consider

Um,(X) = {(z1,...,2,) € X" : >, (zp, z;) € GL(B)}.

An n-tuple in Um,,(X) is called unimodular tuple. If n = 1 we write Um(X) =

Remark 3.2. The column space X™ can be viewed as a right C*-module over B,
and in this case we have
Um,(Xp) = Um(X}).

Definition 3.3. Let Xp be a right Hilbert module over a unital C*-algebra B.
We define the Stable Rank of Xp as

st(Xp) = min{n € N: Um,(X) is dense in X"}.
Note that if k& > sr(X3p) then Um(X) is dense in X*.
Remark 3.4. For a unital C*-algebra B, taking Xp = Bp in the previous definition
we recover Rieffel’s definition of (left) topological stable rank of B [4, Definition
1.4]. Indeed, Lemma 3.7 or Remark 3.8 can be used to see that Um,(Bg) =

Lg, (B), the later being the set of left n-generators of B considered in [4]. Then,
sr(Bg) = tsr(B) (= Bsr(B)).
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Remark 3.5. For projections p, ¢ in a C*-algebra A, Blackadar ([2]) considered
the set

Lg,(A) = {z € pAq: Fy € qAp such that yz = ¢}.
and used the condition of Lgy, ;) (A) being dense in pAq. Taking X as the skew cor-
ner X = pAq and B = gAq we have, by Lemma 3.7, that Lg, , (A) = Um(X3p),
and Lg, . (A) is dense in pAgq if and only if sr(Xp) = 1.

Example 3.6. Let A be a unital C*-algebra and consider the set M,,y.,(A) as a
right C*-module over M,,(A) with formal matrix operations. The stable rank of

M,sm(A) is

St (Moem(A)) = [ (3.1)

This expression extends the well-known formula for sr(M,,(A)) (|4, theorem 6.1]).

st(A) +m — 1} |

Proof. Firstly, by Lemma 3.7 we know that Um(M,,x,,(A)) is the set of left in-
vertible n x m matrices over A. Then, by [2, Corollary 4.3] we have

Um(Mny1)x1(A)) is dense iff Um(Mpiryxi(A)) is dense,
where “Um(M,«s(A)) dense” means dense in M,(A). Equivalently,
Um(M,«s(A)) is dense iff Um(My_sq1)x1(A)) is dense, forr >s. (3.2)

Secondly, we can realize M, .,m(A) as a skew corner of M;(A) for n large in
the following way: M, xm(A) = pM;(A)q for p,q € M;(A) diagonal projections
of ranks n and m, respectively. Then, by [2, Proposition 3.2.iii] we have

If Um(Mxm(A)) is dense then n > m. (3.3)

For k € N, we have k > st(M,xm(A)) iff Umg(M,xm(A)) is dense. Identi-
fying the column space M, (A)F with Mpxm(A) we have Umy(M,xm(A)) =
Um (M (A)*) = Um(Myupxm(A)). If Um(M,pxm(A)) is dense then nk > m, by
(3.3), and Um(M(nr—m+1)x1(A)) is dense, by (3.2). Therefore nk —m+1 > sr(A)
by definition of sr(A), and then k > Sr(m%_l. Conversely, the inequalities imply
nk > m and the density of Um(M(np—m41)x1(A)), then by (3.2) Um(Mppxm(A))
(= Umy(M,xm(A))) is dense, and finally k& > sr(M,,xm(A)). Thus we have shown
that k > st(M,xm(A)) iff k > Sr(f‘)%_l, which is equivalent to (3.1). O

Lemma 3.7. Let Xp be a unital Hilbert module. For x € X, the following are
equivalent:
(a) (x,x) € GL(B).
(b) There exists y € X such that (y,z) = 1.
(b*) There exists y € X such that (x,y) = 1.
(c) There ezists y € X such that (y,z) € GL(B).
(c*) There exists y € X such that (x,y) € GL(B).

Proof. 1t suffices to show that (a) is equivalent to (b). If (x,z) € GL(B) let
b= (x,z) and y = z(b~1)*. Then (y,x) = b~'(z,z) = 1. On the other hand, if
(y,z) =1 we have 1 = (y, z)*(y, z) < ||y||*(z, ), so that (x,z) € GL(B). O
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Remark 3.8. Applying Lemma 3.7 to X" we obtain different expressions for
Um, (X). For example, using (b) we have

Um,(X) ={(z1,...,2,) € X" : Fy1,...,un € X / > (yp, zx) = 1}

Lemma 3.9. Let Xp be a unital Hilbert module. Then Xpg s full if and only if
there exists n € N such that Um,,(X) # @.

Proof. The module Xp is full if and only if the x-ideal J = span((X, X)) is
dense in B, iff J N GL(B) # &, iff 1 € J (= B), iff there exists n € N and
T1y.o oy Tny Y1y - -, Yn € X such that Y, (xg, yp) = 1, iff there exists n € N and
x,y € X" such that (x,y) = 1, iff there exists n € N such that Um, (X) # . O

Notice that if Xp is not full then Um,(X) = @ for all n € N, and therefore
sr(X) = oco. Thus, throughout this paper we shall consider X g to be full.

Definition 3.10. A C*-correspondence is a right Hilbert module Xpg equipped
with a left action A — L(Xp) of a C*-algebra A by adjointable operators. When
B has a unit we say that the correspondence is right-unital.

Lemma 3.11. Let 4 Xg be a full and right-unital C*-correspondence. Then
Gen,(4X) C Um,(Xp) VneN.

Proof. Since Gen, (4 X) = Gen(u,4)X"), Um,(Xp) = Um(X}), and the C*-
correspondence 7, (4)Xp is full and right-unital, we may assume n = 1. As
Xp is full there exist z1,..., 2y, 41,...,y- € X such that >, (zp,ye) = 1. If
x € Gen(4X) let ay,...,a, € A be such that z; = ay -z, for k=1,... 7. Then,

=3 (@ yk) = D lan - @, yk) = D (T, ak - Yx) = (T, D, af. - Yk),
so x € Um(Xp). O

Definition 3.12. A vector space X is said to be a C*-bimodule whenever it
is equipped with compatible left and right Hilbert module structures (that is
x-(y,2)r = (x,y) - 2, for z,y,z € X) over C*-algebras A and B, respectively.

Lemma 3.13. Let 4 Xg be a right-full and right-unital C*-bimodule. Then
Um,(Xg) C Gen,(4X) Vn eN.

Proof. Since Gen,(4X) = Gen(ps,,4X"), Um,(Xp) = Um(XE) and the C*-

bimodule ,z,4)Xp is right-full and right-unital, we may assume n = 1. Given

x € Um(X), let y € X be such that (y,z)r = 1. Then, for all z € X we have
z=2z-1=z-(y,x)r = (2,y)r - . Then z € Gen(X). O

Proposition 3.14. Let 4 Xp be a right-full and right-unital C*-bimodule. Then

Um,(Xg) = Gen,(4X) VneN and tsr(aX) = sr(Xp).
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4. STABLE RANK INEQUALITY FOR C*-MODULES

[4, Proposition 9.7] says that Bsr(V) < tsr(V') for a finitely generated projective
left module 4V over a unital C*-algebra A. Inspired by this, we prove a similar
result in the C*-module context, namely, if X s a right-full and right-unital
C*-bimodule, then Bsr(X) < tsr(X).

Lemma 4.1. (Warfield Condition, [4, Propositions 2.2 and 9.2]) Let 4 Xp be
a right-full and right-unital C*-bimodule and x,...,x,21 € X. The following
conditions are equivalent:

(a) Jay,...,an, € A/ (x14+ a1 Tpg1,. s Tn+ Qy - Tpy1) € Ump(X).

n+1
(b> 3 Y1i,-- 3 Ynt1 € X / Z<yk7xk>R =1 and (yla"'vyn) S Umn(X>
k=1

Proof. If (x1+ a1 - Tpi1,. ., Ty +ap - Tpy1) € Umy,(X), there exist yq,...,y, € X
such that > (yg, xx + ax - Tny1)r = 1. Then we have (yy,...,y,) € Um,(X) by
k=1

Lemma, 3.7jand

Z <yk>33k>R + <Z @Z * Yk, l’n+1>R =1.
k=1 k=1

Taking y,+1 = Y. aj, - yx we obtain (b).
k=1
Conversely, if condition (b) holds, as (y1, ..., y,) € Um,(X) there are z1, ..., 2, €

X such that > (yk, zx)r = 1. Let a = (2k, Yns1)1, for k=1,...,n. Then
k=1

(Y, Ty r + (D @k, - Y, Tnt1) R- (4.1)
1 k=1

n n
> Uk Tk + ag - Tny1)r =
k=1 -
Now, we have

n

Z QZ Yk = Z<yn+1azk>L Yk = Z Yn+1 * (Zk,yk>R
k=1 k=1 k=1

= Yn+1 - Z (Zk, yk)R = Yn+1 1 = Ynt1.
k=1

Then, the right-hand side of equation (4.1) equals 1 by (b), and (a) holds. O
The proof of the following proposition is analogous to that of [4, Theorem 2.3].

Proposition 4.2. (4, Proposition 9.7]) Let 4 Xp be a right-full and right-unital
C*-bimodule. Then
Bsr(X) < tsr(X).
Proof. Letn = tsr(X) = sr(X). Given (z1,...,2,41) € Gengy1(aX) = Um,11(X5p)
n+1
consider zy,..., 2,41 € X such that > (z,xx)r = 1. For k =1,...,n, pick per-
k=1
turbations Zzj, =~ z; with (z;...,Z,) € Um,(X) so that

d* = <21,ZE1>R +---+ <2m xn>R + <Zn+17 x”+1>R < GL(B)



THE STABLE RANK OF C*-MODULES 31

Then, taking y; = z;-d™ ', ..., yn = Zpd L Yns1 = 2np1-d "' we have (yi,...,y,) =

n+1

(Z1,...,2,) - d7' € Um,(X) and > (yg,zx)r = 1. By the previous lemma
k=1

(21, ..., Tpy1) is reducible, and then Bsr(X) < n. O

5. HERMAN-VASERSTIEN THEOREM FOR C*-MODULES

Herman—Vaserstein theorem states that for a unital C*-algebra A, tsr(A) <
Bsr(A). In this section we obtain tsr(X) < Bsr(X) for a right-full and right-
unital Hilbert bimodule X.

Lemma 5.1. Let Xg be a full and unital Hilbert module. Given xq,...,x,,
Uy ..., ur € X such that Y, (ug,up) =1, and e > 0, let by = > (xi, x;), b= (1 —
b?O)JF and yg = ug-b, fork =1,...;r. Then (x1,...,Tn, Y1, .-, Yr) € Umyir(Xp).
Proof. Let © = (x1,...,2,), u = (u1,...,u,) and y = (y1,...,¥,), then y = wu - b
and by = (z,z). Consider the commutative C*-subalgebra By := C*(1,b) C B.
Let ¢ € B the element given by

b

c=(y,y) = (u-bu-b) =b*{u,u)b = b*b = [(1 — =) ]2

€

Consequently ¢ and by belong to By and do not have common roots. Therefore

((z,9), (x,9)) = (&, 2) + {y,y) = bo + ¢ € GL(B,) € GL(B).
That is, (z,y) = (x1,. ., Tn, Y1, - -, Yr) € Umy, . (Xp). O
Theorem 5.2. Let 4 X be a right-full and right-unital C*-bimodule. Then
Bsr(X) = tsr(X).

Proof. By Proposition 4.2 it suffices to show Bsr(X) > tsr(X). Suppose Bsr(4X) =
n and let x = (z1,...,2,) € X", & > 0 be given. As X is right-full and right-
unital, by Lemma 3.9, there exists u = (u1, ..., u,) € Um,(X) for suitable r € N.
Replacing u with w - (u,u)]_%l/Q, we may suppose (u,u)p = 1. Taking by, b and
y as in Lemma 5.1 we have that (z,y) € Um,,.(Xp) = Gen,,(4X). Then,
as Bsr(4X) = n, the generator (z,y) can be reduced r times to an n-generator.
Therefore, there exists a € M, ,(A) such that x+a-y € Gen, (4 X) = Um,(Xp).
Let

k> %” d=1+kbe B*NGL(B) and
v =(r+a-y)-d*e€Um,(X)= Gen,(X),

where ||a|| is the norm of a as a B-adjointable operator a: X" — X".
Wehaver —2' = (z-d—x—a-y)-d'=(x-kb—a-y)-d ' and

lo = 2’| < flo - kbd ™| + fla -y - d 7M. (5.1)
As by = (z, x) g, we have
- kbd Y%, = (kbd V)" (x, 2) p(kbd ™) = (kbd~Y)"bo(kbd ™).
(

Now, as b= (1 —2)", we have d = 1+ kb € C*(1,by) = C(T) which is commuta-
tive. Therefore kbd~' = kb(1+kb)™" = b(3 +b)~! <1 in C(T) and consequently
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(kbd=1)*bo(kbd~') < by. Moreover, if by(t) > € for suitable t € T, then b(t) = 0,
because b = (1 — 2)*. Hence (kbd~')*bo(kbd~') < e and

- kbd ™| = [l - kbd " [%]|V? < V. (5.2)

On the other hand, since y = u - b we have
_ a _ a _
fay-a = 1wk | <A pgreaty < )

where we have used that ||a]|/k < e, ||u]| =1 and ||kbd || < 1.
Thus we can estimate (5.1) using equations (5.2) and (5.3) to get

|z — 2’| < Ve +e.

Then, 2’ can be taken arbitrarily close to z and 2/ € Gen,(X). Therefore,
Gen,,(X) is dense and tsr(X) < n. O

Remark 5.3. If 4X is a finitely generated projective module over a unital C*-
algebra A we can make it into a right-full and right-unital C*-bimodule in the
following way. The module 4X is a direct summand of A™ for suitable n €
N, and is therefore the range of a (selfadjoint) projection p € M, (A). Then
we have 4 X as the submodule 4(A™p) of 4A™. As we actually have a Hilbert
A—M,,(A) bimodule structrue on A™ (thinking of A™ as a row space and using the
usual matrix operations) we obtain, by restriction, an A —pM,,(A)p C*-bimodule
A(A™D)p, (4)p, Which is right-full and right-unital.

Combining this construction with Theorem 5.2 we have that Bsr(X) = tsr(X)
for every finitely generated projective left module over a unital C*-algebra.
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