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Abstract

We study the existence of solutions of the quasilinear equation
(Du)@' (1)) = ftu@®,u'(t),  ae te[0,T],

submitted to nonlinear Neumann-Steklov boundary conditions on [0, T'], where

¢ :1—a,al— R, (0 < a < +00) is an increasing homeomorphism such that ¢(0) = 0,
f:10,T]x RZ>Ra Ll—Carathéodory function, D : R —]0, +oo[ is a continuous
function. Using topological methods, we obtain existence and multiplicity results.

AMS Subject Classification: 34B15.

Keywords: ¢—Laplacian, L'-Carathéodory function, Nonlinear Neumann-Steklov prob-
lem, Leray-Schauder degree, Brouwer degree, lower and upper-solutions.

1 Introduction

This work is devoted to the study of the existence of solutions of the following ¢-Laplacian
boundary value problem:

{ D)’ ®)) = ft,u(®),u' (1),  ae. t€[0,T], (1)

¢’ (0)) = gow(0)), ¢ (T)) = gr(u(T)),

where ¢: | —a,a[— R, (0 < a < +00) is an increasing homeomorphism such that ¢(0) = 0,
f:10,T]x RZ > RisalLl -Carathéodory function, D : R —]0, +oo[, go,g7: R — R are
continuous.
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The boundary conditions in (1.1) are Neumann-Steklov nonlinear boundary conditions.
In 2011 Giovanni Cupini, Cristina Marcelli and Francesca Papalini studied in [6] the prob-
lem

M(—OO) =M, I/l(+00) = . (12)

{ (a(u@®)p(’ (1)) = f(t,u@®),u'(®)),  ae.r€R,

where a : R — R is a positive continuous function, f : R? — R is a Carathéodory function
and ¢ : R — R is an increasing homeomorphism with ¢(0) = 0.

In 2008, Cristian Bereanu and Jean Mawhin [3] proved, for D(x) = 1 and f continuous,
existence and multiplicity results for problem (1.1). They proved, under some conditions
upon f, go and g7, an Ambrosetti-Prodi type multiplicity result.

In the following results, for D : R —]0, +oo[, we give some additional information
concerning the location of the solution of (1.1) when the lower and upper-solutions are
ordered or not. Moreover, in our multiplicity results, we need only one strict lower-solution
and one strict upper-solution. Generally, in the lower and upper-solutions method, to show
existence of at least one solution of a problem, we need existence of one lower-solution
and one upper-solution, for that, we also give some ways for the construction of lower and
upper-solutions of (1.1). These ways are new.

After introducing notations and preliminaries results in section 2, we study in section 3
the existence of at least one solution of (1.1) when the upper-solution and the lower-solution
are in well order.

In section 4, we study the existence and location of at least one solution of (1.1) when the
upper-solution and the lower-solution are not in well order.

In section 5, using results of sections 3 and 4, we prove the existence and location of at least
one solution of (1.1) when the upper-solution and the lower-solution are ordered or not.

In section 6, we prove the existence of multiple solutions of (1.1) by the lower and upper-
solutions method.

Finally in section 7, we give some new types of construction of lower and upper-solutions.

2 Notations and preliminaries

We denote:

o C =C([0,T]), the Banach space of continuous functions on [0, T];

o |lullc = ||ulleo = max{|u(?)|;t € [0,T1]}, the norm of C;

o C' = C!([0,T]), the Banach space of continuous functions on [0, 7], having continuous
first derivative on [0, T];

o llullcr = llullc +|l’|lc, the norm of C';

o AC = AC([0,T]), the set of absolutely continuous functions on [0, T];

o L' = L'(0,T), the Banach space of functions Lebesgue integrable on [0, T];
o llxlly = fi Ix(t)ld, the norm of L'

o B,, the corresponding open ball of C! of center 0 and radius r;

o B,, the corresponding close ball of C' of center 0 and radius r;

o drs, the Leray-Schauder degree and dp the Brouwer degree;

o 0A, the boundary of the bounded set A.
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We introduce:
o the continuous operator P : C! — C! defined by

PQu) = u(T) =/ (T)+ ¢~ (gru(T)));
o the continuous operator G : C — C defined by
G(u) = D(u(0))go(u(0));

o the continuous operators Q, Hy,H, : L' — C defined by

T t T
Q) =Qu= %f u(s)yds, Hi(u)(®) = f u(s)ds and Ha(u)(t) = f u(s)ds, ¥t €[0,T].
0 0

t
Definition 2.1. f:[0,7]xR* — R is L!-Carathéodory if:
(i) f(,x,y):[0,T] — R is measurable for all (x,y) € R%;
(i) f(,.,.): R*? - R is continuous for a.e. t € [0,T];

(iii) For each compact set K C R2, there is a function Uk € L' such that |£(t, x,y)| < ux(t)
for a.e. t€[0,7] and all (x,y) € K.

Definition 2.2. A solution of problem (1.1) is a function u € C' such that ||u/||c < a, (Do
u).(pou’) € AC and satisfies (1.1).

3 Existence of solutions with well ordered upper and lower-solutions
3.1 Equivalent Fixed point problem

Consider Ny : C I'— L' defined by N r(u) = f(.,u(.),u’(.)), the Nemytskii operator associated

to f. Itis standard to show that N is continuous and sends bounded sets into bounded sets.

We construct the associated fixed point operator, following the approach in [[3] and [4]].

Proposition 3.1. u € C! is a solution of the problem (1.1) if and only if u is a fixed point of
the operator © defined on C' by

O(u) = P(u) - Ha|¢™" o [(Dy 0 w)[G(w) + Hy (N (u)]] |- 3.1)

where Dy is given by Vx € R, Di(x) = ﬁ.
Furthermore, Yu € C1, || (Ow))’ ||o< a and © is completely continuous on C! if

0 <m < D(u(r)) < M, for everyue C' andt € [0,T] (3.2)

for some constants m, M.
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Proof. Problem (1.1) is equivalent to

{ u'(1) = ¢~ [(D1 o)) Hi (N ())(1) + D(u(0))go(u(O)]],
¢ (T)) = gr(u(T)).

Assume that u € C! is a solution of the problem (1.1); then

W' (T) = ¢~ (gr(u(T))).

Hence

T S
ut) = wT)- f (D1 0 1)()D(U(0)g0(u(0)) + fo N u)(x)dxlds
t

T
w(T) =/ (T)+ ¢~ (gru(T))) - f ¢~ [(D1 0 u)(s)[D(u(0))go(u(0)) +

fst(u)(x)dx]]ds
0
= (O)(®).

Assume that u € C! is such that

u=0(u) = Pu)— Ha| ™' (D1 o ) G(w) + Hi (N ()]}, (3.3)
then,
w(T) = w(T)—u' (T)+¢~" (gr(u(T)))
and
i/ (1) = ¢~ ' [(Dy 0 w)(OLH) (N p(1))(#) + D(u(0))go(u(0))]].
Hence

o' (0) = go(0)), @' (1) =gr(T)) and  (Dow¢')) = Nr(u).

It follows that u is a solution of the problem (1.1).
Using Arzeld-Ascoli’s Theorem, it is not difficult to see that ® is completely continuous.
As

YueC', (©w) =¢ " o[(Diow)]Gu)+Hi(Nwll,

we have
YueC', 1OwW) llu<a.

3.2 Existence of solutions

Definition 3.2. A function a € C! is a lower-solution of the problem (1.1) if (Doa).(¢poa’) €
AC, |||l < a,

{ (D(a)pa’ (1)) = f(t,a(0),a (1)),  a.e. t€[0,T],

H@'(0) > go(@(0)  and  $@(T)) < gr(a(T)). S



20 C. E. Goli and A. Adje

Definition 3.3. A function 8 € C! is an upper-solution of the problem (1.1) if (D of).(¢ o
B)eAC, B llw <a,

{ DBO)B' ) < f&.B0.B 1),  ae te[0,T],

$B(0)<goB0) and  GB 1)) > gr(BT)). (3-5)

Definition 3.4. A lower-solution « of (1.1) is said to be strict if every solution u of (1.1)
with u(t) > a(t) on [0,T] is such that u(z) > a(t) on [0, T].

Definition 3.5. An upper-solution 8 of (1.1) is said to be strict if every solution u of (1.1)
with u(¢) < 8(¢) on [0, T] is such that u(r) < 8(¢) on [0, T].

Proposition 3.6. Let a be a lower-solution of (1.1) such that:
(i) Yty €]0, T, there exist &g > 0 and Iy an open interval such that ty € Iy, and

(D(x)p(d (1)) > f(t,x,y) for a.e. t € I,

Y (x,y) € [a(D),a(t) + g9l X [ (1) — &0, (1) + &0];

(i) ¢(e’(0)) > go(a(0));
(i) ¢(a’(T)) < gr(a(T)).

Then « is a strict lower-solution.

Proof. Let u be a solution of (1.1) such that a(#) < u(t), Yt €[0,T]. As a is not a solution,
« is not identical to u.
Suppose by contradiction that there exists 7 € [0, T'] such that a/(7) = u(f), hence

A={te[0,T]; a(®)=ul®)}+#0
and A is closed. Let 5 = minA, hence

tg[]oi’r%][u(t) —a(H)] = u(ty) —a(ty) = 0.

(1) Assume that 7 €]0, T[, then we have u’(fy) — @’ (¢tp) = 0 and there exists Iy and gy > 0
according to assumption (i). It follows that we can choose #; € Iy such that ¢ < g, u’(f1) <
a’(t1), and

Yt e [t1,t0], (u(t),u' (1) €la(t),a(t) + o[ X]a' (t) — &0, (1) + &ol.
Hence, for almost every ¢ € [t1, ],
(D(u@®)¢(a’ (1)) = f(t,u®),u’ (1)) > 0.
As ¢ is an increasing homeomorphism,
¢’ (19)) — ¢p(a’(19)) = 0

and

(' (11)) < p(a’ (11)). (3.6)
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We also have

=Dt (1) = Dl )lal (1))
= — ["LD()P(e () ~ (D) () 1ds

=- f,:o[(D(u(S))fﬁ(a’(S)))' = f(s,u(s),u’'(s)lds <0,
which contradicts (3.6).

(IT) Assume that ¢ty = 0; then a’(0) < u’(0), so that;
¢’ (0)) — ¢(a’(0)) 2 0. (3.7
As ¢(a’(0)) > go(@(0)), using (3.7) we have the contradiction
0 < ¢(u'(0)) — (' (0)) = go(u(0)) — ¢(e’(0)) = go(@(0)) — $(a’(0)) < 0.
(I1I) Assume that o = T; then (u— )’ (T) <0, so that;
¢’ (T)) — (@’ (T)) < 0. (3.8)
As ¢(a/(T)) < gr(a(T)), using (3.8) we have the contradiction
0> ¢/ (1)) - ¢(a'(T)) = gr(T)) — (' (T)) = gr(a(T)) — (/' (T)) > 0.

Proposition 3.7. Let 8 be an upper-solution of (1.1) such that:
(i) Yty €]0, T, there exist &9 > 0 and Iy an open interval such that ty € Iy, and

(DB’ (1)) < f(t,x,y) for a.e. t € L,

YV (x,y) € [B(t) — 0, B(O] X [B (1) — &0, 8’ (1) + £0];

(i) p(B'(0)) < go(B(0));
(i) ¢(B'(T)) > gr(B(T)).

Then B is a strict upper-solution.

Proof. The proof is similar to the proof of Proposition 3.6.

We introduce the following Lemma (See [7], Lemma 6.3 and Corollary 6.4). It is fun-
damental for the proof of the following theorem. For & € C! and 8 € C' such that

a(t) <B(1), VYt e[0,T],
we can define a function y : [0,T]XR — R by
v(t, x) = max{a(t), min{x,5(¢)}}.
Lemma 3.8. For u € C' the three following properties are true.

a) d%y(t, u(t)) exists for a.e. t € [0,T].
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a’(1) if u(t) < a(r)
b) Ly(t,u(r) = { u'(t) if a(t) <u(t) <B@) .
B'® if B(6) <u(r)

¢) if (up), C C! is such that u, — u in C'. Then v(.,uy) = y(.,u) in C and for almost

d d
T1. lim — . = —(t, .
everyte[0,T], ; 1111 ty(t,u (1) ty(t u(t))

Theorem 3.9. Assume that there exist a lower-solution a and an upper-solution 8 of (1.1)
such that ¥Vt € [0,T], a(t) < B(t). Then the problem (1.1) admits at least one solution u, such
that

a(t) < u(t) <B(@), Vte[0,T].

Moreover, if a and B are strict, then
a(t) <u() <p(1), ¥Vt €[0,T], and dis[I-0,Q,5,0]=1,

where
Qup=1lueCh Vte[0,T], a() <u® <@, |4 llo< a},

O is the fixed point operator associated to (1.1).

In order to prove the Theorem 3.9, we consider the auxiliary boundary value problem

(D5, u®NP( (1)) = Fu)(®),  ae. t€[0,T],
¢’ (0)) = go(¥(0,u(0))), (3.9)
u(T) = y(T,u(T)) =6’ (T)) + ¢~ (¢r (Y (T, u(T)))),

where ¢ : R — R is defined by
0(x) = max{—a, min{x, a}}.

and F: C' > L! given by, Yu € C! and for a.e. 1 € [0,T],

d
F)(@) = &yt u(®), 6(—y(t,u()))) + arctan(u(t) = y(t, u(®)))-

A solution of problem (3.9) is a function u € C' such that ||’||e < a, (Dou).(¢pou’) € AC
and satisfies (3.9).

Consider the operators P; : C! — C! and G, : C! — C! given by, Yu € C',

Py () = (T, u(T)) = 5(u’ (T)) + ¢~ (¢r (y(T,u(T))))

and
G1(u) = D(y(0,u(0)))go(y(0,u(0))).

We show that the problem (3.9) is equivalent to the fixed point problem u = O(u) where
©:C' — C! is defined by

. T S
S0 == [ 7 DG+ [ Faed]ds. vielo.T)
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By Arzela-Ascoli Theorem, O is completely continuous. We can see that for all u in C!, we
have _
1®W)llcr < max{larl,|Bul}+3a+aT.

Lemma 3.10. Any solution u of (3.9) is such that a(t) < u(t) < (1), VYte[0,T]

Proof. We limit ourselves to prove that a(f) < u(t) for every ¢ € [0,T]; the proof of the
other inequality u(f) < B(¢) for every t € [0, T] is similar. Let us assume on the contrary that,
for some 7y € [0,T7], n‘[lgl%[a(t) —u(t)] = alty) —u(ty) > 0.

tel0,

If 1y €]0, T[ then &’ (ty) = u'(ty). Thus ¢(a’(£p)) = ¢(u’ (fp)). We can find w > 0 such that

Yt €lty, to+wl, a(t) > u(t). We have, Yt €]ty, to + wl, y(t,u(t)) = a(t) and (5(%70, u(®))=a’ (@)
for a.e. t €]ty, ty + w[. It follows that VYt €]tg, tp + wl[,

D(a()(¢(a’ (1) — p(u' (1))

f [(D(a(s)[d(a’ () — p(u' (s)]]'ds

!
f [(D(a(s)¢(@’(5))) = (D(y(s,u(s))¢(u’(5)))' Jd:s

f [(D(@()P@ () — fls.a(s)a’ () +
arctan(a/(s) —u(s))]ds

f arctan(a/(s) —u(s))ds > 0.

\%

As Vx €R, D(x) > 0 and ¢ is an increasing homeomorphism, we obtain
D(a®)(¢(a’'(t) — ¢’ (1)) > 0 = ¢(a’ (1)) — (' (1)) > 0 = &’ () —u' () > 0,
a contradiction.

If 9 = 0 then @’ (0) < ' (0), hence ¢(a’(0)) < ¢(u’(0)). Moreover, as y(0,u(0)) = a(0) we
deduce, using (3.4), that

#(a’(0)) — ¢’ (0)) = p(a’(0)) — go(a(0)) > 0.
We have ¢(a’(0)) < ¢(u’(0)) and ¢(a’(0)) — #(u’(0)) > 0 hence
¢’ (0)) - ¢(u’(0)) = 0.

We can find w > 0 such that ¥z €]0, w[, a(#) > u(t). We have Vr €]0,w|, y(t,u(t)) = a(t) and
(5(%)/0, u(t))) = a’(t) for a.e. t €]0, w|. It follows that Yz €]0, w[,

D(a())(¢(a’ (1) = p(u' (1))

fo [(D(a(s)[d(a’ () — d(u' (s)]]'ds

!
fo [(D(a(s)¢(a@’(5))) = (D(y(s,u(s))¢(u’(5)))' Jds

fo [(D(a(s)$(@ () — f(s.als),a(5)) +

arctan(a/(s) — u(s))lds

f t arctan(a(s) —u(s))ds > 0.
0

v
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AsVxeR, D(x) >0 and ¢ is an increasing homeomorphism, we obtain

D(a())(p(a' (1) — p(u' (1)) > 0 = ¢(a’ (1)) —p(u/ (1)) > 0 = &' (1) —u' (1) > 0,
a contradiction.

Ifto =T then a(T)—u(T) > 0 and o’ (T) > u/'(T).
As a(T)—u(T) > 0, we have y(T,u(T)) = a(T). As o'(T) = u’(T), we have 6(a’(T)) >
O0(u/'(T)). Therefore we obtain the contradiction

oT)—a(T)+6' (1)) - ¢~ (gr(a(T)));
6/ (T)) - ¢~ (gr(a(T)));

8@/ (T)) - ¢~ (gr(a(T)));

& (T) - ¢~ (gr(a(T))) <0.

O0<a(T)—uw(T)

A1l

IA

Proof of Theorem 3.9. Qis completely continuous and 6(C1) C B, for A > max{|ay|,|Bml} +
3a+aT. Hence we have, by a straightforward application of Schauder Theorem, © has a
fixed point U which is a solution of (3.9). Therefore, using Lemma 3.10, U is also a solu-
tion of (1.1).

Assume that @ and g are strict lower and upper-solutions of (1.1).
Let

A>max{|agl, |Bul} + 3a+aT

large enough such that
OWw)+v forany ve dB,.

Since O is completely continuous, we can calculate the topological degree of I — ©. The
function H define by H(t,v) = t@(v) is continuous and compact on [0, 1] x B,. If for some
t€[0,1] and v € 9B, we have v— H(,v) = 0, then tO(v) = v. As |V||c1 = A and |O)||c1 < A
for any v € OB,, this imposes t =1 and v = @(v), therefore the presence of a fixed point
of © on dB,, situation which we excluded. We can thus apply the homotopy invariance
properties of Leray-Schauder degree, to obtain

ds(I1-©,B;,0) = drs(I,B,,0) = 1.

By the definition of strict lower or upper-solution, neither @ nor 8 can be a solution of
(3.9). Hence (3.9) has no solution on the boundary of Q, 3. Moreover, using the additivity-
excision property of the Leray-Schauder degree (see [10]), we have

drs [1—6,9(1,/;,0] = dis[I-0,B,,0] = 1.

On the other hand, as the completely continuous operator ® associated to (1.1) is equal to
® on Q, g, we deduce that

dis[1-0,Q,5,0]=1.
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4 Existence of solutions with non ordered upper and lower-solutions

In the following theorem, we give some additional information concerning the location of
the solution when the lower and upper-solutions are not ordered. The proof of the following
theorem is similar to the proof of [Theorem 8.10 in [11]] and [Theorem 1 in [2]].

Theorem 4.1. Assume that there exist a lower-solution a and an upper-solution 8 of (1.1)

such that

Jre€[0,T] suchthat o) > B(); 4.1

Then the problem (1.1) admits at least one solution u, such that

minfa(t,),B(t)} < u(ty) < max{a(t,),B(t.)} (4.2)

for some t, € [0,T] and

llllo < max{||elleo, [|Blleo} +aT.

(4.3)

Proof. Let R = max{||@||c, ||Bllo} + a@T. Consider the functions f* : [0,7] X RZ—5R

given by

2
A+R-u)f(t,u,v)+2(u—R)

[ u,v)=4 f(t,u,v)
(1+R+uwf(t,u,v)+2(u+R)

-2
gr : R— R given by
-2 if
(A+R-u)gr(u)—2u—-R) if
gr(w) =4 gr(u) if
A+R+u)gr(u)—2u+R) if
2 if
and g; : R — R given by:
2 if
(1+R—-u)go(w)+2(u—R) if
gow) =1 go(u) if
(1+R+u)go(m)+2(u+R) if
-2 if

if
if
if
if
if

u>R+1

R<u<R+1

-R<u<R “4.4)
—-R-1<u<-R
u<-R-1,

u>R+1

R<u<R+1

—-R<u<R 4.5)
—-R-1<u<-R

u<-R-1

u>R+1

R<u<R+1

—-R<u<R 4.6)
—-R-1<u<-R

u<-R-1.

f* is a L'-Carathéodory function, g, and g7 are continuous. Consider the modified

problem

{ (D)’ (1)) = f*(t,u(®),u’ (1)) a.e. 1€[0,T],
¢’ (0)) = goy(0)), ¢ (1)) = g7(u(T)).

4.7
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a is a lower-solution, and S is an upper-solution of (4.7).
Letn : R — R given by: n(r) = R+2. We have
(Dn@)g(' 1)) =0<2= f*t,n®),n (1), aetel0,T],
97 (0)=0<2=g,m0)), ¢ (T))=0>-2=gr(T)).
Hence, 7 is an upper-solution of (4.7).
Let o : R — R given by: o(f) = —R—2. We have
(D(()p(0” (1)) =0> =2 = f*(t,0(t),07(t)), a.e.t€[0,T],
$(0’(0)) = 0> -2 = g7 (c(0)), ¢(o’(T)) =0 <2 = g7 (o(T)).
Hence, o is a lower-solution of (4.7). We have
VYt e[0,T], o(t) <min{B(1), a(t)} < max{B(r),a(?)} < n(t).
Let
Qrp=tueC; Vie[0,T], o@®<u@®<p@), | lo<al,
Quy=lueCl; Viel0,T], a(t)<u(t)<n), |lu llo<al,

and
Qpp={ueC'; Vte[0,T], o) <u(t)<n®), | llo<al.

Using (4.1), we have
Qo-’ﬁ N Qa,n =0.

We also have
(QO',B U Qa,n) c Qa‘,r]-

Consider

Q=05 \ (QrpUQuy).

It follows that
Q={ueQ,, I,n) [0, T1)? such that B(¢1) < u(t;) and u(t) < a(ty)}

and
0Q = 0Q;,U0Q; U0, ;.

As any constant function between S(7) and a(7) is contained in Q, Q is a non-empty set.

Let I'y be the fixed point operator associated to (4.7). Next, let us consider u € Q such that

I' («) = u and ||u||.o = R+ 2. Notice that we have ||| < a. Hence there exists fo € [0, T] such

that u(fg) = max u = R+2 or u(ty) = min u = —R —2. Consider the case u(ty) = max u = R+2.
[0,T] [0,T] [0,T]

If 1y €]0, T'[, then u’(f9) = 0 and there exists £ > 0 such that u(r) > R+ 1 for all 7 € [y, fp + £].

Moreover,

(Du@®)pu’ (1)) =2 >0,
hence

D(u()p(u' (1)) = f (D(u(s))p(' (5)))'ds >0, forallt € [ty,19 + &].
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As (D(u(t)) > 0, we have ¢(u’'(¢)) > 0 for all £ € [ty, 1o + €].
This implying that u is strictly increasing on [fg,#p + £], which is a contradiction.

If ty = 0, then «’(0) < 0 and we obtain the contradiction
0> ¢(u'(0)) =gy(R+2)=2>0.
If 1o =T, then «’(T) > 0 and we obtain the contradiction
0<¢W'(T)) =gr(R+2)=-2<0.

In the same way, we obtain a contradiction if u(#y) = R)HTI} u=-R-2.

Therefore
[uedQ, I'i(u) = u] = ||ull <R+2. (4.8)

Now, let u € 0Q be such that I'; (1) = u. It follows from (4.8) that |[ullcc < R+ 2, ||t/]le < a,
and u € 0Q,5U 09, ;. It follows that there exists 79 € [0,T] such that u(ty) = a(ty) or
u(tp) = S(to), implying that

lu(to)| < max{l|llco, [|Blloo}-

Then,
T
[ee(2)] < |u(tp) +f |/ (®)|dt < R forallr€[0,T],
0

therefore,
[uedQ, I'i(u) = u] = ||ull <R. 4.9)

‘We have two cases.

Case 1. Assume that there exists u € 9Q be such that I'y(«) = u. Using (4.9), we deduce that
[l4llo < R, implying that u is a solution of (1.1), and (4.2) and (4.3) are satisfied. In this case
there exists 7 € [0, T] such that u(t) = (1) or u(t) = 5(1).

Case 2. Assume that ' (1) # u for all u € 9Q. Then, like in the proof of Theorem 3.9, we
have

dis[I-T1,Q5,,01 = dis[I-T1,Q4p,0]
drs[1-T1,9Q,,,0]
1

By the additivity property of the Leray-Schauder degree, we have
drs[1-T1,Q,0]=-1.

By the existence property of the Leray-Schauder degree, there exists u € Q such that

'y (u) = u. It follows that there exists (1, %) € [0, T]? such that u(t;) < a(f;) and u(t) > B(1).
Then, using once again that ||u’|| < a, it follows that ||ul|.c < R , hence u is a solution of
(1.1) and (4.3) is satisfied. Moreover, from u € Q it follows that (4.2) holds true.
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S Existence of solutions with upper and lower-solutions ordered
or not

Theorem 5.1. Assume that there exist a lower-solution a and an upper-solution 8 of (1.1).
Then the problem (1.1) admits at least one solution u, such that

lllleo < max{|lelleo, [|Blleo} +aT. (5.1

Proof. If YVt € [0,T], a(t) < B(¢), by Theorem 3.9, the problem (1.1) admits at least one
solution u, such that

a(t) < u(t) < B(1), Vte[0,T].

Moreover, (5.1) is satisfied.
If

Jre[0,T] suchthat a(r) > pB(), (5.2)

by Theorem 4.1, the problem (1.1) admits at least one solution u, such that
llulleo < max{llerleo, [|Blleo}t +aT-
Example 5.2. Consider the problem

u(t),,,
(—u (0 Y = —clu’ (D) - bmax{0u®d} 4 ¢ forae. te (0,71,

= ) \
u'(0) _ 2 u'(T) _ 2
Voeos - WOy and = = (u(T))

where a >0, b>0,c>0,T >0and g >0. Then a(?) = %ﬁ and B(¢) = 0 are lower and
upper-solutions. Using Theorem 5.1, we deduce the existence of at least one solution.

6 Existence of multiple solutions

In this section we use Theorem 3.9 and Theorem 4.1 to prove existence of multiple solutions
for the problem (1.1). In the following theorem we prove existence of at least three solutions
of problem (1.1).

Theorem 6.1. Assume that there exist a a lower-solution and o a strict lower-solution of
problem (1.1), n an upper-solution and B a strict upper-solution of the problem (1.1), such
that

Vie[0,T], alt) <) < o(t) <n(b). (6.1)

Then the boundary value problem (1.1) admits at least three solutions u, v and w, with
a(t) <u®) <B@), Yt € [0,T]; o) <v(r) <n), Yt €[0,T];

B(ty) <w(ty) < o(ty), forsome t,e€[0,T].



Nonlinear ¢-Laplacian Equations with Neumann-Steklov Boundary Conditions 29

Proof. Using Theorem 3.9 and the fact that 8 and 7 are strict, the problem (1.1) admits
at least two solutions u, v such that

a(t) <u(t)<B@), Vtel0,T] and o(r) <v() <n(), Vtel0,T]. (6.2)
Using Theorem 4.1, the problem (1.1) admits at least one solution w such that
B(ty) = min{o (1), B(ty)} < w(ty) < max{o(t,),B(ty)} = o (ty) (6.3)

for some t,, € [0,T]. Using (6.2) and (6.3), we have u # w and w # v.

In the following Theorems we prove existence of at least two solutions of the problem

(1.1).

Theorem 6.2. With the previous notations, assume that there exist a and o two lower-
solutions of the problem (1.1), and B a strict upper-solution of the problem (1.1), such that

Vee[0,T], a()<p@) <o),
Then the boundary value problem (1.1) admits at least two solutions u and w, with
a(t) < u(r) < (), Yt e[0,T],

and
dt, €[0,T] such that B(t,,) < w(ty) < o(ty). (6.4)

Proof. Using Theorem 3.9, and the fact that 3 is strict, the problem (1.1) admits at least
one solution u, such that

a(t) < u(t) < p(1). (6.5)

Using Theorem 4.1, the problem (1.1) admits at least one solution w such that
B(tw) = minfor(1,,),B(t,)} < w(ty,) < max{o(t,),B(ty)} = (1) (6.6)
for some t,, € [0,T]. Using (6.5) and (6.6), we have u # w.

Theorem 6.3. With the previous notations, assume that there exist a strict lower-solution
a, and two upper-solutions 8 and n of (1.1) such that

Veel0,T], ) <a() <n();
Then the boundary value problem (1.1) admits at least two solutions u and w, with
a() <u(®) <n@), VYrel0,T],

and
d¢, €[0,T] such that B(t,,) < w(t,) < a(ty). (6.7)

Proof. The proof is similar to the proof of Theorem 6.2.
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7 Construction of lower and upper-solutions
Theorem 7.1. If there exists a constant w such that
flt,w,0)<0, a.e.te[0,T], golw)<0 and gr(w)=0, (7.1)

then, the function a given by a(t) = w, VYt € [0,T1], is a lower-solution of problem (1.1).
If there exists a constant w; such that

ft,w1,0) >0, a.e.tel0,T], golw)=0 and gr(w;)<0, (7.2)
then, the function 8 given by B(t) = w1, Yt € [0, T, is an upper-solution of problem (1.1).
Proof. If (7.1) holds, for @ given by a(f) = w, ¥t € [0,T], we have
(D(a@®)¢(@’ 1)) =02 f(t,w,0) = f(t,a(t),a’ (1)), a.e.t€[0,T],

¢(@’(0)) = 0 > go(w) = go(e(0)),
¢ (1)) =0 < gr(w) = gr(a(T)).

If (7.2) holds, for 8 given by B(¢) = wy, Yt € [0,T], we have
(DB@)PB' (1)) =0 < f(t,w1,0) = f(t,B(1).5 (1), ae.te[0,T],

$(B'(0)) = 0 < go(w1) = go(B(0)),
¢(B'(T)) =02 gr(w1) = gr(B(T)).

a is a lower-solution and S an upper-solution of problem (1.1).

Lemma 7.2. Assume that there exist (A, B) € R? and h € L' such that

T
f h(t)dt—B+A = 0. (7.3)
0

Assume that 0 <m < D(x) < M, Vx € R, for some constants m, M.
Then the problem

{ (D(u(®)p(u' (1)) = h(1), a.e. te[0,T], (7.4)

Du(0))¢p(u'(0)) = A, Dw(T))¢p(u'(T)) = B,
has at least one solution.

Proof. We use an argument used by Bereanu and Mawhin in [3]. Let us decompose any
u € C'in the form u = u+u, (u = u(0), (0) = 0) and let C' = {u € C' : u(0) = 0}.
Consider the family of problem

{ (Du()g’ (1)) = Ah(1),  a.e. 1€[0,T], (7.5)

D@(0)p(u’'(0)) = A4, D(T)$'(T)) = AB A€[0,1].
For each A € [0, 1], the problem (7.5) is equivalent to the fixed point problem in C",

= Ho|¢" o[(Dy oWIAA+ AH (W]]| = N(A,). (7.6)
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Using Arzeld-Ascoli’s Theorem, we see that, N : [0,1] X C!' - Clis completely continu-
ous. For each A € [0, 1], any possible fixed point u# of N(4,.) is such that |[u]|c1 < a(T + 1).
Therefore,

drs[1—N(1,.), Byr+1),0] =drs[1 = N(O,.), Byr+1),0]
=drsl,Bur+1),0] = 1.

Then, from the existence property of the Leray-Schauder degree, there exists u € C! such
that u = N(1,u), which is a solution of the problem (7.4).

Theorem 7.3. Assume that:
(1) 30> 0 such that D(x—0) = D(x) = D(x+0), Yx€R;

(2) There exists (d,e) € R? such that, fora.e. t€[0,T] and for all (x,y) €] — c0,d]X] —a,al,

ft,x,y) < f(t.d,e);

Q) go is an increasing homeomorphism;
4) g7 is a decreasing homeomorphism.
Then the problem (1.1) has at least one lower-solution.

Proof. As D is positive, continuous and periodic, there exist two constants m and M
such that 0 <m < D(x) < M, VYx e R.
Let (i, j) € R? be such that

T
8o >0, gr(/))>0 and fof(t,d,e)dt—mgr(j)+Mgo(i)=0. (1.7

Using Lemma 7.2, we have that the problem

{ (D(u()e’' (1)) = f(t,d,e), a.e. te[0,T], (7.8)

D((0)¢@u'(0)) = Mgo(i),  D(T)¢w'(T)) = mgr(j),

admits at least one solution.
Let w be a solution of problem (7.8). Consider the function

a =w—A0, with A € N*, such that w(r) — A9 < min{d, i, j}, Yt € [0,T].

VYt € [0,T], we have a’(t) €] —a,al, &' (t) = w' (1), a(t) €] — oo,d[ and D(a(r)) = D(w(t)).
Therefore

(D(a()$(e’ (1)) = (DWW (1)) = f(t,d.e) > f(t,a(),a’ (1)), a.e.1€[0,T],
D(a(0)¢(a’(0)) = Dw(0)p(w'(0)) = Mgo(i) > D(a(0))g0(i) > D(a(0))g0((0)),
D(a(T))p(e/(T)) = DW(T)¢(W'(T)) = mgr(j) < D(a(T))gr(j) < D(A(T))gr(a(T)).

Consequently, @ is a lower-solution of problem (1.1).
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Theorem 7.4. Assume that:
(1) 36 > 0 such that D(x—0) = D(x) = D(x+0), Yx € R;

(2) There exists (di,e1) € R? such that, for a.e. t€[0,T] and for all (x,y) € [d;,+oo[X] —
a,al,
ft,x,y) > f(t,d1,er);

(3) go is an increasing homeomorphism;
4) g7 is a decreasing homeomorphism.
Then the problem (1.1) has at least one upper-solution.

Proof. As D is positive, continuous and periodic, there exist two constants m and M
suchthat 0 <m < D(x) < M, Yx e R.
Let (i1, j1) € R? be such that

T
go(i1) <0, gr(j1)<0 and fof(l,dl,el)dl—mgT(jl)+M80(i1)=0- (7.9

Using Lemma 7.2, we have that the problem

{ D)’ (1)) = f(t.di,er),  ae. t€[0,T], (7.10)

D@u(0)¢u'(0)) = Mgo(in),  Du(T)¢'(T)) = mgr(j1),

admits at least one solution.
Let w; be a solution of problem (7.10). Consider the function

B =wi + B0, with B € N*, such that w;(¢) + B0 > max{d,,ii, j1}, Yt € [0,T].

Vt € [0,T], we have B'(t) €] —a,al, B'(t) = w(1), B(t) €]d},+oo[ and D(B(t)) = D(w(1)).
Therefore

(DBPB ) = (DWW, () = f(t,dy,er) < f(1,B(1).5(1), a.e. t€]0,T],
DB0)$(B'(0)) = D(w1(0))p(w}(0)) = Mgo(i1) < D(B(0))go(i1) < D(B(0))g0(B(0)),
DBIN$B(T)) = Dwi )W (T)) = mgr(j1) = DBFT))gr(j1) = DBT)gr(B(T)).

Consequently, S is an upper-solution of problem (1.1).
Theorem 7.5. Assume that:
(1) 36> 0 such that D(x—0) = D(x) = D(x+6), Vx e R;

(2) There exist (d,e) € R? and (d,e,) € R? such that,
fora.e. t€[0,T] and for all (x,y) €] —o0,d]X] —a,al, f(t,x,y) < f(t,d,e),
fora.e. t€[0,T] and for all (x,y) € [d},+oo[X]—a,al, f(t,x,y) > f(t,d},e1);

) go is an increasing homeomorphism;

4) gr is a decreasing homeomorphism.
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Then the problem (1.1) has at least one lower-solution and at least one upper-solution.
Therefore the problem (1.1) admits at least one solution.

Proof. By Theorem 7.3, the problem (1.1) has at least one lower-solution and by the
Theorem 7.4, the problem (1.1) has at least one upper-solution. Therefore, by Theorem 5.1,
the problem (1.1) admits at least one solution.

Corollary 7.6. Assume that:
(a) 30 > 0 such that D(x—0) = D(x) = D(x+0), Yx € R;

(b) fora.e. t€[0,T] and forall y € [—a,al, f(t,.,y) is increasing
fora.e. t€[0,T] and for all x €] — co,+o0[, f(t,x,.) is increasing in [—a,a);

(¢) go is an increasing homeomorphism,
(d) g7 is a decreasing homeomorphism.
Then the problem (1.1) has at least one lower-solution and at least one upper-solution.

Proof. By (b), we have:
There exists d € R such that for a.e. r € [0,T] and for all (x,y) €] — c0,d]|X] —a,al,

ft,x,y) < f(t.d,a).
There exists d; € R such that for a.e. ¢ € [0,T] and for all (x,y) € [d}, +oo[X[—a,al,

f(t,X,y) Z f(tvdlv_a)'
It follows that, conditions (1), (2), (3) and (4) of Theorem 7.5 hold.

Theorem 7.7. Assume that:

(1) D is a function having continuous first derivative on R and,
A(b,c) €] — 00, +00[X]0, +oo[ such that D'(x) >0, Yx €] —co,b] and D(x) > ¢, Yx € R;

(2) There exists (d,e) € Rx]—a,a] such that for a.e. t€[0,T], f(t,d,e) >0 and, for a.e.
t€[0,T] and for all (x,y) €] — c0,d]x] —a,e],

S, x,y) < f(t,d,e);

Q) go is an increasing function;
(4) gr is a decreasing function;

(5) There exists (i, j) € R? such that

T

¢ (g()(l)+— maxff(sde)ds and lf f(t,d,e)dt—gr(j)+go@i) =0.
c t€[0,T] ¢ Jo

(7.11)

Then the problem (1.1) has at least one lower-solution.
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Proof. Using Lemma 7.2, the problem

{ (co(’' (1)) = f(t,d,e), a.e.te[0,T], 7.12)
#(u'(0)) = go(d), o' (T)) = gr()), '

admits at least one solution.
Let w be a solution of problem (7.12). Consider the function

a=w-—A, with A, such that w(¢) — A < min{d, i, j,b}, Yt € [0,T].
We have
P (1) = p(w' (1)) = go(i) + % fotf(s,d, e)ds, VYrel[0,T],
hence o’ (¢¥) < e, Yt € [0,T], Therefore, for a.e. t € [0,T],
(D(a()p(@’(®))) = (D(a(®)) ¢(@’ (1) + D(a(®)(¢(e (1)),
= D' (M)l (p(’ ()] + D(a®) (W' (1)),
2 D(a(t))(%f(t, d,e)),

1
2 c(Zf(t.d.e)),

> f(t,d,e),
> f(t,a(1),a (1)),

and
$(’(0)) = ¢(w'(0)) = go (i) > go(a(0)),
P (1)) = p(W' (1)) = gr(j) < gr(e(T)).
Consequently, « is a lower-solution of problem (1.1).
Theorem 7.8. Assume that:

(1) D is a function having continuous first derivative on R and,
A(b1,c1) €] — 00, +00[X]0, +0oo[ such that D' (x) <0, Yx € [by, +oo[ and D(x) > c1, Yx €
R;

(2) There exists (d1,e1) € RX[—a,al such that for a.e. t € [0,T], f(t,d1,e1) <0 and, for a.e.
t€[0,T] and for all (x,y) € [dy,+oo[X[ey,al,

ft,x,y) = f(t,dy,er)
Q) go is an increasing function;

(4) gr is a decreasing function;

(5) There exists (i1, j1) € R? such that

VR I LT . .
¢~'(go(i)+— min f f(s.di,e)ds)>er and — f f(t,dy,en)dt—gr(ji)+go(i) =0.
c1 €[0,T] Jo c1 Jo
(7.13)
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Then the problem (1.1) has at least one upper-solution.

Proof. Using Lemma 7.2, the problem

{ (c19' (1)) = f(t,dy,e)),  ae.t€[0,T], (7.14)

' (0) = goGi), ¢ (1)) =gr(j1)s

admits at least one solution.
Let w; be a solution of problem (7.14). Consider the function

B =wi+ B, with B, such that w(¢) + B > max{d,, i, ji1,b1}, Yt €[0,T].
We have )
/ ’ ] 1
¢(B'(1) = p(wy (1) :gO(ll)"'af f(s.dy,er)ds, Vtel0,T],
0

hence B’(t) > ey, YVt € [0,T], Therefore

(DBO)PB (1)) = (DB1))' (B’ (1)) + DBDO)NSB' (1)),
= D' (BO)IB (OB ()] + DBO) (W, (1)),

1
< D(,B(t))(af(t,dhel)),

1
< Cl(af(t’dl’el))$

< f(t,dy,ey),
< f(6.B(0).B' (1)),

and

$(B'(0)) = p(w'(0)) = go(i1) < g0(B(0)),
PB(T) = oW (1)) = gr(j1) = gr(B(T)).

Consequently, S is an upper-solution of the problem (1.1).
Theorem 7.9. Assume that:

(1) D is a function having continuous first derivative on R and,
A(b,c,by) €] — 00, +0[X]0, +00[X] — 00, +00[ such that D'(x) >0, Yx €] —00,b], D'(x) <
0, Yx € [by,+oo[ and D(x) > ¢, Yx €R;

(2) There exists (d,e) € RX] —a,a] such that for a.e. t€[0,T], f(t,d,e) >0 and, for a.e.
t€[0,T] and for all (x,y) €] —o0,d]1X] —a,e], f(t,x,y) < f(t,d,e)
there exists (dy,e1) € RX[—a,a[ such that for a.e. t € [0,T], f(t,d1,e1) <0 and, for
a.e. t€[0,T] and for all (x,y) € [dy,+oo[X[er,al, f(t,x,y) > f(t,d1,er);

Q) go is an increasing function;

(4) gr is a decreasing function;
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(5) There exist (i, )) € R? and (i1, j1) € R2 such that

t T
¢—1(g0(i)+1 max f f(s.d.e)ds)<e and ! f f(t.d,e)dt - gr(j)+go(i) =0
¢ €[0,71 Jo cJo

and

5 (sotin)+ - min f f(s,dyen)ds)> e and f £ty en)di—gr(in)+ golin) =0.

1€[0,T1]

Then the problem (1.1) has at least one lower-solution and at least one upper-solution.
Therefore the problem (1.1) admits at least one solution.

Proof. By Theorem 7.7, the problem (1.1) has at least one lower-solution and by Theo-
rem 7.8, the problem (1.1) has at least one upper-solution. Therefore, by Theorem 5.1, the
problem (1.1) admits at least one solution.

Corollary 7.10. Assume that:

(@) D is a function having continuous first derivative on R and,
A(b,c,by) €] — 00, +00[X]0, +00[ X] — 00, +oo[ such that D' (x) >0, Yx €] —o0,b], D’'(x) <
0, Vx € [by,+0o[ and D(x) > c, Yx € R;

(b) There exists d € R such that for a.e. t € [0,T], f(t,d,a) >0, there exists d| € R such that
fora.e. t€[0,T], f(t,d;,—a) <0 and,
fora.e. t€[0,T] and for all y € [—a,al, f(t,.,y) is increasing
fora.e. t €[0,T] and for all x €] — oo, +0c0[, f(t,x,.) is increasing in [—a,al;

(¢) go is an increasing homeomorphism,

(d) g7 is a decreasing homeomorphism.

Then the problem (1.1) has at least one lower-solution and at least one upper-solution.
Therefore the problem (1.1) admits at least one solution.

Proof. By (b), (¢) and (d), we have:
There exists d € R such that for a.e. 1 € [0,T], f(t,d,a) > 0 and, for a.e. € [0, T] and for all
(x,y) €] =00, d]x] - a,al,
ft,x,y) < f(t.d,a);
(i, j) € R? such that

1 t 1 (7
¢“(go(i)+— max f f(s,d,a)ds)<a and - f f(t,d,a)dt—gr(j)+go(i) =0,
c 0,71 Jo c Jo

There exists d; € R such that for a.e. 1€ [0,T], f(t,d;,—a) <0 and, for a.e. t € [0,T] and for
all (x,y) € [dy,+oo[X[-a,al,

f(t’x’)’) 2 f(tedl’ _a);
G, jy) € R? such that

I LT o
o oy max [ fsdiads)>-a and < [ ftdi-adi-gr(o+ g =0
¢ €10.71 Jo ¢ Jo

Therefore, conditions (1), (2), (3), (4) and (5) of Theorem 7.9 hold.
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Example 7.11. Consider the problem

((u(t))4+(u(t))2+l L u® )/ _ W’ —u(f)+1 forae. 1€[0.1]

(u(t)*+1 V1= (1)) Vi + (u())?—2u(1)+2

, , 7.15
—O__ —y0) and L = —y(1) 715
V1=’ (0))? V1= (T))?
We have a = 1, D(x) = x;ﬁfl, go(x) = xandgl(x) =-x,¥x€eR;
fora.e. 1€ [0,1] and for all (x,y) € R?, f(t,x,y) = W + 2l
We also have: D’(x) >0, Vx e] 00,—1], D’(x) <0,V¥xe[l,+o0[ and D(x) > 1, Yx e R.

For a.e. t €[0,1], f(z,0, =L + 150

and, for a.e. t € [0, 1] and for all (x y) €] —0,0]x] - 1,11, f(t,x,y) < f(z,0,1);
For a.e. t€[0,1], f(z,2,— 1)_ i 2 <0

and, for a.e. £ € [0,1] and for all (x,y) € [2,+00[X L flt,x,y) = f(t,2,—

t 1
¢~'(20(0) + max f £(5.0.1)ds)<1 and f f(t,O,l)dt—gl(—§)+go(O):O.
110,11 Jo 0 2

t 1
¢ (20(0)+ maxff(s,2,—1)ds)>—1 and ff(t,z,—l)dz—g1(§)+go(0):0.
1€[0,11 Jo 0 2

go is an increasing function and g; a decreasing function.
Takingb=-1,b1=1,c=1,d=0,e=1,d1=2,e;=-1,i=i; =0, j=— andjl and
the fact that g is an increasing function and g; a decreasing function, by Theorem 7. 9 we
deduce the existence of at least one lower-solution, at least one upper-solution and at least
one solution of the problem (7.15).
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