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Abstract. We prove that the mean value ( for some measure y = ydx with y > 0,dx = Riemannian
measure ) of the squared norm of the gradient of the unitary direction of a Jacobi field along an
eigenmapping v ( associated to an eigenvalue A > 0) of the tension field, for mappings from a com-
pact Riemannian manifold (M, g) into a symmetric Riemannian manifold (V, ) of positive sectional
curvature, is smaller than cA, where ¢ > 0 depends only on the diameter and upper and lower curva-
ture bounds of (N, ). For negative A, we prove that there is no nonvanishing Jacobi field along the
eigenmappings, under the same assumptions on (M, g) and (N, h).
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1 Introduction

Let (M, g) and (N, k) be Riemannian manifolds, and « : M — N a smooth mapping. Letv:]—-1,1[X] -
I,1[XM — N, (r,s,x) = v, (x) be a smooth mapping such that vy = u, and v, gom = ujgy in case
OM # (. The energy of u is

1
Ew) =5 fM lldull* (x)dx.

We have
62
——|y=s=0 E(vry) = f (<166, V = V3, ¢, V1= RN (V,deu)de,ut, W) (x)dx
ords M i
aVrs
- f v, 28 o o)) d,
M 8S
where
Vo= vy | AW := vy, |
= or r=s=0 al = Js r=s=0

are vector fields along u,
7(u) := trace (Vdu) = V. deu — dVe,-ei”
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is the tension field of u, and (¢;); is a local orthonormal frame.
If one assumes that (1) = 0, i.e. u is harmonic, then one has
62
a_ Ir:s:O E(Vr,s) = f <_[V€iV€iV - Vve-ei V] - RN(V’deiu)dfiu’ W> (x)dx'
ros M !
Harmonic mappings between Riemannian manifolds have been introduced by Eells - Sampson
in 1964. See [6] for an introductory course.
For a harmonic mapping u, some V € I'(u~! (T N)) is called a Jacobi field along u when

Ve Ve,V =Yy, oV +RY(V.dyu)deu=0o0n M.

One sees also that when r = v, is a geodesic, then even when u is not harmonic, one has

dZ
d? lr=0 E(vi0) = f <_[V€iV€i V- VVel-el' Vi- RN(V’ deiu)deiu’ V> (X)dx.
M

The existence of non vanishing Jacobi fields along a harmonic mapping u makes it difficult to say
if u is locally energy minimizing or not, and it gives informations about the uniqueness of u in its
homotopy class. When (&, i) has nonpositive sectional curvature, it has been proved by Hartman in
[3] that such a Jacobi field V satisfies

VV =0and (RN(V,de,u)de,u, V) =0 on M.

In our work [11] we tried to extend in some way this result of Hartman to cases where the
sectional curvature of (V,/) is no more nonpositive, but (V,4) being symmetric. We proved (
roughly said ) in that work that given such a Jacobi field V, if it is integrable, i.e. there exists
v:]—1,1[xM — N a smooth mapping such that v(0,.) = u, v(¢,.) is harmonic, for any €] — 1, 1] and
V(x)= 209 o Vxe M, then V[||V|"' V] =0.

In our work [7] we introduced in 2002, together with Prof. Jost, the functional

1
E(u) =3I fM lldull* (x)dx— A fM d?(u(x), w(x))dx]

for some fixed 4 € R and w € C*(M, N), where d(u(x),w(x)) is the Riemannian distance between
u(x) and w(x) in (NV,h). When A < 0 and (M, g) and (N, h) are Euclidean spaces, E, is the Mumford
- Shah functional, which is used in image approximation, see e.g. [1].

The critical points of E, are the eigenmappings of the tension field T associated to the eigenvalue
A (for the model mapping w ). In [7] we proved that the spectrum of 7 in this sense is continuous and
the set of eigenvalues and eigenmappings may bifurcate, even when (N, /) has nonpositive sectional
curvature. As far as we know, no other authors considered this problem until now. This eigenvalue
problem generalizes the one for the Laplace - Beltrami operator A for functions defined on (4, g),
see e.g. [5], [2], [6] and [19]. In our work [10] we proved some first eigenvalue estimates for 7. In
these studies, the case where the model mapping w is harmonic is the most close to the real valued
functions case, where the model mapping is constant.

We have to point out that there exist studies for the spectral theory for the nonlinear p - Laplace,
which also generalize the case of A, see e.g. [16]. There are also many other studies on general
nonlinear eigenvalue problems related to A, but in the framework of Banach spaces.

One field for the application of the eigenvalue problems related to A is the vibration theory. See
e.g. [4] for many other applications in ingeneering sciences.



100 Kourouma Moussa

For the eigenmappings of T an important question is to know if they are unique, or minimize the
functional E,, exactly as we treated the case A =0 in [11]. In [7] we have seen that when (N, i) has
nonpositive sectional curvature and A < 0, then E, is convex ( see below for the definition ) and the
uniqueness problem has the same answers as in the work of Hartman for harmonic mappings. When
one removes the nonpositive sectional curvature assumption on (N, i), then E is no more expected
to be convex even when 4 < 0.

With the above notations: for v :]—1,1[XxM — N a smooth mapping such that v(0,.) = u, and
t - d>(v(t, x),w(x)) is derivable, for any x € M, we have

dith:o Ex((t,.)) = - fM (T)(0) = Aexply w0, V(x))dx,

and for
T(u)(x) — Aexp;, w(x) =0,
we have
d2 2 N
=0 Ea(v(2,)) = fM IVVIP () = (RN (V. deu)de, V) (x)
+ (Vv exp. ' w(x), V() dx
_ fM <v,‘9vf,jft’ | T - dexpy, w<x>>dx,
and

d2
0 Eav(t.)) = fM U9 VIP () — (RN (V. e, V) ()

+ (Vv exp”! w(x), V() lda.
We have also
62

= lr=s=0 E(vy,5) =
6r6s| =0 E(vr.s)

- f <Ve[,Ve[, V- VV._»,-e,' V+RY(V, deu)de,u—AVy expf1 w(x), W> (x)dx
M
0vys _1
_ § VrW lr=s=0 , (1) = AeXPp,,(,, W(x) ) (X)dx
= - f (Ve Ve,V = V5,6,V + RN (Vdeu)deu— AVy exp”" w(x), W) (x)dx.
M

It is clear from these formula that: for Riem™-” < 0 and 1 < 0, we have

d2
pr li=0 Ea(v(2,.)) = 0, V1.

So t+— E (v(t,.)) is convex.
V is called a Jacobi field along u, for T(u) — Aexp, ' w = 0, when

Ve,Ve,V=Vy, e,V +RN(V,det)deuu = AVy exp” w = 0.
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Let K > 0 (resp. —K; < 0) be an upper bound ( resp. a lower bound ) for the sectional curvature
of (N, h). Then, we have

Ko IVIP < (RN (V. do)deu, V) < K3|IVIP,

where
K> := —K; max ||dull® (x), K3 := K max ||dul|* (x).
xXeM XeEM

From e.g. p. 156 of [6] we have: for d(x,y) < #E’ and X € TyN:
1 _
D5 d*(a. o)X X) = ~(Vxexp. ' a.X).

and

VKd(a,y)cot( VKd(a,y))|IXI* < —(Vxexp' a.X) < VKd(a,y)coth( VKd(a,y) IXI*.  (1.1)

It follows
—M IVIP = (Vv exp) ' w(x), V() = =M, IV,
where
M, = max VK 1d(u(x), w(x)) coth[ v Kid(u(x), w(x))]
X€
and

My := min VK d(u(x), w(x)) cot] VKd(u(x), w(x))].

For A4 <0 we then get

d2
e li=0 Ea(v(1,.)) = fM[IIVVII2 = (AMy + K3) |[VIP1(x)dx,

and for A > 0 we have

d2
T30 Ea(v(1,0) 2 fM [IVVI? =AM, + K3)[IVIF1(x)dx.

From that, one can see that in some simple cases the second derivative is nonnegative. For instance,
A >0 and V such that

© fIIVVIIZ(X)de(/lMﬁKs)fIIVIIQ(X)dx,
M M

we have )

d
pr li=0 E2(v(1,.)) 2 0.

One can remark that (C) is a Poincaré type inequality.
If one assumes that the upper bound K of the sectional curvature of (N, %) is < 0, and that « has
rank > 2, then one has

1
(RN (Videu)deu, V) < K5 |IVIP with K := E1r<2[éiﬂ1}||du||2(x).

We conjecture that, there exists ¢ > 0 such that: for any A and u such that rank(u) > 2 and 7(u) -
/lexp;1 w =0, we have ||du||2 (x)=>c,Yxe M.
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Assuming that, that is true and K <0, 4 > 0, we get

d> 1
— =0 Ex00(t,.) = | [IVVIP =@My + K5 IVIPI)dx > | [IVVI? = (M) + = Ke) IVIPT(x)dx.
dr? M M 2

It follows that,
d? Kc
—_— | E t, . 2 0, f 0 S /l S - )
a2 li=0 EA(v(2,.)) or 21 (w)

where I’(w) := min,ep inj(w(x)) > 0.

Let’s point out that, when the model mapping is energy minimizing, we found in [10] a lower
bound for those A > 0 which have an eigenmapping different from w. But, not all harmonic mappings
are energy minimizing ones.

In this work we are only interested in integrable Jacobi fields along the eigenmapping u, i.e.
those V € ['(u~' (T N)) such that, there exists v: [-1,1]x M — N a smooth mapping such that v(0,.) =
u,for any r € [-1,1], v(t,.) satisfies

T(v(t,.)) — /lexp;(lty) w=0,

and
ov(t, x)
ot

Those Jacobi fields are the most important ones.

V(x) =

|[:() ,Vx € M

2 Definitions and results

2.1 Definitions

Let (M, g) and (V, h) be two smooth Riemannian manifolds,.
Let us suppose that (N, /) is isometrically embedded into some Euclidean space R*. Then

WE2(M,N) := {ve WH2(M,R¥) / v(x) € N for a.e. x € M}

where W2(M,R¥) is the usual Sobolev space of all maps in L*(M,RF) whose derivative in the sense
of distributions is a square integrable function.

Let u € WH2(M, N).

2.1.1 RV is the curvature form of (N, k). Riem™™ is the sectional curvature tensor of (N, &), and
Ric™" is the Ricci curvature tensor of (N, k).

2.1.2 (N, h) is called a symmetric Riemannian manifold when : for any a € N, there exits o, an
isometry of (N, 1) such that o,(a) = a and do,(a) = —idr n.

2.1.3 Let a,b € N be such that d(a,b) < min{\/il?,in j(a)}, where d is the Riemannian distance
function, in j(a) is the injectivity radius of (N,h) at a, and K > 0 is an upper bound for the sectional
curvature of (N,h). Then P, is the parallel transport from a to b along the unique geodesic going
from a to b.

2.1.4 The energy of u is E(u) := % fM ldu(x)||*> dx, where du is the derivative of u in the sense of

distributions, and for A€ R and w € WI’Z(M, N), we set

E (u) := E(u)—/ll f d?(u(x), w(x))dx.
2Jm

w is called the model of E .
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2.1.5 uis called an eigenmapping of the tension field T associated to A, when it is a critical point
of E, i.e. : for any variation of v i.e. any map v : [—-1,1] X M — N such that v(0,.) = u,t — v(¢, x) is
C'V¥xe M, and x — v(t,x) € WI’Z(M, N), for any ¢t € [—1,1], is such that # — v(z, x) is constant for
Xx € OM, we have

d
d—tEA(V(f,~))|z:0 =0.
It is well known that if w is C° and

d(w(x), u(x)) < min{%, inj(w(x))},

for any x € M, then u is an eigenmapping of 7 w.r.t. A iff u is a weak solution of
T(u)— /lexp;1 w =0,
where 7(u) =trace (Vdu) and in local coordinates

*u” Mok o 0u” TN TN
FRT AR S I () + 25 (055 () T ()],

() (x) = g/
where ¥ F,ga is the Christofell symbol of (N, 4) in the considered local coordinates system.

When u is an eigenmapping of associated to A = 0, one says that u is ( weakly ) harmonic.

2.1.6 We will say that a functional F defined on WY2(M,N) is convex ( resp. strictly convex )
when : for any v: [0,1] X M — N a map such that, Yx € M, t — v(t, x) is a minimizing geodesic, and
v(t,x) € w2 for any ¢ € [0, 1], we have

F(v(t,.) < (resp. < )1 -0HFW0,.)+tF((1,.),¥t€[0,1].

2.1.7 We shall say that the Poincaré inequality is satisfied on (M, g) when: There exists Cj, > 0
depanding only on M such that: for any ¢ € WS’Z(M) such that £(xg) = 0 for some xop € M UM, we

have
f £(dx < C f IdzIP ().
M M

For instance, if (M, g) = (B(xg,r),g) is such that
< min{in j(xo), — =]
r inj(xp), ———
/ 2VKy
where Kj; > 0 is an upper bound of Riem™-®), then using the fact that exp,, is a diffeomorphism
of B(0,r) € T,,M onto B(xp,r), one can see easily that the Poincaré inequality is satisfied on (M, g)
and on To(u~' (T N)). More precisely:

Let V €To(u"'(TN)) vanish at xq. Let y : [0, 1] — B(xp, ) be the geodesic from x to some point
of M. Let (e;)1<i<m be an orthonormal frame which is parallel along y. Then

1

" d
e 0LV = [ L Voenarods= [ (Tovaro)ds

SO
1
IV < r fo IVVIZ (y(s) 1(s)ll ds.

Integrating this last inequality gives the result.
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2.1.8 For u € C*(M,N), u"'(TN) is the pullback vector bundle, and To(u~'(TN)) is the set of
those of its W' - sections which vanish at some point xo € M UAM. Let’s assume that the Poincaré
inequality is satisfied on (M, g). Then, for any W € To(u~' (T N)), by setting W = ||W|| V and applying
the Poincaré inequality to ||W/||, we have

f IWIE (dx < C) f VW (9.
M M

T e AM) + K3 <
satisfied. It follows the following convexity result for £; when dM # 0.

one has that (C) is

Assuming that we have: for K3 < ﬁ and C), < C, ,

Lemma 2.1. Let’s assume that the Poincaré inequality is true on (M, g), and that u is an eigenmap-
ping of T associated to A > 0 such that

d(u(x), w(x)) < min{in j(w(x)), ﬁ _alVxeM,

for some fixed a €]0, ﬁ[.

Assuming that K3 < % and A < L[— — K3], where M3 = min{max ey inj(w(x)),5 —a VK), there
P
is no non trivial Jacobi field in To(u~ l(TN)).

2.1.9 One says that « is a minimizer of E; when, for any v € Wh2(M,N) homotopic to u ( i.e.
3H : [0,1]X M — N continuous in ¢ such that H(z,.) € W'*(M, N),for any ¢ € [0, 1], H(0,.) = u and
H(1,.) =v ) such that vigpr = ujgpm whenever OM # 0, we have E (u) < E;(v).

2.1.10 Let u be an eigenmapping of 7 associated to some A > 0 and w. Then, for any W €
To(u~'(TN)) we have

f <T(u) - ﬁexp,;l w, W> dx=0.
M
By taking W = exp; ' w, easy computations using the fact that
Ka,b)| < —II & e IIbII
give us
A2 2 1 -1 2
—EW) <A | d*@x),wx)dx+=— | [|Dawexp,' || (x)dx. (2.1)
2 M 2A2 M

At page 25 of [14], by using regularity theory arguments, we proved the existence of two positive
constants ¢ and ¢, ( depending only on geometric data ) such that:

Vx € M, |ldull* (x) < c; A+ c2E(u).
It then follows: dc3 > 0 and ¢4 > 0 such that
Vx € M,||dull* (x) < c3+ca. (2.2)
Let’s assume that the boundary dM of M is non void, and let 77 be a unit normal vectorfield to OM.

We say that u € WUL2(M, N) satisfies the Neuman boundary condition, when du.7 = 0.
2.1.11 We want to include here a lower bound result for the eigenvalues of 7.
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Lemma 2.2. Let u be an eigenmapping of T associated to A € R such that
d(u(x), w(x)) <injw(x)),Yx € M,

and
f (Dt w0 (XD . deu(x)) dx 2 0,
M

where (€;)1<i<m is a local frame of orthonormal basis of (M, g). Let I(w) := maX ey inj(w(x)) < +oo.
Assume that —K; < Riem™" <0, M UOM is compact and either M is closed, or u satisfies the
Neuman boundary condition. Then:

1°) If Ric™®) > ¢ > 0 and 0 < AI(w) K| coth[I(w) VK] < ¢,

or
2°) If Ric™® >0 and A <0,

we have that u is constant.
In particular, when (N,h) =R, w is constant, Ric™M8) > ¢ >0and A <c, then Au=—Au = uis
constant.

Proof. From the classical Bochner formula we have
Alldul? = 201V (dw)|> = (RN (de,t de;u)de u, dee) + {duRic™ (e ), doju) + (Ve Veydes o).
By taking normal coordinates centered at the point we are computing, we get
Ve, Vedett = Ve, (1) = AV, (expy W()) = AV4, u(€xp] ' w) + Dy, w(exp, ' )],
It follows:

ford = 0,Alldull® 2 A(Va, ulexp " w),de,u) + ¢ ldull® +(Daf i) (@XPyyy s deytt())

\%

> [c—AI(w) VK1 cothlT(w) VK 1TIdull + (Da, i (@XPylyy s degt(1))
and
for A < 0, Alldul”* = =Alldull* + D, i XDy ) de,u(x))
Since

f A(lldul*)(x)dx = 0,
M
we get the result

Lemma 2.3. Let’s assume that OM # 0, and that the Poincaré inequality is satisfied on (M, g). Let
c3 >0 and cq4 > 0 be the geometric constants in (2.2). We assume that KC ;304 e[0,1].
Let u be an eigenmapping of T associated to some A > 0 with model mapping w. Then, for
1-K C},C4
<
C;)(KC3 +Aq)

any Jacobi field along u vanishes identically.
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Proof. We have
W= fV, VoW = e, IV + [V YV, INWIP = 1ldfIP + f2IVVIF.
We have also d,, f = (V,,W,V), and then
IdfI? = (Ve W V) < |IVWIP.
W is a Jacobi field is equivalent to
Ve, Ve W=Vy, ;W +RY(W,du)dou— AV exp~' w = 0.

By taking W as test function, we get

f VWP dx
M

fM [(RY(W,de,u)de,u, W) = A(Vyy exp” ' w, W)]dx

IA

[K(c3A+ca)+AA[] f F2(x)dx.
M

So, from the Poincaré inequality and (2.3) we get

i, f fdx < f ldfI?dx < [K(c3d+ca) + AA1] f F2(x)dx.
CpIm M M

This gives the result.

(2.3)

Lemma 2.4. We assume K < 0, rank(u) > 0, where u is an eigenmapping of T associated to some

A>0. Then, if

K 5
< -
< A min||dul[” (x),

any Jacobi field along u is parallel.

Proof. With the same notations as in the proof just before, we have

f IVW|? dx
M

fM [(RY (W,de,u)de,u, W) = A(Vyy exp” w, W)]dx

IA

f [K||V A dod]” 00+ AA T IWIP dx
M

IA

1
f (5 Klldull () + AN TIWIP dx <0
M

Remark 2.5. (N, h) is not assumed symmetric in Lemma i for i € {1,2,3,4}. We included these

results here since they cannot constitute a separate paper.

2.2 Results

Theorem 2.6. Let (M,g) be a compact Riemannian manifold, and (N,h) a symmetric compact
Riemannian manifold such that 0 < K| < Riem™W' < K. Let w e C3(M,N), 1€ R, and E, be defined
with model w. Let u € WY2(M,N) and [0,1]1x M 3 (t,x) — v(x) := v(t,x) € N a variation of u such

that, for any x € M,t — v/(x) is a geodesic , and, for some « €]0, #E[ we have

max{d(vo(x), w(x)),d(v1 (x), w(x))} < min{in j(w(x)), —— — a},¥x € M.

2VK
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Let
d 19
Vit,x) @ = g li=o (%) % lieo (X),Yx € M such that vo(x) # v (x)
Vit,x) : = OT\»Om N, When vo(x) = vi(x)
Ay : =2D+/K;coth[2D+K]],
where
D:= T a
2VK
and
A; = (m—2VKa)cot(r—2 VKa).
Then:

1°) if 2 <0, then any Jacobi field along an eigenmapping associated to A vanishes identically;
2°) if v, is an eigenmapping of T associated to A > 0, for any t € [0, 1], we have

f d>(vo(x), vi () IV V (&, I (x)dx < i(2+A1) f d*(vo(x),vi(x))dx, Y1 € [0, 1].
M Ay M

Remark 2.77. The assumption saying that, for any x € M,t — v,(x) is a geodesic is not necessary for
the conclusion in 1°), as it can be seen from Corollary 2 in [11].

As in [11], the result of theorem 1 seems to be true when w in C? only outside some closed
A C M which has Hausdorff dimension < dim(M) —2.

Remark 2.8. As we have seen in Theorem 3 of [10], the assumption

max{d(vo(x), w(x)),d(v1 (x), w(x))} < min{in j(w(x)), ——},¥Vx € M,

2VK
implies that, if w is class of C* at some point xy € M, then so does any critical mapping u of E, for
any A € R. So we may suppose that all our mappings are C? like the model w.

Remark 2.9. Since our mappings are continuous and M is compact, the constant A, may be taken
independent of w, vy and v;. Furthermore, the case A = 0 gives one result of [11].

Remark 2.10. It seems that we have to make the same assumptions on (N, /) in [11] as we do here.

3 Proofs of the results

3.1 Proof of the theorem

It is easy to see that we may suppose w.o.l.g that the length of the geodesic ¢ — v,(x) is less than

x_
4\/E,foranyxeM.

Step 1:
From the formula (3.1) of [11] we have: Yt € [0, 1],

ldvll>(x) < (=D lldvoll* (x) +tlldvi|* (x) — 1(1 = £) [[Vd(vo (), vi ()] (x)
—Ki(1 = > (vo(x).v1(x) Y Ci()|[devol|* 0.

1<i<m

where
-1

Ci(x) = ,
= S VR0 A
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Ai(x) = limg_,0A;(x, x + te;), Ai(x,y) is one of the two points where, the two geodesics through

(vo(x),v1(x)) and (vo(¥), v1(y)) meet, by the representation of the quadrilateral (vo(x), vo(y), v1(¥), v1(x))

on the two dimensional sphare of radius L d(vo(x),A;(x)) is actually the distance on this two -

-
sphare. It follows that
E(v) < (1-0E(vo)+tE(w)—1(1-1) f IVd(vo(). i) (x)dx 3.1)
M
~Ki(1-1) fM (o)1) Y Cilx) devol|* (x)edx

1<i<m

One has also: Yz € [0, 1],

ldvll>(x) < (1 =D lldvoll* (x) +tlldv1 > (x) — 1(1 = £) [[Vd(vo (), vi (DI (x) (3.2)
—Ki(1 =) (vo(x).vi(x) Y Ci0)|lde||” ().
1<i<m
where |
Ci(x) —

 sin VKd(vi(x), ~Ai(x))
and —A;(x) is the opposite of A;(x) on the two sphare of R3. If d(vo(x),A(x)) = d(vi(x),—A;(x)) we
will consider (3.1), and if not we will consider (3.2). Since

d(vo(x), Ai(X)) + d(vo(x),v1 () + d(v1 (x),~Ai (X)) = ——,
VK

for any x € M and any 1 <i < m, there exists some constant £ > 0 such that:
deo(vo,v1) < & = K1 Qi(x)[1 +Ind(vo(x),v1(x))] = —K max{Ci(x), C;(x)}, (3.3)

for any x € M and any 1 <i < m, where Q;(x) appears in the formula (3.6) below.

From now on we may assume that de(vo,v1) < & by replacing v by v;, and w.l.0.g max{C;(x), C}(x)} =
Ci(x).

An easy computation gives us: Yx e M

IVd(u(.), VDI (x) = Z D, [d(u(.),v(.))De;d(u(.), v(.))1(x)

1<i<m

= > Delnd (), vDI{expy) (), dev()) +(expyl v0), deu()) 1)

1<i<m

+ Z [1+Ind(u(x), v(xDI[De, {expy ) (). dev()) + De, (expyly v, deu()) ().

1<i<m

The divergence theorem then gives

L||Vd(V0(-),Vl(-))llz(x)dx = jﬂ;[l+1nd(Vo(x),Vl(x))]Dei[<eXP;ll(,) Vo(-),deiV1>+ 3.4
<exp;01(.) vi(.), del.v0>](x)dx.
Let Z! (x) and Z,, (x) be defined by

V%O(x) expf1 vi(x) = d,,vo(x) and VZI(X) expf1 vo(x) =devi(x),Yx e M,1 <i<m.
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Then, using the two lemmas in the appendix one has that

D., [<exp;ll(.) vo(.),deiv1> + <exp;01(.) vl(.),del.vo>](x) = (3.5)

= (V30 XD V10, Bi(0) + {exp;, ) Vo), T )()) + {exp] { ) v1 (), 7(v0) (1))
+

< (x) exva(x)Vl(x))Pvl(x)vo(x)de,-Vl(x) CXPJOI(X)Vl(x»
+(RN(Z], (0),ex} |y Vo) Payaymy (e vo (), €XDy Vo))
N
+<Vexpv e z’ o o Priove)devils eXpVO(x)Vl(X)>
N N -1
+ <Vexptlu) vo(x) Vval (x) [PVO(‘)Vl (‘)defv()] €XPy; (x) VO(X)>

(V3 o €xp7" vi(x), Bi() + AL{expy | o), expy |y w(x))
+ <exp;01( oV (x), exp;ol( ) w(x)>] +Q
since vo and v; are critical points of E,, where B;(x) = d,vo(x) = Py, (xe(x)de;V1(X), and Q denotes
the last four terms.
We are going now to look at how things depend on d(vi,vp): some kind of power series

development.
We have

(RN(Z4(), XDy VOO Poayutny e (), eXPly V(X)) =

= (R (de,u(x),expy () deu(x), exp,,ly v(x))
+(RN(ZL(X) = deu(x). expyly v(X))de,u(x), expyy v(x))
+ (RN (de,u(x), €xPyly VDI Pt de, V() = de ()], expyy v(x))
+ (RN (Z1(X) = deu(x). €Xpy{y VOO Poayuny e, v(x) — deu(x)], €Xpy V() ).
It follows: there exists C(vi(x),vo(x)) € R such that ||C(vi(x),vo(x))||ec — O as dw(v1,vg) — 0, and
(RN(Z} (x),€xpy | ) V() Py (oo e v1 (), XPL 1y v1 ()
= (RV(de,v0(x).expy, | ) Vi (X))devo(x),xp) {y v1(1))

+C(v1(x), vo(x))d(v1 (x), vo(x))*.

In what will follow the functions C(v{(.),vo(.)) are not necessarily the same.
We have

N N N
Vzéo(x)[Pvl(.)vo(.)de,-Vl] = Vzéo(x)—deiv()(x)[Pvl(~)V0(~)deivl —devol+Vy ((Ode eV

+Vﬁl'\£,-vo(x) [PV1(~)V0(~)deiV1 - deiVO] + Vygivo(x)dei\/o, Yx,i.

All the terms converge to zero as v(x) — vo(x), apart from V (x)de, V0.
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Since vy is a critical point of E; we have in local coordinates (y*), on N that

VN d — a_vg 8_\% 1'*(1 i _ A a i +/l 1
0= 5. (x) Je; (0, (vo(x)) é}ya(vo(x))— (Avg)(x) 8ya(v0(x)) exp, o W().

de;vo(x) €1
So
N N A N 0 N -1 _
Vexp;ol(x) vl(x)VdeiVO(X)de" Vo = (Avo)(x)vexp;ol(x) v1(x) oy« exp;ol(x) vi(x) CXPyy(0) w(x)=0

by choosing (y*),, to be normal coordinates centered at the point we are computing.
Since
N -1 -1
(RN (de,vo(x). expy V1 (X))de, vo(x), expy | Vi ()
2
< =K10i(®) ||devo)||” d* (1 (x),v0(x)),

for some generic Q;(x) > 0 depending only on geometric data, the above computations give us

[1+In(d(v1 (), vo(X))1De, [{€xpy} ) V() deyvi ) + {expy i v1(), v )1(x)

> [1+1In(d(vi(x),vo(x)){V}  exp ' vi(x), Bi(x)) (3.6)
+K1 Qi1 +In(d(v1 (x), vo(NId>(v1 (), vo(e) | |devo()| +
[de,v1 O[T+ AL+ In(d(v (x), vo(x)))] [{exp; () vo(x).expyt, w(x))
+{expy {y V1 (x), expyf o WO )+ C1 (x),vo(x)d(v1 (1), vo(x))?

[1+In(d(v1 (0, vo(ONT(V}, oy exp. " vi(x), Bi(x))
~KQi(0)d? (1 (x), vo () || ey v

+A[1+In(d(1 (x), vo(X))[{exp; [, vo(x), expy |, w(x))

+ (exp ty V1 (0, XPy{ W) + Cv1 (), vo(x)d(1 (x),vo(x))%, by (3.3),

v

where we are assuming w.0.l.g 1 + In(d(v(x),vo(x))) < 0,Yx € M. By putting this into (3.4) we get

fMIIVd(VO(-),V1(.))II2(X)dx 2 (3.7

> [ 101+ @ 0T 0 10, B0)

~KQi(0)d>(v1 (), vo(x) [ deyvo )|
+A[1+In(d(1 (x), vo())[{exp; |y vo(x), expy |, w(x))
+ (exPy ) V1 (), €Xpy( o W) ) + C(01 (1), vo(X)d (1 (), vo(x))*1dx.

Step 2:

From (1.1) we get the following convexity result for the L? - distance functional: ¥z € [0, 1],
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\%

f (), wx))dx > (1-1) f d*(vo(x), w(x))dx + 1t f d*(v1(x), w(x))dx
M M M
(1= DA, f 02 (1 (0),vo(0)d,

M

and

IA

f d*(v,(x), w(x))dx (1-1) f d*>(vo(x), w(x))dx +1 f d>(v1(x), w(x))dx
M M M

—1(1=0)As f d*>(v1(x),vo(x))dx.
M

It follows from (3.1): Vt € [0,1],
1°) For 1 >0,

Ex(v) < (1—t)EA(VO)+tEA(V1)—t(1—t)[LIIVd(Vo(-),Vl(-))IIZ(X)dx

+K f o0 vi(x) Y Cilx)|[deyvo|” ()dx - A4, f d*(v1(x), vo(x))dx];
M M

1<i<m

2°) For 1 <0,
Ex(v) < (1-0E (vo) +tEa(v1)—1(1 _t)[LHVd(VO(-),Vl(-))HZ (x)dx

+k [ doomen Y, e dolf dr-ms | @oie.ven
M M

1<i<m

Since vg and vy are critical points of E,, the function ¢ — E,(v;) cannot be majorized by a strictly
convex function, so we have:

1°) For 1 >0,
fM IVd(o(),vi (DI (x)dx < (3.8)
-K f d(vo(x). 1) Y Cil@)||deyvol|* (dx+ AA f d*(v1(x), vo(x))dx,
M 1<i<m M
and
2°) For 1 <0,

fM V(o0 DIP (Ddx <

K f d*(vo(x),v1(x)) Z cl-(x)||de,.vo||2(x)dx+/u\2 f d? (v (x), vo(x))dLx.
M M

1<i<m

This together with (3.7) and (3.3) gives us:
1°) For 1 >0,

’L[lwtln(d(vl(x),vo(x)))] <V11¥,»(x) expflvl(x),B;(x)>dx <
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Ci fM |1+ In(d(v1 (), vo D) & (v1 (), vo () ldvoll> () +llavi I (x)]dx
+1 fM |1+ In(d(v1 (), vo()I [{expy )y V1 (X), exp t,y w(x))

+(expy ) V(). expy, | W) )1dx + fM C(v1(x),vo(X))d(v1 (x), vo(x))dx
+AA j}; d?(v1(x),vo(x))dx,

and
2°) For A < 0, we have the same formula, where this time the last term becomes

—AA, f d*>(v1(x),vo(x))dx.
M

We conclude as in the appendix that

lim f ||dvo =P, ,dvi “2 (x)dx =0,
M

dr, (vo,v1)—0

where dr,(vo,v1) == fM d*(vo(x),v(x)dx]'/?. In particular, we have

VxeM, lim |dvo—Pyydvi|f () =0. (3.9)
dr, (vo,v1)—0
In fact: Let 0 < ¢, — 0 and v, :=v;,VYn € N. Then the sequence (v,), admits a subsequence which
converges in L? to v, since the sequence (E(v,)), is bounded by (2.1).
Step 3:

We will prove the following claim later.

Claim 3.1. For f(t) := <exp;,ix) vo(x),exp;,ix) w(x)> + <exp;01(x) v,(x),exp;ol(x) w(x)>, we have f(0) =
f/(0)=0and f”(0) = 2d*(vo(x),v1 (x)).

Combinating this with (3.8), one gets:
1°) For 1 >0,

jﬂ; |1+ In[d(v1(x), voGDII L VKA1 (x), vo(x)) cotl VKd(v1(x), vo(x))] (3.10)

BN = A2 + A)]d> (v (x), vo(x))dx

< fM COm ), o)1 (), vo())dx,

and
2°) For 1 <0,

fM |1+ In[d(v1 (x), voCeDII T VK (v (), vo(x) cot] VKd(v1(x), vo(x))]

BN = A2 + A)ld> (v (x), vo(x))dx

< fM C1(x), vo(x)d>(v1 (x), vo(x))dx.
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By studying the function ¢ — ||Pv0(x)v,(x)de,~ vo(x) — del.v,(x)”Z, we get

pe )
PP [Pyt devo(x) = devi ()| = (3.11)

= -2 <Vtvtde,-vt(x), Pv0(x)v,(x)de,- vo(x) — de,-vt(x)> +2|V

¢ a (X)

= _2<RN(_(X) de,vt(x)) (x) on(x)v,(x)de,VO(x) de,-vt(x)>

since V, 5/ i +(x) vanishes. We have

av,
e, ER

(X)

0
S0 = Puygan ) XD V1) = A0 ()11 (V2. 0,
and then
Ve, a T (x) = D, [d(vo(), vi(NIX)V (2, x) + d(vo(x),v1(x) Ve, V (2, x).
Since ||[V(z,x)|| = 1, we have that (V(t, x), V., V(t,x)) = 0 and then
’ “ (x) e Vx,t.

Since V(t,x) = Pyyor,x) V (0, x), we have
Ve,- Vit x) = (Vde,- vo(x)P.v,(x))V(O, x)+ (Vde,- v,(x)Pv(x).)V(O, x)+ on(x)v,(x)ve,- V(0, x).
It follows
2 2 2
[Ve V@ 0" = Ve, VO.0| +]|(Va, v Pon ) VO.0| +
2
[V, vo PV (0, 0)||” +
2 <(Vdeiv0(x)P vIV(0,%), (Ve v,00Pro(x).) V (0, x)>
+2 <(Vde,- vo(x)P.v,(x))V(()’ X), on(x)v,(x)ve,- V(Oa x)>
+2((Vao 100 Pro(0 )V (0, ), Prgam(y Ve, V{0, %) ).

It follows from the lemmas in the appendix that
1
[Vave ol = 3 [[Ve VO] - oo N lldevo + devicol 1
Since f(0) = f"(0) we have fol folf”(s)dsdt = f(1), and then (3.11) and (3.9) give us

BRI = (1 (x),v9(0) [V, V(O, ))||* + Cr1.x), vo(x) > (v1.(x), vo (1)), Vx € M.

So (3.10) gives, for 4 >0
f |1 +In[d(v1(x), vo NI [A2[VV(O, Y|P = A2 + AD]1d* (vi (x), vo(x))dx
M

< fM COn 0N (D), vo (),
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and for A < 0 we have
f 1+ In[d(v1 (x), voCNII TA [V V(0, )()IIZ = A2 + Ap)]d*(v1 (x), vo(x))dx
M

< fM CO (0,901 (00, vo())dx.

By putting v, at the place of v; and dividing both sides of the inequality by 7%, one gets: For
B = A1 or A, depending on the sign of 4,

f |1+ Inz+In[d(v1 (), oD [A2 IVV(O, )@)IF = A2 + B)ld*(v1 (x), vo(x))dx
M

< f C(v1(x), vo())d* (1 (x), vo(x))dx,
M

where lim [In ™ |C,(v1 (), vo(x))lles = 0.
—
The compactness of (N, 1) gives: dfg such that: ¥Vt < fy we have

[In¢] < |1 +Int+1In[d(vi(x),vo(x)]| < 3|Int|, Yx € M.
It follows: Yt <ty
f [A2 119V, YOI = A2 + B)Id* (v (x), vo(x)dx
M
< g™ f Cr(v1 (), vo () (v1 (x), vo(x)dx.
M
Taking the limit as t — 0 we get
[ ATV IWIP - a2+ B 1.0 <
M
It follows that the case A < 0 is impossible, and that for A > 0 one has:
A2+Ay)
| 1vo @R dm e < [ @
M 2 M
By again replacing v| by v, one gets the announced result in the theorem.
It remains now to prove the claim.

Proof of the Claim:
We have: Yt € [0,1],

, d - - -
f® <— eXonl(x) v(x), exvaI(x) w(x)> + <Vt expvt}x) vo(x), expvt}x) w(x)>

dt
+ <exp;t % ) vo(x),V, exp;t } ) w(x)>
(D(expy,| ) vi(x)).0(x), expy, | oy w(x)) + (V7 (exp™! vo(x)). (), expy ) w(x))

+ <exp;} ) vo(x), vV (expf] w(x)).fz,(x)) .

We have f”(0) = 0 because of page 119 of [10]. For any ¢ € [0, 1], we have
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F1@ = (DXexpy ) 0))E), 74(x)) + DEXpy ) Vi (x). Vi (x), expy | w(x))
+2{ VN (exp™" vo(x)).(x), V¥ (exp™" w(x)).v(x)) +
(VY2 (exp. ! vo(x).(74(x), ¥1(x)) + VN (exp™ " vo(x)). Vi (x), expy 1, w(x))
+(expy Vo), VN2 (expT ! w()).(#(x), ¥:(x)) + V™ (expT w(x)).V,9i(x))

We have V,7,(x) = 0 since we have a geodesic. We have
D*(expy, |y )V () (¥y(x), () =0 = O

since exp;ol(x) defines the normal coordinates centered at vo(x). We have seen in [10] that: If X € y(N)
then

Vg(z)(expf1 w(x)) = —X(2) + X(2)* (exp; | w(x)y’TY 5¢0(2).YZEN,

where (e,)q is some frame of orthonormal basis of (N, k). It follows

(V3o (xpT v, Vi (exp™ W) i
= (=00 + () (expy () VoY T () (v (),
—=91() + 9100 (XD}, WP (X)) (i (0)) li=o = (D) li=0 »

by taking normal coordinates centered at the considered point. So

£7(0) = 2000l =0 + (V2 (exp. " vo(0)).(91(x), vi(x)), expy {1y W(x)) o -

‘We have
V1 0 (@xP7 1 v0(2)) = =01(0) + 1, (0)* (€xPy, 1y Vo) T (i (x)e, (vi(x),
SO
VA2 (exp. ! vo(2)).(9:(x), 0,(x)) = VAV, (exp ! vo(x))]
d
= =Vabi () + [0 (xXpy 4y Vo) I (i) e (vi(0)) +

D) (@Xy, (Vo) VT 5 (v (0))ep (v ()],

It follows that
V2 (exp vo(x)).(7:(x), 71(x)) li=0 = 0,

and then

F70) = 2] (0l = 2d>(vo(x), vi (x)).

In this way the Claim is proved
We conclude that the theorem is proved
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4 Appendix

In order to make this work a little self contained, we include here the most important of the tools
from [9] we used. The constants and notations here are not the same as in this work.

Theorem 4.1. Let (M,g) and (N,h) be compact Riemannian manifolds. Suppose that (N,h) is
symmetric and has its sectional curvature bounded from above by K > 0. Let a €]0, #E[' Then,

there exist C1 > 0 and Cp > 0 such that: Yu,v € Wl’z((M,g),(N, h)) harmonic such that: do(u,v) <

#? —a and ulaM = V|6M lf‘aM * 0, we have.’

<

‘ f [1+In(d(u(x), v(x)] (Vi ) exp”" v(x), Bi(x)) dx
M

C fM 11+ In(d(u(x), v(x))| d*(@(x), v IVl (x) + VY]] (x)1dx
+KCy f d*(u(x), vOO)IVall* () + IVV]I* () ]dx
M

where Bi(x) 1= Dou(x) — Py(xu(x)De; V().

Corollary 4.2. Let @ €]0, #}?[ and (u,), be a sequence in wh2((Mm, 2),(N, h)) of harmonic mappings
which converges in L* to a mapping u, and satisfies:

a) the sequence (E(uy)), is bounded

b) uwom = wom ,Yn when OM # 0

T
¢) doo(u,v) < K@
Then we have
lim f [|Vu— Puanun”Z (x)dx = 0, and then lim E(uy) = E(u).

n—+oo M

Lemma 4.3. Let a,x € N be such that d(a,x) < \/LI? Then: Yh,k € T,N and Yy € T,N, there exist

Y,Z e I'(TN) such that Y(a) = Yy, Vg (expfl a)(x) =k and
(VP.)(@ 1 Yo) = = (RYZexp aPuYo.h) = (VY V¥Y(0.h).

Lemma 4.4. Let (N,h) be a symmetric Riemannian manifold such that Riem™"” < K,K > 0, and
a,b € N be such that d(a,b) < ‘/L? Let h,ke T,N and ' = P,,(h),k’ = P, (k). Then we have

<V§1V exp ' b, k> = <VhN exp ! a,k/>.

Proof of Lemma 4.3:

Let [0,1] > t — x(¢) be the geodesic such that x(0) = x and %(0) = k. Let H be the parallel
vectorfield along x(¢) such that H(x) = h, and Y the parallel vectorfield along y,, such that Y(a) = Y.
We have

(ViP )(x).h
(VY (P 4.H). Yo)

VY (P 4.H) (since VY H =0), and
Dy (P 4.H,Y0).

X is a vectorfield such that X(x) = k. Since Y (x(¢)) = Pyx» Yo we have

<Px(t)aH, YO> = <Px(t)aHs Px(t)aY(x(t)» = <H(X(Z)), Y(x(t)» ’VI: and then



On Jacobi Fields along Eigenmappings of the Tension Field 117
Di(PyaH, Yo) (x) = Di(H, V) (x) = (H, V)Y ) (). .1
We have also, for any ¢ € [0,1], V Y =0, and then

—1
exp

0=1[V,V, 1 ,Y1(t=0)=R"(kexp;' a)Y + Vi\;p;, VRY+ Vi Y (4.2)

expy [X.exp~lal(x)"’

where we define the vectorfield X first along x(¢) and then along vy, by parallel transport of k. We
have

[X, expf1 al(x) VkN exp__1 a, and (4.2) becomes
vy Y —RN(k,exp;' )Y — v o VY.

N —
VYexpla

Since exp_‘1 a= %grad[dz(.,a)] we have:
1
VZeTN,Z#0,(Vyexp 'aZ) = D2[—§d2(.,a)](Z,Z) <0.

So KerV."(exp~! a) = {0}, and then there exists a unique Zy € TN, which we prolonge to a vector-
field Z e I'(T N) such that Vg (exp~1)(x) = k. By replacing X by Z in (4.2) we get

VkNY = —RN(Z, exp;1 a)Y — Vi\;p;l anY , and then (4.1) gives us

(VP a)(x).h, Yo)

—(R"(Z,exp;' a)Yo,h) - <VN vy Y(x),h>

exp;1 a

Proof of Lemma 4.4:
Let ¢ = expa(% exp,' b) and o the symmetry with center c. Then for x close enough to b, we
have

do(b). expl:1 x= epol o(x), (4.3)

since o is an isometry. So [0,1] > ¢ A a'[epr(texpgl x)] is the minimal geodesic such that y(0) =
exp,! o(x). In particular do(b). exp;1 a = exp, ! b. By derivating this equality w.r.t b we get

(Vﬁda)(b). expl;1 a+ dO'(b)VZ exp__1 a = Dy exp;1 ., and then

dO’(b)VZ expf1 a = Dy exp;1 ., since
Vdo = 0 (o being an isometry ).
So V% expf1 a=do(a)Dyy expa_1 . 4.4

Let (ay, ..., ay) be an orthonormal basis of T,N, and (a}, ...,a,,) its parallel transport to the point
b along the geodesic y,. Let’s set expl:1 X = Yi<i<m fi(x)a,. Then

da(b)exp;lx = Z fix)do(b)a, = - Z fi(x)a;, since

1<i<m 1<i<m
do(a;)) = —a;, because of Vdo =0.
(4.3) implies exp;'o(x) = - > fix)a:
1<i<m

By derivating this last inequality w.r.t x one gets

Dh[exp;1 a()](x) - Z (Dnfi)(x)a;, and then

1<i<m

do(b) ). (Duf)(x)a;,

1<i<m

do(b).Dy| Z f,-(x)a;] =do(b)Dy, expl;1 .

1<i<m

Ddo’(a)h (eXP;1 )

Dy (exp,' )



118 Kourouma Moussa

Otherwise said do(a)Dyy (expg1 ) =-Dy explj1 .
(4.4) implies VQ{ exp._1 a = -Dy exp;1 .= —do-(a)VhN exp__l b.
So <V2’ exp._1 a,k'> = —<d0'(a)VhN exp ! b,k’>
= <d0'(a)V2/ expf1 b,da'(a)k>
= <VhN exp ! b,k>

Using these two lemma one proves formula (3.5). And then one uses (3.1), (3.4) and (3.5), and
the same argument of convexity for Ey that we used here for E,, to prove the theorem.

4.1 Proof of the Corollary 4.2

2
Since u, 5 u and M has finite measure, the theorem of Egorov gives us the existence of a subse-
quence (up, )r which converges y - almost uniformly to u, where y := dx.
Let S (u,v, B) denote the righthand side of the inequality in the theorem with B C M at the place
of M.
Since the sequence (E(uy,))nen 1s bounded and p(M) is finite, one can prove as in Claim T1 of
[13] that, there exists a subsequence of (u,,)r which we denote again by (up, )x such that

f HVunkH2 dy — 0 uniformly in k.
{XEM/”Vu,,k“Zm} m—0eo

Since x - |1 + Ind(u,(x), (X)) d? (U (), () is uniformly bounded in » and m, we have:
Ve > 0,36 > 0 such that, for any measurable B C M such that u(B) < ¢,

|S Gttty B < & and f [Vt || s < &,V 1
B

Let’s fix £ and 6.
Because of the y - almost uniform convergence of (up, )i, there exists As € M measurable such
that p(As) < 6 and (up, )x converges uniformly to u on M\As. So, ko such that

k,l ko = d(up, (x), u,,(x)) < &,¥Vx € M\A;s, and also
kol > ko = |1+ Ind(1y, (X), 1, (0))]| d (), 11 (x)) < 8,¥x € M\As.

\%

\%

It folows
2 2 2
kil > ko= Sy, un, M\As) < Cre f [||Vetn||” + ||Vt || Tl
M
+8?KCo(E(up,) + E(uy)).
For £ small enough we get

kI = ko= S, un, M\As) <&

= S(unk, Un,, M) < S(unk,un,’Aé) +S(Z/tnk, Mn[’M\A(S) <2e.

It follows

lim f (1 Ity (), 14 (OD (VY () XDt (1), Ajgs(x)ydx = 0,
y &

l,k—+o00

where Ajr(x) = de,- Mn;(x) - Punk (), 14y (x)de,- Upy(x)-
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Claim 4.5. lim f Ao dx =o.
Lk—+oo Jpyr

We will prove that later.
By embedding (N, k) into some RY we have

2
de,-unl(x) - Punkunldeiunk(x)” +

2
s

|'deiunk(x)_deiunz(x)||2 < 2

2 de,.unk(x) - Punkunlde,—unk(x)

and one gets as at the beginning of this proof that

. 2
k’lll)n}m y “de,.unk(x) - a’e,.um(x)” dx=0.
Therefore (u,, )i is a Cauchy sequence in wh2(M, g),R7?) which is complete. So (up, )i converges in
W12 to some v e WhH2((M, g),(N,h)). Since (u,,)r converges to u in L?* we have that u = v.

In this way, any subsequence of (u,), has a subsequence which converges to « in W2((M, g),RY).
We conclude that (u,),, converges in W2 to u. It follows easily that

lim E(u,) = E(u) and lim f ||Vu—PuanunH2(x)dx:O.
n—-+oo n—+oo Jar

Proof of the Claim 4.5:
From (1.1) we have:

1
(Vb exp ! (0. Aia(0)) = =5 D21 ot CNNA (). A () < 0.

1
Let’s set Py :={x € M / d(tt, (X), 1, (x)) > ze—l}.

Since d(up, (x), uy,(x)) < ﬁk we have: Yx € Py
by
—In2 < 1+Ind(uy, (x),u,,(x)) < 1+In( ). Let’s set
e 2VK

Bigos(x) 1= [T+ Ind (1t (), CDN(VY | 1y €XD7" i (), Aigs())
Since N is compact, 3C7 > 0 depending only on the geometry of (I, ) such that: Vx € Py

T

2VK

For ¢ < %e‘l we have : Vk,[ > ko, d(u,, (x), up,(x)) < %e‘l,\v’x € M\As, so Py C As.
Therefore: ACg > 0 such that, Yk,! > kg we have

f Z B (x)dx
Py

1

|Bi,k,l(x)| < Cymax{In2,|1 + In(

)‘}[Ilde,.unkllz(m detn|” GOO1.

=Cs fA (Ve |2 ) + ||Vt |[* 01 < Ce.

Vk,l > ko and Vx € M\Py; we have 1 +Ind(up, (x), u,,(x)) < —In2, so (1.1) gives us

Biji(x) >
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(1 4+ 10t (), 1y (5))) VE At (2, () O VE At (2,1 GO |A s 0|

>Cy ”A,-,k,l(x)”z, for some constant Cg > 0.

IA

We have f Biri(x)dx , SO
M\Py,

f B; i (x)dx +’ f B (x)dx
P M

2 1
f A i)|| dx ol f Bii(x)dx +] f By (x)dx
M\Py; 9 |JPr M

since ||AiiO|* < 21 detn |” () + |[degien||” 001 we have

IA

1.

j; Ao dx <2 fA [[[Vetny||* ) + ||Vt ||* 1dx < 28, Ve, 1> Ko,
k.l 6

In this way, Vk,l > ko we have

f DA da
M

2 2
Ai,, d f Ai” d
Sy, DlissolP s [ 3 isscol
|3 Buaatodx
M

IA
)
L)
+
|

™
+
|

And finally

Jim j}; Z |Ai i) dx = 0.
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