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Abstract

In this paper we study the existence of entropy solution for the following p(x)-
quasilinear elliptic problem

—div(a(x,u, Vu)) + g(x,u, Vu) = u

where the right-hand side u is a measure, which admits a decomposition in L'(Q) +
WL 0(Q) and g(x,s,£) is a nonlinear term which has a growth condition with re-
spect to & and has no growth with respect to s while satisfying a sign condition on
s.
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1 Introduction

Let Q be a bounded open subset of RY (N >2), p € C(Q), p(x) > 1. Let A be the nonlinear
operator defined from Wé P (x)(Q) into its dual W=12"((Q) by the formula

Au = —div(a(x,u,Vu)). (L.1)
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In this paper we investigate the problem of existence solutions of the following Dirichlet
problem
Au+g(x,u,Vu)=pu in Q, (1.2)

where p is some measure which can be decomposed as, u = f —div F.

In this context of nonlinear operators in the degenerated case for the Sobolev spaces
with constant exponent p(x) = p = cte, if u belongs to W~""'(Q,w) the existence results
have been proved in [3], where the authors have used the approach based on the strong
convergence of the positive part u} (resp. negative part u), and the case where u in L'(Q)
is investigated in [4] under the following coercivity condition,

N
106,5,8) = B > wiléil” for |s| > . (1.3)
i=1

Let us recall that the result given in [3, 4] have been proved under some additional
conditions on the weight function o~ and the parameter ¢ introduced in Hardy inequality.
It will turn out that in the L? case, Boccardo, Gallouét and Orsina, have studied in [13]
the following particular case
Au=p in Q, (1.4)

where Au = —div(a(x, Vu)).

However Porreta has proved in [23] the existence of a solution u of (1.2) which belongs

to the Sobolev space Wé’q(Q) for every g < % where the datum p is assumed to be in
LY(Q)+H Q).
Recently, when g =0, u = f(x,u, Vu), Benboubker, Azroul and Barbara have proved the
existence result on Sobolev spaces with variable exponent by using a classical theorem of
J.L. Lions on operators of the calculus of variations (see [8]), besides, when a(x, s,&) =
|§|”(x)‘2§, g = 0 Bendahmane and Wittbold in [9] proved the existence and uniqueness of
renormalized solutions to problem (1.2) with u € L!. Then, Zhang and Zhou (see [26]) have
obtained the above results for measure data € L'(Q) + WLr Q).

Concerning the notion of entropy solution (introduced by Bénilan et al in [11]), Sanchén
and Urbano in [25] studied a Dirichlet problem of p(x)-Laplace equation and obtained
the existence and uniqueness of entropy solutions for L! data, as well as integrability re-
sults for the solution and its gradient. The proofs rely crucially on a priori estimates in
Marcinkiewicz spaces with variable exponents. Furthermore the notion of measure data
which can be decomposed is verified when p(x) = p = cte , has been introduced by Boc-
cardo, Gallouét and Orsina (see [13]), in the context that they considered a signed measure
we LNQ)+ WP (Q) if and only if u € MJ(Q): every signed measure that is zero on
the sets of zero p-capacity can be splitted in the sum of a function in L!(Q), and an ele-
ment in WP (Q) (the dual space of W(;’p (Q)), and conversely, every signed measure in
L' (Q)+ W2 (Q) is zero measure for the sets of zero p-capacity. For the variable exponent
case, using the same arguments as in [13], we feel that the similar decomposition result
should be true by the properties of LP“Y(Q) and the relative p(x)-capacity (see [20]).

The natural framework to solve problem (1.2) is that of Sobolev spaces with variable
exponent. Recent applications in elasticity [27], non-Newtonian fluid mechanics [28, 24, 7],
or image processing [15], gave rise to a revival of the interest in these spaces, the origins
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of which can be traced back to the work of Orlicz in the 1930’s. An account of recent
advances, some open problems, and an extensive list of references can be found in the
interesting surveys by Diening [16] and Antontsev [6] (cf. also the work of Kovacik and
Rékosnik [21], where many of the basic properties of these spaces are established).

The interest of the study of Lebesgue and Sobolev spaces with variable exponent lies
on the fact that most materials can be modelled with sufficient accuracy using classical
Lebesgue and Sobolev spaces L” and W!? where p is a fixed constant, but for some ma-
terials with inhomogeneities, for instance electrorheological fluids (sometimes referred to
as ”smart fluids”, this is not adequate, but rather the exponent p should be able to vary (cf.
[24]). These fluids are smart materials which are concentrated suspensions of polarizable
particles in a non-conducting dielectric liquid. By applying an electric field, the viscosity
can be changed by a factor up to 10°, and the fluid can be transformed from liquid state into
semi-solid state within milliseconds. The process is reversible. An example of electrorheo-
logical fluids are alumina Al, O3 particles.

It would be interesting at this work to refer the reader to the previous work in degener-
ated case [1]. For different approach used in the setting of Orlicz Sobolev space the reader
can refer to [12] , and for same results in L” case to [23].

The present paper is organized as follows: In section 2, we introduce a framework for
function spaces. In section 3, we give our basic assumptions and we prove some fundamen-
tal lemmas concerning convergence in Sobolev spaces with variable exponent. In section 4,
we prove our results and we study the positivity of solution.

2 A framework for function spaces

In this section, we define Lebesgue and Sobolev spaces with variable exponent and give
some of their properties.
Let Q be an open bounded set in RY (N > 2), we denote

C+(Q) ={plp € C(Q), p(x)> 1 forany xeQ},
For every p € C.+(Q) we define,

P+ = sup p(x) and p- = inf p(x).
xeQ x€Q

and we define the variable exponent Lebesque space by:

LPY(Q) = {ulu is a measurable real-valued function, f lu(x)P® dx < oo}
o)

We can introduce the norm on L”™¥(Q) by

p(x)
el py = inf{/l >0, f < ]}‘
Q

The variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many re-
spects: they are Banach spaces (Kovécik and Rékosnik [21]; theorem 2.5), the Holder

u(x)
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inequality holds (Kovacik and Rakosnik [21] ; theorem 2.1), they are reflexive if and only
if 1 < p_ < p; < oo, (Kovédcik and Rékosnik [21] ; corollary 2.7) and continuous functions

are dense in LPW, if p+ < oo (Kovacik and Rakosnik [21] ; theorem 2.11).

, 1 1
We denote by LP (x)(Q) the conjugate space of Lp(x)(Q) where —— + -
, P P
[18], [30]). For any u € LPO(Q) and v € LM (Q), the Generalized Holder inequality

fuvdx
Q

Proposition 2.1. (see [18],[29])
If f: QX IR — R is a Carathéodory function and satisfies

=1 (see

1 1
<(—+ p—,)nunp(x) Ml -

holds true.

If(x, $)| < a(x) + b|s|P1 /P2 forany x€ Q,s € R,

where p1, pr € C+(Q), a(x) € LP*(Q), a(x) > 0 and b > 0 is a constant, then the Nemytskii
operator from LP*®(Q) to LP*(Q) defined by (N () (x) = f(x,u(x)) is a continuous and
bounded operator.

Proposition 2.2. (see [18], [30])
If we denote

p(u) = f P dx,  Yue LPY(Q),
Q

then the following assertions holds:
@) lullyy <1 (resp,=1,>1) o pu)<1 (resp,=1,>1),

i P- P+ . P+ P-
@) lullpi > 1= ullPey <) <l Nellpey < 1= N2, < o) < [l

(iii) llullpy =0 &  pw)— 05 llullp =0 &  p(u) — oo.
We define the variable Sobolev space by
WHPO(Q) = {u € LPY(Q) and |Vu| € LPY(Q)}.

normed by,
Nl pery = tllpeey +IVUllpy  Yu € WHPO(Q).

We denote by Wé’p ® (Q) the closure of C7(Q) in WLPO(Q) and

N - p(x)

Np(x)
e g e
00 for p(x) > N.

Proposition 2.3. (see [18])

(i) Assuming p_ > 1, the spaces WP (Q) and Wé’p (x)(Q) are separable and reflexive Ba-
nach spaces. .

(i) If g€ C.(Q) and q(x) < p*(x) for any x € Q, then WP (Q) eses LIM(Q) is compact
and continuous.
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In particular, we have W(;’p (x)(Q) e LPO(Q) is compact and continuous (for more de-
tails we refer to Theorem 8.4.2 [17]).
(iii) Let p € C,(Q). Then, for u € Wé’p (X)(Q), the p(x)-Poincaré inequality

”M”p(x) <C ||Vu||p(x)
holds, where the positive constant C depends on p(x) and Q.

Remark 2.4. By (iii) of Proposition 2.3, we know that ||Vul| ) and |lull1 p(x) are equivalent

1
norms on W,"” .

3 Basic assumptions and some fundamental Lemmas

Let p € C,(Q) such that 1 < p_ < p(x) < p; < o, and denote
Au = —div(a(x,u,Vu)),

where a : Qx Rx RN — R" is a Carathéodory function satisfying the following assump-
tions :

la(x, s,€)| < Blk(x) + s+ |gp-1, (3.1)
la(x,s,&) —a(x,s,m)](E—n)>0forall ££ne RY, (3.2)
a(x, s,€)¢ > aléP™, (3.3)

fora.e. xe€Q, all (s,&) € Rx RV,
where k(x) is a positive function lying in L7 ®(Q) and 8,a > 0.
Assume that g : QX R x R" — R is a Carathéodory function satisfying :

g(x,5,6).s 20, 3.4
lg(x, 5,6 < b(Is)(c(x) + €D, (3.5)

where b : R — RR* is a positive increasing function and c(x) is a positive function which
belong to L'(Q). Furthermore, we suppose that

wu=f—divF, feL'(Q)and F € (L' ©Q))", (3.6)

We introduce the functional spaces, we will need later.

For p € C.(Q) such that 1 < p_ < p(x) < py < o0, T, 01 P (x)(Q) is defined as the set of measur-

able functions u : Q — IR such that for k£ > O the truncated functions T (u) € Wé’p (x)(Q).
We give the following lemma which is a generalization of Lemma 2.1 [11] in Sobolev

spaces with variable exponent. Note that its proof is a slight modification of the previous

lemma.

Lemma 3.1. ForeveryucT, 01 o’ (x)(Q), there exists a unique measurable functionv: Q — RN
such that
VT (u) = vxu<k), a.e. in Q, for every k > 0.

where y g denotes the characteristic function of a measurable set E. Moreover, if u belongs
to W(l)’l, then v coincides with the standard distributional gradient of u, and we will denote
ithyv=Vu
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Proof The result follows from ([5], Theorem 1.5), since

Ti(u) € Wy P(Q) c WP~ (), for all k> 0.

Lemma 3.2. Let A € IR and let u and v be two functions which are finite almost everywhere,
and which belong to 7'01 P (x)(Q). Then,

V(u+Av) =Vu+AVv a.e. in Q,

where Vu, Vv and V(u + Av) are the gradients of u, v and u+ Av introduced in Lemma 3.1.

Proof Let E, = {|u| < n}N{|v| <n}. On E,, we have T,(u) = u and T,(v) = v, so that for
every k > 0,
T (T,(u) + AT, (v)) = Tr(u+ Av) a.e. in E,,,

and therefore, since both functions belong to Wé P(0) (Q),
VT (T, (u)+ AT, (v)) = VT (u+ Av) ae. in E,,. (3.7)
Since T,(u) and T,(v) belong to W(;’p (x)(Q), we have, using a classical property of the trun-
cated functions in Wé’p @ and the definition of Vu and Vv,
VTi(Ty(w) + AT, (v)) = X1+ AT, )<k} (V@) + AVT,(v))
= XAIT, @+ AT, )<k i<y Vit + A i<y VV) - ace. in Q.

Therefore
VT (T,(w) + AT,(v)) :)({|u+/1v|sk}(Vu +AVv) a.e. in E,. (3.8)

On the other hand, by definition of V(i + Av),
VTi(u+Av) = x(usanj<y V(u+ Av) ae. in E,. (3.9)
Putting together (3.7), (3.8) and (3.9), we obtain
Xiurav<k) VU +AV) = xuravi<iy(Vu+ AVy) ae. in E,. (3.10)

Since U E, at most differs from Q by a set of zero Lebesgue measure (since u and v are
nelN

almost everywhere finite), (3.10) also holds almost everywhere in €. Since U {lu+Av| <k}

keIN
at most differs from Q by a set of zero Lebesgue measure, we have proved Lemma 3.2.

The symbole — denote the weak convergence.

Lemma 3.3. [8] Let g € L'(Q) and g, € L"™(Q) with lgallioa < C for 1 < r(x) < o,
If g.(x) = g(x) a.e. in Q, then g, — g in L' (Q).

Lemma 3.4. [8] Assume that (3.1), (3.2) and (3.3) hold, and let (u,), be a sequence in
Wé’p (x)(Q) such that u,, — u in Wé’p (x)(Q) and

f[a(x, Uy, Vi) —a(x, u,, Vu)IV(u, —u)dx — 0. (3.11)
Q

Then, u, — uin Wé’p(x)(Q).
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Lemma 3.5. Let F : R — R be uniformly Lipschitzian with F(0) = 0 and p € C.(Q). Let
ue Wé’p(x)(Q). Then F(u) € Wé’p(x)(Q). Moreover, if the set D of discontinuity points of F’
is finite, then

AFou) F'(u)g—;ti ae. in {xeQ: ulx)¢ D},

6x,-

0 ae. in {xeQ: u(x)e D}

Remark 3.6. The previous lemma is a generalization of the corresponding in ([19], pp. 151-
152), where p(x) = p = cte, F € C'(IR) and F’ € L°(IR), and of the corresponding one in
[10], where p(x) = p=cte, w=w; =wp =--- = wy = | is some weight function, F € CY(R)
and F’ € L™ (IR). Also note that the previous lemma implies that functions in Wé’p (X)(Q) can
be truncated.

Proof Consider firstly the case F € C'(Q) and F’ € L*(Q).
WhrQ
Let u in W"@(Q). Since C2(Q) " =

of elements of C(€2) such that u, — u in Wé’p (x)(Q). Passing to a subsequence, we can
assume that u, — u a.e. in Q and Vu,, —» Vu a.e. in Q.

Wé”’(x) (Q), then there exists a sequence u,

Then,
F(u,) » F(u) a.e.in Q. (3.12)
On the other hand, from the relation
|F ()| = |F () = FO)| < ||F' oot (3.13)
we obtain
oF p(x) aun p(x) aun p(x)
IF )P < (1+]|F||co)?* Jun|”™  and ‘—(u,a = |F'u) 2|  <M|—=
0x; ox; Oxi

for some constant M which does not depend on p(x).
Then, we deduce that F'(u,,) remains bounded in Wé’p (x)(Q). Thus, going to a further subse-
quence, we obtain

F(uy) = v in Wy"(Q) (3.15)

According to the proposition 2.3, F(u,) — v in LPY(Q)

F(u,) —» v ae.in Q (3.16)
Thanks to (3.12), (3.15) and (3.16) we conclude that

v=Fu) e Wy"(Q).

We now turn our attention to the general case. Taking convolutions with a regularizing se-
quence p, in R, we have F,, = F xp,, F, € C'(IR) and F! € L*(IR).

Then, by the first case we have F,(u) € Wé’p (x)(Q). Since F, — F uniformly in every com-
pact, we have F,(u#) — F(u) a.e. in Q. On the other hand , F,(#) is bounded in Wé’p (x)(Q),
then F,(u) — vin Wé’p @(Q) and a.e. in Q ( due to the proposition 2.3), hence

V= F(u) € WyPY(Q).

The following lemma follow from the previous lemma.
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Lemma 3.7. Letu € W(;’p (x)(Q). Then Ty (u) € Wé’p (X)(Q), with k > 0. Moreover, we have
T (u) > uin Wol’p(x)(Q) as k — oo,
Proof Let k > 0,
Ty: R — R*

s if 5| <k,

s Tuls) = {kﬁ it |s|> k.
S

Since T} is a uniformly Lipschitzian function and T%(0) = 0, then by Lemma 3.5 we have
Ti(w) € Wy "™(Q), and

f|Tk(u)—u|I’(x)dx+f|VTk(u)_VM|p(x)dx
Q 0

= f |Tx(u) — ulPPdx + f | Tk () — ulP P x
{lul<k} {lul>k}

+ IVT k(1) — VulP® + f IVT k(1) — VulPPdx
{lul<k} {lul>k}
= ITe(u) — ulPPdx + IVulPPdx.
{lul>k} {Jul>k}

Since Ty (1) — u as k — oo, using the dominated convergence theorem, we have

f ITe(u) — ulPPdx + f IVulPPdx — 0 as k — oo.
{lul>k} {Ju|>k}

Finally ||Ty(u) — l/t“Wl,p(x)(Q) —0ask— oo.
0

Definition 3.8. Let Y be a reflexive Banach space, a bounded operator B from Y to its dual
Y* is called pseudo-monotone if

Uy —=uiny
Bun _\X in Y* fr—— X = Bu and <Bun, un) - <Xa M).
limsup(Bu,, u,) < {x,u)

n—oo

4 Statement of the result

Consider the nonlinear problem with Dirichlet boundary condition

Au+g(x,u,Vu) =y inQ
(7)){ u=0 on 0Q.

We are now in a position to define the notion of entropy solution.

Definition 4.1. A function u € 7’01 P (x)(Q) is called an entropy solution of the Dirichlet
problem (P) if,

f a(x,u, Vu)VTi(u—v)dx+ f g, u, Vu)Tr(u—v)dx < f Tr(u—v)du. “4.1)
Q Q Q

for every v e Wé’p (x)(Q) N L®(Q) and for every k > 0 and g(x,u,Vu) € LY(Q).

We shall prove the following existence theorem
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4.1 Quasilinear p(x)—problem with right-hand side measure

First of all we write u = f —divF, with f € L'(Q) and F € (L? ®(Q))V.
We obtain the following problem

ue7,"VQ),  glxu,Vu)e L'(Q)
a(x,u,Vu)VT(u—v)dx+ f g(x,u, Vu)Ty(u—v)dx
Q

Sfka(u—v)dx+fFVTk(u—v)dx
Q Q
Vv e WP Q)N LY(Q) Yk >0,

*#") Q

Theorem 4.2. Let assumptions (3.1) —(3.3) hold true and let g(x, s,&) satisfy (3.4) —(3.5).
Then for every u € LY (Q) + (LY Q)N there exists at least one entropy solution of the
problem (P’).

Remark 4.3. (1) If p(x) = p = cte, the result of the above theorem coincides with the analo-
gous one in [23].

(2) Theorem 4.2, generalizes to Sobolev spaces with variable exponent the analogous state-
ment in [2] ( in the non degenerated case).

4.2 Proof of Theorem 4.2

In order to prove the existence result of theorem 4.2, we need the following:

STEP 1. Quasilinear variational problem

Let (f,)» be a sequence of smooth functions such that f;, — f in LY(Q) and || Sl @) <

1112 (-
We consider the sequence of the approximate problems :

y € Wy " ()
(Pn) fa(x, Uy, Vi, )Vvdx + f gn(x, uy, Vu,)vdx = ffnvdx+ f FVvdx 4.2)
Q Q Q Q
Vv e WP ().

g(x,s,8)

L+ HgCe, 8,8)
Note that g,(x, s,&) satisfies the following conditions

where g,(x, s,&) =

gn(x,5,8).5 >0, gn(x, 5,6 < Ig(x, 5,8 and |g,(x,s,8)| < n.
We define the operator Gy, : Wé’p ) Q) - WP Q) by,
(Guu,v) = f gn(x,u, Vu)vdx,
Q

and
(Au,v)zfa(x,u,Vu)Vvdx,
o)
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Thanks to Holder’s inequality, we have for all u,v € W(; PO (@),

1 1
f gn(x,u, Vuyvdx| < (_ + _,)”gn(x, u, Vu)||p’(x)||vllp(x)>
Q pP-  P-

1 1 , 1
<(—+— X, 1, Vi) @ dx + D)7 V]| s
(P— P,_ )(Lgn( ) ) || ”p(x) (43)

[ £
<(—+ 17),”_ (meas(L2) + 1)~ |Vl p(x)»

< CnHV”l,p(x),
for every fixed n.

Lemma 4.4. The operator B, = A+G,, from W(;’p (x)(Q) into WP Q) js pseudo-monotone,
Moreover, By, is coercive, in the following sence:

(Bpv,v)

Hvlll,p(x)

S 400 if [Mlipw — oo, Vve WP

Proof of Lemma 4.4

Using Holder’s inequality and the growth condition (3.1) we can show that A is bounded,
and by (4.3), we have B, bounded in Wé’p (x)(Q). The coercivity follows from (3.3) and
(3.4). It remain to show that B,, is pseudo-monotone.

Let (ug)x be a sequence in Wé’p (x)(Q) such that

we—u in Wy,

By — x in W=7'0(Q), (4.4)
limsup{Byuy, ur) < {x,u).
k—o0

We will prove that
x = Byu and (Buug,ury — {x,u) as k — +oo.
Firstly, since Wé’p (x)(Q) e [PO(Q), then
ux — uin LPY(Q) (4.5)

for a subsequence denoted again by (i )y.
Since () is a bounded sequence in W, ”™(€), then by (3.1) (a(x, ug, Vug) )i is bounded in
(LP(Q))V, therefore there exists a function ¢ € (L? ®(Q))N such that

a(x,u, Vi) — ¢ in - (LP9DQ)N as k - oo. (4.6)

Similarly, it is easy to see that (g,(x,ug, Vug))i is bounded in LP/(")(Q) with respect to k,
then there exist a function ¢, € LY ™(Q) such that

(X, ug, V) — ¥, in - LP9(Q) as k > . (4.7)
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It is clear that, for all v € W(;’p @(Q), we get

Oy = lim (B, v),

k—o0

= limfa(x,uk,Vuk)Vvdx+limfg,,(x,uk,Vuk)vdx. (4.8)
Q k—co Jo )
:fgondx+f;bnvdx.
Q Q

On the one hand, by (4.5) we have

fgn(x,uk,Vuk)ukdx%fg[/nudx as k — oo, 4.9)
Q Q

and by (4.4) and (4.8), we have

limsup{(B,(ux),uxy = limsup

—

a(x,uy, Vu)Vuy dx + f gn(x,uk,Vuk)ukdx},

k—o0 k— o0 Q (410)
< fgoVudx+ f Ypudx.
Q Q
Therefore
lim supf a(x,u,, Vu)Vu, dx < f(qu dx. “4.11)
k—oo JQ Q
Thanks to (3.2), we have
f(a(x, ug, Vuy) —a(x, ug, Vu))(Vug — Vu) dx > 0. 4.12)
Q
Then
fa(x, ug, Vuy)Vug dx > — f a(x,ur, Vu)Vudx
Q Q
+ f a(x,uy, Vu)Vudx + f a(x,uy, Vu)Vui dx,
Q Q
By (4.6), we get
liminff a(x,u, Vug)Vui dx > f ©Vudx.
This implies by using (4.11)
lim | a(x,ur, Vu)Vudx = fgoVu dx. 4.13)
k- Jo Q

By means of (4.8), (4.9) and (4.13), we obtain
(Buug,ur) — {x,u) as k — +oo.

On the other hand, by (4.13), we can deduce that

lim f(a(x, uy, Vuy) —a(x,ur, Vu))(Vui — Vu) dx = 0,
o)

k—+00
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and so, by virtue of Lemma 3.4
Vu, — Vu ae.in Q.

We conclude that
a(x, ug, Vug) — a(x,u,Vu) in (LFPQ)N,

and
8n(X, U, Vitg) = gn(x,u, Vi) in LP Q).

Which implies that y = B,u.
Finally, by using the classical theorem in [22] and as a conclusion of this step, there exists
at least one solution u, € Wé P (x)(Q) of the problem (#,).

STEP 2. Estimates on the sequences {VT}(u,)}, {u,}.

Assertion 1. We will show that VT(u,) is bounded in LP™(Q).
If we take T4 (u,) as test function in (4.2), we obtain

fa(x, un, Vu, VT (1) dx+fgn(x, un, V)T (uy,) dx
Q Q

= f FuT () dx + f FVT(uy)dx.
Q Q

Using the fact that g, (x, uy,, Vu,)Tr(u4,) > 0 and by (3.3) and Young’s inequality, we have
a f VT ()PP dx < f a(x, uy, Vi)V Ti () dx,
Q
< ffnTk(un)dx+fFVTk(un) dx,
Q Q

<k [[pldrs [ ——((§p00) VT,
Q & (p(x)) 7

Fp'(x) L h()VT(u p(x)
|F| dx+f 5 POV T (un) J
Q px)

< Klfullpr oy + f S —

Q a frs

P (0)(5p(x)) 7

< klIfllziey +Co f IFIP'(x)dx+% f IV Tk ()P dx,
Q Q

I’;. ’
where Cy = p;(%p+)7— = p'+ exp(f)—tln(%m)), then

a
S [ 19T < ki + o
Q
This implies that by Proposition 2.2 we get

a
EHVTk(”n)”y < KAl +Ci

p() (4.14)
< Cyk forall k>1

with .
y= { P+ if IVT ()l py) < 1,
P- if ”VTk(un)Hp(x) >1,
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Assertion 2. We prove that u,, converges to some function « in measure.
To prove this, we show that u, is a Cauchy sequence in measure.
Let k be large enough. Combining Poincaré’s inequality and (4.14), one has

k meas({lu,| > k}) = f Tk (up)ldx < f Tk ()l dx,
{lual>k) Q

< GV Tty “.15)
< Csk
Which yields,
meas({unl > k) € 2 VK> 1. (4.16)
Ky
then

1
meas({|u,| > k}) > 0as k — +co since 1 —— > 1.

Moreover, for every fixed 6 > 0 and every positive k ,we know that
{lun — | > 6}  {lun| > k} Ulu| > k} US| Tic(ut) — Ti(um)| > 61,
and hence

meas ({|u, — u,| > 0}) < meas ({|u,| > k}) + meas ({|u,,| > k})

rmeas ([TeGu) - Teun)| > 0. D

Since (T (u,)), is bounded in Wé’p (x)(Q), then there exists some vy € Wé’p @ () such that
Ti(un) =i in WP
and by the compact imbedding, we have
Te(upy) = v in LPP(Q) andae. in Q.

Consequently, we can assume that T (u,) is a Cauchy sequence in measure in €.

Let £ > 0. Then by (4.16) and (4.17), there exists some k(g) > 0 such that meas({|u, — u,| >
0}) < ¢ for all n,m > ny(k(e),8). This proves that (u,), is a Cauchy sequence in measure,
thus converges almost everywhere to some measurable function u. Then

() = Ti(u)  in W, "(Q),

4.18
Ti(uy) = Ti(w) in LPX(Q) and ae. in Q. (4.18)
STEP 3. Strong convergence of truncations.
We fix k>0, and let i > k.
‘We shall use in (4.2) the test function
v = @(wn)
4.19
{ wp = Tou(n = Tr(un) + Tr(uy) = Tk(u)) ( )
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with ¢(s) = sels A= (@)2.
It is well known that ([14], lemma 1),

o' (s)— @Igo(s)l > 1, ¥seR. (4.20)
a 2

It follows that,

f (%, Vit Voo () dx + f (st Vit )p(on) dx
Q Q

“4.21)
- f Fupleon)dx+ f FVo(wn) dx.
Q Q

Since g,(x, u,, Vup)p(wy) > 0 on the subset {x € Q, |u,(x)| > k} (because they have the same
sign on this subset), then by (4.21), we deduce that,

f a(x, u,, Vi, )Vw,¢' (w,) dx + f gn(x, uy, Vuy)p(w,) dx
Q {lagl<k) (4.22)
< f Jup(wn)dx + f FVo(w,)dx.
Q Q

Denote by si(n),si(n),... various sequences of real numbers which converge to zero as n
tends to infinity for any fixed value of h.
We will deal with each term of (4.22). First of all, observe that,

fg Jnp(wy)dx = fQ Fe(To(u—Tr(w))) dx + &) (n), (4.23)
and
fg FVp(w,)dx = fg FVTo(u— Tp(u)g' (Tor(u = Ty(w))) dx + &5(n). (4.24)

Splitting the first integral on the left hand side of (4.22), where |u,| < k and |u,| > k we can
write,

f a(x’ un, V”n)Va)n‘p/(wn) d-x
Q

= f a(x, Ti(un), VT (un))[V Tk (un) = VT k()] (wn) dx (4.25)

un|<k}

|
+ f a(x, uy, Vi, )Vw,¢' (w,) dx.
{l

uy|>k}

Choosing M = 4k + h, using a(x, s,£)é > 0 and the fact that Vw, = 0 on the set {|u,| > M},
we have

f (%, Vit Ve (@) dx
{lun|>k}

> —¢'(2k) ) la(x, Tpr(un), VI y(unIIVT i (1)l dx,
" (4.26)
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and since a(x, s,0) =0 Vs € IR, we have

f a(x, Tie(un), VT (un)) VT k(un) = VT ()¢ (wn) dx
{lue|<k} 4.27)

= L a(x, Ti(un), VT (un) VT k() — VT ()19’ (wy) dx.

Combining (4.26) and (4.27), we obtain

f a3, 1, Vit Voo () dx > f a6, T, VT ) [V Tt = V(1)1 (o) dix
Q Q

—¢'(2k) la(x, Ty (uan), VT i (up)IIVT i (u)| dx.
{lun]>k}

(4.28)
The second term of the right hand side of the last inequality tends to O as n tends to infinity.
Indeed, since the sequence (a(x, Ty (1), VT 31(u,)))n is bounded in (LY O (Q))N while VTi()X |, 1>k
tends to 0 in (LP®(Q))" strongly, which yields

f a(x, uy, Vi)V (wn) dx
Q

(4.29)
> fg a(x, Te(un), V() [V Ti(un) — VTk()]@ (wy) dx + &5 (n).

On the other hand, the term of the right hand side of (4.29) reads as,

fQ a(x, Tie(un), VT (un)) [V T i(un) = VT ()¢ (wn) dx

= fg [aCx, Ti(un), VTi(uy)) — a(x, Ti(un), VTi(u))]
X[VT(uy) — VT ()¢’ (wy) dx (4.30)
+ f a(x, Ti(un), VT )V T ()" (Ti(un) — Tie(w)) dx

- f a(x, Te(un), VT () VT ()@’ (wy) dx.

Q
since a(x, T(un), V()@ (Ti(un) — Ti(w)) — a(x, Te(u), VTi(u))¢' (0) in (L ()" by us-
ing the continuity of Nemytskii’s operator, while VT (u,,) — VT () in (LP®(Q))", we have

f a(x, Ti(un), V)V Ti(un)@’ (Tr(un) — Tr(w)) dx
Q

4.31)
= f a(x, Te(u), VT1()VTi(u)¢’ (0) dx + £} (n).
Q

In the same way, we have

- f a(x, Ti(un), VT () VT ()¢’ (wy) dx
Q (4.32)

=— f a(x, Te(u), VT () VT ()¢’ (0) dx + &, (n).
Q
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Combining (4.29)-(4.32), we get
f a(x, un, Vi) Vw, @' (w,) dx
o)

> fQ [a(x, Teu), VT () a(x, TiCttn), V()]
X[V Tk(1tn) — VTR0l () dx + £50n).

The second term of the left hand side of (4.22),
can be estimated as by using (3.5) and (3.3),

(4.33)

| el Vol do| < | BN+ VT,
o <o) | ol (4.34)
+%% fg a(x, T(un), VT i(un))V Ti(up)lp(wp)| dx,
since c(x) belongs to L'(Q), it is easy to see that,
bik) fg clplwnldx = b(k) fg O (Tolu— Ty dx+eln).  (4.35)
On the other side, we have

fQ a(x, Ti(un), VT i(un))VT i (un)lp(wp)| dx

= fg [a(x, Tx(un), VTi(uy)) — a(x, Te(up), VTi())]
X[VTi(u,) — VTi(w)]l(wy)| dx (4.36)
+ f a(x, Ty(uy), VTi(un))VT i (w)lp(w,) dx

+ fz a(x, Ti(upn), VT () [VT () = VT ()]lp(wp)| dx.

As above, by letting n tends to infinity, we can easily see that each one of the last two
integrals in the right hand side of the last equality is of the form 82(7’1) and then

‘ L » 8n (X, upn, Vup)p(w,) dx| < fg la(x, Ti(un), VTi(u,)) — a(x, Tr(u,), VTi(u))]
" X[V T (ttn) = V()] p(wn)] dx
+b(k) fg cOlp(Tar(u = Tr(u))l dx + &, (n)
4.37)
Combining(4.22) — (4.24), (4.33) and (4.37), we obtain
fg La(x, Ti(un), VTi(un)) — a(x, Te(un), VTr(n))]
X[VTk(tn) = VTR I(@ (wn) — "L Jp(wp)]) dx
< b(k) f c(Olp(Tox(u— Th(u))l dx + fg Fo(Tap(u— T(u))) dx,
+ FV T (= Tp(u)g (Tax(u— Th(w))) dx + &, (n),
(4.38)
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which together with (4.20) imply that,
L [a(x, Ti(up), VT i(un)) — a(x, Ti(uy), VT () [V T (1) — VTi(u)] dx

< 2b(k) f cOle(Tar(u—Tp(w))) dx +2 fQ Jo(Tor(u—Ti(u)))dx,

+2 . FV T~ Ti(u))g' (To(u— Ty(u))) dx + ) (),

(4.39)
We can pass to the limit as n — +oo in the last inequality and obtain,

limsup fg [aCx, Ti(un), VT (un)) = a(x, Tie(un), VIRV T () = VT ()] dx
< 2b(k) f cOle(Tar(u—Tp(w))) dx +2 fg Jo(Tor(u—Ti(u)))dx,

+2 f FVTo(u—=Tp(u)g (Tox(u—Ty(u))) dx.
° (4.40)
We are going to prove that all terms on the right-hand side of (4.40) converges to O as &
goes to infinity. The only difficulty that exists is in the last term. For the two first terms it
suffices to apply Lebesque’s theorem.
We deal with this term. Let us observe that, if we take o(T2x(u,, — Tx(u))) as test function
in (4.2), we obtain

fg a(x, uy, V) )Vo(To(uy — Th(up))) dx + fQ &n(X, 1, Vun)o(Tor (uy — Th(uy))) dx

< fg Jno(Tou(uy — T(uy))) dx + fg FVu,¢' (To(un — Tp(uy))) dx,

(4.41)
and using (3.3) and the sign condition (3.4), we obtain
a f Vitnl” @ (Tos(utn = Th(un))) dx
{h<un|<2k+1)
< f Jnp(To(un — Th(uy))) dx (4.42)
o)

+f FV’/ln‘P/(TZk(Mn = Th(un)))dx.
{h<uy|<2k-+h}
Using the Young inequality, we have
f FVung’ (To(un — Th(un))) dx,
{h<|uy|<2k-+h}

F 1
= f{; —1)(Vun(%l?(x))”(” )w'(Tzk(Mn = Th(uy))) dx,

Slun <2k} \ (2 p(x)) 70

J4E))

P (0)(3p(x)) o

<Cy |FIP'"™ dx
{h<|u

[}

a /

+3 fh . IV PO G (Toi(un — T(un))) dx,
{h<|u,|<2k+h}

|F|l’/(x) 1% AW
< f ( + S )¢ (ToCutn = Ty dx, (443
{h<|u,|<2k+h}
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Then from (4.42), we obtain,

a

- f IVt [P (Tor(, — Tr(u))) dx
{h<|u,|<2k

2 h , (4.44)
< [ fio(Totatn =Tty dx+ Cs f FIP d,
Q {h<|u,|}

Moreover, as p is weakly lower semi-continuous (see Theorem 3.2.9 [17]) and ¢’ > 1, we
get

fg IV T o (ut = Tr(@)PD (Tor(u — T(u))) dx,
< Cs f IV Tox(u — T ()P dx,
Q

<Cs liminff IV Tkt — T (un)IP dx,
n—oo

(4.45)

n—oo

< Csliminf | [VTox(tty — Th(un)IPP@’ (Tor(tty — Th(un))) dx,
Q

2
< =Csliminf f Jo@(Tox(un = T(un))) dx
a n—oo

+Cgliminf [FIP'™ dx.

00 Jh<luyl}

Finally, by the strong convergence in L'(Q) of f,, we have, as first n and then & tend to
infinity,

limsup f \VulPO @ (Top(u— Ty(u))) dx = 0,
h—o0 {h<|u|<2k+h}

hence

h—oo

lim [ FVTo(u—Th(u)¢’ (Tox(u— Th(w)) dx = 0.
Q
Therefore by(4.40), letting / tend to infinity, we deduce,
Jim | [aCx, TieCun), VT(un)) = a(x, Ti(un), VTV T () = V()] dx = 0.
—0o Jo
Using Lemma 3.4 we conclude that

Ti(utn) — Ti(w) in Wy P (Q) Vk > 0, (4.46)

STEP 4. Behavior as n — .

By using Ty(u, — ) as test function in (4.2), with € Wé’p (x)(Q) N L*(Q), and putting
M = k+||Yll, we get,

f a(x, Ty (up), VT y(un))VTi(uy — ) dx + f 8n (X, 1y, V) Ti(up — ) dx
Q Q (4.47)
= f FuTi(uy — ) dx + f FVT(u, — ) dx.
Q Q

since
a(x, Ty (), VT ar () — a(x, Tag(u), VTag(u)) in (L7 O Q).
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and by Fatou’s lemma, we obtain

f a(x, Ty(u), VT p(u))VTi(u—y)dx
Q

(4.48)
< hy{gicgfjs; a(x, Tpr(un), VT ag(un))VTi (1, — ) dx.
For the second term of the right hand side of (4.47), we have
L FVTi(u, —y)dx — L FVT (u—y)dx asn— oo, (4.49)
since VTi(up — ) — VTi(u—) in (LPO(Q)N, while F € (LP©(Q))N.
On the other hand, we have
fg;f"Tk(M” —)dx — foTk(u —)dx asn — co. (4.50)
In order to pass to the limit in the approximate equation, we now show that
gn(x, 1, Vuy) = g(x,u,Vu) in LY(Q). 4.51)

In particulary, it is enough to prove the equi-integrability of the sequence {|g,(x, u,, Vu,)|}.
To this purpose, we take T (u,) — T;(u,) as test function in (4.2), we obtain

f |8 (X, ttn, Vun)l dx < f |fuldx.
laal>1+1) {laal>1)

Let £ > 0 be fixed. Then there exists /() > 1 such that
f |gn (X, thn, Vuay)| dx < = (4.52)
{ual>1()) 2

For any measurable subset E C Q, we have
f |gn (X, tn, Vup)l dx < f b(U(&))(c(x) + IV T ey ()P dx
E E

+ f |gn (X, un, Vi)l dx.
{lun>1(2)}

In view of (4.46), there exists n(g) > 0 such that

(4.53)

fE b(l(&))(c(x) + [V T i) (un)IPP) dx < g for all E such that meas(E) < n(g).  (4.54)
Finally, by combining (4.52) and (4.54), one easily has
ngn(x, un, Vuy)|ldx <& for all E such that meas(E) < n(e),
we then deduce that (g,(x, u,, Vu,)), are uniformly equi-integrable in Q.

Thanks to (4.48) — (4.51) we can pass to the limit in (4.47) and we obtain that u is a solution
of the problem (#), which completes the proof of Theorem 4.2.
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