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Abstract

We are interested in integral functionals of the form

J(U,V):/QJ(x,U(x),V(x))dx,

where J is Carathéodory positive integrand, satisfying some growth condition of order
p €]1,+00[. We show that 4(x,d)—quasiconvexity of the integrand J with respect to
the third variable is a necessary and sufficient condition of lower semicontinuity of J,
where 4(x,d) is a differential operator given by

A(x,0) = Y. AV (x)0y,,

=

J

and the coefficients AY), j =1,...,N are only Lipschitzian, i.e. AU e whe (Q;I\\/JIZXd)
and satisfy the condition of constant rank. To this end, a framework of paradifferential
calculus is needed to deal with the lower smoothness of the coefficients.
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1 Introduction

Minimization problems appear in many domains, as mechanics, electromagnetism and en-
gineering, as means to compute the relaxed energy. Knowing that the relaxed problems is
one of the pillars of calculus of variations (see [7, 9, 10]) and the existence of the minimum
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requires the lower semicontinuity of the energy. One of the minimization problems gov-
erned by a partial differential system has been recently studied by [11], who proved that
A(d)-quasiconvexity (see Definition 1.1 below) is a necessary and sufficient condition for
lower semicontinuity of integral functionals, of the form

J(U,V) :/QJ(X,U(x),V(x))dx,

where J : Q x R" x R4 — [0,+e0) is a normal integrand, U, — U in measure and V,, — V
in L” (Q;R?) such that A(9)V,, — 0in W~1»(Q;R?), where 4(9) is a differential operator
with constant coefficients defined by

N
4(0) =Y AY9,, AW e M
j=1

and satisfying the condition of constant rank, namely: there exists r € N such that
N .
rank( ZA(J)E_‘,) =r, for & € R¥\ {0},
Jj=1

by making use of the compensated compactness Theory introduced by [15] and [20].

Let us recall the notion of 4(d)— quasiconvexity for a first order differential operators
of constant coefficients (see e.g.[10]):

Definition 1.1. A function J : RY — R is 4(d) — quasiconvex if

IO < [ FE+U)dx
for all § € RY and all U € C

o (Q R?) such that 4(9)U = 0 and JoU(y)dy = 0, where
C;,(Q; R4 ) is the space of C* functions on RY and Q-periodic.

Among the models included in the framework of 4(d)— quasiconvexity, we can cite for
instance the following:
(1) [Divergence Free Fields] 4(d)U = 0 if and only if divU = 0, where U : RY — RV,

(2) [Maxwell’s Equations] In magnetostatics, the magnetization M : R3 — R? and the
induced magnetic field J : R? — R? satisfy the PDE constraints

MY\ (diviM+J)\ [0
ﬂ<a)(]>_< curl/ >_<O>'
For further examples, we can refer to [8, 11].

We emphasize that B. Dacorogna ([10] pp. 100-112) is the first one, who exploited the
A(d)— quasiconvexity to investigate the lower semicontinuity of integral functional of the

type
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Vi /Q J(V (x))dx

in the case, where the kernel of A contains the range of a suitable first order differen-
tial operator. The periodicity of the test function is needed to obtain the necessity of
A—quasiconvexity. To establish the sufficiency, we have to use the constant rank condi-
tion, for more details about this subject, we refer to [11].

Pedro Santos [18] has extended this framework to the variable coefficients case of the form:

A(x,9) = Y AV (x)0y,,

M=

1

Jj
where the coefficients AV) € ¢ (Q;MZM) Nwh= j=1,...,N, satisfy the condition of
constant rank (CR), namely :

N
rank( ZA(j) (x)E,,) =const forall (x,) € RN x RV\{0}. (CR)
=1

He has adapted the notion of 4(d)-quasiconvexity to the variable coefficients case by
freezing the coefficients at each point of Q. Then, he made use of the pseudodifferential
symbolic calculus to justify the composition of the differential operators with variable co-
efficients.

In the present paper, we will generalize some of the results of [18] in the case where the
coefficients of the operator 4(x,d) are only W' . This will be done by using some special
results from the paradifferential calculus introduced by [5, 13, 14].

Here are, now, the main results of this paper:

Theorem 1.2 (Necessary Condition for Lower Semicontinuity). Let Q C RY be an open
bounded set, p €]1,4-o0[ and let J : Q x R — [0, 4o0) be a continuous function such that
the following conditions hold:

(A1) There exists o € L. (Q) such that for all §;,&> in R and a.e. x € Q

loc

(&) = (6, &2) | < 01 () (1+[&1 7" + (&7~ 1) (&1 —&a-
(A2) For any sequences V,, —V in LP (Q;Rd) satisfying
N .
A(x,0)V, = Y AV ()0, V, -0 (W P(QR).
j=1

We assume that

/ J(5,V(x))dx < liminf [ J(x,Va(x))dx,
Q Q

n— oo

where 4 (x,0) satisfies the condition (CR). Then J(x,.) is A(x,d)—quasiconvex for all x € Q.
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Theorem 1.3 (Sufficient Condition for Lower Semicontinuity). Let Q C R be an open,
bounded set, p €]1,+oo[ and let J : Q x R™ x R? — [0, 40| be a Carathéodory function,
satisfying the following assumptions:

(A3) For some locally bounded function @, : Q x R™ — [0, +oo[, for all & € RY, and for
a.e.xc€Q

0<J(x,8E) <m(x,Q)(1+[E").
(A4) Fora.e. x € Q and all L € R™, we assume that

J(x,C,.) is A(x,0) — quasiconvex.

Then for any sequence (Up)nen in LP (Q;Rm) be such that U,, converging in measure to
uelr’ (Q;R’”) and any another sequence (Vy)nen in LP (Q;Rd) satisfying

V, =V (LP(RY), A4(,0)V,—0 (W P(R)),

we have:

/ J(x,U(x),V(x))dx <liminf [ J(x,Uy(x),V,(x))dx.
Q n—teo JO

Let us describe how the paper is organized.
Section 2 contains four parts. Firstly, we begin by a notion of Young measures as well as
some of its properties. Secondly, we give the essential results on the paradifferential calcu-
lus, which play a very important role in the case, where the coefficients of the differential
operator 4(x,d) are W', Thirdly, in order to make use of symbols acting only on spatial
variables, we introduce the Littlewood-Paley decomposition, a paraproduct identity and a
Lemma which characterizes the partial inverse symbols and the associated paradifferential
operator. The fourth part is devoted to a few properties of the differential operator with
constant coefficients. Section 3 gives in detail the proofs of Theorems 1.2 and 1.3. We end
this paper by an appendix, where we give the proof of the Lemma 3.1, which forms the
heart of the proof of the necessary condition.

2 Notations and Preliminaries

In this section, we fix some notations about the most used functional spaces and give some
notions about Young measures and their properties, paradifferential calculus with Lips-
chitzian components, Littlewood-Paley decomposition and differential operators with con-
stant coefficients.

Throughout this paper, Q is an open bounded subset of R¥, Q = (—1,1)" the unit cube
centered at the origin, Qg(xp) =xo+RQ, A function U € L} (R¥;R?) is said to be
Q—periodic if U(x+e;) = U(x) for a.e. all x € RN and every i = 1,...,N, where (ey, ...,ey)
is the canonical basis of RV. Let us recall that L? ( Q; Rd) is the closure of C” (Q; R4 ) in

L) (RV;RY). If p €]1, +oo then W17 (Q; R?) is the topological dual space of W7 (Q;R?),

loc

with p’ = ﬁ. The dual of the closure of C, (Q;]Rd) is the set of RY— valued Radon mea-
sures with finite mass M (Q;Rd), through the duality
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(v, ) /Q J)av(y), ve M(QRY), J e C.(QRY).

Also we denote by £ the N— dimensional Lebesgue measure on RN and M/* is the set
of [ x d real matrices. For a set B the characteristic function is denoted by yp.

2.1 Basic notions on Young measures

Definition 2.1. Let (y,).cn be a bounded sequence of L!(Q). We say that (y,),en is equi-
integrable, if the following property hold. If E C Q is a Borel set, then

Ve>0,3p>0: Ly(E) <p=sup [ |yn(x)|dx <E.
neNJE

As directly consequence of the previous definition:

A the equi-integrability is a necessary an sufficient condition for weak compactness in
L'(Q) of the sequence (V,)nen:

A (yn)nen is p—equi-integrable if (|y,|?),en is equi-integrable.
Definition 2.2. Let J : Q x R? — be a function

(1) J is normal integrand if the two conditions are satisfied

(i)  x+—J(x,V) is of Borel measurable ;

(Lii)  V —J(x,V) is lower semicontinuous for all x € Q.

(2) J is Carathéodory if J and —J are normal integrands.

Now, we collect some important and useful properties for Young measures. For the
detailed proofs, we refer to [3, 21].

Theorem 2.3. Let I1 C RN be a measurable set of finite measure and let (y,)nen be a
sequence of measurable functions, y, : I — RY. Then there exists a subsequence (Y )k and
a weak * measurable map v : TT — M (RY;R?) such that:

(i) vx >0,||Vxllar < 1 fora.e xeIl;

(ii) one has (i’) ||V||lar =1 fora.e. x € Ilif and only if

lim sup Ly ({x € RY : |y, (x)| > C}) =0; 2.1
CoteopeN

(iii) if A is a compact subset of R? such that d (Y., A) — 0 in measure, then

suppvy CA  fora.e . x €1];
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(iv) if (i’) holds, then in (iii) one may replace "if” by "if and only if”’;

v) if ] : Qx RY — R is a normal integrand bounded from below then:

timinf [ J(x, v, (6))dx > / Ve, (x,.))dx,
k—+oo JQ Q

where
(Va, I (x, def/J E)dv. (&

(vi) ifJ: Q@ x R?Y — R is Carathéodory function bounded from below

and if (i’) is satisfied, one has :

lim J(x,ynk(x))dx:/<Vx,J(x,.)>dx;
k—+oo JQ Q

if and only if (J(.,ynk(.))) is equi-integrable. In this case

Ty () = (v, J(x,.))  in LY(Q).
Then we have the following definition

Definition 2.4. (1) The mapv:I1— M (]Rd :RY ) is called the Young measure generated
by the sequences (yp, )keN:

(2) the Young measure Vv is said to be homogeneous if there is Radon measure vy €
M (RY;R?) such that v, = vo for a.e. x € IL

Remark 2.5.  (a) In the sense of Theorem 6.2 of [16], p. 97, if we take g = |.|7, the
condition (2.1) holds if

sup [ |ynlPdx < 4eo
neNJII

(b) As consequence of (vi), if (y,)nen is a bounded sequence in L? and J is continu-
ous function in R? such that 0 < J(§) < C(1 + [§|?) for some C > 0, then J(y,) —
(Vy,J(.)) in LP.

Proposition 2.6. If (V,) generates a Young measure v and U, — U a.e. in Q, then the pair
(Un,V,) generates the Young measure u defined by

d
Ly &) Oy(x) @Vy, a.ex€Q.
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2.2 Basic notions on paradifferential calculus

In this subsection, we want to briefly collect some definitions and results on paradifferential
calculus: a more complete description of these notions can be found in original works of
[5, 6, 13, 14]. We first recall the notion of the usual Sobolev spaces H*?. The key ingredient
being to state a continuity theorem for this kind of operators in these spaces.

For any s € R and § € RY we denote

&) = (1+[g)7,
and the operator A* by
WweSRY)  F(Au)(E) =€) Fu(€),
where ¥ is the Fourier operator.

Definition 2.7. For any s € R and p €]1,+oo[ , we define the space H*”(RY) to consist of
tempered distributions « on R" such that

A~*u e LP(RY).

It is well known that if s = k is a positive integer, p €]1, 4o, the spaces H*?(RY)
coincide with the W*?(RN), and in particular H?(R") coincide with L?(RN). H*?(RN)
is a Banach space equipped with the obvious norm

[l 275 = |A"ul| 2o

The dual space of H*?(RN) coincide with H—*# (RY) where p’ = % (see [2, 19], for
more details).

Definition 2.8. A paradifferential symbol of degree m € R and regularity k, k € Nis a
function a : RY x RN — C, (x,&) — a(x,&) such that a is C* with respect to & and for all

. def o
o € NV, there is a constant C Y (av) verifying

VEERY,  [[9¢a(, &)k~ < C(E)" 1.

The set of paradifferential symbols of degree m and regularity k is denoted by FZ’(RN ).
It is equipped with the obvious semi-norm.

Definition 2.9. Let (n,§) — %(n,&) an admissible cut-off, that is, a smooth function satis-
fying, for two givenreal 0 < € < & < 1

1 it <&(§)
0 ifn| > & (§).

Given a symbol a € I'"(R"), we define the paradifferential operator T associated to
the symbol a as follows :

x(,€) = {

def
T* = Op(ck) = oX(x,Dy,),
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where the operator Op(c%) acts on the Schwartz’ class S(RY) by the usual formula

Yue S(RY), vx e RN Op(ct)u(x) = (271C)N /]RN ei<x'é>62§(x,§)ﬁ(§)d§.

Here o7 is defined by :

meRY of(.,n)=a(.n)*G*(.n),
where GX(.,n) = F ~'(x(.,m) is the inverse Fourier transform of & — x(§,M).

Remark 2.10. Recalling that the Hormander’s pseudodifferential symbols S7', (RN) (see
[12]) is defined by

%l 8)|
m Ny def oo (TN N. . ‘ T oo
L (B = {"GC (RTXREC) s sup o < }

the functions 6% belong to the X7 (€) class (see e.g [5]), the subclass of symbols a € ST (RM)
which have the partial Fourier transform of a with respect to the first variable supported in

Ml <efg|.

Theorem 2.11. For a given symbol a € I’} (RN), the paradifferential operator TX is a linear
bounded operator from S(RY) to S(RV).

By duality, the operators T,* extend as a linear bounded operators from §'(RY) to
S'(RN) . One can then, define the adjoint operator TX" by the formula

voeSRY) VueSRY) (TFu,)=(uTr"g),
where the brackets denote for the bilinear duality §'(RY) x S(RV).
Let us now focus our attention only on the symbols a € Ff(RN ) where k =0, 1. For a

given paradifferential symbol a € I''(RY), we denote by a € I'7"(R") the complex conjugate
of a. We can then identify the adjoint operator 70" by the following lemma

Lemma 2.12. (1) If we denote by 65" (x,E) &t e_ix'é(TaX’*)eg(x) where
e (x) = ei"'é, the pseudodifferential symbol associated to Tax’*, then G’ac’* exm.

(2) there exists a symbol r € 26"*1 such that
TX* = TF +r(x,Dy).

Thanks to Lemma 2.12, we are now in position to apply the continuity Theorem of [6],
in the H*? spaces:

Theorem 2.13. For a given p €]1,+e[, s € R and a symbol a € I'''(RY), the paradiffer-
ential operator T is a linear bounded operators in the H? (RN) spaces, of order equal or
less than m, that is : there exists a constant C > 0 such that

Vue H™PRY) || T2ul|,.., < Cllullpsems-

Hs:P
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The next Theorem allows us to dispose of a very useful symbolic calculus, detailed as
follows :

Theorem 2.14. (1) For a € I'7'(RY) and for two admissible cut-off X1 and Yo we have :
TX —TF* is of order <m—1;

(2) letac T""(RN) and b € T (RN). Then ab € F’I"erl (RN) and the operator T} o T —
Taﬁ is of order < m~+m' — 1 for all admissible cut-off functions;

3) letac F’I"(RN). Then the operator T — Ta)i is of order < m — 1 for all admissible
cut-off functions .. where T)** denotes for the adjoint operator of T.F.

The part (1) of the Theorem allows us to fix without loss of generality the same cut-off
function  for all the paradifferential operators considered. So, we shall write 7, instead of

TZ.
2.3 Littlewood-Paley decomposition and paraproduct

Let us start with a classical dyadic decomposition of the full space (see for instance [9]).

Definition 2.15. There exist two radially functions x € C*(RY);0 <y < 1and y € C*(RV\{0})
such that

i x& =1 for [§|<1.1; %x(E)=0 for [E>1.9;

(i) x(&) +LyzoW(279) =1, % <HHE) + Lm0 WH(279E) < 1

(iii) [k — K] > 2= supp w(2*.) Nsupp y(2 ) = 0;
(iv) k> 1= supp xNsupp y(27%.) = 0.

Weseth:fflxandforkeZ

@) =x27*) m=F " W= X1

Introduce the operators S and A acting on §’:

{ Siu=F (x(2*E)a(8)) < 12 Dou = hyxu
Ak = Sk _Sk—l = (hk —hk_l)*u.

Observe that for every tempered distribution, the support of F (Axu) is contained in the
ring {& : 281 < |§| < 2K*1}, and u has the following Littlewood -Paley decomposition:

u= Sol/t+ Z Aku (5/)
k=1

In particular we can characterize the spaces H** (RV)
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Proposition 2.16. A tempered distribution u € H*P (R") iff there exists a universal constant
C > 0 such that

1 >
Sl < | (X 122 Al By o))
k>1

where we have used the identity H? (RV) = FI;‘J(RN), with F .
Triebel-Lizorkin space defined by

< Cllullmse,
P

(RM) (0 < py < ) is the

/ def
B ®Y) = {u e S @) s ulry,,, < 12%Sillin ) < )
For more details about the Besov-Triebel-Lizorkin spaces, we refer the reader to [17].
We recall also the very useful property of the space W' (R") through the Littlewood -Paley

decomposition:

Theorem 2.17. If u € W' (RN) then there exists C > 0 such that for every k € N

1Akl < C27F [ul| 1 (2.2)
Let now, i € N and
Pim,&) =Y x—i(M)wi(&). (2.3)
k=1

Then for i > 3, we can check that ¥; is an admissible function. A function a : x — a(x) €
L=(RM) can be seen as a symbol in I)(RY), independent of &. With ¥; given by (2.3) with
i = 3, this leads to define the paradifferential operator T, called paraproduct operator with
a by:

Tou=S_3aSou+ Y, Sc_3Au. (2.4)
k=1

Proposition 2.18. For all a € L*(RN), T, defined by (2.4) is an operator of order < 0.

In the sequel, we will consider symbols and operators acting on functions with matrix
values M/*“. Nevertheless, we will make a slight abuse of notation in that we do not refer
to this fact in the used norms.

Given a collection (A(f)) 1<j<N of functions in W' (Q;I\\/JII X“'), we denote by A4(x,&) for

x € Qand & € RV the matrix symbol

We fix a cut-off function § € G (]RN ; 10, 1]) such that § = 1 for some compact neighborhood
Q of Q. We set now for (x,E) € RN x RM\ {0}

N
A5(x,8) = ¥ 8(x)AV (x)E;. (2.5)
j=1



A— Quasiconvexity and Lower Semicontinuous 65

The symbol Aj is positively homogeneous of degree 1 in & and it is easy to check that
x> As(x,.) € Whe (RN ;M X"). Thanks to the compactness of S¥~! we get that
Vooe NV 3C, > 01 [[0¢A45(.,&) |y < Ca < &>'719,

so that 45 belongs to the paradifferential class of symbols '} (RV), (see Definition 2.8). For
(x,&) € RN x RM\ {0}, let us consider Ps(x,&) the orthogonal projection onto ker 45 (x,&):
Ps(x,&) : R — RY

0 ifve (keras(x,&))"
Pf’(x’é)v_{ Voifv e(kerﬂlg(x,f,)). (2.6)

In the particular case where / = d, the symbol Ps(x,&) may be represented by a Dunford
integral:

VxeRY  VEcRY\{0} Ps(x,E) ! /Y (2 — A5(x,&)) " dz, 2.7

T 2n
where 7Y is a closed path enclosing the roots of zI — As.

For (x,§) € RN x RM\{0}, let us introduce Q3(x,&) : R” — R the partial inverse of A
implicitly defined by the equations:

Os(,EW = 0 forallW € (A5(x,8))" (2.8)
Q5(x,8)As5(x,§) = Ia—P5(x,5).
The properties of Py and Qg are given by the following Lemma:
Lemma 2.19. Let Py and Qg defined by (2.6) and (2.8). Then we have:
(1) Ps e TH(RY);
(2) the symbol Qs € T (RV);

(3) the operator
R = Tg; 0 Tay — (la — Try)

is of order < —1, where 1; is the identity operator. In particular there exists a positive
constant C such that for any U € LF (RV)

|U = Tp,U||r < C(||Ta5Ullw-10 + U lw-10) (2.9)
1T, ToUllw-10 < CIIU -1 (2.10)

Proof. For (1), thanks to the assumption (CR) satisfied by the matrix 4(x,&) which is pos-
itively homogeneous of degree 1, we can deduce that the mapping (x,&) — Ps(x,&) is pos-
itively homogeneous of degree 0 in & and inherit clearly the regularity W' of 45, so
Ps € TY(RY). Then, the associated operator Tp, is of degree < 0.

Concerning (2), since the symbols A5 and Py are positively homogeneous of degree 1 and
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0 in & respectively, it a simple routine to check that the symbol Qg defined by (2.8) is posi-
tively homogeneous of degree —1 and , thanks to the regularity W' of Ag , it can be seen
like a symbol in T'; ' (RV).

For (3), according to the symbolic calculus of Theorem 2.14, the operator & _is of order
< —1. For the estimate (2.9), we have for every U € LP(R")

U—TpU =Tp;0T7,U —RU.
Since Qg and R _are of order < —1. Therefore

||U_TP5U||L" = HTQSOT/’%U—*—KUHLP
C([IT2Ullw-10 + U lw-1),

IN

which achieves the proof of (2.9).
For (2.10), using the fact that

/qﬁ(x’ a)PS(x’&) =0,

we see, with the help of the symbolic calculus that 74, 7p; is an operator of order < 0, and
the proof of Lemma 2.19 is complete. O
2.4 Operators with constant coefficients

We present some results about operators with constant coefficients, namely

which satisfies the condition (CR).
Following [11], we associate to 4(9), the following continuous projection'

S: L7 (Twv;RY) — LP (T RY),
where 7y is the N torus defined by

Ty = {(¥™,...,e"™ V) € CV: (x1,...,.xy) € RN,

The space L? (‘Z}v; R? ) is identified with L? (Q; R4 ) The properties of S can be summa-
rized in the following lemma

Lemma 2.20. We assume that (CR) assumption holds. Then for p €]1,+oo[, we have
(i) SoSV =SV, and A(9)(SV) =0 forV € LP (Ty;R?);

(i) [|[V =SV < CollA@)(V)llw-1s for all V € LP(Ty;R?) such that [V (x)dx =0
and for some C, > 0;

(iii) if (Vy)nen is bounded sequence in L? (TN;R") and p—equi-integrable. Then (‘SV,1 Dn N
is also p—equi-integrable.

!For the construction of S, we make use of the Fourier multipliers associated to the orthogonal projection
operator P(£) : RY — RY, with & € RN onto ker 4(&), where 4(£) is the symbol of 4(9).
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The next lemma gives an important result, called Decomposition lemma

Lemma 2.21. Let p €]1,+eo] and let (Uy)nen be a bounded sequence in LP (Ty;RY) which
satisfies the following properties:

4@, —»0 (W), U, —~U (L),

and generates the Young measure v. Then there exists a p—equi-integrable sequence (Vy)neN
in LP (Q;Rd) Nker A which generates v and is such that

ﬂ@%z&/w@w:/U@wJM—mhﬁw Vg € [1,p).
Q Q

For the detailed proof of the previous lemmas, we refer the reader to the paper of [11].

3 Proof of the main result

3.1 Proof of Theoreml.2

Proof. We follow the main lines of the proofs of [11] and [18]. However, in order to deal
with the limited regularity of the coefficients of the operator 4(x,d), we use some features
of the paradifferential calculus recalled in section 2.2. Throughout this proof we denote by
C a generic constant whose value may vary from line to line.

We fix xo € Q,k € R? and p €]1,+[. Let R > 0 be such that Qr(xp) € Q and W €
C=(RY;R?) be a Q— periodic function, satisfying

N
/ W(y)dy=0 and A(x,d)W < Y AU (x)a, W = 0. 3.1)
Q j=1

Let € > 0, the uniform continuity of the function J on compact sets implies that there
exists a positive integer ngy such that

VneN:n>ng, Vx,x' € QR(X() ), V€ e Q»K|+HWHL°° 0) 3.2)
1
x| <= = V() -I(.8)| <e

We first decompose the cube Qg(xp) as follows: by the Vitali covering Theorem, up to
sets of measure zero, we know that there exists a finite sequence {x,};<;<,v C  such that

= U Q,Ii (xs
s=1

We choose a cut-off function ¢ € Gy (Qg(xo)) such that 0 < ¢ < 1 and Ly{Qz(xo)
{9 #1}} <eRN. We define the sequence (W), by:

W) = gl ("5 )

(xs)» (3.3)

&
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where W*(y) =W (y+(1,...,1)).
Since W* is Q — periodic, then in virtue of Lemma A.1. p.249 of [4] and (3.1), we get when
m — +oo

w* (mn();—xs)) -0 (Lp(Qg(xs);Rd))
Hence W,, — 0 in L” and from the compact embedding L”? < W~!”_ one has
Wn—0 (W 'P).

Furthermore, the sequence {W,, },, is uniformly bounded in L* for all a € [1,+oc|. For any
x € RN we set

BY (x) = 8(x)AV (x) —AU)(xo) 1< j<N.
The functions Béj ) are in W=, The symbol A5 defined in (2.5) becomes
N

BY ()& + Y A (x0)E;,

1 j=1

™=

/{46()@&) =

j
so the paradifferential operator associated to Ag acting on W,,, is

N N
TaWn = Y TBgmaijm + Y AV (x0) 0, Wi, (3.4)
j=1 j=1
“ BW+ A(xg,9) Wy,

In order to treat these two sums we state the following lemma

Lemma 3.1. Let B) and A(xy,0) as above. Then following properties hold:
(1) A(x0,0)W, —0 (WLr).

(2) There exists a positive constant C depending on the W' norm of the components of

A(x,0) such that for allm € N

N

) , 1/p
\WMWNWwSC(Z(AM”Mw@—NWmWW> +mmm0.6@

J=1

We postpone the proof of the lemma to the Appendix and continue the proof of the
Theorem 1.2:
We introduce the projector Py defined in (2.6) and for any m € N, we define

O = Tp,Wp.

As Tp, is an operator of order < 0, according to Theorem 2.13 the sequence {©®,, }
is uniformly bounded in L”. Taking into account the weak convergence of the sequence
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(W)m in LP, we can extract a subsequence still denoted {®,, },, weakly convergent to 0 in
LP. Therefore, we deduce

/qﬁ(xma)@m —0 (W717p)‘

In order to deal with local estimates, we need to localize the sequence {W,, },,. Consider
a cut-off function y € G (Qr(x0)) such that 0 <y<1, y=1in Qr(xo) and set:

0, =70,
We obviously check that
0, —0  (LF), A5(x0,0)0, —0 (W P),

so that we apply assumption (A2), it follows

/J(x,l()dxgliminf J(x, K+ 0, (x))dx. (3.6)
Q

m— oo Q

On the other hand, applying assumption (A1) for & = 0,,(x) and &, = W,,(x), we get
the following estimate

/ J(x,x+ C:)m(x))dx—/ J(x, %+ W, (x))dx 3.7
Q Q
< C 10, (x) — Wi ()| (1 + [ €3 () [P+ Wy () [P 1) .
Qr(xo)
By making use repeatedly of the Holder inequality, (3.7) becomes
/ J(x%, K+ O (x) )dx — / T, K 4 Win(x) )dox (3.8)
Q Q

< c( /Q ]@m(x)—Wm(x)\pdx>l/p (RN/2+< /QR(XO)|®m(x)|P’dx)l/p/

N </Qk(xo) |Wm(x)’pldx> W) '

The function ®,, — W,, is supported in Qyg(xp), we thus have in virtue of estimate (2.9)

1/p
(180~ Watwlras) < 1~ Tl < C(ITa Mol 1o+ Wl ).

This implies
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(3.9)

/ T, K4 B (1) )dx — / T, K 4 Wi (x))dx
Q Q

, ) 1/p
(M«>WW+WMWAGW+<@WWMWW))

RN (11 (W) l-1 -+ [ Wall-1.)-

IN

IA

Letting m — o0 in (3.9) and applying (3.6), we shall have

/ JaK)dy < Timsup [ J(x K+ Wn(x))dx (3.10)
Qz(xo)

m—+oeo J Qg(x0)

+CRN/? hm B (W) [l

In the last line we have used that W,,, is supported in Qg(xo).
Let us now turn to the first term of right-hand side of (3.10). The uniform continuity (3.2)
and the construction of the sequence {W,, },, in (3.3) give
) ) dx+ MeR"

J (o, K+ W ( / X K+W*<
/QR()C()) Z xs (
def —_—
M sup{170,2)] - x € Qelwo), o] < I+ [l |-

where
Another application of (3.2) yields

/QR( : J(x, Kk+Wp(x))dx < Z/ <xS,K+W*(mnx;xs>>dx+(1+M)8RN.
X0

After an appropriate change of variables which transforms Qg (x,) into Q we get

n RN
/ R W) < Z’TN/ J (s, K+ W(my))dy+ (1 +2M)eR".
Qr(xo s=1 Q

Thus

lim sup J (x5, K+ W, (x))dx (3.11)
)

< nZ/QR(m (/QJ(xS,K+W(y))dy> dx+2(1+M)eRN,

n

(x0) </QJ<X’K+W()’))61)’> dx+2(1 +M)£RN.

IA
Q\
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Plugging (3.11) in (3.10) and dividing by RY we get

3.12)

5 )| / (fremswona)
— J(x,x)dx < J(x,x+W(y))dy | dx
RY ] qg(xo) ( RY J qa(xo)

+7 Jim (B (Won) w10 + O(E).

From Lemma 3.1, (3.12) becomes

RN Z </sz ) U (x) —A(j)(xo)|pdx)l/p+0(8).

When R — 0 respectively € — 0, we get in view of Lebesgue Theorem

I, < [ T+ W)y,
Q
which proves that § — J(xo,&) is A4 (xo,d)-quasiconvex. O

3.2 Proof of Theorem 1.3

Proof. Let (Uy)nen and (V,,)nen be two sequences, such that U, — U in measure, V,, — V
in L7 (;R?) and A(x,0)V, — 0 in W17 (Q;R'). Our aim is to show that

liminf [ J(x,Up(x), Va(x ))dx</](x,U(x),V(x))dx.

n—+oo [0
Without loss of generality, we can assume up to a subsequence that

liminf | J(x,Uy(x),Vu(x))dx = lim

el N Jm QJ(x,Un(x),Vn(x))dx.

Since (V,,), is weakly convergent in L?, then it is bounded in L?, so there exists another
subsequence, not relabeled that generates the Young measure v = (Vy)cq (see Theorem
6.2. p. 97 of [16]).

According to the Proposition 2.6, the pair (Un,Vn) generates the Young measure (ty)reco

defined by: for every x € Q ; ;= 8y (1) ® Vi, where Oy () is the Dirac mass at U(.). Further-
more, by assumption (A3), we get in view of (v) of Theorem 2.3 the following

v

dim [ U@ Vi) = [ [ LG g

_ //un E)dv. (E)dx.
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In order to apply Lemma 2.21, we need to truncate the sequence (V,),cn by a family of
functions T, : R — R taking the form

y if [y[<h

def

Tw(y) = { h’l‘ if |y| > h.
y

Using the fact that (V},),en generates vV = (V,)ycq, we shall have

lim lim /\Th NPdx = Lim | (vy,|TH(.)|P)dx

h—s oo n——~o0 h—+oo JO

= [ vabindr <.
Q

This implies that (7', 0V,,) (5, ncve generates the Young measure v and satisfies the same
properties that (V,),cn. Hence, in view of Lemma 2.21 there exists a p—equi-integrable
subsequence V,, = T, oV, still generates the Young measures v and

A(x,0)V, =0 (W~'F), lim /Wn(x)y!’dx:/<vx,|y|l’>dx (3.13)
Q Q

n—-oo

lim |V = ThoVylle =0 with ¢ €]1,p].
n—-oo

Let xo € Q be a Lebesgue point of x — (v, |z|’) and x — |V (x)|?. Let I be a countable
subset in (p (]Rd;]Rd )2, then for every ¢ € X we get

lim /Q [ (Vay Ry 0) — (Vg 0)|dx = 0. (3.14)

R—0t

On the other hand, define the sequence W, g in L” (Q;RY) by W, r(y) = Vu(xo + Ry)
fory € Q. In view of (3.13), we have

lim ZA (x0+Ry)0y, Wyr(.) =0in (W~ 14) (3.15)

n—-oo j

lim lim / (W r(0)|Pdy = (Vags |y[7).

R—(0t n—o0 Q,

Furthermore, for every y € LY

Jim lim_ | (War(y) =V (x0)) - w(y)dy = 0.

Now, from (vi) of Theorem 2.3, it follows

GoWpr = (Vyy,0) inL™.

20 (RGRY) = {J € C(REGRY) < limg . J(E) = 0}:
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Consequently, for every ¢ € C.(Q;RY)? and ¢ € X (for which (3.14) holds)
RE%LnEToo/ (P nR x0+Ry))dy VXW(I) / (10
A diagonal argument ensures that there exists a map (R,n) — R, with R, — 0" when

n — o0 and sequence (W,,) neN in L (Q; ]Rd) defined for every y € Q by W, (y) e Wa.r, (x0+
R,y) such that W, — V (xo) in L?,

AU (x0 + Ryy)dy, Wa(y) =0 (W™9) (3.16)

M=

j=1

and, for every (6,0) € I' x X, one has

tim [ 605)- 00, (0))dy = (ve,.0) | 60y (3.17)

n—-—+too Q,

where I is a countable dense subset in L' (Q). In addition, as (V,)nen is p— equi-integrable
we have

n— oo

lim /Q\Wn(y)|”dy=<\’xoa|)’!”>~

Thus, we deduce that the sequence (Wn)neN is p—equi- integrable and generates Vy,.
Other important properties of (W,),cn are collected in the following proposition:

Proposition 3.2. Let (Wn)neN be the sequence defined as above. Then we have
(P1) A(x0, )W, — 0 (W~14);

(P2) for a.e. x € Q there exists a sequence (W )nen in LP, Q — periodic, and such that the
following assertions hold:

(P2.i) (Wp)nen is p—equi- integrable and generates the homogeneous Young measure
VXO;

(P2ii) [ Wa(y)dy =V (x0).

Proof of Proposition 3.2. First of all, let us mention that up to a mollifier sequence, we can

show that, if pg stands for the dilatation operator defined by pro(.) = ®(R.), then dy,pr
may be identified with Rpgd, in W,
Thus, denoting by T_,, the translation operator : T_,,¢(.) = @(xo +.), for (P1), we have

N
Aw W) = Loy =P, (T-2A) () Wa )]

+Rn;ayj (P&, (T-AY)) ()] Wa () +;pk T_AY) 1)y, Wa(y)

d
éf Hn,l + ]In72 + ]In73u

3C(QRY) ={J € C(QRY) : suppJ is compact}.
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Since the coefficients AY) j =1, ..., N are continuous and (Wn)neN is g—equi- integrable,
this yields I,; — 0in W14,

For the second member of right-hand side, using the fact that (Wn)neN is bounded and
R, — 0", wegetl,, — 0in W14,

The third member [, 3 goes to 0 is directly consequence of (3.16), and (P1) is proved.
Concerning (P2), let us observe that for all ¢ € C(‘)"’(Q; [0, 1])

N
A(x0,0) (9Wp) = 9A(x0,0)(Wy) + Y. AV (W,)0y,0 — 0 (WP),
=1

where we have used (P1) and the compact embedding L? < W17,
Under this remark we may consider a sequence of smooth cut-off functions ¢, € Gy (Q; [0, 1])

with @, ' 1, and such that, setting W, ,(y) =4 ((pSWn)(y), with y € Q. We have W,, €
L7 (Q;RY), and for all (8,¢) € I x £ we obtain

timtim [ 003)- (W (1)dy = (vaps6) - [ 03}y
§——+ocon——+o0 Q Q,
Using the fact (Wn)n . i p—equi- integrable, we infer that (W), _ is p—equi- inte-
grable and generates the homogeneous measure v,,. Moreover, from (P1) and the compact
embedding L? < W17 we find

lim lim A(x,0)W,, =0 (W 9).

§—+oon—+0c0

We apply once again a diagonal argument, we shall obtain a new sequence, denoted
(Wa)nen which is p—equi- integrable, generates vy, and satisfies

W, —=V(xo) (L), A(xo,0)W,—0 (W),

Now, we take

Wi défS[Wn—V(xo) —/

Q (Wn — V(xo))dx] +V(xo),

where S is the operator defined in Lemma 2.20. The sequence (W,),en remains belong-

ing to L”, Q — periodic, p—equi-integrable and generates the homogeneous measure Vy,.
Moreover we have

W, — V(x0), /Q Wa(y)dy =V (x), A(x0,)Wn=0. (3.17)
Which achieves the proof of (P2.i), (P2.ii) and (P.2). L]

Coming back to the proof of Theorem 1.3. The assumption (A4) of 4(x,d)— quasicon-
vexity of J with respect to the third variable, (v) of Theorem 2.3 and (3.17) yield



A— Quasiconvexity and Lower Semicontinuous 75

(o) = [ 90U x0).8)dvi (€)

= ngrfm QJ()C(),U(X()) ())dy>J(xo,U(x0),V(xo)).

Now, the proof is completed. O

4 Appendix

Proof of Lemma 3.1. The first statement of the Lemma follows as in [18] from the weak
convergence of the sequence {W,, },,.
For the second one, recall that, for any j € {1,--- ,N}

BY (x) =AY (x) —AV) (xg) e W'
Introducing the paradifferential operator T )y We write

ax,W ax, B(IW +[T () 5 a ]Wma

B(’ B!

where [T ), Bx,} denotes for the commutator of the two operators.
5

Since 0, B ) ¢ L>, it is easy to check in (2.4) that we can identify between [T ( ,),ax,] and

Ta U ), if we observe that d,, commutes with the operators S and Ay, thanks to the convo-
Xr 8

lution properties. Therefore, by the continuity of 9, : LP — W~ it is enough to estimate
the L? norm of TB(_,) W,.
3

We introduce a cut-off function y € G5’ (QzR (xo)) such that 0 <y<1and y=1in Qg(xo)
and write:

TB(J Wn—T /)W +T( —Y)B éi)Wm- (41)

We aim to estimate the L” norm of each part of the expression (4.1). We will denote by
C; a generic constant depending of the index j and the L™ norm of y whose value may vary
from line to line.
Concerning the second term of the right-hand side, the L” continuity of the paradifferential
operator T(l_y) 5y on LP, yields

1T, 50 Wollr < GBS e[ Wl (42)

It remains to deal with the L” norm of TYB( 7 Wi: starting with the definition of the para-
8

product (2.4), and taking into account that both of YB;(Sj ) and W, are in L NL? , supported

()

in Qur(x0), we make use of the Bony’s decomposition of the expression YB W, and write:

VB Wou = T,y Wor-+ T, YB + R(VBE W), (4.3)
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where R (YBY) . W,) = ¥ AyBY AW,
k—q|<3
For any k € N* we set vi(m) el Yy Ak'yBéj )Aqu. In virtue of Theorem 2.17, we
k—q|<3
have

ve(m) |l < 271BY lwie ¥ 18gWanllzr < 27FIBY [y [ Woal o
g=>1

Summing up over all of k’s, we obtain

1R BY W ll1r < CIIBY 1= |Win |- 4.4)

Let us observe that the left-hand side of (4.3) satisfies:
1B Wller < GBS 1 [Winl - 45)

On the other hand, the L? continuity of the paradifferential operator Ty, on L” spaces
and the fact supp (YBé] )) C Qr(x0), implies that

1/p
1T, ¥l < €Wl 1Bl < €11 Wo - ( [ 1A9G) A o) a

Qr (X0

4.6)
Coming back to (4.3), we infer from the estimates (4.4), (4.5) and (4.6) that

, , 1/p .
17,59 Wl scj(uwm\m( [ AV —A(J)(xo)|pdx> +\|Bé”um|rvvm||u>.
R (X0

4.7)

Taking into account the uniform boundedness of {W,,}, in L and summing up over j €
{1,--- N} in (4.1), (4.2) and (4.7) yields the conclusion of Lemma 3.1.

O

References

[1] E. Acerbi and N. Fusco, Semicontinuity Problems in the Calculus of Variations. Arch.
Rat. Mech. Anal. 86 (1984), 125-145.

[2] R. A. Adams, Sobolev spaces. Academic Press 1975.

[3] J. M. Ball, A version of the fundamental Theorem for Young measures, in PDE’s and
Con-tinuum Models of Phase Transitions.M. Rascle, D. Serre, and M. Slemrod, eds.,
Lecture Notes in Phys. Springer 344 (1989), 207-215.

[4] J. M. Ball, F. Murat, W' -quasiconvexity and variational Problems for Multiple In-
tegrals. J.Funct.Anal. 58 (1984), 222-253.

[5] J.-M. Bony, Calcul Symbolique et Propagation de Singularités pour les Equations aux
Dérivées Partielles non Linéaires. Ann.Sc.E.N.S., Paris. 14 (1981), 209-246.



A— Quasiconvexity and Lower Semicontinuous 77

[6]

[7]

[8]

[9]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

G. Bourdaud, Une algebre maximale d’opérateurs pseudodifferentiels. Comm. PDE.
13 (1988), 1059-1083.

A. Braides and A. Defranceschi, Homogenization of Multiple Integrals. Clarendon
Press, Oxford 1998.

A. Braides, I. Fonseca and G. Leoni, A— Quasiconvexity: Relaxation and Homog-
enization. ESAIM: Control, Optimization and Calculus of Variations Vol. 5§ (2000),
539-577.

J.-Y. Chemin, Fluides parfaits incompressibles. Astérisque 230 1995.

B. Dacorogna, Direct Methods in the Calculus of Variations. Springer-Verlag, Berlin
1989.

B. Dacorogna, Weak Continuity and Weak Lower Semicontinuity for Nonlinear Func-
tionals. Springer-Verlag, Berlin, Lecture Notes in Math. 922 1982.

I. Fonseca and S. Miiller, A4-quasiconvexity, Lower Semicontinuity and Young Mea-
sures. SIAM J.Math. Anal. 30 (1999), 1355-1390.

L. Hormander, Pseudo-differential operators of type 1.1. Comm. PDE. 13 (1988),
1087-1111.

Y. Meyer, Régularité des Solutions des Equations aux Dérivées Partielles Non
Linéaires. Séminaire N. Bourbaki, 550 (1979), 293-302.

Y. Meyer, Remarques sur un Théoréme de J.M.Bony. Supplemento al Rendiconti der
Circolo Matematico di Palermo, Serie II, 1 1981.

F. Murat, Compacité par compensation: condition necessaire et suffisante de con-
tinuité faible sous une hypotheése de rang constant. Ann. Sc. Norm. Sup. Pisa, (4)8
(1981), 68-102.

P. Pedregal, Parametrized measures and variational principles. Birkhiuser, 1997.

T. Runst and W. Sickel, Sobolev Spaces of Fractional Order, Neymtskij Operators and
Non- linear Partial Differential Equations, Gruyter Series in Nonlinear Analysis and
Applications. Walter de Gruyter and Co., Berlin 3 1996.

P. Santos, 4— quasiconvexity with variable coefficients. Proceedings of the Royal.
Soc. of Edinburgh, 134A (2004), 1219-1237.

M.E. Taylor, Partial Differential Equations Ill, Non linear Equations, Appl. Math. Sc.
Springer, 1996.

L. Tartar, Compensated compactness and applications to partial differential equations.
Nonlinear Analysis and Mechanics. Heriot-Watt Symposium, R. Knops, ed. vol. 1V,
Pitman Res. Notes Math. 39 (1979), 136-212.



78 A-Z. Mokrane and M. Zerguine

[21] L. Tartar, Some remarks on Separately Convex Functions in Microstructure and Phase
Transition, edited by D. Kinderlehrer, R. D. James, M. Luskin and J. L. Ericksen.
Springer-Verlag, IMA J. Math. Appl. 54 (1993), 191-204.



