Acta Math., 209 (2012), 179-196
DOI: 10.1007/s11511-012-0084-4
© 2012 by Institut Mittag-Leffler. All rights reserved

Strict comparison and Z-absorption
of nuclear C*-algebras

by
HIROKI MATUI YASUHIKO SATO
Chiba University Kyoto University
Chiba, Japan Kyoto, Japan

1. Introduction

X. Jiang and H. Su [5] constructed a unital separable simple infinite-dimensional nuclear
C*-algebra Z, called the Jiang—Su algebra, whose K-theoretic invariant is isomorphic
to that of the complex numbers. The Jiang—Su algebra has recently started to play a
central role in Elliott’s classification program for nuclear C*-algebras. We say that a
unital C*-algebra is Z-absorbing if AZA®Z. H. Lin, Z. Niu and W. Winter proved
that certain Z-absorbing C*-algebras are classified by their ordered K-groups [13], [26].
Indeed, all classes of unital simple nuclear C'*-algebras for which Elliott’s classification
conjecture have been confirmed consist of Z-absorbing algebras. One may view Z as
being the stably finite analogue of the Cuntz algebra O.,,. W. Winter also showed that
Z is the initial object in the category of strongly self-absorbing C*-algebras [24].

In view of this, it is desirable to characterize Z-absorbing C*-algebras in various
manners. In 2008, A. S. Toms and W. Winter conjectured that the properties of strict
comparison, finite nuclear dimension, and Z-absorption are equivalent for unital sepa-
rable simple infinite-dimensional nuclear C*-algebras (see [22] and [27], for example).
M. Rgrdam proved that Z-absorption implies strict comparison for unital simple exact
C*-algebras [17]. W. Winter showed that any unital separable simple infinite-dimensional
C*-algebra with finite nuclear dimension is Z-absorbing [25]. In the present paper we
provide another partial answer to the conjecture above. Namely, it will be shown that
strict comparison implies Z-absorption under the assumption that the algebra has finitely
many extremal traces.

The following is the main result of this paper.
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THEOREM 1.1. Let A be a unital separable simple infinite-dimensional nuclear C*-
algebra with finitely many extremal traces. Then the following are equivalent:

(i) AR ZA,;

(ii) A has strict comparison;

(iii) any completely positive map A— A can be excised in small central sequences;

(iv) A has property (SI).

Here, we recall the definition of strict comparison. In this paper we denote by
A, the positive cone of A and by T(A) the set of tracial states on A. We define the
dimension function d, associated with 7€T(A) by d,(a)=lim, . 7(a'/™) for a€ My (A),,
where 7 is regarded as an unnormalized trace on My(A). We say that a separable
nuclear C*-algebra A has strict comparison if for a,be My (A)., with d,(a)<d.(b) for any
TE€T(A), there exist r, €M (A), n€N, such that r:br,—a. The definition of excision
in small central sequences is given in Definition 2.1, and the definition of property (ST)
is given in Definition 4.1. As mentioned above, (i) = (ii) was proved by M. Rgrdam
[17, Corollary 4.6] without assuming that A has finitely many extremal tracial states.
The implication (iii) = (iv) is immediate from the definitions and does not need the
assumption of finitely many extremal traces. We use the full assumption on A for the
implications (ii) = (iii) and (iv) = (i). It will also be shown that (i) implies (iii) and (iv)
without the assumption of finitely many extremal tracial states in Theorem 4.2. In §5,
using the same method, we shall show approximate divisibility of unital separable simple
nuclear C*-algebras with tracial rank zero.

The main technical device in this paper is excision of completely positive maps.
In [1], C. A. Akemann, J. Anderson and G. K. Pedersen proved that any pure state
on a C*-algebra can be excised by positive norm-1 elements. By using their result,
E. Kirchberg obtained a Stinespring dilation type theorem for unital nuclear completely
positive maps from a unital purely infinite simple C*-algebra to itself. This theorem
is one of the technical cornerstones in the proof of Kirchberg’s celebrated embedding
theorem for exact C*-algebras [7], [8]. In this article, by using the result of [1], we will
establish a similar ‘dilation’ type result for completely positive maps in the setting of
stably finite C*-algebras. To this end, we have to work with central sequences and to
take into account the values of traces on them (Definition 2.1).

The other ingredient in this paper is property (SI) (SI stands for ‘small isometries’).
The idea of property (SI) originates with A. Kishimoto (see [11, Lemma 3.6]). Using
it, he proved that certain automorphisms of AT algebras (i.e., inductive limits of finite-
dimensional C*-algebras over C(T)) have the Rokhlin property. (See [14] and [19] for
further developments.) In [15] and [20], property (SI) was used to show Z-absorption

of crossed products by strongly outer actions. The main theorem in the present paper
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implies that this property is not so restrictive but is shared by ‘many’ stably finite nuclear
C*-algebras.

We recall the notion of central sequence algebras of C*-algebras. Let A be a separable
C*-algebra. Set

A% =0 (N, A)/{{an}n € L°(N, A) :lim, 00 [|an | =0}

We identify A with the C*-subalgebra of A* consisting of equivalence classes of constant
sequences. We let
Ase = A®NA

and call it the central sequence algebra of A. A sequence {x,, }, €4 (N, A) is called a cen-
tral sequence if ||[a, z,]||—0 as n—oo for all a€ A. A central sequence is a representative

of an element in A..

2. Excision in small central sequences
In this section, we prove Proposition 2.2, which plays an important role in §3.

Definition 2.1. Let A be a separable C*-algebra with T'(A)#£@, and let p: A— A be
a completely positive map. We say that ¢ can be excised in small central sequences if

for any central sequences {e, }, and {f,}, of positive contractions in A satisfying

lim max 7(e,)=0 and lim liminf min 7(f;") >0,
n%ooTeT(A) m—o0 n—o0 TeT(A)

there exist s, €A, n€N, such that

lim ||s;asp,—@(a)e,]|=0 for any a€ A and lim ||fpsn—5nl=0.
n—00 n—oo

The following proposition is our main tool for the proof of the implication (ii) = (iii)
in Theorem 1.1. This may be thought of as a stably finite analogue of Kirchberg’s
Stinespring type theorem [7] (see also [8, Proposition 1.4]).

PROPOSITION 2.2. Let A be a unital separable simple infinite-dimensional C*-al-
gebra with T(A)#@. Suppose that A has strict comparison. Let w be a state on A and
let ¢;,d; €A, i=1,2,...., N. Then the completely positive map ¢: A— A defined by

N
p(a)= Z w(diad;)cic;, a€A,

ij=1
can be excised in small central sequences.

In order to prove this proposition, we need a couple of lemmas.
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LEMMA 2.3. Let A be a separable C*-algebra with T(A)#<. For any central se-
quence {fn}n of positive contractions in A, there exists a central sequence {fn}n of

positive contractions in A such that {fnfn}n:{fn}n m As and

1. 1. . f . rm _ 1. 1. . f . m )

Proof. We can find a natural number N,, €N such that the inequality

T i, TR < i, U,

holds for every I>N,,. We may assume that N,,<N,,+1. Define a sequence {m,},
of natural numbers such that m,=m when N, <n<N;,4+1. Note that {my}, is an

increasing sequence such that m,,— oo and

it i ()= T it i n(f)
WL, TR 2 i R g, U

Let {m, }» be a sequence of natural numbers such that m,,— oo, ﬁzngmyg and {f;’?" tn
is a central sequence. Let fn:ff". It is easy to see that {fnfn}n:{fn}n in As. Also,

lim liminf min 7(f™)> lim liminf min 7(f™)
m—o0 n—oo reT(A) m—o0 n—oo teT(A)

= lim liminf min 7(f""")
m—o0 n—oo —reT(A)

> liminf mi -
im in TénTl&)T(fn )

> lim liminf mi ) 0
R

LEMMA 2.4. Let A be a unital separable simple C*-algebra with T(A)#@ and let

a€A be a non-zero positive element. Then there exists a>0 such that

liminf mi ) <liminf mi 1/2  r1/2
alimin TénTl(ri‘)T(f) im in TénTl(ri‘)T(fn afa’”)

for any central sequence {fn}n of positive contractions in A.

Proof. Since A is unital and simple, there exist vy, v, ..., v,, € A such that

m

*
E v; av; = 1.
i=1

Set

m —1
o= (S lul) o
=1
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Then we have

m
liminf min 7 =liminf min 7(v] av;
n—o0 reT(A) (fn) =00 reT(A) (viavifn)
m
=liminf min r(vra'? frat ;)

n—oo 7T (A) 4 1
1=

m

=liminf min 1/21/2) % q1/2 £1/2
n—oo TET(4) £ 7(fn U

1
< Z liminf . 1/2 1/2 . O
- limin Tngl(r}q)T(fn af,'”)
LEMMA 2.5. Let A be a unital separable simple C*-algebra with T(A)#@. Suppose
that A has strict comparison. Let {en}n and {fn}n be as in Definition 2.1. Then for

any norm-1 positive element a€ A, there exists a sequence {r,}, in A such that

lim ||r;fi/2af$/2rn—en|| =0 and limsup ||r,||=limsup ||en||1/2.
n—oo n—o00 n—o00

Proof. By [20, Lemma 3.2 (i)], we may assume that lim, . max cr(4) d-(en)=0.
Set

= lim liminf mi ') >0.
o= it iy, T >

Take £>0. It suffices to show that there exist r,, € A, n€N, such that

lim sup ||rflf$/2af,1l/2rn —en||<e and lim ||rir,—en| =0.
n—o0 n—oo

As ||a||=1, using continuous functional calculus, we get non-zero positive contrac-
tions ag, a1 € A such that ||ap—a|<e and a; <ay" for all meN. Applying Lemma 2.4 to
a1 €A, \{0}, we obtain a>0. Then for any meN it follows that

ac<aliminf min 7(f™
ST Thsx reT(A) (f")

< liminf . m/2 m/2
im in TénTl(rL)T(fn a1 fp"'?)

<1 inf : m/2_m pm/2 )
imin TénTl&)T(fn ag' ")

Put b,,= i/zaof}l/z. Since {f,}n is central, one has

liminf . ™Y — lim inf . m/2 _m em/2 >
lnni)g‘} Ténj"l(r}q)T( n) lnni)gé TénTl(I}@ T(fn a’O fn ) ac

for any meN. Then we have an increasing sequence m,, €N of natural numbers such that

my,—00 and liminf,, o min,cpa) 7(by") = ac.
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For §>0, define a continuous function gs€C([0,1]) by gs(t)=max{0,6 1 (t—1+4)}.
Let £,>0, n€N, be a decreasing sequence such that ¢, —0 and (1—&,)™» —0. Then we
have
timinf min, d-(ge, (b)) > liminf min 7(ge, (b)) >liminf(_min 7(67")~(1—e0)™ )

=liminf min 7(b;'") > ac>0.
n—oo 7T (A)

Because A has strict comparison, we can find a sequence {¢,}, in A such that
lim ||g;, 9z, (bn)gn —en| =0.
n—o0

Note that {g,}, is not necessarily bounded. We define rn:gif(bn)qn for neN. Then it
follows that

[A=bp)rall enlrall =0 and  |[rrbnrn —enll <[5, (bn = L)ra||+ [y rn—en | =0,
as n—o00. Consequently, we have

limsup ||r% f12af 2 r, —e, || <limsup |72 £/ 2a0 £/ 21 —en || +e = €. O
n—00 n—00

Now we are ready to prove Proposition 2.2.

Proof of Proposition 2.2. Let p: A— A be as in the statement. Replacing ¢; and d;
by ¢;/|lci|| and ||c;||d;, we may assume that ||c;||<1. Let F be a finite subset of the unit
ball of A and let ¢>0. It suffices to show that there exist s, €A, n€N, such that

limsup ||syxs,—p(x)en|| <e and  lm || fnsn—su||=0
n—oo n—oo

for any z€F. Set G={djzd;€ A:x€F, i=1,2,..,N} and §=¢/N?>.

Since A is unital simple infinite-dimensional, by Glimm’s lemma, any state on A
can be approximated by pure states in the weak*-topology. Hence we may assume that
w is a pure state on A. By [1, Proposition 2.2], there exists a€ A, such that |a|=1
and |ja(w(x)—=z)al| <0 for every x€G. Let {e,}, and {f,}, be as in Definition 2.1. By
Lemma 2.3, we obtain a central sequence { fn}n of positive contractions in A satisfying

{fnfn}n:{fn}n in Ay and

lim liminf min 7(f™)= lim liminf min 7(f™)>0.
m—o0 n—o0 TeT(A) m—oo n—o0 TeT(A)

Applying Lemma 2.5 to {ey }n, {fn}n and a?, we obtain r,, €A, n€N, satisfying

lim [|r} fL/2a? Y/ ?r, —e,||=0 and  limsup|r,|| <1.
n—o0 n—oo
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We define N
Sp = Z diaﬁ/zrnci, neN.

Since {f,}n is central and {r,}, is bounded it follows that

N
hmsup | froSn—Snll <hmsupz (1= fo)dsafE/ 2| |7l
n—oo

1=1
:limsupz |dia(1— fn) fr/?|| = 0.

Also, for any x€ F', we have

N
lim sup ||s}, 28, —@(x)ey || =1lim sup Z (i fY2adi zdjafr *r, —w(divd;)en) e
n—0o0 n—oo Z7]=1
N ~. ~
<limsup Z Hr:f}lﬂad;kmdjaf,l/zrn—w(dz‘:rdj)enﬂ
n—oo ..
2,7=1
N ~.
= lim sup Z 7 FY2 (adf wdja—w(dfxd;)a®) f12r,||
n—oo
1,j=1

<limsup Z lla(dizd; —w(d]zd;))all

n—00 ii=1

<e. O
Remark 2.6. In the argument above, the assumption of strict comparison is used in
the proof of Lemma 2.5. But it should be pointed out that we need much less than the

full strength of strict comparison. Indeed, what we used in the proof of Lemma 2.5 is as

follows: if {e}, and {f,}n are sequences of positive contractions in A satisfying

lim max d,(e,)=0 and liminf min d (fn)>0,
n—oo r€T(A) n—oo 7€T(A

then there exists a sequence {r,}, in A such that

nlggo 77 farn—enl| =0.

3. Proof of (ii) = (iii) in Theorem 1.1

In this section, we give a proof of the implication (ii) = (iii) in Theorem 1.1, by using
Proposition 2.2. We begin with the following well-known fact. This is a special case of
[9, Proposition 4.2].
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LEMMA 3.1. Let A be a unital separable simple infinite-dimensional nuclear C*-
algebra, and let w be a pure state of A. Then any completely positive map A— A can be

approzimated in the pointwise norm topology by completely positive maps ¢ of the form

N N
(a) :Z Z w(diad;)cj 15, a€A,

1=1i,j=1
where ¢ ;,d;€A, 1,i=1,2,...,N.

Proof. Let o: A— My and o: My— A be completely positive maps. Because A is
nuclear, any completely positive map is approximated by completely positive maps which
factor through full matrix algebras. Thus it suffices to show that oo can be approximated
in the pointwise norm topology by completely positive maps ¢ as in the lemma. Replacing
oand o by 0(14)"Y20(-)o(14)""? and o (0(14)"/?- 0(14)'/?) with inverses taken in the
respective hereditary subalgebra, we may assume that ¢ is unital.

We denote by (7, H, £) the Gelfand—Naimark—Segal (GNS) representation associated
with w. Since A is unital separable simple infinite-dimensional, 7(A) does not contain
non-zero compact operators on H. Applying Voiculescu’s theorem (see, for example, [3,
Theorem 1.7.8]) to the unital completely positive map gor~!:7(A)— My, we can find
isometries V,: CN —H, n€N, such that

lim lo(a) =V, m(a)Vna|=0

n—o0

for any a€ A. Let {ey, e, ...,en} be a basis for CV and set &in=Vne;€H. By Kadison’s
transitivity theorem, we obtain d; ,€A, i=1,2,...,N, neN, such that 7(d;,){=¢; .
Then we have

w(d; padjn) = (m(a)éjn | &in)n = (Vym(a)Vaei | €;)

for i,5=1,2,...,N and a€ A, where (-|-)» and (-|-) denote the inner products. This
implies that
lim [o(a)—(w(dj ,adjn))i;l =0, a€A.

n—0o0
Let e;; be the standard matrix units for My. Since o: My —A is a completely
positive map, the matrix (o(e; ;))i,; € Mn(A) is positive (see, for example, [3, Proposi-
tion 1.5.12]). Hence there exist ¢; ;€A, [,j=1,2,..., N, such that

N
oleis) =Y ciicry O

1=1
The proof of the following lemma relies on A. Kishimoto’s technique used in the
proof of the implication (2)=-(1) in [10, Theorem 4.5]. For a state w on A, we define

the seminorm || - ||, by [|a|l.=w(a*a)'/? for a€ A.
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LEMMA 3.2. Let w be a state on a unital separable C*-algebra A and let keN. Let
{en}tn be a central sequence of positive contractions in A and let {u,}, be a central

sequence of unitary operators in A. If
lim [[Ad v’ (en)en]|w =0
n—oo

holds for every i=1,2,....k—1, then there exists a central sequence {el}, of positive
contractions in A such that
el <en, lim w(e,—e))=0, and lim ||Adu’/(e))e,||=0
n—o0 n—o0

for every i=1,2,....k—1.

Proof. For meN, we let f,, denote the continuous function on [0,00) defined by

fm(t)=min{1,mt}. Define central sequences {gn}, and {e, , }n by

k—1
=l Aduen) )i/
i=1
and
o =82 (1= fm(gn))eR/2.

Note that e/ _<e, for any m,neN. By the assumption of e, and u,, for any jeN it

m,n

follows that

wiey*gher) <llgnl " wler/*gne,)

k—1
< (k=171 " w(enAdul (en)en)
i=1
<(k—1)771 Z |Ad w! (en)enllw —0 as n— .
i=1
Then we have

/
m,n

w(e,—e ):w(e}/me(gn)e:/Q)%O as n— 00

for any méeN. Furthermore, for i=1,2, ..., k—1 we have

1A s, (€5, )€ lI* < lleg, nAd (€], )€
k—1

e/m,n Z Ad u:z (en)e/m,n

i=1

<

k—1

ey 2 (1= fulgn))en/ D Adug,(en)ey* (1= fn(gn))ey®
i=1

< ||(1_fm(gn))gn||

1
< —.
m
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Since A is separable and {e;, ,,}n is a central sequence, we can find an increasing
—0and {e], ,}n
neN, satisfy the desired conditions. O

sequence {m,, }, of natural numbers such that m, — o0, w(e,—ey, )

/
Mp,no

is a central sequence. Therefore e/, =e

In the proof of the following lemma, we use [21, Lemma 2.1]. We remark that this
lemma in [21] heavily depends on U. Haagerup’s theorem [4, Theorem 3.1], which says
that any nuclear C*-algebra has a virtual diagonal in the sense of B. E. Johnson [6].

For the definition of order-zero maps, the reader should see [27, §1].

LEMMA 3.3. Let A be a unital separable simple infinite-dimensional nuclear C*-
algebra with finitely many extremal tracial states. For any k€N, there exist a completely
positive contractive order zero map : M — Ao and a central sequence {cp}n of positive

contractions in A such that

lim max

1
n—00 r€T(A) k

() -

0

for any meN and Y(e)={c,}n, where e is a minimal projection in Mj,.

Proof. Let {1, 72,...,7v} be the set of extremal points of T'(A). Set

1 N
T—ﬁ;ﬂ

and let ™ be the GNS representation associated with 7€T(A). Clearly 7; and 7 extend to
tracial states on 7(A)”. In what follows, we regard A as a subalgebra of 7(A)” and omit
m. Since A is nuclear, A” is isomorphic to the direct sum of N copies of the approximately
finite-dimensional II;-factor R. In particular, A”®@R=A". Hence, we have a sequence of
matrix units E; ; ,€A” for M), such that

Jim [|[[Ei jn, 2]l =0

holds for any z€ A”. Define a unitary U, €A” by

k
Un:E Eiiv1,n,
i=1

where i+1 is understood modulo k. By [21, Lemma 2.1], we can find a central sequence
{en}n of positive contractions in A and a central sequence {uy }, of unitary operators in
A such that

lim |le,—FE11,]l;=0 and lim |lu,—U,l|;=0.
n—00 n—oo
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Then we have
lim [|Adw (en)en|- =0

n—oo
for every j=1,2,...,k—1. From Lemma 3.2, we may assume that {e, },, and {u,}, satisfy

lim ||[Adu? (en)en| =0.

n—oo

It follows from [18, Proposition 2.4] that there exists a completely positive contractive
order zero map : M} — A such that ¢(e)={e, },, where e is a minimal projection in
M. Because 7, <N7 for any i=1,2,..., N, one has

7i(e

n Ti

1
m)‘k‘ =Ir(e = Bva) | <llept = Bvanlif® <NVt = B pall /2 =0

as n—oo for any meN. The proof is complete. O

LEMMA 3.4. Let A be a unital separable simple infinite-dimensional nuclear C*-
algebra with T(A)#@. Suppose that the conclusion of Lemma 3.3 holds for A. Then for
any central sequence { fn, }n of positive contractions in A and any k€N, there exist central
sequences { fin}n, 1=1,2, ..., k, of positive contractions in A such that {fnfintn={finln
and { finfintn=0 for i#j, in A, and

A, B inf i, () = 7 fim, minf i, (A7),
Proof. Set c=lim,;, ;o0 liminf,, ;oo min cpa) 7(f;). Take a finite subset F'C A, >0
and N eN arbitrarily. It suffices to show that there exist sequences {fi n}n, i=1,2, ..., k,

of positive contractions in A satisfying limsup,, , ||[fin,a]||<e for each a€F,

limsup || fnfin—finl <e and limsup | finfjn| <e
n—00 n—oo

for i#j, and

for any m<N. Let [€N be such that |(t—1)t!|<e for t€[0, 1] and

€
liminf min 7(f2™ —c‘ <=
N—00 TET(A) (fn ) 2
for any m</N. Because we assumed that the conclusion of Lemma 3.3 holds for A, we
obtain positive contractions e; €A, i=1,2, ..., k, such that ||[e;, a]||<e for aeF, ||e;e;||<e

for i#j, and max, cp(ay |7(e]") —1/k|<e/4 for any m<N.
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Set fin=flLeifl, i=1,2,....,k. Clearly it follows that limsup,,_, ||[fin,a]||<e for
a€F and ||fnfin— finl <|fufl—fL]<e for neN. For i#j we have

lim sup Hfi,nfj,n” < limsup ”eifr%lej” <e.
n— 00 n—oo

By [15, Lemma 4.6], we have

m_m glm T(lem) m 1 9
limsup max | 7(f;"e]" f,") = =T | <2 max |r(e") = 7| <5
for any m<N. Since || f%, — fimel™ fi™]|—0 as n— o0, we conclude that
liminf min T(fm)_f = lim | inf min 7(f7%)- 7|
n—oo reT(A) " k|l Noooln>Nrer(a) Uk
1
<1 f Im m lmy __ — f 2lm
im sup JENTénTl(I}gT(f S MENT?TI&)T(f )
1
+— lim | inf min 7(f2™)— c‘
N—ocol n>N 7€T(A)
<3 +ﬁ
<e
for any m<N. O

We are now ready to prove the implication (ii) = (iii) in Theorem 1.1.

Proof of (ii) = (iii) in Theorem 1.1. Let ¢ be a completely positive map A— A. We
would like to show that ¢ can be excised in small central sequences. Let {e, }, and {f,}n
be as in Definition 2.1. By Lemma 3.1, we may assume that there exist a pure state w
on A and ¢ ;,d;€A, 1,i=1,2,..., N, such that

N N
Zdead )eiicy, a€A.

=114,5=1

Set
N

Z (diadj)ci;c1j, a€A,

so that p=p1+pa2+...+¢nN.

Applying Lemma 3.4 to {f,}n, we have central sequences {f;,}n, [=1,2,...,N, of
positive contractions in A satisfying {fi nfotn={fin}tn and {finfr n}tn=0 for [#l', in
A, and

lim liminf > 0.
L
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Applying Proposition 2.2 to ¢y, {en}, and {fin}n, we obtain a sequence {s;,}, in A
such that

lim [|s],as1n—pi(a)en]|=0, a€ A, and lim ||f;n81n—51nl=0.
n—o0 n—o0

We define
N
Sn = § Sin
1=1

for neN. Since limsup,,_, |1, || <|l¢i(1)]], it follows that

M=

| frsn—snll < | frnstn—sinll

-~
Il
MR

<

M=

[l stn—=frnsinll+ 1 fafin—finllllsinll =0 as n—oo.

N
Il
—

If 140, then
nhjfolo ||37,na$l/7"|| = nlggo ||57,nfl,nafl’,nsl’,nH =0

for any a€ A. Therefore, we conclude that

=0. O

lim [ls5as, —p(a)en | = lim

N
> sinasin—i(a)en
=1

4. Proof of (iii) = (iv) = (i) in Theorem 1.1

In this section we prove the implications (iii) = (iv) = (i) in Theorem 1.1. First, let us

recall the definition of property (SI) from [15].

Definition 4.1. ([15, Definition 4.1]) Let A be a separable C*-algebra with T'(A)#@.
We say that A has property (SI) if for any central sequences {e, },, and {f,}, of positive

contractions in A satisfying

li n)=0 d lim liminf mi ') >0,
A, sy T(en) =0 and g Tonnflxaih, U

there exists a central sequence {s,}, in A such that

lim ||s%sp—en||=0 and  lim [|fn$n—sn||=0.
n—o0 n—=00
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Proof of (iil) = (iv) in Theorem 1.1. Let {e,}, and {f,}, be as in Definition 4.1.
By the assumption in statement (iii), id4 can be excised in small central sequences. Thus
we have s, € A, n€N, such that ||s}as, —ae,||—0 for any a€ A and || f,, 8, — 8, || —0. Since
A is unital, we get ||sk s, —en||—0. Also, for any a€ A, we obtain
2
|

lim sup ||[sy, a]

=limsup ||a*s}) spa—a*s)as,—sna”spa+s;a*as,|| =0,
n—oo n—oo

which means that {s,}, is central. O

Proof of (iv)=-(i) in Theorem 1.1. By Lemma 3.3, we get central sequences {¢; », }n
in A, i=1,2,...,k, such that {¢; n¢},, }n="0; ;{ci ,}n in A and

1
lim max T(c’ffn)—’:Q meN,

n—oo reT(A) k

and ¢; ,, is a positive contraction for all neN. Let {e,, },, be a central sequence of positive

contractions in A such that

k
{entn= {1—2 c;‘mcim} in As.

Then we have

k
limsup max 7(e,)=Ilimsup max 7(1— ¢l Cin | =limsup max (1—kT c2n =0
msup s 7(e) =Timsup w7130 cEcin ) <limsup s (1-kr(ct,)

i=1
and )
o . moy_ 1
nlgnoc lﬂgf Tgl]}&) T(clm) =7 > 0.

Due to property (SI), we obtain a central sequence {sy}, in A such that

k
* * .
{snanr E cimci’n} =1 and {c1n8n}tn={sn}tn in A,
i=1 n

which means that {{c; ,}n}* ;U{{sn}n}C Ao satisfies relation R}, defined in [20, §2].
It follows from [18, Proposition 5.1] (see also [20, Proposition 2.1]) that there exists a
unital homomorphism from the prime dimension drop algebra I(k,k+1) to As. The
Jiang—Su algebra Z is an inductive limit of such I(k,k+1)’s. By [23, Proposition 2.2],
we can conclude that AQ Z=A. O

In the same way as the proof above, we can show the following. Notice that we do

not need the assumption of finitely many extremal traces for this theorem.
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THEOREM 4.2. Let A be a unital separable simple infinite-dimensional nuclear C*-
algebra with T(A)#@. Suppose that A is Z-absorbing. Then any completely positive

map A— A can be excised in small central sequences. Moreover, A has property (SI).

Proof. By [17, Corollary 4.6], A has strict comparison. Since Z is a unital separable
simple infinite-dimensional nuclear C*-algebra with a unique trace, Lemma 3.3 is valid
for Z. Hence the conclusion of Lemma 3.3 also holds for A2 A®Z. Then the proof of the
implication (ii) = (iii) in Theorem 1.1 (see §3) works for A, and whence any completely
positive map A— A can be excised in small central sequences. By the proof of (iii) = (iv)

in Theorem 1.1, we can conclude that A has property (SI). O

5. C*-algebras with tracial rank zero

In this section we prove that any unital separable simple nuclear infinite-dimensional

C*-algebra with tracial rank zero is approximately divisible (Theorem 5.4).

LEMMA 5.1. Let A be a unital separable simple infinite-dimensional C*-algebra with
tracial rank zero and let kEN. There exists a sequence {p,}n of homomorphisms from

My, to A such that {¢n(z)}n is a central sequence for any x€ My, and

2 g T e () =0

Proof. Let C be a unital simple infinite-dimensional C*-algebra with real rank zero.
We first claim that for any €>0 there exists a homomorphism ¢: My —C' such that one
has 7(1—¢(1))<e for all 7€T(C). Choose meN such that k/2™ is less than €. By
[28, Theorem 1.1 (i)], there exists a partition of unity 1=p;+ps+...+pom +¢ consisting
of projections in C' such that p; is Murray—von Neumann equivalent to p; for every
1=1,2,...,2™ and ¢ is Murray—von Neumann equivalent to a subprojection of p;. There
is a unital homomorphism from Maym to (1—¢)C(1—q) and 7(g¢)<2~™ for any 7€T'(C).
It follows that there exists a homomorphism ¢: M —C such that

T(1—p(1))<27"™(k—1)+7(¢) <27 Mk <e.

We now prove the statement. Since A has tracial rank zero, there exist a sequence of
projections e, €A, a sequence of finite-dimensional subalgebras B,, of A, with 15 =e,,
and a sequence of unital completely positive maps m,: A— B,, such that

e ||[a,en]]| =0 as n—oo for any a€ A;

o ||m,(a)—epnae,||—0 as n—oo for any a€A;

o 7(1—e,)<1/2n for all T€T(A).
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Choose a family of mutually orthogonal minimal projections py 1, Pn.2;-..s Pnk, Of
B,, such that enAenﬂB;l%@fil Dn,iApp.i. As A has real rank zero, so does py, i Apy ;.
It follows from the claim above that we can find a homomorphism ,, ;: My —py ;i ADn i
such that 7(p,,;—¢n,i(1)) is arbitrarily small for all 7€T(A). By taking a direct sum of
the ¢p;’s, we get a homomorphism ¢,,: My —e,Ae, NB), such that 7(e,—pn(1))<1/2n
for all T€T(A). It is easy to see that {¢,(x)}, is a central sequence for any x€ M}, and
T(1—¢,(1))<1/n for every T€T(A). The proof is complete. O

LEMMA 5.2. Let A be a unital separable simple nuclear infinite-dimensional C*-
algebra with tracial rank zero. Then any completely positive map A— A can be excised

i small central sequences.

Proof. By [12, Theorem 3.7.2] and [16, Corollary 3.10], A has strict comparison.
Then we can prove this lemma in the same way as the proof of the implication (ii) = (iii)
in Theorem 1.1 (see §3), by using the lemma above instead of Lemma 3.3. O

LEMMA 5.3. Let A be a unital separable simple nuclear infinite-dimensional C*-

algebra with tracial rank zero. Then A has property (SI).

Proof. This follows from the lemma above and the proof of the implication (iii) = (iv)
in Theorem 1.1 (see §4). O

THEOREM 5.4. Let A be a unital separable simple nuclear infinite-dimensional C*-
algebra with tracial rank zero. Then A is approximately divisible. In particular, A is

Z-absorbing.

Proof. In order to prove that A is approximately divisible, it suffices to construct a
unital homomorphism from M>® M3 to A ([2, Proposition 2.7]). By Lemma 5.1, there
exists a sequence {p, },, of homomorphisms from My to A such that {¢,(z)}, is a central

sequence for any x€ M, and

li 1—0, (1)) =0.

Jim TIEHT%T( en(1))
By the lemma above, A has property (SI). It follows that there exists a central sequence
{8n}n such that

lim [|s;spn—(1—pn(1))]|=0 and lim |pn(e11)sn—sn| =0,
n—o0 n—oo

where e11 € M5 is a rank-1 projection in Ms. Hence, there exists a unital homomorphism

from Ms@® M3 to As,. Thus, A is approximately divisible. By [23, Theorem 2.3], a unital

separable approximately divisible C*-algebra is Z-absorbing. The proof is complete. [
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