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In the year 2003, McD Mercer established an interesting variation of Jensen’s inequality and later in 2009 Mercer’s result was
generalized to higher dimensions by M. Niezgoda. Recently, Asif et al. has stated an integral version of Niezgoda’s result for convex
functions. We further generalize Niezgoda’s integral result for functions with nondecreasing increments and give some refinements
with applications. In the way, we generalize an important result, Jensen-Boas inequality, using functions with nondecreasing
increments. These results would constitute a valuable addition to Jensen-type inequalities in the literature.

1. Introduction and Preliminaries

Let us start with Jensen’s inequality for convex functions,
one of the most celebrated inequalities in mathematics and
statistics (for detailed discussion and history, see [1, 2]).
Throughout the paper, we assume that J and [a,b] are
intervals in R, and J is an interval in Rfand U ¢ R¥isa
k-dimensional rectangle for integer k > 1. Also for weights
w;,i €{1,...,n}, we would use W, = Y| w;.

Proposition 1. Let x,,x,,...,x, € [a,b] and let w,,w,,...,
w, be nonnegative real numbers such that W, > 0. If ¢ :
[a,b] — R is a convex function, then the following inequality
holds:

M=

‘P(Wiiwix) S Win,- w (x;). )

ni=1
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In [3], McD Mercer proved the following variant of
Jensen’s inequality, which we will refer to as Mercer’s inequal-

ity.

Proposition 2. Under the assumptions of Proposition 1, the
following inequality holds:

1 n
+ —_—— . .
0] (ml m, W Zwlx,>
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oy = min ),

o (3)

my = max {x;}

There are many versions, variants, and generalizations of
Propositions 1 and 2; see for example [4-7]. Here we state an
integral version of Jensen’s inequality from [1, pages 58-59]
which will be needed in our main result.

Proposition 3. Let f : [a,b] — ] be a continuous function.
If the function H : [a,b] — R is nondecreasing and bounded
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and H(a) # H(b), then for every continuous convex function
¢ : ] — R the inequality

[!f@wdH @)
[P dH )

_ [ o (£ ®0)dH (1)
[P dH
holds.
In our construction for next proposition, we recall the

definitions of majorization.
For fixed n > 2,

x=(xp,...,%,),
€)
Y=o )
denote two real n-tuples and let
X[l] > X[z] > 2> x[n],
(6)
Yz 22V

be their ordered components.

Definition 4. Forx,y € R",

Zx[t] ZJ’[:], ke{l,. -1},

x<y if {15! (7)

me = ZJ’U];
i=1 i=1

when x <y, x is said to be majorized by y or y majorizes x.

This notion and notation of majorization were introduced
by Hardy et al. in [8].

The following extension of inequality (2) was given by
Niezgoda in [6] which is referred to as Niezgoda’s inequality.

Proposition 5. Let ¢ : [a,b] — R be a continuous convex
function. Suppose that « = («,,...,a,,) with a; € [a,b] and
X = (xij) is a real n X m matrix such that xj; € [a,b] for all

iefl,...,nfandje{l,...,m}
If « majorizes each row of X, that is,
X, = (X050 X5) < (0g,..h0,,) = a
‘ (8)
for eachie{l,...,n},
then we have the inequality
Yoo 33
0] o — — w;x;;
j=1 ! Wn j=li=1 '
)

LY Sug(x,),

j=1 n j=1i=1

where W, > 0 with nonnegative weights w;.
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The present paper is organized as follows: after some
preliminaries, in Section 2, we recall definition of functions
with nondecreasing increments and their properties and note
that some inequalities from Section 1 which held true for
convex functions also hold for functions with nondecreasing
increments. In Section 3, we give an integral generalization
of Niezgoda’s inequality. In the process, we will use an
integral majorization result of Pecari¢ [9] and prove a result
which gives the Jensen-Boas inequality on disjoint set of
subintervals for functions with nondecreasing increments.
In Section 4, we will discuss some refinements of the main
results we proved in Section 3. The last part of this section is
devoted to the applications of some related results.

2. Introduction to Functions with
Nondecreasing Increments

In 1964, Brunk defined an interesting class of multivariate real
valued functions [10] known as functions with nondecreasing
increments.

Definition 6. A real valued function f on a k-dimensional

rectangle U ¢ R*, where k is a fixed positive integer, is said
to have nondecreasing increments if
f@+h)-f(@)< f(b+h)- f(b)
(10)
whenever 0 <h e R, a<b, a,b+heU,

where partial order is defined by (x,x,,...,x;) <
co V) © X S YL X S Ve

> Y2

In the same paper [10], Brunk gave some examples and
properties of the functions which we discuss below.

2.1. Examples of Functions with Nondecreasing Increments

(i) The simplest example of a function with nondecreas-
ing increments is a constant function.

(ii) Lines of the form x = at + b, where (0,...,0) <
a € RFand b ¢ RF whose direction cosines are
nonnegative, also belong to the family of functions
with nondecreasing increments.

(iii) An important continuous function with nondecreas-
ing increments is ¢ : R* — R defined by ¢(x, y) =
xy:

Another useful continuous function with non-

decreasing increments is ¢ : [0, ) - R
k

defined by ¢(x) = [, ;.

(iv) An interesting and widely used example of such
functions is the Cauchy functional equation

F(x+y)=F(x) +F(y). (11

2.2. Properties of Functions with Nondecreasing Increments.
Functions with nondecreasing increments possess the follow-
ing properties:
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(i) A function with nondecreasing increments is not
necessarily continuous.

(ii) If the first partial derivatives of a function f: U — R
exist for x € U, then x has nondecreasing increments
if and only if each of these partial derivatives is
nondecreasing in each argument.

(iii) If the second partial derivatives of a function f: U —
R exist for x € U, then x has nondecreasing incre-
ments if and only if each of these partial derivatives is
nonnegative.

(iv) I a function f with nondecreasing increments is
continuous forb < x <a+b,where0 <ac¢ R*, then
the function ¢ : [0,1] — R defined by ¢(t) = f(ta+b)
is convex.

We define here a special type of functions which belong
to the class of functions with nondecreasing increments and
which themselves contain the class of convex functions. These
functions are called Wright convex functions [1, page 7].

Definition 7. We say f: I — R is a Wright convex function if
Va,b+h € I witha < band h > 0 we have

fla+h)-f@<fl+h-f). (12)

Remark 8. It is easy to see that, in one-dimensional case,
functions with nondecreasing increments are Wright convex
functions. Also, continuous Wright convex functions are
convex functions. Thus, the class of convex functions is a
proper subclass of the Wright convex functions.

Now we state some results that will be needed to derive
our main results. The following proposition gives Jensen’s
inequality for functions with nondecreasing increments [11].

Proposition 9. Let f: U — R be a continuous function with
nondecreasing increments, let w be a nonnegative n-tuple such
that Wn > 0, and let x € U, wherei € {1,...,n}, be such that

<. x™ or xV > ... > x". Then, it holds that
< zw¢j<__zwf( ). W)
nll ﬂtl

We now state Jensen-Steffensen’s inequality for functions
with nondecreasing increments [12].

Proposition 10. £ : [a,b] — ] is a nondecreasing continuous
function and H : [a,b] — R is of bounded variation satisfying

H(a)<H(t)<H(@b) Vtelab], Hb)>H(a). (14)

Ifo : ] — R isa continuous function with nondecreasing
increments, then the following inequality holds:

t)dH (1)
o 1 Letodnn
["dH (¢) L dH (t)

where f: fdH = (j: f1dH,...,

J: JxdH).

At this stage, we prove Jensen-Boas inequality for func-
tions with nondecreasing increments as follows.

Theorem11. Letf : [a, b] — ] be a continuous and monotonic
(either nonincreasing or nondecreasing) map in each of the k
intervals (b,_,,b;). Let H : [a,b] — R be continuous or of
bounded variation satisfying
H(a)<H(a;)<H(b)<H(a)<--<H(b_,) »
16
< H(a,) < H (b)

foralla; € (b_,b) (by = a, b = b) and H(b) > H(a). If
@ is a continuous function having nondecreasing increments
in each of the k intervals (b_,, b;), then we have the following
inequality:

j f(t)dH (t)
® <
[" aH (¢)
Proof. Using Jensen’s inequality (13) for nonnegative n-tuple

w and Jensen-Steffensen’s inequality (15), if H(a) < H(a,) <
H(b) < H(a,) <--- < H(b,_,) < H(b) we have

f¢fUMHU

(17)
["dH @)

J, f®dH @

[ o (f ) dH (1)
S i-1
I:il dH (1)

f:; dH (1)

fori € {1,2,...,k}.
If we consider t; = ([, £()dH(1)/ [, dH() and w; =

b; .
_[b dH(t), then we can write
i—1

b;
o)< | pE@dnw; 19)

i Y0

using this fact, we have

\ ﬁﬂmmu>=¢(xﬂm)
[0 dH 0 T w

< Yo wie ()
S XLw
n b, (20)
Yiw (Vw) [, ¢ E®)dH (1)
R o1 Wi
RO
[ dH (1)
O
The following proposition represents an integral

majorization result which would be needed in our next main
result [1, page 328].



Proposition 12. Let f,g : [a,b] — ] be two nonincreasing
continuous functions and let H : [a,b] — R be a function of
bounded variation. If

fo(t) dH (t) < Jx g(t)dH (1),

for each x € (a,b), (21)
b b
J f(t)dH (t) = J g(t)dH (t)

hold, then for every continuous function with nondecreasing
increments ¢ : ] — R the following inequality holds:

b b
[etan®<| o@ane. @

a a

Remark 13. 1f f,g : [a,b] — ] are two nondecreasing
continuous functions such that

b b
J £(t) dH (¢) SJ () dH (1),

for each x € (a,b), (23)

b

b
j'uoﬂﬂn=ngMHax

a a

then again inequality (22) holds. In this paper, we will
state our results for nonincreasing f and g satisfying the
assumption of Proposition 12, but they are still valid for
nondecreasing f and g satisfying the above condition (see,
e.g., [13, page 584]).

3. Generalized Jensen-Mercer Inequality

Here we state a result needed in the main theorems of this
section. The following lemma shows that the subintervals in
the Jensen-Boas inequality (see Theorem 11) can be disjoint
for the inequality of type (15) to hold.

Lemma 14. Let H : [a,b] — R be continuous or a function
of bounded variation and leta < a; < by < a, < --- < g <
b, < b be a partition of the interval [a,b]; I = Ule [a;,b;] and
L= [ dH(t)>0.If

H(a)<H({t)<H(b) Vte(anb), 1<i<k, (24)

then, for every function £ : [a,b] — J which is continuous
and monotonic (either nonincreasing or nondecreasing) in each
of the k intervals (a;, b;) and every continuous function with

nondecreasing increments ¢ : ] — R, the following inequality
holds:

o(f[t0an®) <] [odmrane. o)
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b
Proof. Denote w; = Lf dH(t). Due to (16), if H(a;) = H(b,)
then dH is a null-measure on [a;,b,] and w; = 0, while
otherwise w; > 0. Denote S = {i : w; > 0} and

1 (b
X; = —J f(t)dH (t), forie€s. (26)
w; Ja,
Notice that
= d = . s
L L H () %w, >0
) (27)
[ ot@arno-3 [ oaman
i€S %
and, due to Proposition 10,
b;
wp (x;) < J ¢ (f(t)dH (t), fories. (28)

Therefore, taking into account the discrete Jensen’s inequality
(13),

¢(%LfdeaQ=¢<%zM@>

i€S

1
= zzwzﬁa (x;)

i€S (29)
g (% J
SZ;L¢“@’H@
1
-1 [ eenan.
O

The following theorem is our main result of this section
and it gives a generalization of Proposition 5.

Theorem15. Leta=by<a, <b <a, <b, <---<ag <b <
Gy = b I = Ufﬂ(az‘»bi)’ I' =[a,b] \ I = Uf‘:rll (b1, 4], and
H : [a,b] — R be a function of bounded variation such that
H(b,_,) <H(t) < H(a) forallt € (b_,a;)and 1 <i<k+1
and L = [, dH(t) > 0.

Furthermore, let (X, Z, u) be a measure space with positive
finite measure p, let g : [a,b] — T be a nonincreasing
continuous function, and let f : X x[a, b] — ] be a measurable
function such that the mappingt — £(s, t) is nonincreasing and
continuous for each s € X:

rf(s, £ dH () < rg(t) dH (¢),

for each x € (a,b), (30)
b

b
J f(s,t)dH (t) =J g(t)dH ().

a a
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Then, for a continuous function with nondecreasing increments
¢ : ] — R, the following inequality holds:

b
o(1([ swarc
- ﬁ L fo(s, t)du(s)dH (t)))
(3)
1 1
; (J Pl@)dH (O~ s

H (p(f(s,t))d/d(S)dH(t))-
1JX

Proof. Using Fubini’s theorem, inequality (30), and Jensen’s
integral inequality (4), we have

go(%(j:g(f)dH(t)
Sy p—)
(i (] 7w .
J

1 1
ILf(s,t)dy(s)dH(t)» = (,,(m

g(t)dH () du(s)
(32)

#(X)

(
. JX [ L f(s,t)dH (t)] du (s)> <

% u(X)
. JX(,, <% L £ (s,t) dH (t)) du(s).

Applying Lemma 14 and Proposition 12, respectively, we have

ﬂ(lX)j 9”( Jf(s t)dH(t))d[l(s)<

LG

~[otsoyan (t)) du <s))

u(X)

b
[ oewar

a

1/ 1 b 1
_z<mjxdy(s)J P (8(0)dH (O~ s (33

: L ¢ (f(s,1)) dH (t) du (s))

1 1
=1 (J ‘P(g(f))dH(t)—m

H (p(f(s,t))dpt(S)dH(f))-
I1JX

O

The special case of Theorem 15 can be found in [14] which
may be stated as follows.

Corollary 16. Leta—bo a <b <ay<b<--<ag <

by < s = by 1 = Uy, 1 = 0,1\ 1 = U b1,
and H : [a,b] — R be afunction of bounded variation such
that H(b,_,) < H(t) < H(g;) forallt € (b_,,a;) and 1 < i <
k+1landL= | dH(t) > 0.

Furthermore, let (X, Z, u) be a measure space with positive
finite measure y, let g : [a,b] — ] be a nonincreasing
continuous function, and let f : Xx[a,b] — ] be a measurable
function such that the mapping t — f(s,t) is nonincreasing
and continuous for each s € X:

X

[ renano <[ gwano,

for each x € (a,b), (34)

b

b
[ renanw=[ gwanw.

Then, for a continuous convex function ¢ : ] — R, the

following inequality holds:

1 b
(p(z(Lg(t)dH(t)

f (s,£) du(s) dH (t)
X)

(35)

1
)dH () - ——
( tp (9 (1) dH (t) s

h'l'—'

J J <P(f(5,t))d/«l(5)dH(l‘))-
1Jx

4. Refinements

Let (X, X, u) be a measure space with positive finite measure
p. Throughout this section, we assume that E ¢ X with u(E),
p(E®) > 0 and we use the following notations:

A
Eruxy
&) o
Ef:H = 1= Wg.
p(X)

The following refinement of (31) is valid.
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Theorem 17. Under the assumptions of Theorem 15, the 1 b b
following refinement is valid for every continuous function with < Wep ( (J BdH ®) (E)
nondecreasing increments ¢ : J — R:
. J J f(s,t)dH (t)) dp (s))
EJI
¢(%(Jbg(t)dH(t) W 1 Jb () dH () - 1
a + Wge@ L B g [/l(EC)
1
- f(s,t)du(s)dH(t) | | < F(f, g ¢;
w ] ))
“ | 1x | ) - L L £(s, ) dH (t) ) dyu (5)
E)< - (t))dH (t) - ——
<1 ([ otemnann- L e
(39)
[ o).
rJx
for any'E, whic':h proves the first inequality in (37).
where By inequality (31), we also have
b f 1 b
F(f.g ;) = Ww(% (J o (1) dH (1 F(f,g ¢;E) = Ww(z (J g(t)dH (t)
1 1
- -— f(s,t)du(s)dH
5 feoamwann)) 5 [ ] enawanc))
(38)
I 1/ (b
Weo| 7 L g(t)dH (1) +WEC(P<Z<J; g(t)dH (1)
1
- f(s,t)du(s)dH (t))) . 1
E¢ c -
p (E9) JI L (5 L JECf(s,t)dy(s)dH(t)))
b
Proof. Using discrete Jensen’s inequality (13) for functions <W, [% (J ¢ (g (1)) dH (t)
with nondecreasing increments, we have (40)
-5 | et emaano)|
1 1
(i ( T3
1 b
e |1 ([ o tenan
J J f(s,t)du(s)dH (t)))
rJx
1
b ——— | | odtduan (t))]
:qo(wE[;( ["ewaro i
a ([ otoann- L
L (X)
( ) j J f (s, t)dH(t))dy(s)]
+ W [%( [ swar JRRICRLLY (”)

‘bl (EC) J J f(s.0)dH (t)> du (S)] ) for any E, which proves the second inequality in (37). O
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Remark 18. Direct consequences of the previous theorem are
the following two inequalities:

1 b
o(1([ swanc

B (41)
%) L J;( f(s,t)du(s)dH (t)))

< inf

= F f) > ,E >
{E:0<u(E)<u(X)} ( &9 )

1 b
sup  F(f,g.¢:E) < I (J ¢ (g (1) dH (t)
{E:0<u(E)<p(X)} a

(42)

N
p(X)

The special case of Theorem 17 can be found in [14] which
may be stated as follows.

I J @ (f(s,1)) du(s) dH(t)).
IJX

Corollary 19. Under the assumptions of Corollary 16, the
following refinement is valid for every continuous convex
functiong : ] — R:

1 b
so(z<Lg(t)dH<t)

- Pﬁ L jxfcs,ndu(s)dH(t))) <F(f, 005
(43)

1/ (b 1
E)S Z(,L Q(g(t))dH(t)—m

] <p(f<s,t))du<s>dH(t)>,
IJX

where

b
F(f.g.9:E) :WE(P<% (J g(t)dH (t)

- ﬁ L Lf(s,w du(s) dH (t)))

1 b
+WEC¢(Z <j g(t)dH (t)

a

B Iz (lEC) JI JEC fst)du(s)dH (ﬂ)) .

4.1. Applications. Haluska and Hutnik discussed a class of
generalized weighted quasiarithmetic means in the inte-
gral form M, ,(w, f) using the integral form of Jensen’s
inequality [15]. In their work, they used the definition of
quasiarithmetic nonsymmetrical weighted mean proposed by
Feng [16] which we state below.

Let [a,b] c R, where a < b, be an interval. Let L, ([a, b])
denote the vector space of all real Lebesgue measurable
functions defined on the interval [a,b] with the classical

(44)

Lebesgue measure, and let L ([a, b]) denote the positive cone
of L,([a,b]), that is, the vector space of all real positive
Lebesgue integrable functions on [a,b]. Let |w],; denote
the finite L,-norm of a function w € L}([a, b]).

Definition 20. Let (w, f) € Lj([a,b]) x L([a,b]) and g :
[0,c0] — R be a real continuous and strictly monotone
function. The generalized weighted quasiarithmetic mean of
a function f with respect to weight function w is a number
Migp1,4w f) € R, where

M), (w, f)

., 1 b p (45)
p (—”w"[mblj w(x) g (f () x),

a

where g~' denotes the inverse of the function g.

In what follows, g is always a real continuous and strictly
monotone function (in accordance with Definition 20).
Means M|, ,(w, f) include many commonly used two-
variable integral means as particular cases when taking the
suitable functions w, f, and g. For instance,

(a) for g(x) = x = I(x) (the identity function), we obtain
the weighted arithmetic mean:

M[a,b],g (w, f) = Apap (w, f)

1 b (46)
= T J w (x) f (x)dx;

a

(b) for g(x) = x~!, we have the weighted harmonic mean:

Mgp).g (W, f) = Higpy (w, f)

1 bw(x) )1 (47)
(uwn[a,b] J fo™

(c) for g(x) = x", we get the weighted power mean of order
r:

Mz, (w, f) = m" (f;wsa,b)

1 b 1/r
(”w"[ b]j w(x)f(x)’dx) ; (48)
a,l a b
J w(x)lnf(x)dx).

exp
lwl [a,b]

The case ¥ = 0 corresponds to the weighted geometric
mean.

Under the assumptions of Corollary 19, we define the
following notations where S € {X, E, E°}. Throughout this
section, we also assume that In and exp have the natural
domain.



Arithmetic Mean. It is as follows:

,1 b
A=< j g(t)dH (1)

1
A =
STLou®)

J J f(s,t)du(s)dH (t) (49)
IJS

- !
A=A - As.

Geometric Mean. It is as follows:

b
J Ing(t)dH (t))

a

1

/ —
Gg —exp(

Gg = exp( JI L In f (s,t)dp(s)dH (t)) (50)

L-u(S)

Harmonic Mean. It is as follows:

(11 !
(L)

Hs = (L .:t(S) JI L f(i, t)d“ ()aH (t)>_1’ e

Power Mean. It is as follows:

R
My =1 sy ano,

m__ 1
LS

ij(s,t)rdy(s)dH(t), (52)
1JS

M\[Sr] _ (M; _Mér])l/r .

We now define a relationship between arithmetic and geo-
metric means.

— Wy Wi~
Theorem 21. Consider Gy < A" - Ay < Ay.

Abstract and Applied Analysis
Proof. In (43), let p(x) = —In(x) to get

1 b
—ln(z L g(t)dH (t)

1
) m JI J;(f(s, t)du(s)dH (t)) < -Wg

1 b
-ln(z L gt)dH (t)

1
0 JI J-Ef(s,t) dy (s) dH (t)) W,

, (53)
1
-In (Z L g(t)dH (t)

: 1
_ L.‘M(Ec) JI J-ch(s’t)dﬂ(s)dH(t)) < _(Z

1
L-u(X)

b
: J In(g (1) dH (t) -

” ln(f(s,t))d/d(S)dH(t))-
I1JX

In our notation, we have

—In (A" - Ay) < -WgIn (A} - Ag) - Wi In (A

1 (b
- AEC) < - [ln (exp I j In(g(t)dH (t))
(54)

1
—In <exp L uX)

. JI JX In(f(s,t))du(s)dH (t)>] )
Further simplification gives us

-InAy < - (WEanE + Whe anEc)
, (55)
< - [lnGg —lnGX] .
Using the property of In gives us
-InAy < - (mXEWE + lnz‘;’g) < -InGy, (56)

which can be written as

—_ —_ ~ WS —_
Ay > In (&7 A ) > Gy (57)
Finally,
Gy <Ayt A" <Ay (58)

O

Here we obtain another relationship between geometric
and arithmetic means.
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Theorem 22. Consider Gy < WGy + WGy < Ay.

Proof. Take p(x) = exp(x); if we replace g(¢) with In g(t) and
f(s,t) with In f(s, ) in (43), then we get

exp(L J In g (t)dH ()

1
LuX) L Llnf(5>f)d#(s)dH(t)> <W,

b
exp( ! J Ing(t)dH (t)

1
0 JI L In f (s,t) dp (s) dH (t)) + W »

- exp ( J Ing(t)dH (t)

! 1
Lou(E) J, L In f () du (s) dH (t)) <7

b
. J exp (Ing () dH (t) -

L-u(X)
. J J exp (Inf (s, 1)) du (s)dH (t).
rJx
Using the property of exp, we have

exp ((1/L) [P1ng@)dH ®)
exp ((1/(L-u (X)) [, [(In f (s,6) du (s) dH (1))
< Wy

exp ((1/L) [PIng()dH ®)
exp ((1/ (L~ u(B))) [, [ In f (s,6) dp(s) dH (1))
+ Whge

(60)

exp ((1/1) ["1ng0)dH ®)
exp ((1/(L- u(E))) [, [ In £ (s, ) du () dH ()

b 1
<1 owano- i

hl»—'

. L L f(s,t)du(s)dH (t).

In out notations, we have
G, G, G,
—<W—+W—<A -A (61)
Gy E G, E° Gy X

Finally,

Gy < WiGp + WGy < Ay (62)

The following theorem states a relationship between
geometric and harmonic means.

Theorem 23. Consider 1/Gy < 1/ITIEVEFI‘;ZEC < 1/Hy.

Proof. Take ¢(x) = -—In(x); replace g(t) with 1/g(t) and
f(s,t) with 1/ f(s, ) in (43) to get

1 (% 1
—lII(z Ja de(t)
1 1
CLouX) L Jx f(s,t)d” (s)dH (t)) <-Wy

1 1
g (J g H®"-

.7
( gL /A(L"C)
J

u(E)

1
) WE‘ In z
(63)

1
. IJ 76 t)dy(s)dH(t))S—z

'Ib ((t)) “L-;(X)
-LJ'Xln<f(s’t))d/,t(s)dH(t).

In our notations, we have

~n[(H) " - ()] < Wy
n[(Hy) ™ - (Hp) ' | - We
In[(Hp) " - (He) ]

lnl -Ing(¢t)dH (t)

(1

(64)

L'#(X) J Jxlnl—lnf(s,t)dy(s)dH(t)),

which gives us

—In (ITIX)_l <-Wgln (ﬁE)_l - Wgeln (ﬁEc)_l

1 b
. (‘Z j Ing (6)dH (t) (65)

1
+ %) L Jxlnf(s,t) du(s)dH (t)).
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Multiplying the last inequality above by In exp, we get

1 1 1
—IH_S—W ll’l~——Wcll'l~—
T(A) T (He)

(Fx)

< - ( Inexp — Jlng(t)dH(t) (66)

+Inexp

1
L a0 L JXlnf(s,t) du (s) dH(t)) ,

which can be written as

Wy Wie
—1n~;s—ln<~i> —ln(~1 )
(Hy) H, Hpy (67)

- [—ln G’g +In (GX)] .

Using the property of In, we have

1 1 1
-n—<-|{In—++In—— | <-In . (68)
(Fx) < Hy'  Hy > G,

Simplifying the above, we get

1 1 1 1
_ln~_S—ln W e <—Iln—. (69)
(HX) Hp" Hy' Cx
Finally, we get
1 - 1 < 1
G HUAY  Hy 70

Now we define another relationship between geometric
and harmonic means.

Theorem 24. Consider 1/Gy < Wy/Gp + Wy /Gy < 1/Hy.

Proof. In (43), take ¢(x) = exp(x) and replace g(t) with
In(1/g(t)) and f(s,t) with In(1/f(s, 1)) to get

1t 1
eXp(EJu lnde(t)

"0

b
-exp(%[ nLdH(t)

76 t)dﬂ (s)dH (t)) < Wy

g(t)

) + Whe

_L-;(E) “Elnf(i,t)

Abstract and Applied Analysis

1t 1
-exp(zL nde(t)

_ﬁ” f( D)

<Lb exp <ln ﬁ)dH ) - ﬁ
U exP( (

Using the property of In, we have

du(s)dH (t))

IN
=

>d‘u (s)dH (t)).

(71)

b
exp(%J -Ing(t)dH (t)

1
T L .[xlnf(s’t)dl/‘(s)dH(t)> < W,

b
-exp(%j Ing () dH (t)

1
+ m JI JE In f (S, t) d‘l/l (S) dH (t)) + WE‘
(72)
1 b
. exp (Z I “Ing () dH (t)

1 1
G ” e d“(s)dH(”) I

Jb 1 1
| —dH®) -
a g(1) L-u(X)

J-J 7 t)du(s)dH(t)

Using the property of exp, we have

exp ((1/(L- (X)) [, [ In f (s.t) dpu (s) dH (1))
exp ((l/L) Jj Ing(t)dH (t))

< W,

Cexp ((1/ (L-u(B) [, [ In f (s,6) du () dH (1))
exp ((1/L) ["1ng@)dH ®)

(73)
+ W
Cexp (1 (L (EY)) [ fpe In f (5, 0) du (s) dH (1))

exp ((1/L) [‘IngydH ®)
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In our notations, we have

G G Gpe 1
G—)f sWEG—‘,E + Wi Gf;’ <= (74)
g g 9 Hx
Finally,
1 W, Wy 1
— <=+ =< =. (75)
O

Now we define a relationship between power mean and
arithmetic mean.

Theorem 25. (i) Forr < 1, we have

—|[r

My < WMy + WM, < A,. (76)
(ii) For r > 1, the above inequalities are reversed.

Proof. (i) In (43), take ¢(x) = xM" and replace g(t) with
(g(t)" and f(s,t) with (f(s,t))" to get

b
(l I (g ()" dH (t)

LJa

1 1/r
T | Lf(s,t)d.u(s)dH(t))

1(° .
SWE(zJ (9(1) dH (t)

- [ [ G0y duan <t))w
L-u(E) JrlJe 77
1(° ,
e (1 [ @y ano
1 1/r
mj I (f (s,1)) du(s) dH(t)>
1 b n1/r 1
<1 | (o) ano - oY
A (o) duar .
IJX
In out notations, we have
(- )"
< Wi (M= M)+ W (M- M)
(78)

b
<1 [ owane

1
o b Fenduwan e,

1

which can be written as

1/r

(]~ )" < W (] - )

s W (MM 09
!
< (A -Ay).
Finally,
MY < WMy + Wy Mo < Ay (80)

(ii) If r > 1, then ¢(x) = 1" is concave, so the inequal-
ities in (76) are reversed. O

The following theorem gives another relationship
between power and arithmetic means.

Theorem 26. Letr,s € R, r <s.

(i) If s = 0, then

(1\7;]) < Wy (Mg) + Wy (Mg) < (A)". (8D

(ii) For s < 0, the above inequalities are reversed.
Proof. (i) In (43), take ¢(x) = x " and replace g(t) with

(g(t)" and f(s,t) with (f(s,t))" to get

b
(%j (g(®) dH (t)

s/r
1
T LuX L Lf(s’t)d“(s)dH(t))

1t ,
SWE(EJ (9(1))" dH ()

s/r
1 r
) JI L (f (s,1)) du(s)dH (t))

(82)

1 (b .
e (1 [ @y ano

s/r
[ Georanoane)
I JE°
b S/r
<1 (j ((g®))" dH®

L L JX ((Fs0)) )" du(s)dH (t)).
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In our notations, we have

s/r

(0 - M)

< Wi (M) = M) e Wy (M) - MY
1 (b (83)
<7 J g ()’ dH (t)

1

_EJBSLLf@ﬂdmgﬂﬂw

Further simplification gives us

s/r s/r

(M= M) < Wi (M - M)

P W (M -MEYT @)

N

< (4 - Ay)
Finally,
(M) < Wy (M) + Wi (M) < (Ay). 89

(ii) For s < 0, the function ¢(x) = x*" is concave, so the
inequalities in (81) are reversed. O
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