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NON-NEHARI MANIFOLD METHOD
FOR SUPERLINEAR SCHRODINGER EQUATION

X. H. Tang

Abstract. We consider the boundary value problem

0.1
0.1 u =0, x € 09,

{ —Au+ V(z)u = f(z,u), x €N,

where @ C R¥ is a bounded domain, infq V(x) > —oo, f is a superlinear,
subcritical nonlinearity. Inspired by previous work of Szulkin and Weth (2009)
[21] and (2010) [22], we develop a more direct and simpler approach on the
basis of one used in [21], to deduce weaker conditions under which problem (0.1)
has a ground state solution of Nehari-Pankov type or infinity many nontrivial
solutions. Unlike the Nehari manifold method, the main idea of our approach lies
on finding a minimizing Cerami sequence for the energy functional outside the
Nehari-Pankov manifold by using the diagonal method.

1. INTRODUCTION

Let Q ¢ RY be a bounded domain and consider the boundary value problem

(1.1)

—Au+ V(z)u= f(z,u), x € Q,
u =0, x € 011,

where V:Q —-Rand f: QxR — R.

The problem (1.1) is one of the main nonlinear elliptic problems which has been
studied extensively for many years where infq V > —\(Q) or V € LN/2(Q), A\(Q)
denotes the first Dirichlet eigenvalue of —A in . Since Ambrosetti and Rabinowitz
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proposed the mountain-pass theorem in 1973 (see [16]), critical point theory has become
one of the main tools for finding solutions to elliptic equations of variational type.
Clearly, weak solutions to (1.1) correspond to critical points of the energy functional

(1.2) O (u) = %/ (IVul* + V(z)u®) dz — /QF(ac, wyde, wu€ HYQ),

where F'(z, t) fo x, s)ds. For the case of info V' > —X1(€2), 0 is a local minimum
of @, it is very convenient to apply the mountain-pass theorem to construct non-trivial
solutions of (1.1) with a variational method by a minimax procedure on &, see example,
[1, 2, 13, 14, 16, 19, 25]. When infq V' € (—oo,—A1(€2)) , 0 is a saddle point
rather than a local minimum of &, problem (1.1) is indefinite and it is not easy to
obtain the boundedness of the Palais-Smale sequence for ®. Under an additional
assumption on potential: V' € LN/2(Q), applying Linking theorem (1978, Rabinowitz,
see [16]), Willem [25] obtained the existence of one nontrivial solution to (1.1). In the
aforementioned references, the following classical condition (AR) due to Ambrosetti
and Rabinowitz [3] is commonly assumed:

(AR) there exist 4 > 2 and Ry > 0 such that

(AR) is a very convenient hypothesis since it readily achieves mountain pass geometry as
well as satisfaction of Palais-Smale condition. However (AR) implies F'(x,t) > C|t|*
for large |¢| and some constant C' > 0, one can not deal with (1.1) using the mountain-
pass theorem directly if f(x,t) is of asymptotically linear at co. During the past three
decades, many results have been obtained for the existence of nontrivial solutions to
(1.1) when f(x,t) does not satisfy (AR) condition, see e.g. [6, 7, 8, 9, 10, 11, 18, 24]
and the references therein.

Let A be the selfadjoint extension of the operator —A + V' with domain ©(.A)
(C5°(Q) € D(A) € L*(Q)) and |A] be the absolute value of A. Let E = D(|.A|'/?)
be the domain of |.A|'/2. Then E ¢ HA(R) is a Hilbert space with the orthogonal
decomposition E = E— @ E° @ E™, see section 2 in detail. Let

(13) N ={ueE\(E ®E% : (?(u),u)=(P'(u),v)=0, VveE~ & E}.

The set N~ was first introduced by Pankov [15], which is a subset of the Nehari
manifold

(1.4) N ={ueE\{0}:/ =0}.

Suppose that « # 0 is a critical point of ®, i.e. ¢’ (u) = 0. Then necessarily u is
contained in set ' ~. Let

(1.5) m = u.lgrjl\;_ D (u).
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Under appropriate conditions on @ one hopes that m is attained at some ug € N~ and
that u is a critical point. Since uy is a solution to the equation ®’(u) = 0 at which ®
has least “energy” in set A/ —, we shall call it a ground state solution of Nehari-Pankov
type.

Clearly, there are more difficulties to overcome to find ground state solutions of
Nehari-Pankov type for problem (1.1) than nontrivial weak solutions. The main dif-
ficulty is to find a Palais-Smale sequence or Cerami sequence {u,} with ®(u,) —
inf,cn— ®(u).

In recent paper [22] (see also [21]), on the basis of the Nehari manifold method,
Szukin and Weth developed a new approach to find ground state solutions of Nehari-
Pankov type for the following special form of problem (1.1):

16) { —Au—u= f(z,u), x € Q,

u =0, x € 0.
This approach transforms, by a direct and simple reduction, the indefinite variational

problem to a definite one, in which A > A1 (Q2). To state the results obtained by Szukin
and Weth in [21, 22], we first introduce the following assumptions:

(F1) f € C(Q x R,R), and there exist constants p € (2,2*) and Cy > 0 such that
|f(z, )| < Co (L+[tF7Y),  V(2,t) € QxR

(F2) f(x,t) =o(|t]), as [t| — O, uniformly in z € ©;

(SQ) limpy o % = oo uniformly in z € Q;

(Ne) ¢t — % is strictly increasing on (—oo, 0) U (0, o).

Let 0 < Ay < Ay < A3 < ... be the Dirichlet eigenvalues of —A in Q and
e1, €9, e3, . .. the corresponding orthogonal eigenfunctions. Let

.7 Dy (u) = %/ (Vul® = M?) dz — / F(z,u)dz, u€ H}(RQ).
) )

Now, we are able to state a main result in [21, Theorem 3.1, Theorem 3.2] or [22,
Theorem 37].

Theorem 1.1. ([21, 22]). Assume that A < A,,1 and f satisfies (F1), (F2),
(SQ) and (Ne). Then problem (1.6) has a solution ug € H3(f2) such that @, (ug) =
ian; ®y > 0, where

(1.8) Ny ={u€ Hi(Q)\ Ep: (P)(u),u) = (P\(u),v) =0, Vv & Ep},

E,, :=span{ej, eg, ..., ey, }. Moreover, if f(x,t) is odd in ¢, then (1.6) has infinitely
many pairs of solutions.
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We point out that the Nehari type assumption (Ne) is very crucial in the argument
of Szulkin and Weth [21, 22]. In fact, the starting point of their approach is to show
that for each u € H{(2) \ Ep,, the Nehari-Pankov manifold \V; intersects E,,, ® R*u
in exactly one point 7i(u). The uniqueness of m(u) enables one to define a map
u — m(u), which is important in the remaining proof. If ¢t — f(z,t)/|t| is not strictly
increasing, then 7i2(w) may not be unique and their argument becomes invalid.

Motivated by papers [21, 22], in the present paper, we shall mainly study the
existence of ground state solutions of Nehari-Pankov type and infinitely many solutions
for problem (1.1). On the basis of the approach used in [21], we will develop a
more direct and simpler one to generalize Theorem 1.1 by relaxing assumptions (F2),
(SQ) and (Ne). Unlike the Nehari manifold method, our approach lies on finding a
minimizing Cerami sequence for functional ® outside the Nehari-Pankov manifold N~
by using the diagonal method, see Lemma 3.8.

To state our results, we make the following assumptions:

(V) VeC(,R), and infq V(z) > —o0;
(F2") limy_.q @ = a € R uniformly in z € ©;
|f (=)

(F2") limsup,_, i <o uniformly in z € Q;

(F3) limyy oo % =00, a.e.x €
(F4) there exist constants ¢ > 0, Rp > 0 and x > max{1, N/2} such that
0 < [F(z,t)]" < colt|* [tf(z,t) — 2F(x,t)], Yz e€Q, |t|> Ro;
(F5) f(z,—t) = —f(z,t), V (x,t) € A x R;
(WN) ¢+— % is non-decreasing on (—oo, 0) U (0, 00).
We are now in a position to state the main results of this paper.

Theorem 1.2. Assume that V' and f satisfy (V), (F1), (F2), (F3) and (WN). Then
problem (1.1) has a solution ug € E such that ®(ug) = infy— ® > 0.

Corollary 1.3. Assume that V' and f satisfy (V), (F1), (F2), (F3) and (WN). Then
problem (1.1) has a solution ug € E such that ®(ug) = infy—~ ® > 0.

Theorem 1.4. Assume that V and f satisfy (V), (F1), (F2"), (F3), (F4) and (F5).
Then problem (1.1) possesses infinitely many pairs of solutions.

Corollary 1.5. In Theorem 1.4, if (F4) is replaced by the following assumption
(F4') there exist constants ¢; > 0, Ry > 0 and v > 0 with (p —v)/(p — 2) >
max{1, N/2} such
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that

1
0< (“W) Fle.t) < tf(x1), YreQ, |f> R,
1

then the conclusion still holds.

Remark 1.6. After Szulkin and Weth [21, 22], Liu [12] also obtained the existence
of “ground state solutions” for a periodic problem similar to (1.1). However, the
“ground state solutions” for the problem in [12] is in fact a nontrivial solution wug
which satisfies ®(ug) = inf ¢ ®, where

(1.9) M= {ue E\{0}:®(u) =0}

is a very small subset of A/~. On the existence of this kind “ground state solutions”, a
weaker condition was obtained in very recent paper [24]. In general, it is much more
difficult to find a solution ug for (1.1) which satisfies ®(ug) = inf,— ® than one
satisfying ®(up) = infaq .

Remark 1.7. It is easy to check that
(1.10) f(z,t) =9(x)tIn (2 + |t])
satisfies (F2) and (WN), and

(1.12) F(x,t) = 9(z) |[t|* + (u— 2)[t|* € sin? <@) + 1 —cos t]

satisfies (F2"”) and (F4), where ¢ € C(Q,R), and 0 < info 9 < supgd < oo, and
p>20<e<pu—2ifN=12and0<e< pu+ N —puN/2if N> 3. Remark
that these functions do not satisfy (F2) and (AR).

Throughout this paper, by | - ||s we denote the usual norm in L*(€2).

The remainder of this paper is organized as follows. In Section 2, we describe
the space structure of the Hilbert space E in detail. The proofs of Theorem 1.2 and
Corollary 1.3 are given in section3. In the last section, we show Theorem 1.4 and
Corollary 1.5.

2. VARIATIONAL SETTING

In order to establish our existence results via the critical point theory, we first
describe some properties of the space E.

In what follows V' is assumed to satisfy assumption (V). Let {E(A) : —o0 <
A < +4oo} be the spectral family of 4, and |A|'/? be the square root of |.A|. Set
U =id— £(0) — £(0—). Then U commutes with A, |A| and |.A]'/2, and A = U| A
is the polar decomposition of A (see [5, Theorem 4.3.3]). Define an inner product

(u,v)p = (\A\l/Qu, \A\1/2v>L2 + (u,v)g2, VYuvekE
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and the corresponding norm

HUHO -V <u7 ’LL)(), Vuekl,
where, as usual, (-,-);2 denotes the inner product of L?(2,R). Then E is a Hilbert
space with the above inner product. Clearly, C5°(€2, R) is dense in E.
By (V), V(x) is bounded from below and so there is an a¢ > 0 such that

(2.1) V(z)4+ap>1, Ve

Set
E, = {u € Hi(Q): /Q [[Vul? + (V(2) + ag)u?] dz < —i—oo} ,
(u,v), = /Q [VuVv + (V(z) + ap)uv]dz, VYV u,v € Ey

and
1/2

||lul|« = {/Q [\Vu\Q + (V(z) + ag)uQ] da:} , VYu€kl,.

Then E, is also a Hilbert space with the above inner product (-, -)..

Lemma 2.1. Suppose that V' satisfies (V). Then

1
2.2 ullo < J|ull« < V14 apllullg, VYueFE,=EFE.
(2.2) MH llo < flullx < v ollullo

Proof. For u € C§°(2), one has

lullZ = ((A+ao)u,u) 2 = (Au,u) 2 + aol|ull3

— (LAIUw, W) + aollul}
23) = (UIA"2u, |A20) |+ aollul}
< Jlorarml ], + aobui
2
= ||| + aolul < (1 + o) ful}

and
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_ 1/2,, 1/2 2
el = (LA 2, | A 20) |+l

[Alu, u)p2 + ull3 = (AUu, u)r2 + |lull3

(
(A =+ ao)Uu,u) 2 — ag(Uu, u) 2 + ||ul|3

(U A+ ag)u (.A+a0)1/2u> , — ao(Uu, u)r2 + ||| 3
(2.4) L

IN

< oA+ a0 2| [|(A+a0) /2| + (14 ao)lul3

= [[a+ @)l + (4 ao)lul
= ((A+ao)u, w)pa + (1+ ao) Jull3
< 2+ a0)((A+ ag)u, )z = (2 + ao) 2.

Combining (2.3) with (2.4), we have

1 [o.9]
(2.5) m\!u\!o < lulls < VI+aollullo, VueC5(Q).
Since C5°(?) is dense in E and E,, it follows from (2.5) that (2.2) holds. ]

Lemma 2.2. ([25, Theorem 1.9]). The embeddings H}(2) C L*($2) are compact
for 1 <s < 2%,

Note that (2.1) implies that ||ul| z1(q) < [Jul|« for all u € E., we have the following
corollary.

Corollary 2.3. The embeddings E. C L*(2) are compact for 1 < s < 2*.
Lemma 2.4. Suppose that V' satisfies (V). Let
(26) E-=E&0-)E, E°=[£(0)—-E(0-)E, E*=[E(+00)—E&(0)E.
Then for the inner products (-, ) and (-,-)z2 on E, we have
(2.7) E-1E° E-1E*, ELET, E=FE @E'@E".
Furthermore, there hold
(2.8) dim(E(M)E) < 400, ¥ M >0,

E® =Ker(A), Au=—|Au, YueE ND(A),

2.9
@9) Au = |Alu, Yue ETND(A)



1964 X. H. Tang

and

(2.10) v=u +u'+u", VuekE,

where

2.10) u" =E0-)ue E, u’=[£(0)—-E&0-)]ucE°

Proof. For u € E, it follows from £(+o0) = id that
(2.12) u=E0—)u+ [E(0) — EO0-)]u+ [E(+0) — E(0)]u.

Since E(M\)E C E for A € R, the above equation shows that (2.10) holds and E =
E~ + E% 4+ E*. On the other hand, for v € E~,v € E? and w € ET, there are
@, v, w € L?(Q,RY) such that

Hence
213 (1.) 2 = (E(0-) [£(0) ~ £(0-)]0),2
= ([£(0) ~£(0-)]E(0-)i 7) 2 =0,
0= (A2, JA20) |+ (,v) s
(214 = (E0)14 0. [E0) ~ £O-)IAD)

= (1£(0) - £(0-)(0-) |4 %, |A] %) | =0,

Similarly, one has (v, w) 2 = (u, w) 2 = 0and (v, w)o = (u, w)p = 0, which, together
with (2.13), (2.14) and E = E~ + E° + E*, implies that (2.7) holds.

For u € E, it follows from (2.11) that
(2.15) Uu™ = [E(+00) — £(0) — E(0-)]E(0—)u = —E(0—)u = —u~
and
(2.16) Uut = [E(+00)—E(0)—E(0-)][E(+00) —E(0)]u = [E(+00) —E(0)]u = u™.
Both (2.15) and (2.16) imply that

(.17) Au” = |A|Uu = —|AJu~, Aut =|A|Uut = |Aju™, Yuec END(A).
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For v € F, it follows from (2.11) that
Au = |A|Uu® = |A|[E(+00) — £(0) — E(0-)][E(0) — E(0—)]u = 0.

Hence, E° c Ker(.A). Conversely, For any u € Ker(A), Au = 0 and so A%u = 0, it
follows that

+oo
(2.18) 0 = (A2, )2 = / X2 A(E(N)u, 1) 2.
Since (E(A)u,u)r2 is non-decreasing on A € (—oo, +00), then for any ¢ > 0, it
follows from (2.18) that

0= /+°° X2 d(E(N)u, u) 2

—00

(2.19) > /: A2 d(EN)u, u) 2 > €2 /: d(EN)u, u) 2
= S2(E(=e)u,u) 2 = 2|1 E(~¢)ull3
and
0= / :O A2 d(ENu, u) gz > / TN e e
(2.20)

> g2 /:OO A(E(N)u, 1) 2
= &2[(u, u) 2 — (E()u, u) 2] = °[Ju — E()ulf3.

From (2.19) and (2.20), we obtain [E(e) — E(—¢)|Ju = u, V e > 0. Let e — 0+, then
we can conclude that

[£(04) — £(0—)]u = [£(0) — E(0—)]u = u.

This shows that « € EY, and so Ker(A) c E°. Therefore, Ker(A) = E°, which,
together with (2.17), implies that (2.9) holds.

Finally, we prove that dim(E(M)E) < 400, V M > 0. If dim[E(M)E] = +oo
for some My > 0, then there exists a Ao € o.(A) N (—oo, Mp]. By virtue of [5,
Theorem 1X 1.3] or [20, Theorem 4.5.2], there exists a sequence {u,} C ©(A) such
that

(2.21) up, =0, |luplle =1, |[(A—=Xo)ugll2 — 0.
Let v, = (A — A\o)uy,. Then by (2.1) and (2.21), we have

lun |2 = /RN [\Vunﬁ + (V(z)+ ao)ui] dx

(2.22) = ((A+ ap)tn, un) 2 = (vn + (ap + Xo)Uns Un) 2
[unll2llvnll2 + (a0 + o) [[unll3

= ag + /\0 —i—O(l).

IN
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(2.22) shows that {|lu,||«} is bounded. Passing to a subsequence if necessary, it can
be assumed that w,, — ug in Hg(Q). Since u, — 0 in L2(RY), then ug = 0. It
follows from Lemma 2.2 that u,, — 0 in L2(RY). This contradiction shows that
(2.8) holds. ]

In view of Lemma 2.4, we introduce on E the following inner product
() = (JAI2u, | A20) | (u00)
and norm

2
ol = () = [[JA 2|+ |15

whereu =u~ +ul+ut, v=v"+ 0 +vF € E-®E°® Et = E. Then it is easy
to check the following lemma.

Lemma 2.5. Suppose that V' satisfies (V). Then for the inner product (-,-) on E,
we have

(2.23) E-1E°, E-1EY, EYLE™.
Lemma 2.6. Suppose that V' satisfies (V). Then there exists a constant 5 > 0
such that

(2.24) lull2 < Bllull, Vucek.

Proof. Since dim[£(1)E] < +oo, there exists a constant 5; > 0 such that
(2.25) lull2 < Baljull, ¥V we&)E.

On the other hand, we have

ol = (AP, A1) o] = (Al
(2.26) .
= [ EW Wz =l Y u e [E(oc) - EWE.
1

The conclusion of Lemma 2.6 follows by the combination of (2.25) with (2.26).

The following lemma follows immediately from Lemma 2.6.

Lemma 2.7. Suppose that V' satisfies (V). Then

(2.27) lull < llullo < V1+3?|ul, VuekE.
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Remark 2.8. Under condition (V), Lemmas 2.1 and 2.7 show that three norms
Il llo, || - ||« @nd || - || on E are equivalent.

Set
(2.28) b(u,v) = / (VuVo +V(z)uww)dz, Vu,vekFE.
Q
Then it is easy to check the following lemma.

Lemma 2.9. Suppose that V' satisfies (V). Then b(u, v) is a bilinear function on
E, and

(2.29) b(u, v)| < (1 +ag + 8% + 2a08%) |ul||lv], Yu,veE

b(u,uh) = ut|?,  b(u,uT) = —[lu” %

2.30
(2:30) buT,u” +u’) =0, VYuckE,

(2.31) b(u,u) = [t | = u”|?, VueE.

By (2.28) and (2.31), we have

(2.32) O(u) =

| =

(1P = ) - [ Plaids, VueE,
Q
Under assumptions (V) and (F1), ® is of class C'(E,R), and
(233)  (®'(u),v) = / (VuVv + V(z)uv)da — / f(z,u)vdz, VYu,vekFE
Q Q

and

(2.34) (@ (u),u) = ||Jut||* = [|u=||* — /Q f(z,w)udz, VuekE.

3. ExisTENCE oF GROUND STATE SOLUTIONS OF NEHARI-PANKOV TYPE

In this section, we give the proofs of Theorem 1.2 and Corollary 1.3.

Lemma 3.1. ([16, 17]). Let X =Y @ Z be a Banach space with dimY < oc.
Letr >p>0,x>0andec Z with || = 1. If o € C1(X,R) satisfies

inf o(S,) > k > sup p(9Q),
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where

S,={ueZ:||ul|=p}, Q={v+se:|lv+se]|<r, veY, s>0},

then there exist ¢ € [k, sup ¢(Q)] and a sequence {u,} C X satisfying

(3.1) elun) = ¢, ' (un) |1+ [luall) — O.

Lemma 3.2. Suppose that (V), (F1) and (WN) are satisfied. Then

@), w) — (8 (), ),

VueE, t>0, we E-® E°.

(3.2) O(u) > d(tu+ w) + %Hw_uz N

Proof. Forany z € Q2 and 7 # 0, (WN) vyields
flz,7)

7]

f(z,7)

7]

(3.3) f(z,s) < Is|, s<7; f(z,s)> Is|, s>

It follows that

1—¢2 f(z,T) T
3.4 T TU) ,s)ds, >0, oceR.
(3.4) < 5 t Z/t f(z,s)ds, t>0 €

T T+0

To show (3.4), we consider four possible cases. Since sf(x,s) > 0, it follows from
(3.3) that

(Casel). 0L<tr+o<tortr+o<7<0,

[ stwsas< LD [ < (1550 i) 12T

e ‘T‘ e

(Case 2). tr+o0 <0<,

T T flz,1) [T 1 —¢2 flz,7)
/t f(a:,s)dsg/o f(a:,s)dng/O \s\dsﬁ( 5 TQ—tTU) ;

T+0o

(Case 3). O0<7<tr+oorT<itr+o<0,

/:T—HT f(z,s)ds > f(i"T) /:T—HT |s|ds > — <1 _2t2 o tTU) I, T>;

(Case 4). 7 <0< tr+o,

/tH—U f(z, 3>d32/0 f(z,s)ds> f@,7) /O |s|ds>— <1 - t272—t70) f(x’T>.

7] 2
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The above four cases show that (3.4) holds. By (1.2), (2.28) and (2.33), one has

(3.5) O(u) = %b(u, u) — / F(z,u)dz, VYuekFE
Q

and

(3.6) (®'(u),v) = b(u,v) — / f(z,u)vdz, VY u,veE.
Q

Thus, by (2.30), (3.4), (3.5) and (3.6), one has

B(u) — D(tu + w)

= b, w) — b(tu+ w, tu+ w)] + / [F(z, tu+ w) — Pz, u)lde
2 Q
_! _2t2b(u, u) — tb(u, w) — %b(w, w) + /Q[F(a:, tu+ w) — F(x,u)]dz
1 —112 1-— t2 / /
= Sl P+ 5@ (), ) — 1 (), )
—l—/ﬂ [1 _2t2f(a:,u)u— tf(z,u)w — /m:w f(z, s)ds] dz
> |+ 7 _2t2<<I>'(u),u> _ @ (), w), V>0, we E- @ E.
This shows that (3.2) holds. ]

From Lemma 3.2, we have the following two corollaries.
Corollary 3.3. Suppose that (V), (F1) and (WN) are satisfied. Then for u € N~
(3.7) d(u) > d(tu+w), VYt>0, weE @E"

Corollary 3.4. Suppose that (V), (F1) and (WN) are satisfied. Then

t2
(u) > = (ut)® + [u”|?) —/F(a:,tu+>dw+
Q

+2(® (u),u’ +u”), VuecE, t>0.

1 —¢2

09 (@'(u) )

Applying Corollary 3.3, we can demonstrate the following lemma in the same way
as [21, Lemma 2.4].

Lemma 3.5. Suppose that (V), (F1), (F2) and (WN) are satisfied. Then
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(i) there exists p > 0 such that

(3.9) mz/i\rflf‘b > (=inf {®(u) :u € ET, ||ul| = p} > 0.

(i) [JuT| > max {|lu"||, v2m} for all u € N'~.

Foruc E\ (E- @ E°), we define
(3.10) E(u) =E - ®E°oRtu=FE o E'@oR"u",
where as usual, RT = [0, co).

Lemma 3.6. Suppose that (V), (F1) and (F3) are satisfied. Let e € ET with
|le]l = 1. Then there is a r. > p such that sup ®(0Q(r)) < 0 for r > r., where

(3.11) Q(r)={w+se:|w+sel| <r,we E-®E’ s>0}.
The proof of Lemma 3.6 is standard, so we omit it.

Lemma 3.7. Suppose that (V), (F1), (F2), (F3) and (WN) are satisfied. Then for
r > r., there exist ¢ € [¢,sup ®(Q(r))] and a sequence {u,,} C E satisfying

(3.12) D(uy) —c, |9 (un)|[(1+ ||unl]|) — 0.

Proof. LetX =E,Y =E~ @& E%and Z = Et. Then Lemma 3.7 is a direct
consequence of Lemmas 2.4, 3.1, 3.5 (i) and 3.6. ]

The following lemma is crucial to demonstrate the existence of ground state solu-
tions for problem (1.1).

Lemma 3.8. Suppose that (V), (F1), (F2), (F3) and (WN) are satisfied. Then
there exist a constant ¢, € [(, m] and a sequence {u,} C E satisfying

(3.13) O(tn) = coy (12 (un)[[(1+ [|un]) — 0.

Proof. Choose v, € N~ such that

1
(3.14) m < ®(v) <m+E, k e N.

By Lemma 3.5, ||v;f || > v2m > 0. Set ey, = v /||vi||. Then ey € ET and ||eg| = 1.
In view of Lemma 3.7, there exists r; > max{p, ||vg|} such that sup ®(0Q) < 0,
where

(3.15) Qe ={w+se,: |w+se| <ry, we E-®E"s>0}, keN.



Non-Nehari Manifold Method for Superlinear Schrodinger Equation 1971

Hence, applying Lemma 3.7 to the above set Q, there exist a sequence {uj  }neny C E
satisfying

(3.16) (I)(uk,n> — Ck, H(I)/<uk,n>H<1 + Huk,nH> —0, ke,
where ¢, € [(,sup ®(Qx)]. By virtue Corollary 3.3, one has
(3.17) d(vg) > d(top +w), Yt>0, we E- @ E".

Since vi, € Qy, it follows from (3.15) and (3.17) that ®(vx) = sup ®(Qx). Hence, by
(3.14) and (3.16), one has

1
318)  lurn) wer <m+ o [P (wea)l(1+ fJural) =0, kEN.

Now, we can choose a sequence {nj} C N such that

. keN.

| =

1
(3.19) Plugm,) <m+ oo [P () 11+ [Jun,]l) <

Let up, = ugp,, k € N. Then, going if necessary to a subsequence, we have
O(un) = cx € [Cm], (|2 (un)[[(1+ Jlunl]) — 0. u

Lemma 3.9. Suppose that (V), (F1), (F2), (F3) and (WN) are satisfied. Then any
sequence {u, } C E satisfying

(3.20) D(up) = ¢>0,  (D(un),uy) =0, (P(un),ul) =0

is bounded in E.

Proof. To prove the boundedness of {u,,}, arguing by contradiction, suppose that
|lun|| — oo. Let v, = uy/||uyl|, then ||v,|| = 1. By Corollary 2.3 and Remark 2.8,
passing to a subsequence, we may assume that v,, — v in L*(Q), 2 < s < 2%, v, —» v
ae. on Q. If vt +0% =0then vF — 0in L(Q) for 2 < s < 2* and v — 0 in E.
Fix R > [2(1 + ¢)]'/2. By (F1) and (F2), there exists C; > 0 such that

(3.21) lim sup/ F(zx, Rv,; )dx < R? lim |jv,7||3 + RPCy lim o ||b = 0.
Q n—oo n—oo

n—oo

Let ¢, = R/||u,||. Hence, by using (3.20), (3.21) and Corollary 3.4, one has
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c+o(1) = ®(uy)
&
2

1—¢2
(I 1+ 12) = [ Pt )+ 2520 (), )
Q

v

2 (D (up), uyy + ul)

B+ 1 1P) [ G miar+ (5 - 5t ) @) )
= 5 - o ol 1o Up, ), Un
9 (% (%% o x, v, )dr 9 2HunH2
R? _
+W<(I)/<un>7un +p)
R2
= 7—1—0(1) >c+140(1),

which is a contradiction. Thus v+ + v £ 0 and so v # 0.
For z € {z € RY : v(2) # 0}, we have lim,,_, |u,(z)| = co. Hence, it follows
from (3.20), (F3), (WN) and Fatou’s lemma that

c+o(1) . D(up)
0= 2 2
oo lupl[2 n=oo [|ug|
1 F(z,uy)
T +112 — 12 Un) 2
= i[5 (ol = o) - [ )]
1 F 1 F
< — —lim inf/ Mvidx < - — / lim inf@vidx
2 n—oo Jo = uZ 2 q Moo uz
= —o00.
This contradiction shows that {u,,} is bounded. |

Proof of Theorem 1.2. Applying Lemmas 3.8 and 3.9. we deduce that there exists
a bounded sequence {u,,} C E satisfying (3.13). Going if necessary to a subsequence,
we can assume that u,, — ug in E. Base on Corollary 2.3 and Remark 2.8, u,, — ug
in L5(Q2) for 2 < s < 2* and u,, — up a.e. on 2. Employing [24, Lemma 2.3], one
can get that

(3.22) [ 15 wn) = 70 = oz — 0.
Q
Observe that
b(un — Up, Un — ’LL())

(@ (1) — B (), — 110) + / () — F(s 10)] (1t — 110l

Q

(3.23)

It is clear that

(3.24) (@' (uy,) — @ (ug), up — ug) — 0.
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From (3.22)-(3.24), we have b(u,, — ug, u,, — ug) — 0, it follows that
(3.25) lut = ug > = |, —ug | — 0.
Since u,, — up in E, it follows that

u, —uy in E7, wud—=wud in E° wl—wul in BT

Note that dim(E~ @ E°) < +oo, it follows that

(3.26) 148 = S|® + [l - ug ||* — 0.

Combining (3.25) with (3.26), we have

(3.27) ot = woll? = [l — g | + [ = wll” + [l —wg [[* 0.

Hence, it follows from (3.13) and (3.27) that ®(ug) = ¢ < m and ®'(ug) = 0. This
shows that up € N~ and so ®(ug) > m. Therefore ®(ug) =m =infy- & >0. m

Proof of Corollary 1.3. Let V(z) := V(x) —a and f(x,t) = f(z,t) — at. Then
problem (1.1) is equivalent to the following problem

—Au+V(z)u= f(z,u), z€Q,
629 o Teon

It is easy to see that V' satisfies (V), moreover, (F1), (F2'), (F3) and (WN) imply that
f satisfies (F1), (F2), (F3) and (WN). Furthermore,

O (u) = %/Q (IVul? + V(z)u?) dz — /QF(HZ, u)de, VYuekFE
and
(@' (u),u) = / (IVul® + V(z)u?) dz — /Q flz,w)udz, VYuckE,
where F(x,t) fo x, s)ds. Hence, Theorem 1.2 yields Corollary 1.3. |

4, EXISTENCE OF INFINITELY MANY SOLUTIONS

In this section, we are concerned with the existence of infinitely many solutions for
(1.2).

Let V(z) := V(z) +ao, f(z,t) = f(x,t) +aot and F(z, 1) fo x, s)ds. Then
O(u) = %/Q (\Vu\Q —l—V(a:)uQ) dz — /Qﬁ(az,u)da:

1) : )
ST / Flz,u)dz, YucE,
2 0
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and

“2) (@ (u),v) = /Q (VuVquf/(g;)uv) A — /Qf(a:,u)vda:
= (

—/f(a:,u)vda:, VU,UGE*.
Q

Lemma 4.1. Suppose that (V), (F1), (F2”), (F3) and (F4) are satisfied. Then any
sequence {u, } C E., satisfying

(4.3) D (up) — >0, (P'(up),un) —0

is bounded in E,.

Proof. To prove the boundedness of {u,,}, arguing by contradiction, suppose that
|tun|l« — oco. Let vy, = un/||unl«. Then ||vg|ls = 1 and ||v,|ls < Ysllonll« = s for
2 < s < 2*, where ~, is the embedding constant. Observe that for n large

[lf(a:, Up) Uy, — F(z,uy,) | dz.

44)  c+1>D(uy) - %@'(“n)’ Un) = / 2

Q

It follows from (4.1) and (4.3) that

1 \F T, Up)|
(4.5) — < limsup
2 = TP Sy w2
For 0 <& <, let
(4.6) Q&) ={r € Q: £ < Jup(x)| <n}.

Passing to a subsequence, we may assume that v,, — v in E,, then by Corollary 2.3,
v, — v in L5(Q), 2 < s < 2* and v, — v a.e. on .

If v =0, then v, — 0in L*(Q), 2 < s < 2% v, — 0 a.e. on Q. Hence, it follows
from (F2") that there exists a constant Cy > 0 such that

F(z,un
4.7 / L’i”\wﬁdx < C’g/ o, |22 < C’g/ v, |2dz — 0.
Qn.(0,Ro) |ty Qn.(0,Ro) Q

Set ' = k/(k — 1). Since k > max{1l, N/2}, one sees that 2«’ € (2,2*). Hence,
from (F1), (F2"), (F4) and (4.4), one has
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/ ‘F(x’znﬂ\vnﬁdx
Qn(Ro,00) ||
~ K 1/k 1/w!
F /
/ (IL" T;n> dx / ‘vn‘2n dx
Qn(Ro,OO) ‘un‘ Q7L(RO7OO)
F(z,u,)\" ! , 1/k
U 57 () oy (o0
Qn(Ro,00) |tn| Q
) 1/K!
49 <ol [ japrelsnn-2F el ([ )
Q7L(RO7OO) Q
ag\sz\+2¢0(c+1>+co/

Q,,(0,Ro)
) 1/K!
</ |y, |2 da:)
Q
) 1/K’
< Cj </ |y, | 2% da:) — 0.
Q

Combining (4.7) with (4.8), we have

F( F F
‘ z, un / ‘ (x’unﬂ\vnﬁdx—i—/ ‘ (x’unﬂ\vnﬁda: _)0’
Qn (O RO) Qn(ROv )

IN

IN
IS

S
+

\V]

1/k
<2 \f(a:,un)un—QF(a:,un)\dx]

[l I3
WhICh contradicts (4.5). Hence, v # 0.
Set A:={x € Q:v(x)#0}. If v 0, then meas(A) > 0. Forae. = € A, we

have lim,, o |un ()| = co. Hence A C Q,,(Ry, co) for large n € N, it follows from
(F1), (F2"), (F4), (4.1) and Fatou’s lemma that

1 d
0= tim STy, 2l
n—oo |lupllz _n—oo |lug3
1 F
= lim ——/ Mvidx
n—oo | 2 Q Uy,
1 F F
= lim ——/ 7(33;%) de—/ 7(x’2un>vida:
n—00 2 Qpn (O Ro) un QngRo,OO) un
' 1 F(z,uy) o
4. < limsup | = —i—C’g/ v da:—/ ———v,dx
( 9) n—oo [2 ‘n‘ Qn(Rm ) u% !
1 F(x
< =+ Cy — liminf / %ﬁldx
2 n—eo Q7L(RO7 ) un
1 oo T, u
=3 + Cy — liminf [F(z, un)| — n) (X (Ro,00) (z)]v2dz
n—oo  fo _ Uy )
1 F(z,u 2
< 54‘04— /thrggjlfT[XQn(Ro, )( )]’Und{lf

== —OO’
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which is a contradiction. Thus {u,} is bounded in E. |

Lemma 4.2. Suppose that (V), (F1), (F2"), (F3) and (F4) are satisfied. Then any
sequence {u,} C E, satisfying (4.3) has a convergent subsequence in E,.

The proof is similar to that of [24, Lemma 2.6], so we omit it.

Lemma 4.3. Suppose that (V), (F1), (F2"), (F3) and (F4) are satisfied. Then for
any finite dimensional subspace E C E., there is R = R(E) > 0 such that

(4.10) d(u) <0, Vu€ckE, |ul|>R.

The proof is similar to that of [24, Corollary 2.9], so we omit it.
Let {e;} is an orthonomormal basis of £, and define X; = Re;,

(4.12) YVe=0h,X;, Zn=02,X;, kel

Lemma 4.4. Suppose that (V) is satisfied. Then for 2 < s < 2*,

(4.12) Bi(s):= sup |lulls—0, k— oc.
uEZ;wHuH*:l

The proof is similar to that of [25, Lemma 3.8], so we omit it.
By (F1) and (F2"), there exists a constant C5 > 0 such that
F(x,t) < Cs (|| +tP), V¥ (z,t) € QxR

In view of Lemma 4.4, we can choose an integer mm > 1 such that

1 1
(4.13) lulls < g llulls, Il < g5 llullt, v u € Zn

Lemma 4.5. Suppose that (V), (F1) and (F2"”) are satisfied. Then there exist
constants p, a > 0 such that ®[yp,nz,, > o

The proof is similar to that of [24, Lemma 2.11], so we omit it.
We say that I € O (X, R) satisfies (C).-condition if any sequence {u,,} such that
(4.14) I{up) = ¢, ' (un)[[(1+ [Junll) — O

has a convergent subsequence.
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Lemma 4.6. [4, 16] Let X be an infinite dimensional Banach space, X =Y & 7,
where Y is finite dimensional. If I € C' (X, R) satisfies (C).-condition for all ¢ > 0,
and

(1) 1(0)=0, I(—u) = I(u) for all u € X
(12) there exist constants p, o > 0 such that ®|s5,nz > a;

(13) for any finite dimensional subspace X C X, there is R = R(X) > 0 such
that 7(u) < 0Oon X \ Bg;

then I possesses an unbounded sequence of critical values.

Proof of Theorem 1.4. Let X = E,.Y =Y, and Z = Z,,,. By (F1), (F2"”) and
(F5), Lemmas 4.1, 4.2, 4.3 and 4.5, all conditions of Lemma 4.6 are satisfied. Thus,
the following problem

—Au+V(z)u= f(z,u), z€Q,
u =0, x € 0f)

(4.15)

possesses infinitely many nontrivial solutions, and so problem (1.1) also possesses
infinitely many nontrivial solutions. Note that ®(—u) = ®(u) for all u € E,, then
problem (1.1) possesses infinitely many pairs of solutions. ]

Proof of Corollary 1.5. By (F1), there exists a constant Cs > 0 such that
|F(z,t)] < Cg|t]P for all (z,[t]) € Q x [Ry,0). Let k = (p —v)/(p—2). Then
k> max{1, N/2}, and

|F(, t)]*! 1
< = ) x,t) € Q2 xR, [t| > Ry,
Gy = e e Y =t
which, together with (F4’), implies that (F4) holds with ¢y = chg_l. ]
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